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SUMMARY

We derive a weighted least squares approximate restricted likelihood estimator for ak-

dimensionalpth order autoregressive model with intercept, for which exact likelihood opti-

mization is generally infeasible due to the parameter spacewhich is complicated and high-

dimensional, involvingpk2 parameters. The weighted least squares estimator has significantly

reduced bias and mean squared error than the ordinary least squares estimator for both sta-

tionary and non-stationary processes. Furthermore, at theunit root, the limiting distribution of

the weighted least squares approximate restricted likelihood estimator is shown to be the zero-

intercept Dickey–Fuller distribution, unlike the ordinary least squares with intercept estimator

which has a different distribution with significantly higher bias.

Some key words: Autoregressive; Bias; Restricted maximum likelihood; Unbiased estimating equations.
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2 W. W. CHEN AND R. S. DEO

1. INTRODUCTION

Thepth order autoregressive models,AR(p), are commonly used in multiple time series as they

are easy to estimate via least squares and to use in forecasting. Including an intercept in univariate

autoregressive models increases the finite sample bias of the ordinary least squares and maximum

likelihood estimators (Shaman & Stine, 1988, Cheang & Reinsel, 2000). For example, in the

AR(1) with coefficientα and no intercept, the bias of both the maximum likelihood andordinary

least squares estimators based onn observations is−2αn−1, but becomes− (1 + 3α) n−1 when

an intercept is included. Thus, the bias is almost doubled when the autoregressive coefficient is

close to unity. At the unit root the intercept has an impact that persists even asymptotically, with

different limiting distributions for the ordinary least squares estimator with and without intercept.

Cheang & Reinsel (2000) found that restricted maximum likelihood estimation of autoregres-

sive models with intercept yields estimates with reduced bias which is identical up toO
(
n−1

)

to that of the maximum likelihood and ordinary least squaresestimates for zero-intercept au-

toregressive models. See also Kang et al (2003). Hence, including an intercept has no impact

on the restricted maximum likelihood estimator and its biasdoes not increase, unlike that of the

maximum likelihood and ordinary least squares estimators.Other advantages of the restricted

maximum likelihood estimator in time series applications include better model selection proper-

ties (Tunnicliffe-Wilson, 1989) and well-behaved likelihood ratio tests (Chen & Deo, 2009).

However, the restricted likelihood optimisation is infeasible in vector autoregressive models,

where the parameter space is very complicated and defined implicitly through the roots of a

characteristic equation. We obtain a weighted least squares approximate restricted maximum

likelihood estimator which is easy to compute and has the same superior bias properties of the

ordinary least squares estimator without intercept. At theunit root the limiting distribution of the

proposed estimator for theAR model with intercept is identical to the Dickey–Fuller distribution
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Weighted Least Squares Approximate Restricted Likelihood 3

for the zero-intercept model, unlike that of the ordinary least squares with intercept estimator.

Our results have consequences for forecasting, unit root tests and cointegration tests.

2. THE APPROXIMATE RESTRICTEDL IKELIHOOD ESTIMATOR

2·1. Motivation

Assume thatY =(Y T

1 , ..., Y T

n )T follows thek dimensionalAR(p) process, given by

Yt = µ+Ỹt, Ỹt =
p∑

i=1

AiỸt−i + et (1)

whereet is an independentN (0,Σe) series and the roots of
∣∣Ikz

p −
∑p

i=1 Aiz
p−i

∣∣ = 0 are

at most one in absolute value. The initial values ofỸt are assumed to bẽYt = 0 for t =

0,−1, ...,−p + 1. LettingΣ = var (Y ), the log restricted likelihood forY is

RL = −
1

2
log |Σ| −

1

2
log

∣∣∣XTΣ−1X
∣∣∣ −

1

2
Q, (2)

where Q = Y TΣ−1Y − Y TΣ−1X
(
XTΣ−1X

)
−1

XTΣ−1Y, and X is the nk × k matrix

(Ik, ..., Ik)T . For simplicity, we illustrate the weighted least squares approximate restricted max-

imum likelihood estimator through the univariateAR(1) model, wherẽYt = αỸt−1 + et in (1).

From (2), the restricted maximum likelihood estimator,α̂
REML

is the minimiser of

RL(α, σ2
e ) = −

(n − 1)

2
log σ2

e +
1

2
log w (α) −

1

2
Q, (3)

wherew(α) = {1 + (n − 1)(1 − α)2}−1 . The ordinary least squares with intercept estimator,

α̂
OLS

, minimises the objective function

Q
OLS

(α) =
1

σ2
e

n∑

t=2

{
Yt − Ȳ(1) − α

(
Yt−1 − Ȳ(0)

)}2

whereȲ(1) = (n − 1)−1 ∑n
t=2 Yt andȲ(0) = (n − 1)−1 ∑n

t=2 Yt−1. The log restricted likelihood

in (3) has an unbiased estimating equation, i.e.,E(∂RL/∂α) = 0 (Cheang & Reinsel, 2000).

However,Q
OLS

(α) does not satisfy this condition due to the mean correction, which increases
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4 W. W. CHEN AND R. S. DEO

the bias ofα̂
OLS

. Lemma 1 below shows that the exponent termQ in (3) can be written as

Q(α) = Q
OLS

(α) + w (α) QC(α), (4)

whereQC(α) = (n − 1)−1σ2
e{Ȳ(1) − Y1 − α(Ȳ(0) − Y1)}

2. SinceEα(QC) = w−1 (α), we get

0 = Eα

{
∂RL(α)

∂α

}
= −Eα

{
∂Q

OLS
(α)

∂α
+ w (α)

∂QC(α)

∂α

}
.

Thus, the objective function,QI (α) = Q
OLS

(α) + w (α0)QC(α), whereα0 is the true value ofα,

also has an unbiased estimating equation. Furthermore,∂QI (α) ≃ ∂RL(α) in the sense that both

first derivatives areOp(n) and their difference,w−1 (α) ∂w (α) − QC∂w (α) = Op (1). There-

fore, the objective functionsRL andQI have similar estimating equations and the minimiser,

α̂
IWLS

= arg minα QI (α) can be thought of as an infeasible weighted least squares approxima-

tion to α̂
REML

and should have less bias thanα̂
OLS

, just like α̂
REML

.

The weighted least squares approximate restricted maximumlikelihood estimator that we con-

sider uses a consistent initial estimate ofα, say α̂, in the weight functionw (·) in QI to yield

a feasible estimator,̂α
WLS

= arg minα{QOLS
(α) + w (α̂) QC(α)}. Since generally(α̂ − α0) =

Op(n
−1/2) in the stationary case and(α̂ − α0) = Op(n

−1) in the unit root case, replacingw(α0)

byw(α̂) results in an error ofOp(n
−3/2) in the stationary case andOp

(
n−1

)
in the unit root case,

suggesting that the difference betweenα̂
IWLS

andα̂
WLS

is small. Indeed, both our theoretical re-

sults in Theorems 1 and 2 as well as our simulations show that the feasible weighted least squares

estimator approximates the restricted maximum likelihoodestimator.

2·2. The vector autoregressive case

Let H = (H1, ...,Hp) whereH1 =
∑p

i=1 Ai and Hi = −
∑p

j=i Aj for i = 2, ..., p are the

coefficient matrices of theAR(p) model expressed in Dickey–Fuller form. We first give

the weighted least squares objective function for the vector autoregressive process. Let

np = n − p, Ȳ(1) = n−1
p

∑n
t=p+1 Yt, Ȳ(0) = n−1

p

∑n
t=p+1 Yt−1 and Z̄s = n−1

p

∑n
t=p+1 ∆Yt−s
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Weighted Least Squares Approximate Restricted Likelihood 5

for s = 2, ..., p. Set LT

t = {(Yt−1 − Ȳ(0))
T, (∆Yt−1 − Z̄1)

T, ..., (∆Yt−p+1 − Z̄p−1)
T}. Define

R = (R1, ..., Rp), where Ri = Yi+1 − Y1, i = 1, . . . , p − 1, Rp = n
−1/2
p

∑n
t=p+1 (Yt − Y1)

andU = (U1, ..., Up), whereUT

s = {(Ys − Y1)
T,∆Y T

s , ...,∆Y T

2 , 0T

(p−s)×1} for s = 1, ..., p − 1,

UT

p = n−1/2
p





n∑

t=p+1

(Yt−1 − Y1)
T ,

n∑

t=p+1

∆Y T

t−1, ...,
n∑

t=p+1

∆Y T

t−p+1



 .

Also, letD = {(Ik − H1 − H2)
T , ..., (Ik − H1 − Hp)

T , n
1/2
p (Ik−H1)

T}Σ
−1/2
e .

LEMMA 1. The log restricted likelihood in (2) can be written asRL = −1/2{(n −

1) log |Σe| − log |W | + Q}, whereW = (Ipk + DTΣeD)−1 is positive definite and

Q =
n∑

t=p+1

(
Yt − Ȳ(1) − HLt

)
T

Σ−1
e

(
Yt − Ȳ(1) − HLt

)

+ vec (R − HU)T (Ip ⊗ Σ−1/2
e )W (Ip ⊗ Σ−1/2

e vec (R − HU) .

The expression for the log restricted likelihood in the general case mirrors that for the simple

univariateAR(1) stated in (3) and (4). The first term inQ is the sum of squares for the ordinary

least squares estimator, while the second term can be interpreted as a correction term. Though

Σe andW are unknown, they can be estimated using any consistent estimator ofH, such as the

ordinary least squares estimator. LetΣ̂e andŴ =(Ŵij)
p
i,j=1 be any such consistent estimates of

Σe andW. The weighted least squares approximate restricted maximumlikelihood estimator is

the minimiser ofQ evaluated at̂Σe andŴ , given by

vec(Ĥ
WLS

) =





n∑

t=p+1

LtL
T

t ⊗ 2Σ̂−1
e +

p∑

i=1

p∑

j=1

(
UiU

T

j + UjU
T

i

)
⊗ Σ̂−1/2

e ŴijΣ̂
−1/2
e





−1

(5)

×vec



2Σ̂−1

e

n∑

t=p+1

(
Yt − Ȳ(1)

)
LT

t +
p∑

i=1

p∑

j=1

Σ̂−1/2
e ŴijΣ̂

−1/2
e

(
RiU

T

j + RjU
T

i

)


 .

The finite sample bias of the ordinary least squares estimator of vectorAR models both with and

without intercept has been obtained by Yamamoto & Kunitomo (1984). The next theorem shows

that the bias ofĤ
WLS

is identical up too
(
n−1

)
to that of the ordinary least squares estimator in

the model without intercept,̂H
OLS,0

.



241

242

243

244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259

260

261

262

263

264

265

266

267

268

269

6 W. W. CHEN AND R. S. DEO

0.4 0.5 0.6 0.7 0.8 0.9

1.
0

1.
5

2.
0

2.
5

2nd root

B
ia

s 
R

at
io

(a)

0.5 0.6 0.7 0.8 0.9 1.0

1.
0

1.
5

2.
0

2.
5

2nd root

B
ia

s 
R

at
io

(b)

Fig. 1. Bias ratios ofĤ
OLS

(square),Ĥ
WLS

, (circle), Ĥ
WLS2

(triangle) andĤ
OLS,0

(cross) against̂H
REML

based on

10,000 replications of bivariateAR(1) with n = 100. (a) The first root is 0.8. (b) the first root is 1.

THEOREM 1. LetYt follow (1). ThenE(Ĥ
WLS

− H) = E(Ĥ
OLS,0

− H) + o(n−1), where the

bias ofĤ
OLS,0

, which isO(n−1), is given in Yamamoto & Kunitomo (1984).

The next theorem shows that the bias of the exact restricted likelihood estimator from equation

(2) obtained under the assumption thatΣe is known,Ĥ
REML,Σe

, is also identical up too
(
n−1

)
to

that ofĤ
OLS,0

.

THEOREM 2. Let Yt follow (1) and assume thatΣe is known. ThenE(Ĥ
REML,Σe

− H) =

E(Ĥ
OLS,0

− H) + o(n−1), where the bias of̂H
OLS,0

, which isO(n−1), is given in Yamamoto &

Kunitomo (1984).

The bias of the restricted maximum likelihood estimator when Σe is unknown,Ĥ
REML

, is

expected to be no better than that ofĤ
REML,Σe

, which is the same as that of̂H
OLS,0

. Indeed,

Figure 1 shows that the bias of̂H
REML

is almost identical to that of̂H
OLS,0

. Thus, Theorems 1

and 2 together show that̂H
WLS

attains the bias of botĥH
REML

andĤ
OLS,0

.
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Weighted Least Squares Approximate Restricted Likelihood 7

For a bivariateAR(1) model withn = 100 observations, Figure 1 compares the bias of the

ordinary least squares with and without intercept estimators, denoted byĤ
OLS

andĤ
OLS,0

re-

spectively, the weighted least squares estimator,Ĥ
WLS

, and the iterated weighted least squares

estimator,Ĥ
WLS2

, computed usingĤ
WLS

in Ŵ , to that of the restricted maximum likelihood

estimator,Ĥ
REML

. The coefficient matrixH was configured as (6) in§3 with one root fixed at

0.8 in plot (a) and at 1 in plot (b), while the other root variedfrom 0.4 up. Thus, the two plots

encompass full-stationarity, one unit root and two unit roots. Each curve compares the square

root of the sum of squared bias of an estimator over the four elements ofĤ to that ofĤ
REML

. As

expected,Ĥ
OLS,0

has bias that is almost identical to that ofĤ
REML

, while Ĥ
OLS

has uniformly

significantly larger bias. The bias of̂H
WLS

is uniformly significantly smaller than that of̂H
OLS

and approaches that of̂H
REML

andĤ
OLS,0

, while the iterated weighted least squaresĤ
WLS2

has

uniformly smaller bias than̂H
WLS

. The next theorem shows that the limiting distribution ofĤ
WLS

at the unit root is unaffected by the intercept, unlike that of the ordinary least squares estimator.

THEOREM 3. Let H1 = I and Ĥ be any initial estimator such thatn(Ĥ1 − Ik) = Op(1)

and n1/2(Ĥi − Hi) = Op(1) for i = 2, ..., p. Let M = diag{nIk, n
1/2I(p−1)k}, then(Ĥ

WLS
−

H)M−→Ψ in distribution, whereΨ is the asymptotic distribution of the ordinary least squares

estimator assumingµ = 0 described in Theorem 10.3.3 of Fuller (1996).

Both Ĥ
OLS

and thusĤ
WLS

satisfy the assumptions of Theorem 3.

3. SIMULATION STUDY

We compare through simulations the finite sample performance of the iterated weighted least

squares estimator,̂H
WLS2

, computed usingĤ
WLS

in Ŵ , to that of the ordinary least squares

estimator. Only results for the bivariateAR(1) are reported here, while results for higher order

models can be found at http://www.stat.tamu.edu/∼wchen/WLSRLSupp.pdf. However, our con-



337

338

339

340

341

342

343

344

345

346

347

348

349

350

351

352

353

354

355

356

357

358

359

360

361

362

363

364

365

8 W. W. CHEN AND R. S. DEO

Table 1.Simulation bias and root mean square error for sample sizen = 100

Parameters n×Bias
√

n×RMSE

z11 z22 Est. â11 â21 â12 â22 â11 â21 â12 â22

1 1 WLS2 -0.83 -1.11 -1.65 -2.23 0.18 0.20 0.37 0.41

REML -0.76 -1.03 -1.51 -2.06 0.17 0.19 0.35 0.39

OLS -2.08 -2.63 -3.98 -5.07 0.28 0.33 0.55 0.65

1 0.95 WLS2 -0.84 -1.12 -1.50 -2.03 0.21 0.23 0.41 0.45

REML -0.76 -1.03 -1.33 -1.85 0.19 0.21 0.38 0.41

OLS -1.90 -2.38 -3.04 -3.92 0.28 0.33 0.52 0.58

0.8 0.8 WLS2 -0.81 -0.96 -0.52 -1.20 0.29 0.30 0.75 0.77

REML -0.70 -0.86 -0.37 -1.15 0.27 0.28 0.68 0.70

OLS -1.43 -1.71 -0.11 -1.30 0.32 0.33 0.68 0.71

RMSE, root mean square error;WLS2, the iterated weighted least squares estimator;REML, the

restricted maximum likelihood estimator;OLS,the ordinary least squares estimator.

clusions for theAR(1) model reported here are representative of the other models we studied.

Here, we also report results for the restricted maximum likelihood estimator, since it is feasible

to compute it for the bivariateAR(1) model.

Tables 1 and 2 report results from 10,000 replications of a bivariateAR(1) model with sample

sizesn = 100 andn = 200 respectively. Letz11 andz22 be characteristic roots ofH, and set

Z =




z11 0

0.4 z22


 , B =




2 0.5

−1 1


 , Σe =




1 0.5

0.5 1


 . (6)

The matrixH is defined to beBZB−1. The iterated weighted least squares estimator almost

always has smaller bias and root mean square error than the ordinary least squares estimator and

the bias reduction can be substantial, even far from the unitroot. Near the unit root, this bias

reduction is attained without an excessive increase in variance as seen by the root mean square
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Table 2.Simulation bias and root mean square error for sample sizen = 200

Parameters n×Bias
√

n×RMSE

z11 z22 Est. â11 â21 â12 â22 â11 â21 â12 â22

1 1 WLS2 -0.86 -1.09 -1.71 -2.19 0.13 0.14 0.26 0.29

REML -0.83 -1.06 -1.66 -2.12 0.13 0.14 0.26 0.28

OLS -2.11 -2.64 -4.13 -5.19 0.20 0.24 0.40 0.48

1 0.95 WLS2 -0.86 -1.09 -1.55 -1.98 0.17 0.18 0.34 0.36

REML -0.81 -1.04 -1.46 -1.88 0.16 0.17 0.32 0.34

OLS -1.80 -2.23 -2.96 -3.73 0.21 0.24 0.40 0.44

0.8 0.8 WLS2 -0.82 -0.99 -0.40 -1.15 0.27 0.27 0.74 0.74

REML -0.73 -0.91 -0.32 -1.15 0.26 0.26 0.68 0.69

OLS -1.34 -1.65 -0.03 -1.26 0.28 0.29 0.68 0.69

RMSE, root mean square error;WLS2, the iterated weighted least squares estimator;REML, the

restricted maximum likelihood estimator;OLS,the ordinary least squares estimator.

error. There are some instances of an increase in variance for the iterated weighted least squares

estimator when far from the unit root. The restricted maximum likelihood estimator reduces bias

at all parameter values without inflating the variance. As predicted by Theorems 1 and 2, the bias

of the weighted least squares estimator approaches that of the restricted likelihood estimator as

the sample size increases. This convergence is more apparent in the unit root case, since then the

estimators are known to converge to their limit distribution at a faster rate than in the stationary

case. This phenomenon is also observed in Figure 1.
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APPENDIX

Proofs

Let λmax(B) andλmin(B) be the largest and smallest eigenvalue of a matrixB respectively and let

‖B‖ = λ
1/2
max (BTB) be its matrix norm. AsĤ

WLS
is mean invariant, we assume thatµ = 0. Proofs of

Lemma 1, Theorems 2 and 3 are at www.stat.tamu.edu/∼wchen/WLSRLSupp.pdf.

LEMMA 2. Let Zt be a stationary Gaussian vector time series andS =
∑n

t=1

(
Zt − Z̄

) (
Zt − Z̄

)
T

.

Then, for any positive integerh, E
∥∥S−1

∥∥h
= O

(
n−h

)
andE

∥∥nS−1 − E−1(n−1S)
∥∥h

= O(n−h/2).

Proof of Lemma 2.For a positive integerm to be defined later,n−1S = n−1
∑n/m

s=1 Bs, whereBs =

∑(s+1)m
t=1+sm

(
Zt − Z̄

) (
Zt − Z̄

)
T

. We haveλmin

(
n−1S

)
≥ n−1

∑n/m
s=1 λmin (Bs). Hence, by inequality

of harmonic and arithmetic means of positive numbers and Jensen’s inequality

λ−h
min

(
n−1S

)
≤ nh






n/m∑

s=1

λmin (Bs)






−h

≤


 1

n

n/m∑

s=1

λ−1
min (Bs)




h

≤
1

n

n/m∑

s=1

λ−h
min (Bs) .

For any 1 ≤ s ≤ n/m, the vectors
{
Zt − Z̄

}(s+1)m

t=1+sm
have a Gaussian distribution with a nonsin-

gular variance matrix uniformly ins. The proof of Lemma 8 of Chen & Hurvich (2006) yields

supn sup1≤s≤n/m E
{
λ−h

min (Bs)
}

< C0, whereC0 is thehth moment ofλmax of an inverse Wishart

matrix withm degrees of freedom. Choosingm > 2h + k − 1 ensures that thishth moment is finite (von

Rosen, 1988), givingC0 < ∞ and proving the first part. The second assertion follows by the fact that

A−1 − B−1 = A−1(B − A)B−1 and Hölder’s inequality. �

LEMMA 3. Leth > 0, then

(i) for Ĥ = Ĥ
OLS,0

or Ĥ
OLS

, E
∥∥∥Σ̂e − Σe

∥∥∥
h

= O
(
n−h/2

)
, E

∥∥∥Ĥ − H0

∥∥∥
h

= O
(
n−h/2

)
;

(ii) for the hth moments of̂Σ−1
e , we haveE

∥∥∥Σ̂−1
e

∥∥∥
h

= O(1), E
∥∥∥Σ̂−1

e − Σ−1
e

∥∥∥
h

= O
(
n−h/2

)
; and

(iii) for the hth moments of̂Σ−1/2
e Ŵ Σ̂

−1/2
e , E

∥∥∥Σ̂
−1/2
e Ŵ Σ̂

−1/2
e − Σ

−1/2
e WΣ

−1/2
e

∥∥∥
h

= O
(
n−3h/2

)
.

Proof of Lemma 3.Hölder’s inequality and Lemma 2 yield (i). For (ii ), letΨ = (n − 1)
−1 ∑n

t=2 ηtη
T

t ,

whereηt = {
(
Yt−1 − Ȳ(0)

)
T

,
(
et − ē(1)

)
T

}T, thenΣ̂e is the Schur complement ofΨ relative to(n −

1)S−1
Y . Hence,E|Σ̂e|

−h = E{|Ψ|
−h ∣∣n−1SY

∣∣h} ≤ E1/2 |Ψ|
−2h

E1/2
∣∣n−1SY

∣∣2h
= O (1) by Lemma 2.
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Lemma 2 and the fact that‖Σ̂−1
e ‖ ≤ |Σ̂−1

e | ‖Σ̂‖k−1 yields (ii ). By (i), (ii) and Lemma 2,E
∥∥∥Ŵ

∥∥∥
h

=

O(n−h) andE
∥∥∥Ŵ − W

∥∥∥
h

= O
(
n−3h/2

)
, thus (iii ) follows by Hölder’s inequality. �

Proof of Theorem 1.As noted by Yamamoto & Kunitomo (1984) & Nicholls and Pope (1988) it suf-

fices to obtain the bias for anAR(1) process since anAR(p) can always be re-expressed as a suitableAR(1).

Since−∂Q(Ĥ
OLS,0

) = ∂Q(Ĥ
WLS

) − ∂Q(Ĥ
OLS,0

), we get

−∂Q(Ĥ
OLS,0

) = 2Σ̂−1
e (Ĥ

WLS
− Ĥ

OLS,0
)

n∑

t=2

(
Yt−1 − Ȳ(0)

) (
Yt−1 − Ȳ(0)

)
T

+2(n − 1)Σ̂−1/2
e Ŵ Σ̂

−1/2

e (Ĥ
WLS

− Ĥ
OLS,0

)
(
Ȳ(0) − Y1

) (
Ȳ(0) − Y1

)
T

.

Thus vec(Ĥ
WLS

− Ĥ
OLS,0

) = (G + J)
−1

vec{∂Q(Ĥ
OLS,0

)}, where J = (n − 1)Γ ⊗ Σ̂
−1/2
e Ŵ Σ̂

−1/2
e ,

Γ =
(
Ȳ(0) − Y1

) (
Ȳ(0) − Y1

)′
andG = SY ⊗ Σ̂−1

e , SY =
∑n

t=2

(
Yt−1 − Ȳ(0)

) (
Yt−1 − Ȳ(0)

)′
.

Let Q
I

be the objective function ofĤ
IWLS

, it is sufficient to show (i) E (G + J)
−1

=

(n − 1)−1{Σ−1
Y ⊗ Σe} + o(n−1), (ii ) E

∥∥∥(G + J)−1
∥∥∥

2

= O(n−2), (iii ) E{∂QI(ĤOLS,0
)} = o(1), (iv)

E
∥∥∥∂QI(ĤOLS,0

)
∥∥∥

2

= O(1), and (v) E
∥∥∥∂QI(ĤOLS,0

) − ∂Q(Ĥ
OLS,0

)
∥∥∥

2

= o(n−2).

Note thatJ is ranked one, thus(G + J)
−1

= G−1 − {1 + trace
(
JG−1

)
}G−1JG−1. Furthermore,

E

∥∥∥∥∥G−1 −
Σ−1

Y ⊗ Σ̂e

(n − 1)

∥∥∥∥∥

h

≤
E

∥∥∥{(n − 1)S−1
Y − Σ−1

Y } ⊗ Σ̂e

∥∥∥
h

(n − 1)h
+

Σ−h
Y ⊗ E

∥∥∥Σ̂e − Σ
∥∥∥

h

(n − 1)h
.

By Lemmas 2, 3, both terms on the right hand side areO(n−3). Since {1 + trace
(
JG−1

)
}−1 ≤

1 and E
∥∥G−1JG−1

∥∥2
= O(n−4) by Lemma 3, (i) and (ii ) follow. Noting that

∑n
t=2 YtY

T

t−1 =

Ĥ
OLS,0

∑n
t=2 Yt−1Yt−1, we get∂QI(ĤOLS,0

) = 2(n − 1){Ω(W0, Σe) + R(W0, Σe)}, where

Ω(W0, Σe) = Σ−1/2
e (I − W0)Σ−1/2

e (I − H0) Ȳ(0)Ȳ
T

(0) − Σ−1/2
e W0Σ

−1/2
e (I − H0)Y1Y

T

1 , (A1)

R(W0, Σe) = Σ−1/2
e (I − W0)Σ−1/2

e

{(
H0 − Ĥ

OLS,0

)
Ȳ(0) + (n − 1)

−1
(Yn − Y1)

}
Ȳ T

(0)

−Σ−1/2
e W0Σ

−1/2
e

{(
H0 − Ĥ

OLS,0

)
Y1 −

(
I − Ĥ

OLS,0

)
Ȳ(0) − (n − 1)

−1
(Yn − Y1)

}
Y T

1 .

Since E(Y1Y
T

1 ) = Σe, E((n − 1)Ȳ(0)Ȳ
T

(0)) = (I − H0)
−1 Σe (I − HT

0 )−1 + o(1), W0 = O(n−1) and

I − W0 = (n − 1)W0Σ
−1/2
e (I − H0)Σe(I − H0)

TΣ
−1/2
e , we haveE(Ω) = o(n−1) from (A1). Noting
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thatI − W0 = O(1), it is easy to verify thatE ‖R(W0, Σe)‖
2

= O(n−3) by Lemma 3. Finally, (v) also

follows from Lemma 3. �
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