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2.3 Moments, mean and variance

Definition. Let X be ar.v.
(i) The k-th moment of X is uj, = BE(X*) if E(|X|*) < cc.
(ii) The k-th central moment of X is u, = E{(X — EX)*} if E(|X|*) < oo.

(iii) Important special cases:
mean: ux =y = E(X),
variance: var(X) = p2 = E{(X — px)?} = 0%,
standard deviation: ocx = y/var(X).

Theorem.

(i) 0% = E(X?) - {E(X)}?* = B{X(X - 1)} - E(X){E(X) - 1},

(i) Y =aX +b= py =aux +b,

(i) Y = aX + b= 0% = a®c%.

Proof. (i) 0% = E{(X —ux)?} = B(X?+ % —2Xpux) = BE(X?) + p3 —2u% =
E(X?) - {E(X)}?. Second statement: exercise.

(ii) Linearity.

(i) 03 = E[{aX +b - B(aX + b)) = B{(aX — ajix)?} = @®B{(X — ux)’} =
a’o%. g
Example. Find var(Y) for Y ~ binomial(n,p). We know from a previous
example: puy = np, E{Y(Y — 1)} = n(n — 1)p?. The above theorem thus
gives var(Y) = E{Y(Y = 1)} = E(Y){E(Y) — 1} = n(n — 1)p* —np(np — 1) =
n?p? —np? — n?p® + np = np(1 — p).

Example: standard normal distribution. Let Z be standard normally dis-
tributed, i.e. with pdf

f2() = —=e P2,

—c¢
V2T
We use %fz(z) = ﬁe’fm(—%)?z = —zfz(%) to compute the mean and the

variance of Z:
pz =E(Z)=["_2fz(2)dz=—f2(2) |e=0-0=0,
E(Z?) = ffooo 2H{zfz(2)}dz = —2f2(2) ¥ —l—ffooo fz(z)dz=0+1=1,
02 =var(Z)=FE(Z*) —p%3=1-0=1.

Now consider a normally distributed r.v. X with parameters y and o (or o?),
X =p+0Z. Then ux = p+opz = p and 0% = 0?0% = o2, i.e. the parameters
of the N (yu,0?) distribution are its mean and variance.

Theorem.
(i)t>0,m>0= P(|X|>1t) <

E(XI™)

t'ln

(Markov inequality);
2
(i)t >0= P(X —px|>t) < % (Chebyshev inequality).

Proof. (i) follows from (i) with X = X — px, m = 2.
(i) Use 1;x;>¢ < (|X|/t)™ for t > 0,m > 0 and the facts that the expectation

is monotone and linear to obtain P(|X| > t) = E(l|x>¢) < E((|X|/t)™) =
1/tmE(X|™). O

Theorem. Let X be a r.v. and m > 0. Then

E(X|™) <00 = E(X|*) <oo forall k€ (0,m).
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Proof. Use |X|*¥ < 1+ |X|™ which holds since |X[¥ < 1 for |X| < 1 and
|X|* < |X|™ for | X| > 1. Therefore, E(|X|*) < E(1+|X|™) =1+ E(|X|™) < o0,
(]

Preliminaries. We know 0 < Var(X) = E(X — u)? = E(X?) — (EX)? =
E(X?) > (EX)?, i.e. for the convez function g(x) = 22 holds

E{g(X)} > g{E(X)}.

Theorem (Jensen’s inequality). Consider a r.v. X, a convex function g on
the support of X and assume that both F(X) and E{g(X)} are finite. Then
E{g(X)} > g{E(X)}.

Proof. Consider the point (E(X),g{E(X)}) on the graph of ¢ and the tangent
line ¢ through this point, i.e. t{ E(X)} = g{E(X)}. The line ¢ is of the form ¢(z) =
a+bx with some constants a and b. The function g is convex, i.e. the graph of g(z)

lies above its tangent lines. Therefore, g(x) > a + bz and, since the expectation is
monotone and linear, E{g(X)} > a+ bE(X) = t{E(X)} = g{E(X)}. O

Examples. (i) g(z) = |z|: E|X| > |EX]; (ii) g(z) = L with z > 0: E(%) > 5¢-

x

2.4 Generating functions

Definition. Let X be a random variable.
(i) The moment generating function (mgf) of X is Mx(t) = E(e
(ii) The characteristic function (cf) of X is

ox(t) = B(e"X) = E{cos(tX) +isin(tX)} (i=+/-1).

Note. The characteristic function is always finite, the moment generating function
not necessarily. If Mx (t) < oo for all ¢t € (—4,8) then ¢x(t) = Mx(it).

tX)'

Example. Let X ~ expo(3). The mgf is defined on (—oo,1/3),
e 1 _ = 1 1 <1 1 1 1 1
Mx()= [ e fdr=2v— [ (513 Vde = = :
x(t) /0 e 56 x %—t/o (ﬂ )e x %—t T

Example. For Y ~ binomial(n,p) the moment generating function is My (t) =

o€ () —p)F =3 () (") (1 — p)"F = (pe’ + 1 — p)™. Here we
have used the binomial formula:

kznjzo (Z) a6k = (0 + b)".

Theorem. Consider X with mgf Mx and let Y = X + b. Then Y has the mgf
My(t) = ethX (at).

Proof. E(e!Y) = E(e!@X+0)) = E(et*X)et® = My (at)et. O

Example. Consider Z ~ N(0,1) and X = i+ 0Z ~ N(u,0?). The mgf of Z is
computed by completing the square so that we obtain an integral of a N(¢,1) pdf:

My (t) /OO L /OO LS h4s g
P = e e z = —e : z
5o V2T —oo V2T
o0 z—1)2 g '
- / L 67( e +%d226%-1:e§,
oo V2T

Now use the previous theorem to obtain My (t) = et My (ot) = ett+o"t*/2,



