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4. APPENDIX

4.1. Proof of Lemma 1

Proof. SinceCY = (¢}, e}, ..., e.,)" where

I 0 ... 0
—A1 I, 0 ... 0
C= , (A1)
0 ...0—Ay...—A I
we haveVar (Y) =X =C~! (I, ® ¥.) C’~! and so
=0 Lozt (A2)

We now simplify the various terms i) = Y'S,'Y - Y'¥1X (X’E*lX)le’Ele. We note
that using (A2), V'S 'Y=Y|S 1V + 3P (Ve — S0 AYe ) So N (Y — ST AYey) +
Zt p+1( T — Zle A,-Y}_i)'Ze_l(Yt — Zle AYi—s) and X'y 1X= X, Ly Z (I;€ —
S ADST MLy =Y A+ (n—p) (Ik—HY) S (Ie—Hy), where Hy =" A;. Next,

we note that

s—1 s—1
X2y =37y + zp: =Y A S | Y=Y A

s=2 j=1 j=1
+(L—HY) S Y (Vi— AYq =AYy g — . — AV ,). (A3)
t=p+1

LettingY* =Y; — Y; fort = 1,2, ..., we now re-write each of the initial terms in (A3) above that af

theform([k—Z;f;i ANZTH(Ys = X002 LAY, j)fors=2,..,pas

s—1 s—1 s—1 s
L=y AG | S|V =AY |+ (LA S (L) A [ (Ad)
j=1 j=1 j=1 j=1

and we re-write the last term in (A3) in the Dickey-Fullerdoand then re-adjust; terms to get

n

p n p
> (Yt - ZAQ@) =y <Y: — Y, — ZHSAYHH> +(n—p) (Ik—H) Y1,
s=1

t=p+1 t=p+1 s=2
(A5)
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whereH, = Y-V, A;andH; = —>0_, A; fori = 2,3,...,p. Using the expressions in (A4) and (A5),

we get
P s—1 s—1
XS = (XX i+ L= A S v =) DAY
s=2 j=1 j=1
n P
+(L—H) S (Y; —HY =) HSAn_sH)
t=p+1 s=2
= (X'S7'X) Y1 + DP,, (A6)
where D = {(Ii—A1)'Sc 2 (Ii—Ay — Ay — .. — Ay ) S22 (n = p)? (I—H, ) 5217}
and
B2 vy - Avyy]

*1/2 * p—1 *
Ye |:Yp - Zz 1 Aiy;;—z'

(n—p) PSP (V= HaYiy = X0, HAAY, 1)

From (A6) we get,

YR IX (X'S71X) T XS = {(X'SIX) Y + DP, Y (XS LX) TH{(XSTIX) Y +
DP,}

=Y/ (X'’S7'X) Y1 +2Y/DP, + P, D’ (X’Z—lX)_1 DP,, = Tp1 + Tpa + Tps. To simplify T3, we

note that
Xlz_lX:2;1/2{11.3+Ei/2DDIEi/2}E€_1/2 (A?)

and hence applying Corollary 18.2.9 of Harville (1997), ve¢ g

D' (X'S'X) 7 D= D'SVX{I, + SV2DD'SY?} ISV D = Iy, — (L + D'S.D)

Thus, Tps simplifies asT,s = P, P, — P, (Ipx + D’EeD)’1 P,. Next, we partitionP,, as P, =

(P, P.,), where

nls+ n2
s—1 p
Ppy = {261/2 <Y V=) A (Yei— m))}

i=1

s—1 p s—1 P
= {261/2 <Y ZAiY“)} — {261/2 <Ik ZAz) Yl}
i=1 s=2 =1 s=2
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and

p
Pay = (n—p)'/?5;1/? Z { -Y) - H1<Y;_1—Y1)—ZHSAY;_8+1}

t=p+1 s=2

P
=(n—p)/?u;1? {57(1) — H1Y(g) — Z HsZs—l} —(n—p)"? 7Y (I, - H) YA,
s=2

where Yoy =mn-p ' Y, Y, Yoy=mn—-p ' i, Yo and Z, =
(n— p)_1 Z?:erl AY; 4 for s =2,....,p. Using this decomposition of’,; and P,2, we further
simplify the first term ofl,; above as?, P, = P, P,1 + P, 4P, Where

s—1
Pl Py = Z <Y ZA Y, ) %! <Y — ZAZ-Y“)
=1

5=2

P s—1
+Y1’Z (Ik — ZA;> ut <Ik - ZAZ) Y;
s=2 ) =1
P s—1 s—1
= (Y ZAzYé ) z ! (Ik — ZA,) Y,
=1

s=2

and

p p
PlyPuy = (n—p) {Yu) — Hi¥(o) — > HeZe 1 YIS V) — HiY0) = Y HoZo 1}

s=2 5=2

+(n—p) Y (I — H) S, (I — H) Y1

p
~2(n—p)Y{ (Iy = H)) S Y00y — HiY(o)y — Y HoZs 1}

s=2
Now we turn to T, and partioningD as D =(D,,D,) to conform with the rows ofP, we
get T,o =2Y/DP,, =2Y/D1P,1 +2Y{DyP,s. The first term is 2Y/D,P,; = 2Y/ Z o (I —
S ANS I (Y, = S A ) = 2 S (I = S ADS (L, — T A))Yr and the
second term is 2Y/DoP,y =2(n—p)Y{ (I,—H}) S 1Y) — HiY0) — Y0, HeZs_1} —

2(n—p)Y{ (Iy—H}) ;' (I, — H1) Y1. These calculations, along with the fact that

P s—1 s—1
XX =54 <Ik - ZA§> vt <Ik - ZAZ) + (n—p) (Le—HY) 7 (I, — Hy)
s=2 =1 =1

thus yield a simplified version d&f,; + T},2 + T3 given by

p s—1 ! s—1
Tpl + Tp2 + Tp3 = Y{Elel + Z <Y5 — ZAZ}/;Z> E;l <Y; — ZA1Y51>
s=2 =1 =1
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P ! P
+(n—p) <Y(1) — H1Y () — ZHsZs—1> z ! <Y(1) — H1Y (o) — Z HsZs—1>

1

—P, (L + D'S.D)" " P,.

Using this expression, we get

Q=Y'S'Y —Y'SX (X'Sy'X) T X'STY = VST — Ty — Ty

1

= Y SIS'Si+ Pl (Ik + D'Sc.D) " P,

t=p+1

whereS; = (Y; — Y1) — Hy (Yie1 — Y(0)) — D05 Hs (AY;—s41 — Zs—1) . Writing the 4; in P,; in
terms of H;, it follows that P, = (Ip ® 221/2) vec (R — HU) and the expression fa@p in Theorem
1 is obtained. Finally, the proof is completed by using thprezsions in (A2) and (A7) and the fact
that for any matrix4, the non-zero eigenvalues df A are identical to those ol A’, all of which yield

log |71 = —nlog || and

log | X'S71X| = —log |Z.| + log I + XY2DD'SY?| = —log|S.| + log | I, + D'Y.D]. 0

4.2. Proof of Theorem 1

Let Anax(B) and \uin(B) be the largest and smallest eigenvalue of a makrisespectively and let

| B|| = A2 (B'B) be its matrix norm. Asi,, , . is mean invariant, we assume that= 0.

LEMMA 2. Let Z; be a stationary Gaussian vector time series ahek >°," | (Z; — Z) (Z; — Z)'.

Then, for any positive integér, £ ||S—1Hh =0 (n~")andE ||nS—! — E—l(n—15)||h = O(n="?).

Proof of Lemma 2We assume, without loss of generality thatn is an integer. For a positive integer

m to be defined later,71S = n~! foln B,, whereB, = Y (s+1m (Ze—2) (2, - Z)'.

t=14sm

_ 1
)\min( IS = )\mln Z B = E)\min Z B > — Z )\mln

Hence, by inequality of harmonic and arithmetic means oitpesnumbers and Jensen’s inequality

—h
n/m n/m n/m

Am?n ( 715) < n' Z Amin (BS) < % Z )\r;uln (BS) < - Z )\mln
s=1

s=1
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(s+1)m

—1tsm have a Gaussian distribution with a nonsin-

For any1 < s < n/m, the vectors{Z, — Z}
gular variance matrix uniformly irs. The proof of Lemma 8 of Chen & Hurvich (2006) vyields
SUD,, SUP) < s</m B { A (Bs) } < Co, WhereCy is the hth moment of Ay Of an inverse Wishart
matrix with m degrees of freedom. Choosing > 2h + k£ — 1 ensures that thisth moment is finite

(von Rosen, 1988), giving'y < co and proving the first part. For the second assertion, we rhae t

A7l - B ' =A"Y(B-A)B~!. Thus

EHTLS_I o E_I(TL_IS)Hh < E1/2 HnS—1H2h E1/2 || —15 E( _1S)||2h ( —15) -0 (n_h/z) .

O
LEMMA 3. For any positiven,
. h . h h
() B||dgpen — Ao =0 (n772), E||dg.e = Ao =0 (172, | =07
(i) B[ 1‘ —o(), B|s;t-x; 1‘ —0( ~h/2)

ii c e T =X e =0(n"
iy B[00 2 - s Pws 2 = o (e

Proof of Lemma 3For (i), Holder’s inequality and Lemma 2 yield

t /71 t—1t¢—1
> ey > Yy
t=2

t=2
by Lemma 2 and Lemma 3.3 of Bhansali (1981). The resultsifpr andY, can be proved in a similar

2h
nhE1/2

—2h
=0(1)

R h
TLh/QE HAOLS,O — A()H § TLih/QE'l/2

fashion. Forif), we note that

n

1 = -
Eeg{Z(Gtéu)) e — ) Z et — ) (Yio1 — V)’ Z (Yi-1 = ¥(0) (eté“))l}’
t=2 t=2

t=2
where é(l) = (n — 1)71 2?22 Ct. Let“ng Ne = {(}ftfl — }7(0))/, (et - é(l))/}/ and U =

(n—1)" Zt , e, then:, is the Schur complement @ relative to(n — 1)S;*. Hence,
B[S~ = B{[w| ™" [n~t8y["} < BV2 [0 BV jn~Lsy [ = 0 (1)

by Lemma 2. The same lemma and the fact thgg!|| < [S1| ||S]*~! yields first part of ). The

second part of () can be shown by writifly ! — ¥ = ! (Ee - ie) uol
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For (i) we first show thatEHWHh — O(n~").Defining the set® = {H/low - AH < 5} N

{2~

< s} = @, N Py, we have
Ik _ih ik
nhEHWH :nhEHWH Iq>+nhEHWH Ipe. (A8)

SinceA has all eigenvalues less than unity, béth A andl — Egl/QAZi/Q are non-singular and hence
—1 ~ 1lh

n (1 Y-S A)S (- A)’EQI/Q) = 0(1) due to whichn"E HWH Is=0(1).

To show that the second term on the right in (A8) is boundechete thatii’ has all eigenvalues bounded

~ Ilh
by one and get" F HWH Isc < nhE (Is<). From () and Chebyshev’s inequality,

nF Elge = nF P (®°) < nFP (0) + n* P (95) < n* P (HAOLS . AH >¢) +n"P (‘ S -5,

>Q:om.

~ 1lh ~ ~ a_—
ThusE HWH = O(n~"). Furthermore, writing?V — W= i (WO‘I—W 1) Woh, we get

~ h A —1 2h
el < o |

B AOHM L gl Higl/Q B Egl/z‘ h

+ EY4 Hze -,

OLS

~ 4h
< Cn~2h {E1/4 HA }
— O(n72hn1/2) — O(n73h/2).
Part i) follows from the fact that the left side is bounded by

T . 2 . 2h
SV WoE H2g1H ' +uo2EL2 HW _ VVOH VE 2;“

4

/A Hie—lﬂ _ 26—1/2H4h YAl hE1/2 EQI/QH%' O

Proof of Theorem 1As noted by Yamamoto & Kunitomo (1984) & Nicholls and Pope§8pit suf-
fices to obtain the bias for &xR(1) process since axR(p) can always be re-expressed as a suitabid).

Since*aQ(AOLs,o) = aQ(AWLS) - aQ(AOLS,O)7 we get

n

- AOLS,O) (Y;f—l - Y(())) (Yt—l - Y(O))I
=2

/2 4 - _ _
(AWLS - AOLS,O) (Y(O) - Yl) (Y(O) - Yl)/-

_aQ(AOLS,O) = 25! (A

€

HH

b o(n— 1)SI2ST

Thusvec(A,,, s — Ay,s0) = (G +J) ' vec{0Q(A,, 4 ,)}, where

J=m-DI oS 2PWE V2 T = (Yo - Y1) (Yo — Yl)' (A9)
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n

G=S o3, Sy=> (Yi1-Yp)(Vi1-Yy) (A10)

t=2

Let Qo be the objective function ofd, ., it is sufficient to show if E(G+.J) ' = (n—
2 ~ .

DHSF @R o), @) E|G+D)7| = 0m), (i) B{OQu(Ao,s0)} = o), W)

L o(n™2).

"= 0(1), and ) B[00 (Aoss) ~ 9Q(Ass)

E HaQ()(AOLS,O)

Note that/ is ranked one, thuga + J) ' = G — {1 + trace (JG—')}G~'JG~'. Furthermore,
h h

S @ E|S - %

E H{(n —DS - e s,

e
1Yy ©%
= 1" (=1

(n—1)

E (G~

By Lemmas 2, 3 and Holder's inequality, both terms on thétrigand side ar€(n—3). Since {1 +
trace (JG™Y)}71GT1IGT < GT1IGT!, we getE HG—lJG—1||2 = O(n~*) by Lemma 3. We have
shown {) and §i). Noting thaty ", ¥;¥y , = A_ >0, Y, _1Y,1, we get
aQO(AOLs,o) = 2(” - 1)2(:1 (17(1) - AOlSv()ﬁO)) }7(’0)

—2(n - 1272w ({Y(l) -V} - A0 {Yo) — YI}) (Yi0) — Y1)/

=2(n — 1){Q(Wo, Zc) + R(Wo, Ze)},

Q(Wo, Be) = 572 (I = Wo) 5712 (I = Ag) Y)Yy — B V2WoS 2 (I - A niy{, (A1)

R(Wo, 5) = S7Y2 (1 — W) 5212 {(AO — Aol&o) Yy +(n—1)"" (Y — Yl)} Yo

—S; P Won 2 {(Ao - Aols,O) -2 (I - A"“”O) Yo~ (n =7 (o - Yl)} n

From Brillinger (2001),
E{(n = 1)¥(0)Y{p)} = £ (0) + o(1) = (I — Ag) " S (I = Ap) ™" + 0(1),
where f(-) is the spectral density df;. Moreover,E(Y1Y{) = ., Wy = O(n~!) andI — Wy = (n —
DWoXe 21 — Ag)Se (I — Ag)'Sc /2, we have
E(Q) =512 (W02;1/2(1 — Ao)Se(I — AO)'Z;U?) SV~ Ag) (I — Ag) B (I — AL)~!
—SIVPWR Y2 (1 — Ag) B + o(1)

= S VPWoRT Y2 (I — Ag) B — SV2WR Y2 (I — Ag) e 4 0(1) = 0(1).
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from (A11). Noting thatl — W, = O(1), it is easy to verify thaf || R(Wy, Z.)||> = O(n =) by (i) and

(i) of Lemma 3. We have showiii() and {v). For (v), we write
aQ(AOLS,O) - aQO(AOLS,O) = 2(” - 1){Q(W7 26) - Q(W07 26) + R(W7 2A:e) - R(WO7 Ze)}a
then ) follows easily from Lemma 3 and Holder’s inequality. d

4.3. Proof of Theorem 2

AssumingX is known, then
1 1
ORL = 75810g|W|+§8QR. (A12)

We further assume, without loss of generality, that I since any VAR(1) can be pre-multiplied by

2—1/2
n1/2y, — n-1/2gx1/2 (271/2}/;71) 4+ 01/2,

to getZ, = AZ,_, + ¢, whereA = £~1/24A%1/2 has the same characteristic rootstoéindV ar(e;) =

I. LetW (A) = W, the next lemmais similar to Lemma 3 fdr_, ,,, . We thus omit the proof.

LEMMA 4. For any positiveh,
N h R h
bl =0 (). ()i -0
LEMMA 5. Let¢ (A) = (Y — Y1) — A (Yo — Y1), thenforA= A, ., A, ., andA,,,,,,

h
=0(1)

ple(A)e(d) b =a-ansu-apy v, pe(d)e(4)

Proof of Lemma 5Writing £ (A) = —(1 — A)Y1 + (I — A)Y(g) + (n — 1)71 (Y, — V1),
¢ (A)€(A) = (1~ AN~ AY + (I~ A)Wio) Vo) (T A) + (0~ 1) (¥ = Vi) (Yo~ V1)’
+ (=) (Ve = 11) (Yo~ 1) (1 = A + (1 = 4) (Vo) — Y1) (Yo — Y1)’}

(I = Ao Y] = ViV (I — A).
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_ h _ ~h
sincel? | Vo) V)| = 0 ™), E [V Y| = 0n~"2), B(|[1 - A" = 0(1), E [i¥{]| = 0(1),

h

thus F Hg(A)g(A)' = O(1). Furthermore,

E {(I A - A)'} — (I — A)E (V1Y1) (I — Ao

+ B {(I - AYYi(I - A) — (I - A)ViYi(I - Ao)'}
The firstterm i1 — Ag) ¥ (I — A}) and the second term is bounded by

2E1/? HA - AoH2 E HY1Y1(I —A)||=0(mn™1?)

by Lemma 4. O

LEMMA 6. LetY; follow (1), thenE(H,,, ,. — H) = E(H

OLS,0

— H) + o(n™1), where the bias of

IWLS

HOLS,()’

which isO(n~1), is given in Yamamoto & Kunitomo (1984).
Proof of Lemma 6.This lemma is a corollary of Theorem 1 O

Proof of Theorem 2Following from Lemma 6 , it is sufficient to show tha{A, ., — A<} =

o(n™1). Let Sy and T be defined agA10), then

OQr(A) = *22 (Y — Yu)) (Yie1 — Yio))  +24Sy —2(n — 1) W(A)¢ (A) (Yo — Y1)’
k
+ - {ew B Bew)

aaij

With tedious algebraic computation,

k
fewZBew}  —20-nwuewewwa -
and
k
—0log |W (A)| = — [trace {W_l (A) 8?;5;4) H = —2(n—1)W(A) (I — A).

In conjunction with (A12), we get

ORL (A) = — Z (Yt - Y(l)) (Yt—l - 17(0))/ + ASy — (n —1) W(A){ (A) (Y(O) - Yl)
t=2

+(n = 1) W(A)E (A) (AW (A) (I — A) = (n = ) W(A) (I - 4).

!’
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SincedQq (A,WLS) =0

n

Z (}/t - }7(1)) (E*I - }7(0))/ - AIWLSSY - (n - 1) W(AO)S (AIWLS)I

t=2

and sincéRL(4,,,,,,) = 0, we have
0= (AIWLS - ARE}VIL)SY + (n - 1) W(AO) {AIWLS - ARE}VIL}F + R (ARE]WL) + R (AREIVIL> )
where

R (A4) = (n = D) {W (4)) = W(A)} { (Vi) = Y1) = A (Yo = Y1)} (Vo) = 11)’

Ry (A) = = (n = 1)” W(A)E (A) € (AW (A) (I = A) + (n = 1) W(A) (I - A).
Thus
vee (Appyy = Apyrs) = {8y @ 1+ (0= 1) T @ W(A0)} " vee { By (Anpurs ) + Rz (Appars ) } -

Following from the proof of Theorem 1n — 1)E(Sy @ I + (n —1) ' @ W(Ap) = Xy + o(1) and

E|Sy @ I+ (n—1)T @ W(A)||~" = O(n~"). We will complete the proof by showing

E HR1 o~ "—o (n"72), (A13)

E {R2 (AREML)} —o(1), E HR2 (AREML) ’h —0(1). (A14)

SinceE (Y1Y1) =X = I, we getE

h
’ g O(n="/?) By Lemmas 4

¢ (A)¢(A) = (- A0) (1 - 4p)

and 5, (A13) follows by Holder's inequality. Léta, (A) = — (n — 1)> W (A)¢ (A) &/ (A)W (A) (I — A)

andRg, (A) = (n— 1) W (A) (I — A) so thatRy (A) = Ra, (A) + Rapy (A) . Then

E {R2a (ARE]WL)} = E{Ry, (Ao)} + E {RQa (ARE]WL) — Ro, (AO)}

=—(n—1)*W(Ag) (I — Ag) (I — Af) W(Ao) (I — Ag) + O(n~"/?)
by Lemma 4, 5 and Holder’s inequality, and similarly

E{Roy (Angris ) | = (0= )W (A9) (I = Ag) + O(n™"/),
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We have
B{Ry (Appais ) } = = (0= )W (40) (T = A0} {T = (n = 1) W(Ao) (T — Ao) (T — Ay)} + O(n"/2)
= —(n—1)W (Ao) (I — Ag) W (Ag) + O(n""/?)

=O0(n~?). O

4.4, Proof of Theorem 3
Proof. Letting b, = (H1 + Hs — I,) Y1 + e, for s =2, ...,p we haveR,_; = HU_; + bs and let-
ting b1 = (n—p)"/* (Hy — L) Y1 + (n —p) "> 1| e givesR, = HU, + b,. Hence the esti-
mating equations fofl can be re-expressed as

n p p
2500 Y el )Y SPWGEYE (b Uf 4 b UY) (A15)

t=p+1 i=1 j=1

— o1 (H - H) Z LI, + z,,: zp: SRR/ (H - H) (UU, + U UY) .

t=p+1 i=1 j=1

From this stage onwards, we provide the proof for thB(1) case withp = 1 to avoid cumbersome
notation, noting that the proof for the generak(p) case follows along similar lines. We will assume that
the proces¥; has been expressed in canonical form (page 608, Fuller,) Xe0hat>.. = I (the result
for the case of general, can then be obtained by suitable pre/post multiplicatiBimcen (I,C — Hl) =

O, (1) and>,— I in probability, we have

“ R “ R “ “ R —1

W=W,= [Ik +(n—1)571/2 (Ik — Hl) 5, (Ik — H{) 2;1/2} =TI +o0p(1).
Furthermore, from Lemma 10.3.2 of Fuller (1996),

1 — 1 1 < 1
<ﬁ;etm, EbQU{’ﬁ Z LtLg,ﬁUlU{> — (Y -w@) ¢, WA, G-, <),

t=p+1

in distribution, wherg Y, W (1), (, G) are defined in Lemma 10.3.1 of Fuller (1996). Hence, dividing

both sides of (A15) by: and applying the convergence results stated above yields

(I+0p ()T =W (1) ¢" + 0p (1)) + (I+0p (1)) (W (1) ¢" + 0 (1))

= (I+o, ())n (H = 1) (G = ¢¢' + 0, (1)) + (I+0, (W)n (B = 1) (¢¢' + 0, (1),
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(a) (b)

— — 0OLS, @
- oLs, M

25

20

15

n x Bias
3
Density

10

Fig. 2. (8) Bias 0f &y pasrs Qrwrss Gwirsy Gwirs, aNAa,, o (0) Empirical densities ofors,, Gors, Gy s and

@y s, Whena = 1. All plots are based on simulations of 10,000 replicationthwi= 100.

and thus: (H _ 1) —Y'G-1 in distribution. 0

5. ADDITIONAL SIMULATIONS
5-1. Univariate AR processes

We generate 10,000 replications of size- 100 AR(1) series for various values afranging from 0.5
to 1. We compare the bias properties of 5 estimators, the ega, &,,,,,,, . OLS with intercept¢,,, .,

infeasible weighted, weighted and iterated weighted lequaresg,, , o, &, , s anda,,, ;  respectively,

whered,, ,,, . is the maximiser of (3) and
2 (Y = Y)) (Yo — Yio)) +w(ao) (n — 1) (Vi) — Y1) (Vo) — V1) ALG
aIWLS - n \ 2 . 2 . ( )
12 (Y1 = Y(0))* + w (o) (n — 1) (Y(0) — Y1)

The two feasible weighted least squafies, ., andéayy s, are computed analogously with (o) being

replaced byw (&,,, ) andw(é,, , o) respectively.
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Table 2.Bias and root mean square error of univariate(1)

REML WLS WLS2 oLs

nx V/nx nx  /nx nx  y/nx nx  \/nx
« Bias RMSE Bias RMSE Bias RMSE Bias RMSE
1 -2.164  2.002 -2.308 2.091 -1.969 2.016 -5.243  2.608
0.95 -2.183 2.345 -2.772  2.387 -2.355 2.349 -4.660 2.650
0.9 -1.919 2.494 -2.524 2514 -2.141  2.504 -4.108 2.673
0.7 -1.359 2.823 -1.622  2.847 -1.302 2.876 -3.137 2.888
0.5 -0.956  3.005 -1.063 3.031 -0.854  3.053 -2.483 3.036

aIWLS 1 aWLS andaWLSg

Figure 2(a) shows the bias of these 5 estimators. We sedydlearda

REML>

have significantly less bias tha),, . for all values ofa. Though the bias of,, , ., which usesy,, . in

OLS

the weight functionw(-), increases slightly from that ef the bias of& obtained by using

REML WLSy!

Gy, INw(-), is as small as that af,,,,, and the infeasible estimatér,,,, .. Thus, further iterations
are not likely to produce any significant improvement. Thestvamatic improvement shown By, , .
andé,,, ,, can be seen in Figure 2(b), where we plot their empirical tiesswith those ofa,,, , and
Gpps,0 fOr a = 1. Itis well-known that at the unit root the distribution &f,, ; is different from that of
&, s, and centred further to the left, as seen in Figure 2(b), tiesuih ¢, . having a higher bias than
The plot shows that,, , , has the same distribution &s,, . , and is unaffected by the intercept

dOLS,O'
in the model. Indeed, the density 6fy s, sits almost exactly on that @f,, , ,. This finding, shown
theoretically in§2-2, is of importance for unit root tests and tests of cointegnain vector AR models,
since it is known that the inclusion of an intercept signifity deteriorates the power of unit root tests
based on estimators suchaiss, whose limiting distribution is affected by the intercept.

Table 2 reports x bias as well ag/nx RMSE0f WLS, WLS,, OLS andREML for a univariatear(1). It
is seen thatvL s, has even less bias thavLs and both provide significant bias reduction owers even

far from the unit root. Th&kMsE of bothwLs andwLs; is almost uniformly less than that ofLs, and

the reduction can be as high as 23% (40% in termgsH).
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Table 3.Bias and root mean square error of bivariad&(1)— z1; = 1

nx Bias /N XRMSE

a2 Est. aii a1 ai2 a2 ail a1 ai2 a2

1 WwLS -4.452 0.044 0.032 -4.508 0.703 0.541 0.550 0.715
WLSp -4.015 0.051 0.027 -4.079 0.668 0.528 0.537 0.680
oLs -7.000 -0.003 0.037 -7.002 0.916 0.601 0.603 0.923

09 wLs -2.993 -1.091 -0.186 -3.847 0.528 0.416 0.651 0.767
WLS2 -2.515 -0.882 -0.247 -3.487 0.490 0.400 0.652 0.749
oLS -5.972 -2129 0.298 -4.861 0.782 0.511 0.674 0.840

0.8 wLs -2.806 -1.298 -0.183 -3.227 0.495 0.401 0.763 0.823
WLS2 -2.343 -1.069 -0.245 -2.851 0.457 0.388 0.777 0.815
oLS -5.679 -2.413 0357 -4.105 0.742 0.483 0.750 0.862

0.7 wLs -2.744 -1.361 -0.174 -2.804 0.480 0.395 0.859 0.881
WLS2 -2.272  -1.126 -0.247 -2.416 0.442 0.384 0.888 0.881
oLSs -5.543 -2.509 0.403 -3.634 0.723 0.472 0.817 0.899

5.2. BivariateAR processes

In Tables 3 and 4 we report the simulation results for a batarir(1) model. Since the coefficient
matrix can always be diagonalised and standard cointegregsts are invariant to pre/post multiplication
by non-singular matrices, we considered a diagonal coeffiechatrixA with different configurations for
the diagonal entrie6u11, a22). The different parameter configurations férinclude two unit roots, one
unit root with the other either close to unity or far from ynias well as both roots being less than unity.
In all the cases, botlvLs andwLs, offer dramatic bias reduction comparedios, and theRMSE of both
weighted least squares estimators is uniformly better thahof oLs. The bias reduction is significant
even for roots far from unity and is more pronounced for theaited estimatowLs,.

Finally, Tables 5, 6, 7 and 8, report results for a bivares€?), in which both the coefficient matrices

A; and A, were set to be diagonal. The parameter configurations wergechin such a way that the



Supplement to Weighted Least Squares Approxirate S-15

Table 4.Bias and root mean square error of bivarisd&(1)— z1; = 0.95

nxBias VnxMSE

a2 Est. ail a1 ai2 a2 ail a1 ai2 a2

1 WLS -4301 -0.101 -0.782 -3.354 0.756 0.603 0.444 0.587
WLS3 -3.903 -0.147 -0.624 -2.859 0.731 0.596 0.428 0.547
oLs -5.633 0.266 -1.632 -6.323 0.869 0.655 0.542 0.836

09 wLs -3.956 -0.512 0.309 -3.834 0.716 0597 0.706 0.809
WLS; -3.445 -0.423 0.229 -3.454 0.690 0.590 0.705 0.796
oLs -5.788 -0.838 0.624 -5.048 0.857 0.644 0.741 0.887

0.8 wLs -3.574 -0.994 0.487 -3.044 0.658 0.555 0.799 0.860
WLS; -3.061 -0.844 0.354 -2.712 0.633 0.550 0.810 0.859
oLs -5.430 -1.536 1.000 -4.061 0.802 0.594 0.813 0.902

0.7 wLs -3.382 -1.192 0.535 -2.527 0.628 0.533 0.874 0.907
WLS; -2.866 -1.009 0.379 -2.232 0.602 0529 0.896 0.913
oLs -5.202 -1.825 1.108 -3.467 0.770 0.570 0.870 0.931

two largest rootgz;, z)" of the two processed; 1, Ym)' covered a range of different values, while the
two smaller roots were fixed at 0.8 each. Tables 5 and 6 repentesults for the entries of the matrix
H, = A; + As, which is the coefficient matrix of;_; in the Dickey-Fuller representation &f, while
Tables 7 and 8 have the corresponding results for the malrix — Ao, which is the coefficient matrix

of AY;_;. The matrixH; is relevant in likelihood ratio type tests of cointegratiavhile H, would be
relevant for forecasting purposes. The two weighted lepstie REML estimators have uniformly smaller
bias ancRmsEethan theoLs estimator for almost all the configurationsif and the bias reduction can be
substantial, even far from the unit root. From Tables 5—-8@&eetkat our weighted least squares procedure
has smaller bias areiMSE than theoLs for configurations that are closer to the unit root. For pagtamn
values with all roots far from unity, we see that there arg/ ¥ew situations whereLs has a smaller bias

than the weight least squares estimators but the correBppRBEISE is larger than, or equal to that of the
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Table 5.Bias and root mean square error of bivarisd&(2) — H;

nxBias VnxMSE

2 = Est VU U Y Y O U R 4
1 1 WLS -0.953 0.009 0.021 -0.945 0.178 0.151 0.153 0.176
WLS2 -0.942 0.006 0.018 -0.933 0.176 0.149 0.151 0.174
oLS -1.835 -0.001 0.015 -1.821 0.259 0.187 0.191 0.258
0.95 wLs -0.555 -0.117 -0.033 -1.151 0.130 0.112 0.181 0.211
WLS2 -0.543 -0.115 -0.034 -1.122 0.129 0.111 0.180 0.209
oLS -1.552 -0.412 0.063 -1.920 0.222 0.165 0.216 0.288
0.9 wLs -0.466 -0.155 -0.041 0.113 0.113 0.099 0.214 0.251
WLS2 -0.453 -0.151 -0.040 -1.305 0.111 0.097 0.212 0.247
oLS -1.440 -0.524 0.077 -2.087 0.204 0.151 0.245 0.320
0.8 wLs -0.428 -0.192 -0.033 -1.812 0.103 0.090 0.292 0.340
WLS2 -0.416 -0.187 -0.030 -1.703 0.102 0.088 0.289 0.332
oLS -1.346 -0.587 0.095 -2.583 0.189 0.138 0.318 0.405

z1 andz, are the two largest roots of the determinanaafpolynomial. The other two roots are both .8.

weighted least squares estimates. The overall conclugibe drawn from Tables 3-8 is that in general
the weighted least squaregML estimates provide a significant advantage aves in terms of bias and

RMSE reduction, not only near the unit root but also for statignaector processes.
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Table 6.Bias and root mean square error of bivariasd& (2) — H;

21 22
0.95 0.95
0.90
0.80
0.90 0.90
0.80
0.80 0.80

Est.

WLS2

oLs

WLS2

oLs

WLS2

oLs

WLS2

oLs

WLS2

oLs

WLS

WLS2

OLS

hiy
-0.974
-0.934

-1.918

-0.830
-0.790

-1.811

-0.715
-0.677

-1.648

-1.081
-1.011

-1.971

-0.932
-0.868

-1.830

-1.338
-1.218

-2.204

nxBias
hsy o ngy
0.007 0.017
0.006 0.016
-0.014 0.008
-0.054 0.036
-0.053  0.035
-0.233 0172
-0.119  0.043
-0.117  0.045
-0.398  0.265
0.011  0.005
0.011  0.004
-0.010 -0.004
-0.057 0.024
-0.058  0.026
-0.221  0.162
0.020 -0.016
0.019 -0.017
0.008 -0.023

hby
-0.967
-0.926

-1.901

-1.198
-1.130

-2.008

-1.652
-1.526

-2.415

-1.090
-1.020

-1.973

-1.530
-1.401

-2.345

-1.377
-1.255

-2.245

hiy
0.200
0.198

0.292

0.182
0.179

0.274

0.163
0.160

0.249

0.238
0.233

0.320

0.219
0.215

0.298

0.320
0.314

0.389

V/nxMSE
hy) by
0.178 0.181
0.176 0.179
0.231 0.230
0.164 0.222
0.161 0.219
0.215 0.266
0.150 0.299
0.147 0.296
0.195 0.334
0.217 0.218
0.214 0.216
0.263 0.261
0.203 0.301
0.200 0.297
0.243 0.337
0.296 0.298
0.292 0.294
0.332 0.330

S-17

hsy)
0.200
0.197

0.290

0.248
0.243

0.327

0.342
0.334

0.408

0.240
0.236

0.321

0.338
0.330

0.405

0.326
0.320

0.394

z1 andz, are the two largest roots of the determinanaafpolynomial. The other two roots are both .8.
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Table 7.Bias and root mean square error of bivariad&(2)—H»

Z1 z2 Est.

1 1 WLS

WLS2

oLS

0.95 wLs

WLS2

oLS

0.9 WLS

WLS2

oLS

0.8 WLS

WLS2

OoLS

hiy
-4.341

-4.336

-6.556

-4.540
-4.530

-6.540

-4.311
-4.302

-6.292

-3.907
-3.904

-5.858

nxBias

hyy kY

0.064 -0.031
0.054 -0.040
0.053 -0.088
0518 0.151
0.493 0.152
0.616 -0.196
0.698 0.170
0.645 0.176
0.800 -0.261
0.864 0.074
0.744  0.085
0.915 -0.380

hy)
-4.416

-4.411

-6.666

-3.187
-3.168

-4.344

-2.766
-2.737

-3.659

-2.214
-2.170

-2.835

hiy
0.975

0.975

1.133

0.990
0.990

1.137

0.974
0.973

1.116

0.948
0.946

1.082

V/nxMSE

hyy by
0.870 0.864
0.870 0.864
0.917 0.906
0.889 0.865
0.889 0.865
0.931 0.897
0.887 0.873
0.886 0.873
0.929 0.898
0.880 0.899
0.877 0.899
0.918 0.915

hy)
0.978

0.978

1.144

0.925
0.925

1.009

0.922
0.921

0.984

0.931
0.929

0.969

z1 andz, are the two largest roots of the determinanaafpolynomial. The other two roots are both .8.
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Table 8.Bias and root mean square error of bivarisd&(2)—H»

21 22
0.95 0.95
0.90
0.80
0.90 0.90
0.80
0.80 0.80

Est.

WLS2

oLS

WLS2

oLS

WLS2

oLS

WLS2

OoLS

WLS2

OoLS

WLS

WLS2

OoLS

hiy
-3.227

-3.215

-3.659

-3.241
-3.233

-3.378

-3.043
-3.037

-3.075

-2.809
-2.808

-2.853

-2.707
-2.716

-2.518

-2.279
-2.305

-2.099

nxBias

hsy o nf

0.070 -0.029
0.064 -0.035
0.101 -0.032
0.338 -0.136
0.303 -0.127
0.753 -0.587
0.691 -0.237
0.595 -0.215
1.321 -1.007
0.061 -0.004
0.054 -0.012
0.089  0.005
0.398 -0.178
0.335 -0.156
0.828 -0.632
0.032  0.047
0.022  0.037
0.047 0.054

hSy)
-3.307

-3.296

-3.777

-2.887
-2.874

-3.357

-2.403
-2.385

-2.890

-2.880
-2.880

-2.948

-2.400
-2.403

-2.567

-2.296
-2.322

-2.128

hiy
0.937

0.936

0.977

0.933
0.933

0.956

0.917
0.916

0.933

0.944
0.944

0.957

0.931
0.932

0.932

0.981
0.982

0.981

V/nxMSE
hsy  R§Y)
0.883 0.877
0.884 0.877
0.907 0.905
0.888 0.899
0.888 0.899
0.914 0.917
0.887 0.932
0.885 0.932
0.912 0.944
0.912 0.906
0.912 0.906
0.924 0.923
0.912 0.954
0.912 0.955
0.928 0.963
0.972 0.968
0.973 0.968
0.977 0.976
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hSy)
0.941

0.941

0.981

0.949
0.949

0.984

0.969
0.969

1.000

0.953
0.953

0.965

0.988
0.988

1.003

0.993
0.995

0.993

z1 andz, are the two largest roots of the determinanaafpolynomial. The other two roots are both .8.





