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4.3 Expectations and conditional expectations

Definition. Consider (X,Y’) with joint pdf/pmf fx y. Suppose that the integrals
and sums given below exist.

(i) 7[5 9(xy) fxy(z,y)dedy (continuous),
Eg(X,Y)= { S Ey g(z,y) fx.y(z,y) (discrete).

(i)
S 9(x,y) fxpy(aly) de - (contimuous),

E{g(X,Y)|Y =y} =
eI =) {Ezg(%y)fXY(ﬂy) (discreto).

Definition. The function m(z) = E(Y|X = z) is called the regression of Y on
X, or simply “regression function”.

Ezxamples: m(z) = ax + b (linear regression),
m(z) = 32% + €% (nonlinear regression),
m(z) not specified / “smooth” (nonparametric regression).

Theorem. Suppose X,Y independent. Then, provided the expectations ex-

ist, E{g(X)|Y = y} = Eg(X), E{h(Y)|X = 2} = Eh(Y). In particular,
E(Y|X =z) = EY = constant (= m(x)), E(X|Y =y) = EX = constant.

Proof. Use the definition and fxy = fx.
Theorem (iterated expectation). Suppose Y has pdf fy. For any function g(X,Y")

for which Eg(X,Y) exists, E{g(X,Y)} = [*_ E{g(X,Y)|Y =y} fv(y) dy (anal-
ogously for discrete distributions). Write

Eg(X,Y) = E[E{g(X,Y)[Y}].

Proof. Use fxy(z,y) = fx|v(z|y)fy (y) for all z,y. (Note that fy(y) = 0 implies

fX,Y(J?,:lj) - 0)
/_ /_ g(z,y) fxy(z,y)dedy

E{g(X.Y)|Y=y}

Eg¢(X,)Y)

Example (cont., marked Poisson): Y ~ Poisson(\), X|Y = y ~ binomial(y, p),

EX = ZE XY =y)fr(y Zypfy =pY yfr(y) =p-BY =pA.
Y

Even faster: write E(X|Y) =Yp, then EX = E{E(X|Y)} = E(Yp) = Ap.

Similarly, EX? = E{E(X?|Y)} = E{Yp(1 —p) + (Yp)?} = p(1 —p)X\ + p*EY? =

p(1 —p)A+ p?2 (A + A2) = pA — p2X + p? A + (pA\)? = pA + (EX)2. Therefore,
Var(X)=EX? - (EX)*>=p\ (Poisson(\p) variance).

Theorem.
(i) Suppose Eg(X,Y) exists. Then E{g(X,Y)|Y =y} =E{g9(X,y)|Y =y}
(if) E{g(X)n(Y)} = E[n(Y)E{g(X)[Y}].
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Proof. (i) E{g(X,V)|Y =y} = [7_g(z,y) fxy (zly) dv = E{g(X,y)|Y =y}
(ii) E{g(X)h(Y)} = E[E{g(X)M(Y)|Y}] = [Z2 E{g(X)h(W)|Y =y} fv (y) dy

= [Z E{g(XORW)IY =y} fy (y) dy = [Zo, h(y) E{g(X)|Y =y} fy (y) dy

= E[h(Y)E{g(X)[Y}]. O
Remark. (ii) implies for independent r.v.’s X,Y:

E{g(X)h(Y)} = E[g(X) E{n(Y)|X} ]| =Eh(Y)  Eg(X).
————
=Eh(Y) const.
In particular, X,Y independent = F(XY)=FEX - FEY.

Example (linear regression). Let Y|X = z ~ N(By + Bi7,0?) (or any other
distribution with this mean and variance). If X ~ N(u,,02) then
py = EY = E{E(Y[X)} = E(Bo + £1X) = Bo + P14z,
EY? = E{E(Y?|X)} = E{(Var(Y|X) + E(Y|X)} = E{0> + (5 + 5 X)*}
= 0% + B1of + (B0 + Bipa)?,
VarY = EY? — E?Y = EY? — (Bo + B1pa)? = 0% + (302,
Example (insurance claims). Consider N = “number of claims” ~ Poisson(\),
and suppose that the claim values are independent r.v.’s from an expo(f) ( =

gamma(1,03)) distribution. Let Y = _ claims.
If N =n then Y|N =n ~ gamma(n, §) and

EY = E{E(Y|N)} = E(Ng) = BEN = ),
VarY = EY? - E?Y = E{E(Y?IN)} — E?Y = E{Var(Y|N)+ E*(Y|N)} — E?Y
= E{NB*+ (NB)*} = N?3% = B2(A+ A+ A% — \%) = 2)6%

Definition. The conditional variance of Y given X = =z is the variance of the
conditional distribution of Y given X = z, if it exists. Write Var(Y|X = z), and
Var(Y|X) for the random variable.

Theorem. VarY = E{Var(Y|X)}+ Var{E(Y|X)}.
A B
Proof. We have A+ B = EY? — E?Y (= VarY) since

A= E{Var(Y|X)} = BE{E(Y?|X) — E2(Y|X)} = EY? — E{EX(Y|X)},
B =VarZ with Z = E(Y|X), i.e. VarZ = EZ*> — E*Z = E{E*(Y|X)} — E2Y.
O

Example (cont.) N ~ Poisson(\), Y|N ~ gamma(N, 3).

Var{E(Y|N)} = *Var N = 32X;

we know that Var(Y|N) = Nj3?, therefore E{Var(Y|N)} = E(N3?) = \3°.
In conclusion, VarY = E{Var(Y|N)} + Var{E(Y|N)} = 2)32.

Example (linear regression, cont.).
Assume E(Y|X) = o+ /1 X, Var(Y|X) = 02 (or Y|X ~ N(By + f1X,0?)).
VarY = Var{E(Y|X)}+ E{Var(Y|X)} = Var(8y + 1 X) + Eo?

= BVar X + 0% = 302 + o2

Theorem (best predictor).
Assume X, Y jointly distributed with finite second moments. The function of X
that best predicts Y, in the sense of minimizing E{Y — g(X)}? (mean squared
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prediction error), is g(X) = E(Y|X).
Proof. We will show: E{Y — g(X)}? — E{Y — E(Y|X)}? > 0.
For the left-hand side write Ef(X,Y") with
FX,Y) = Y2+ g(X)? - 2Yg(X) — Y2 — EX(Y|X) + 2Y E(Y|X)
and Ef(X,Y) = E[E{f(X,Y)|X}]
— B{g(X)? = 20(X)E(Y|X) - B*(Y|X) + 2E*(Y|X)}
— B{g(X) - B(Y|X)P > 0. O

4.4 Covariance and correlation

Definition.
Assume X, Y jointly distributed with means y, p, and finite variances o2, o2

z Yy
The covariance of X and Y is Cov(X,Y) = E{(X — pu)(Y — py) }

X, Y
The correlation of X and Y is Corr(X,Y) = M.
050y
If Cov(X,Y) = 0 we say that X and Y are uncorrelated (and “correlated’ other-
wise).

Properties.

(i) Cov(X,Y) =Cov(Y, X), Corr(X,Y) = Corr(Y,X).

(i) Coo(X, ¥) = B(XY) — pregiy = BLX(Y — )}

(iii) Cov(X, X) =VarX.

(iv) Cov(aX +b,Y) =aCov(X,Y), Corr(aX +b,Y) = sign(a) - Corr(X,Y).

Proof of (ii), (iv).
(if) Cov(X,Y) = E{(X — o) (Y — py)} = E(XY + papry — paY — 11, X)
= E(XY)+patly = pa BY —py EX = E(XY )+ pia ity =242ty = E(XY) = papiy.
(iv) Cov(aX+b,Y) = E{(aX+b—aEX-b)(Y—EY)} =a E{(X—-EX)(Y-EY)}
=aFE{(X — pz)(Y — py)} = aCov(X,Y).
Corr(aX +b,Y) = Cov(aX +0,Y)  aCou(X,Y)  aCov(X,Y)

B VVar(aX +b)o, B va*Var(X)o, ~ alosoy

= sign(a) - Corr(X,Y). O

Example (linear regression).
E(Y|X)=060+ /X, 3 #0, Var(Y|X) = 02 (“noise” of Y).
We know p1,, = Bo + 51 fie, og =02 + Bio2.
Cov(X,Y) = B(XY) — fiapty = ELE(XYIX)} — prapty = E{XE(Y|X)} — prapty
= E{X (o + 51X)} — p1u(Bo + Prpa) = E(51 X — ipz) = B1Var X = pros.
Corr(X,Y) = Cov(X,Y)/(0,0y) = 102 /(040y) = 104/ 0.
o2 small (02 = 0): Corr(X,Y) = f10,/0y = f102/\/ 0% + Bio2,
ie. Corr(X,Y)~1if f4 >0 and Corr(X,Y) = —11if 81 <O0.
o2 large: Corr(X,Y) ~ 0.

More properties (same assumptions.)

(i) Cov(X +W,Y) =Cov(X,Y) + Cov(W,Y),
(i) Var(aX +bY) = a*Var X + b*VarY + 2abCov(X,Y),
(ili) X,Y independent = Cov(X,Y) (= E(X — pg)E(Y — py)) =0,
(iv) |Cov(X,Y)| < oy0, (= |Corr(X,Y)| <1),
(v) |Corr(X,Y)| =1 < P(Y =aX +b) =1 for some a,b
with sign(a) = sign{Corr(X,Y)}.
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Proof of (iv). Use (ii) with a = gy and b = —o,:

0<Var(cyX —o,Y) = 20202 +2(—0,)o,Cov(X,Y)

= 20,0,Cov(X,Y) < 2020; = Cov(X,Y) < 0,0y

Now use (ii) with a = 0, and b = o, to obtain Cov(X,Y) > — xay.
Cov(X,Y) < og,0, and Cov(X,Y) > —o,0, = |Cov(X,Y)| < 0,0,.

Proof of (v).
Corr(X,Y) =1 < Cov(X,Y) = 0,0y <= Var(o,X —o0,Y) (@ 20300 —

—_———
z
20,0,Cov(X,Y)=0 < P(Z=EZ)=1,
—_———
=0,0y
ie. Z =o0,X —0,Y is degenerate (“a constant”) and ¥ = 22 X — £ is linear with
positive slope o, /0, and intercept Z/o,. Analogously, C’orr(X Y) = —1 implies
Y linear with negative slope. 0.

Theorem. Let X be a r.v. and suppose that g(x) and h(z) are nondecreasing
functions on an interval I O support(X). Then g(X) and h(X) are positively
correlated, provided the expectations exist.

Proof. We show Cov{g(X),h(X)} >0 (= statement).

Write = Eg(X), v = Eh(X). The function h is nondecreasing

= there is a number a with h(x ) <vVax<a, h(z)>vVer>a

= {g(z) — g(a)}{h(z) — v} (= “+4+” or “—=") > 0 for every x (g is also nonde-
creasing). This gives

Cov{g(X),h(X)} = E{g(X) - g(a) +g(a) — p}{h(X) — v}]
= HIX) — v} +H{g(a) — p} E{h(X) — v}
—_——

>0 =0

4.5 Bivariate normal distribution

Example (linear regression): Y|X =z ~ N (8o + f1z,0%), X ~ N(ptz,02). Then
fX,Y(xvy) = fY|X:x(y|$)fX($)
e { () e -5 () )
= Xp{ — = Xpq — = .
2mo P 2 o 2m0o, P 2 Oy

Use py (= Bo + Bipe) and o (= 0 + B702) to rewrite the numerator (exercise),
and p = Corr(X,Y) (= f104/0y) for the denominator: v2wov2nwo, = 2r00, =

2mo 048/ 1 — p?, since 0 = Vo? = \/(75 — [P0 = Uy\/l — fo2/02 = a,\/1 - p2.

This gives the following general form for fx y:

exp(— ey (512 )2  2p( ke ) (Mot 4 (U1 2))
2

Ixy(z,y) =
(@9) 2ropoyy/1—p

This is the bivariate normal (., 1, 02, 05, p) distribution.



