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SUMMARY

We derive a weighted least squares approximate restrigketihbod estimator for ak-
dimensionalpth order autoregressive model with intercept, for whichcexXikelihood opti-
mization is generally infeasible due to the parameter spateh is complicated and high-
dimensional, involvingpk? parameters. The weighted least squares estimator ha$icsigtly
reduced bias and mean squared error than the ordinary lgaates estimator for both sta-
tionary and non-stationary processes. Furthermore, airihegoot, the limiting distribution of
the weighted least squares approximate restricted lixetihestimator is shown to be the zero-
intercept Dickey—Fuller distribution, unlike the ordigdeast squares with intercept estimator

which has a different distribution with significantly highgas.

Some key word#\utoregressive; Bias; Restricted maximum likelihoodbisrsed estimating equations.
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2 W. W. CHEN AND R. S. DEO

1. INTRODUCTION

Thepth order autoregressive modedR (p), are commonly used in multiple time series as they
are easy to estimate via least squares and to use in forerdstiluding an intercept in univariate
autoregressive models increases the finite sample bias ofdimary least squares and maximum
likelihood estimators (Shaman & Stine, 1988, Cheang & R#jri2000). For example, in the
AR(1) with coefficient and no intercept, the bias of both the maximum likelihood artihary
least squares estimators basech@bservations is-2an !, but becomes- (1 + 3a) n~* when
an intercept is included. Thus, the bias is almost doubleenihe autoregressive coefficient is
close to unity. At the unit root the intercept has an impaat trersists even asymptotically, with
different limiting distributions for the ordinary leastisares estimator with and without intercept.

Cheang & Reinsel (2000) found that restricted maximumiliaeld estimation of autoregres-
sive models with intercept yields estimates with reduce bvhich is identical up t® (n1)
to that of the maximum likelihood and ordinary least squasstimates for zero-intercept au-
toregressive models. See also Kang et al (2003). Henceyding an intercept has no impact
on the restricted maximum likelihood estimator and its loiass not increase, unlike that of the
maximum likelihood and ordinary least squares estimatOther advantages of the restricted
maximum likelihood estimator in time series applicationslide better model selection proper-
ties (Tunnicliffe-Wilson, 1989) and well-behaved likedibd ratio tests (Chen & Deo, 2009).

However, the restricted likelihood optimisation is infise in vector autoregressive models,
where the parameter space is very complicated and definelitithgpthrough the roots of a
characteristic equation. We obtain a weighted least squapproximate restricted maximum
likelihood estimator which is easy to compute and has theessuperior bias properties of the
ordinary least squares estimator without intercept. Authieroot the limiting distribution of the

proposed estimator for threr model with intercept is identical to the Dickey—Fuller distition
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Weighted Least Squares Approximate Restricted Likelihood 3

for the zero-intercept model, unlike that of the ordinargsiesquares with intercept estimator.

Our results have consequences for forecasting, unit retst éad cointegration tests.

2. THE APPROXIMATE RESTRICTEDLIKELIHOOD ESTIMATOR
2-1. Motivation

Assume that” = (Y{', ..., ¥,T)" follows thek dimensionalArR(p) process, given by

p
Y, =p+Ys, Yi=> AYii+e 1)
i=1

wheree; is an independentV (0,%,) series and the roots dfz? — >0 | A;2P~%| =0 are
at most one in absolute value. The initial valuesofare assumed to b&, = 0 for ¢t =

0,—1,...,—p + 1. Letting ¥ = var (Y), the log restricted likelihood foy” is
1 1 1 1
RL——§log]2]—§log‘X > X‘ - 5@, )

where Q = Y'S1Y —YTE1X (XTE1X) ' XTEly, and X is the nk x k matrix
(I, ..., I)" . For simplicity, we illustrate the weighted least squargsragimate restricted max-
imum likelihood estimator through the univariade(1) model, wher&r; = aY,_1 + ¢ in D).
From (2), the restricted maximum likelihood estimat®y,,,,, is the minimiser of

-1 1 1
RL(a,az) = —% log JZ + 5 logw (o) — 5@, 3)

wherew(a) = {1+ (n — 1)(1 — «)?}~! . The ordinary least squares with intercept estimator,

&, ¢, Minimises the objective function

QOLS = i{ Y(l _O‘(Y;f l_Y(O))}2

€ t=2

whereY(;y = (n — 1)~ s,y andY(p) = (n— 1)~ 1S, Y, 1. The log restricted likelihood
in (3) has an unbiased estimating equation, IE{¢RL/Ja) = 0 (Cheang & Reinsel, 2000).

However,Q,, . (o) does not satisfy this condition due to the mean correctidrichvincreases
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4 W. W. CHEN AND R. S. DEO

the bias ofa,, .. Lemma 1 below shows that the exponent t&€)rm (3) can be written as

Q(a) = QOLS (a) tw (a) QC(O‘)’ 4)
whereQ. (o) = (n — 1)~ 1o2{Y(1) — Y1 — a(Y(p) — ¥1)}?. SinceE,(Q.) = w™ ' (a), we get

0}

o0 TV

8RL(Q)}

«

0- . , { Pl

Thus, the objective functiord), (o) = Q,s(a) + w () Q- (), whereoy is the true value o,
also has an unbiased estimating equation. Furtherni@’gn) ~ JRL(«) in the sense that both
first derivatives ar&),(n) and their differencew ! (o) Ow (o) — Q0w (o) = O, (1). There-
fore, the objective functiongL and @), have similar estimating equations and the minimiser,
dws = argming @, (a) can be thought of as an infeasible weighted least squaresxap-

tion to & and should have less bias thap, ., just like &

REML REML*

The weighted least squares approximate restricted maxilkaliood estimator that we con-
sider uses a consistent initial estimateaofsay &, in the weight functionw (-) in @, to yield
a feasible estimatoty,,, = argmin,{Q,,s(a) + w (&) Q.(a)}. Since generallya — ap) =
0,(n~'/?) inthe stationary case arid — ag) = O,(n~") in the unit root case, replacing(ay)
by w(&) results in an error o, (n~3/2) in the stationary case ai®, (n ") in the unit root case,
suggesting that the difference betwegp,  andéa,,, . is small. Indeed, both our theoretical re-
sults in Theorems 1 and 2 as well as our simulations showtbdeasible weighted least squares

estimator approximates the restricted maximum likelihestimator.

2-2. The vector autoregressive case
Let H = (Hy,...,H,) where H; =>" | A, and H; = — ?ZiAj for i =2,...,p are the
coefficient matrices of theanr(p) model expressed in Dickey—Fuller form. We first give
the weighted least squares objective function for the wveetatoregressive process. Let

np =n-—-n, }7(1) = nz;l Z?:p+l }/;f? }7(0) = ngjl Z?:p+1 }/t—l and ZS = nz;l Z?:p«l»l A}/;f—s
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Weighted Least Squares Approximate Restricted Likelihood 5
for s = 2,...,D. Set L] = {(Y}/,l — Y(O))T, (A}/}/,l — Zl)T, ooy (AYt,erl — prl)T}. Define

R=(Ri,...R,), where Ry = Y1 — Y1, i=1,...p—1, Ry=n, Y0 ., (Vi - Y1)

andU = (Uy, ...,Up), whereU] = {(Y; — Y7)", AY", ..., AY;", 0 tfors=1,...,p—1,

p s)x1
n n
Ur=n,"?{ Y (Yo —1)” Z AY o > AY e
t=p+1 t p+1 t=p+1

Also, letD = {(I;, — Hy — Hy)", ..., (I, — Hy — H,)" ,np/* (Is—H1)"}5e /2.

LEMMA 1. The log restricted likelihood in (2) can be written asL = —1/2{(n —

1)log |Z.| — log |W| + Q}, whereW = (I, + D*%.D) " is positive definite and

Q=Y (V- - HL) = (Vi - Vi) - HL,)
t=p+1

+ vec (R — HU)™ (I, @ ;Y)W (I, ® £ ?vec (R — HU).

The expression for the log restricted likelihood in the gahease mirrors that for the simple
univariateAr(1) stated in (3) and (4). The first term @ is the sum of squares for the ordinary
least squares estimator, while the second term can be rietedoas a correction term. Though
Y. andW are unknown, they can be estimated using any consistemagsti of H, such as the
ordinary least squares estimator. Batand W :(Wij)ﬁjzl be any such consistent estimates of
Y. andW. The weighted least squares approximate restricted maxilikefihood estimator is

the minimiser ofQ evaluated at. and W, given by

—1
n p P
vee(Hy,, o) = { > LLf 7 + 33 (VU + UUF) @ 2;1/2Wij2;1/2} (5)

t=p+1 i=1j=1

n p P
{Qizl S (V- Vi) L+ XY SRS (BT + R >} '

t=p+1 i=1j=1
The finite sample bias of the ordinary least squares estimolia@ctorAR models both with and
without intercept has been obtained by Yamamoto & Kunitofr#84). The next theorem shows
that the bias of,,, . is identical up to (n~') to that of the ordinary least squares estimator in

the model without intercepﬂom’o.
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Fig. 1. Bias ratios offl,, s (square),H,, , (circle), Hy, s  (triangle) andH,,, , (cross) againstlyy,,, based on
251
10,000 replications of bivariater(1) with n = 100. (a) The first root is 0.8. (b) the first root is 1.
252
)53 THEOREM 1. LetY; follow (1). ThenE(H,, — H) = E(H,, 4, — H) + o(n™'), where the
54 bias ofFIOLS’O, which isO(n™1), is given in Yamamoto & Kunitomo (1984).
255 The next theorem shows that the bias of the exact restridtelihbod estimator from equation
256 (2) obtained under the assumption thatis knownﬂREML’Ze, is also identical up to (n!) to
257 that ofI:IOLS’O.
258 THEOREM 2. Let Y; follow (1) and assume that. is known. ThenE(ﬁREML’Ee —H) =
259 E(H, s, — H) +o(n™t), where the bias off,,, , ,, which isO(n 1), is given in Yamamoto &
260 Kunitomo (1984).
261 .
The bias of the restricted maximum likelihood estimator wh& is unknown,H. .. , is
262
expected to be no better than thatIészEML’Ee, which is the same as that (ffOLS’O. Indeed,
263
Figure 1 shows that the bias &f.,,, is almost identical to that OﬁOLS’O. Thus, Theorems 1
264
and 2 together show thaf,,, , attains the bias of botH ., andf,, .
265
266
267
268

269
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Weighted Least Squares Approximate Restricted Likelihood 7

For a bivariatear(1) model withn = 100 observations, Figure 1 compares the bias of the
ordinary least squares with and without intercept estinsatenoted by . and fIOLS’O re-
spectively, the weighted least squares estimaﬁmm, and the iterated weighted least squares
estimator,H,, ; , computed using?,,, ; in W, to that of the restricted maximum likelihood

estimator, .

REML*

The coefficient matrixd was configured as (6) i§3 with one root fixed at
0.8 in plot (a) and at 1 in plot (b), while the other root varfeain 0.4 up. Thus, the two plots
encompass full-stationarity, one unit root and two unittso&ach curve compares the square
root of the sum of squared bias of an estimator over the famehts ofA to that ofH,,,,,,, . As
expected H,,, . , has bias that is almost identical to thatdf,,,,,, , while I ; has uniformly
significantly larger bias. The bias G?WLS is uniformly significantly smaller than that cffOLS
and approaches that &f,;,,,, and,, . ,, while the iterated weighted least squafég, , has

uniformly smaller bias tha#/,,,, .. The next theorem shows that the limiting distributiorfqf,

at the unit root is unaffected by the intercept, unlike tHahe ordinary least squares estimator.

THEOREM3. Let H; = I and H be any initial estimator such that(f;, — I;,) = O,(1)
andn!/2(H; — H;) = O,(1) for i = 2, ..., p. Let M = diag{nly,n'/?I(, 1)}, then(H, , —
H)M—¥ in distribution, where¥ is the asymptotic distribution of the ordinary least square

estimator assuming = 0 described in Theorem 10.3.3 of Fuller (1996).

Both A, . and thusH,,, . satisfy the assumptions of Theorem 3.

3. SMULATION STUDY

We compare through simulations the finite sample performafithe iterated weighted least
squares estimatoHWLSQ, computed usingd,,,, in W, to that of the ordinary least squares
estimator. Only results for the bivariater(1) are reported here, while results for higher order

models can be found at http://www.stat.tamu.educhen/WLSRLSupp.pdf. However, our con-
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8 W. W. CHEN AND R. S. DEO

Table 1.Simulation bias and root mean square error for sample size 100

Parameters nxBias VnxRMSE

zZ11 222 Est. an a21 a2 Q22 a1 a21 a2 G22

1 1 WLS2 -0.83 -1.11 -165 -2.23 0.18 0.20 037 041
REML -0.76 -1.03 -1.51 -2.06 0.17 0.19 0.35 0.39
oLs -2.08 -2.63 -3.98 -5.07 0.28 0.33 055 0.65

1 0.95 wLs, -0.84 -112 -150 -2.03 0.21 0.23 041 0.45
REML -0.76 -1.03 -1.33 -1.85 0.19 0.21 038 041
oLs -1.90 -2.38 -3.04 -3.92 0.28 0.33 052 0.58

08 08 wLs -0.81 -096 -0.52 -1.20 0.29 030 0.75 0.77
REML -0.70 -0.86 -0.37 -1.15 0.27 0.28 0.68 0.70
oLs -1.43 -1.71 -0.11 -1.30 0.32 0.33 0.68 0.71

RMSE, root mean square erronLS;, the iterated weighted least squares estimatamiL, the

restricted maximum likelihood estimatavy s,the ordinary least squares estimator.

clusions for thearR(1) model reported here are representative of the other Isode studied.
Here, we also report results for the restricted maximuniiliked estimator, since it is feasible
to compute it for the bivariater(1) model.

Tables 1 and 2 report results from 10,000 replications ofarlziteAr(1) model with sample

sizesn = 100 andn = 200 respectively. Let; andzos be characteristic roots df, and set

, B= ;S = . (6)
0.4 z99 -1 1 0.5 1

The matrix H is defined to beBZB~!. The iterated weighted least squares estimator almost
always has smaller bias and root mean square error thandhmaor least squares estimator and
the bias reduction can be substantial, even far from therooit Near the unit root, this bias

reduction is attained without an excessive increase iramaé as seen by the root mean square
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Weighted Least Squares Approximate Restricted Likelihood 9

Table 2.Simulation bias and root mean square error for sample size 200

Parameters

Z11 222 Est.

1 1 WLS2

REML

oLs

1 0.95 wLs;

REML

oLs

0.8 0.8 wLSy

REML

oLs

aii

-0.86

-0.83

-2.11

-0.86

-0.81

-1.80

-0.82

-0.73

-1.34

nxBias
21 a12
-1.09 -1.71
-1.06 -1.66
-2.64 -4.13
-1.09 -1.55
-1.04 -1.46
-2.23  -2.96
-0.99 -0.40
-091 -0.32
-1.65 -0.03

d22

-2.19

-2.12

-5.19

-1.98

-1.88

-3.73

-1.15

-1.15

-1.26

aii

0.13

0.13

0.20

0.17

0.16

0.21

0.27

0.26

0.28

VnxRMSE

o1 a1
0.14 0.26
0.14 0.26
0.24 0.40
0.18 0.34
0.17 0.32
0.24 0.40
0.27 0.74
0.26 0.68
0.29 0.68

d22

0.29

0.28

0.48

0.36

0.34

0.44

0.74

0.69

0.69

RMSE, root mean square erronLsS,, the iterated weighted least squares estimatamL, the

restricted maximum likelihood estimatary s,the ordinary least squares estimator.

error. There are some instances of an increase in variantlefiterated weighted least squares

estimator when far from the unit root. The restricted maximlikelihood estimator reduces bias

at all parameter values without inflating the variance. Aslioted by Theorems 1 and 2, the bias

of the weighted least squares estimator approaches thia¢ eéstricted likelihood estimator as

the sample size increases. This convergence is more appathka unit root case, since then the

estimators are known to converge to their limit distribntett a faster rate than in the stationary

case. This phenomenon is also observed in Figure 1.
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10 W. W. CHEN AND R. S. DEO

APPENDIX

Proofs

Let Aax(B) and Apin(B) be the largest and smallest eigenvalue of a mdkrisespectively and let

| B|| = Ml (B*B) be its matrix norm. A<

wLs 1S mean invariant, we assume that= 0. Proofs of

Lemma 1, Theorems 2 and 3 are at www.stat.tamu-edahen/WLSRLSupp.pdf.

T

LEMMA 2. Let Z; be a stationary Gaussian vector time series &het >)" | (Z, — 2) (Z: — Z) .

Then, for any positive integér, £ ||S*1Hh =0 (n~") andE ||nS—! - E*l(n*15)||h =0(n="/?).

Proof of Lemma 2For a positive integem to be defined later; S = n=1 3.7/ B,, whereB,
(s41)m (Z — 2) (2 — Z)T . We havely, (n71S) > n~! Z”/m Amin (Bs). Hence, by inequality

t=14sm

of harmonic and arithmetic means of positive numbers angeleninequality

n/m —h n/m n/m
)‘r_mn ( _15 =n {Z )\mln s } ( Z )\IIIIII s ) <= Z )‘I_nﬁl

For anyl < s <n/m, the vectors{Zt Z};H)m have a Gaussian distribution with a nonsin-
gular variance matrix uniformly irs. The proof of Lemma 8 of Chen & Hurvich (2006) vyields
SUD,, SUP; <5< /m B {Ank (Bs)} < Co, whereCy is the hth moment of Ay« Of an inverse Wishart
matrix with m degrees of freedom. Choosing> 2h + k — 1 ensures that thisth moment is finite (von
Rosen, 1988), giving’y < oo and proving the first part. The second assertion follows leyfdtt that

A=t — B~ = A=Y(B — A)B~! and Holder’s inequality. O
LEMMA 3. Leth > 0, then

~ h
orH,, ., =0 (n=h/?),

(i) for H = H,

OLS,0

h
H =0 (n~h/2);

N h
(ii) for the hth moments of_ 1, . ‘ =0(1) -yt

’ =0 (n~"/?);and

R N R N It
(iii) for the Ath moments o /213, /2, E HE;WWZ,;W - 2;1/2Wz;1/2H =0 ().

Proof of Lemma 3Holder’s inequality and Lemma 2 yield) (For (i), let ¥ = (n — 1)’1 S ey

wheren, = {(Yi—1 — Y{)) ", (et — &))" }", then3, is the Schur complement oF relative to(n —

2h _

1)Sy ' Hence B[S |~ = E{|¥| " [n=1Sy "} < EV2|w|"* EY2|n~15y|* = O (1) by Lemma 2.
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Weighted Least Squares Approximate Restricted Likelihood 11
N N " ~ |1h
Lemma 2 and the fact thd&> 1| < (S| [S]*~! yields i). By (i), (ii) and Lemma 2,E ku -

R h
O(n~") andE HW - WH = O (n=3M2), thus {ii) follows by Holder's inequality. 0

Proof of Theorem 1As noted by Yamamoto & Kunitomo (1984) & Nicholls and Popegapit suf-
fices to obtain the bias for axrR(1) process since axR(p) can always be re-expressed as a suitabld).

Since—0Q(Hy,s,) = 0Q(H ) — 0Q(H,, 4 ,), we get

WLS

_aQ(gOLS,O) = 22;1(gWLS - HOLs,o) Z (Y;f—l - Y(())) (Yt—l - Y(O))T
t=2
—1/2, ~

+2(n - 1)2;1/2W2 (HWLS - HOLS,U) (Y(O) - Yl) (Y(O) - YI)T :

€

Thus vec(Hyg — Hops o) = (G +J) ' vec{0Q(H,,,)}, Where J = (n — ) @ S /2 Wsc /2,
I'= (Vo) = 11) (Yio) = V1) andG = Sy @ 571, 8y = X, (Vi1 = V(o)) (Yem1 = V(o)
Let , be the objective function ofH, ., it is sufficient to show iy E(G+J) ' =

(n—1)" 1S5 @ B} + o(nY), (i) E H(G n J)—1H2 = O(n2), (i) E{0Q(H,,, )} = o(1), (V)

‘o o(n=2).

B [0Q1 (o) = 001), 200 © B 001y — 0Q( o)

Note that/ is ranked one, thugs + J) ' = G~ — {1 + trace (JG~')}G~1JG~'. Furthermore,

~ 1P “ h
"B[{m syt - syt e s, z;h@aE‘ze—zH
< .
= (1) T

1 o
1 Xy @

g (n—1)

a-

By Lemmas 2, 3, both terms on the right hand side @@ ~*). Since {1+ trace (JG™!)} 1 <
1 and E||G*1JG*1H2 =O(n™*) by Lemma 3, i) and (i) follow. Noting that ;' , Y;V,", =

H S0, YeaYio1, we getdQr(Hoyg ) = 2(n — D{Q(Wo, ) + R(Wo, 5 )}, where

OLS,0

QWo,Be) = S.12 (I = Wo) S V2 (I = Ho) Yio)YG) — 5. PWos, V2 (I - Ho) YY", (AD)
R(Wo, %) = 572 (1 = Wo) 5.2 { (Ho = Hope ) Yooy + (0= 1) (¥ = 1)} 73
=S W 2 (Ho = oo ) Vi = (1= oy ) Yio) = (0= 1) (% = Vi) Y7

Since E(Y1Y{") = X, E((n — 1)Yo)Y5) = (I — Ho) "' Se (I — HY) ™" + 0(1), Wy = O(n~?) and

I =Wy = (n— )WoXe Y21 — Hy)Se(I — Hy)™S: /2, we haveE(Q) = o(n~1) from (A1). Noting
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12 W. W. CHEN AND R. S. DEO
thatl — W, = O(1), it is easy to verify thate | R(Wo, Z.)||> = O(n—3) by Lemma 3. Finally, ) also

follows from Lemma 3. O

REFERENCES

CHEANG, W. K. & REINSEL, G. (2000). Bias Reduction of Autoregressive EstimatesiineTSeries Regression
Model through Restricted Maximum Likelihood, Am. Statist. Ass085, 1173-1184.

CHEN, W. W. & HURVICH, C. M. (2006). Semiparametric estimation of fractionalntegrating subspacegnn.
Statist.34, 2939-2979.

CHEN, W. W. & DEO, R. S. (2009). Bias Reduction and Likelihood Based Almasidily Sized Hypothesis Testing
in Predictive Regressions using the Restricted Likelihdodhcoming Econometric Theory

FULLER, W. (1996).Introduction to Statistical Time SerieSecond Edition, John Wiley & Sons, Inc.

KANG, W., SHIN, D. & LEE, Y. (2003). Biases of the Restricted Maximum Likelihood ifesttors for ARMA
Processes with Polynomial Time TrenH,Statist. Plan. Inferl16, 163-176.

NicHoLLs, D. F. & PoPE, A. 1.(1988). Bias in the Dstimation of Multivariate AutapeessionsJ. Mult. Anal.30A,
296-309.

SHAMAN, P. & STINE, R. (1988). The Bias of Autoregressive Coefficient Estimatd. Am. Statist. Asso83,
842-848.

TUNNICLIFFE-WILSON, G. (1989). On the Use of Marginal Likelihood in Time Seriesdé@l Estimation.J. R.
Statist. Soc. B1,15-27

VON ROSEN, D. (1988). Moments for the inverted Wishart distributi®@cand. J. Statist15,97-109

YAMAMOTO, T.& KuNITOMO, N(1984). Asymptotic bias of the least squares estimatomidtivariate autoregres-

sive models Ann, Inst. Statist. Matt86, 419-430.



