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Example (lifetime T'). Suppose a component has a 5% chance of failing immedi-
ately but, given it does not, its lifetime has an exponential(\) distribution, A = 10,
ie. PO<T<tT #0)=1—e"t/* X=10.

The distribution function Frp(t) is clearly 0 if ¢ < 0.

There is a jump at ¢ = 0: Fp(0) = P(T < 0) = P(T =0) = 0.05. For t > 0 we
have

Fr(t) = PIT<t)=P(T=0)+PO0<T<t|T#0)P(T#0)
= 0.05+0.95(1 — e /1),
Additional assumption: observe until failure or for 30 hours (whichever comes
first; “censored data”) and record either the observed time of failure or 30. Then
§=10,30], 1 = P(S) = P(T €0,30]) = P(T <30)=P(T =30)+ P(T < 30).
Use this to obtain P(T = 30) = 1—P(T < 30) = 1—{0.05+0.95(1—e3)} ~ 0.047.

In conclusion, Fr(t) has two jumps, namely from 0 to 0.05 at ¢ = 0 and from 0.953
to 1 at ¢ = 30. Between ¢t = 0 and ¢ = 30 it is continuous and strictly increasing.

2 Working with random variables

2.1 Transformations
Aim: Find the distribution of Y = h(X).

Example. Consider the following game: you roll two dice until a total of 7 is
observed. The payoff is Y = 2% where X denotes the number of rolls, i.e. YV
takes values 2,22 23 2% ... (discrete r.v.). The pmf of Y is computed from the
distribution of X: for y = 2,4,8,16,... (and thus log, y € N) we have

fr(y) =P =y)=P@2¥X =y) = P(X =logyy) = fx(logyy) = é(g)l%y—l,

with fy (y) = 0 otherwise.

Example. Let U ~ U(0,1) and V = |U — 0.5] (distance from the middle). Then
V takes values v in [0, 0.5] and Fy (v) = P(V < v) computes to

Fy(v) = P05-v<U<05+0v)=PU<05+v)— P(U<0.5—v)
054+v—(05—v)=2v

for v € [0,0.5]. The pdfis fy (v) = L Fy(v) =2-1),0.5(v), i.e. the distribution of
V is again uniform, V' ~ U(0,0.5).

Preliminary note: two dice example / inverse image X !

11 12 13 14 15 16 X = “total”

21 22 23 24 25 26 —
x-1 234567891011 12
—

6:1 6:2 6:3 6:4 6:5 6:6
PX=7) = P({s: X(0) =7 = POXHEHTY) = P, 2:5)-o(6.0D =

“Compute the distribution of Y = h(X) from the distribution of X ”.
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Definition. Let h : R — R. For any set A C R the inverse image of A by h is
R (A) = {x: h(z) € A}.
In particular, for y € R, h=1((—00,y]) = {x : h(z) < y}.

Theorem. Let X be a r.v. and h a real-valued function. The cdf for Y = h(X)
is then
Fy(y) = P(X € b~} (00, y)).

Proof. Fy(y) = P(Y <y) = P{h(X) € (—00,y]} = P(X € h"1(—00,9)). O

Example. Let Y = # successes in n independent Bernoulli(p) trials, W =n-Y
(# failures).
What is the distribution of W7

Short answer: W = # negative ‘successes’ in n independent Bernoulli(1 — p) trials
= W ~ binomial(n,1 — p).

Slowly: Let w € {0,1,...,n}. Then fw(w) =Pn—-Y =w)=PY =n—-w) =
!

()" (=) = Gty (=) = () (L =p)" (1= (1 =p))" "3
now introduce p =1 — p.

Corollary. Assume, additionally, that Y is discrete.

(i) The pmf for Y is fy (y) = P(X € h™{y}).

(ii) If X is also discrete with pmf fx then fy(y) = erh,l{y} fx(x).

(iii) If h is 1-1 with inverse =1 then X must also be discrete and fy(y) =
fx(h™Hy}).

Proof. (i) holds since fy(y) = P(h(X) € {y}) = P(X € h=1{y}), (ii) since P is
additive, and (iii) since h is 1-1 and therefore h=*{y} is one value. O

Corollary. Consider X and Y = h(X) as before; let Y be (absolutely) continu-
ous.

(i) The pdf for Y is fy (y) = %P(X € h™(—o0,y]).

(i) If h is 1-1 with inverse h~! and differentiable then X is (absolutely) continuous

and
1

_ -1
fr(y) = —|h’{h*1(y)}|fX{h ()}

Proof. (i) Y is absolutely continuous, i.e. for those y at which F” exists, fy(y) =
diny(y) = din(X € h=!(—o0,y]) by the previous theorem.
(ii) Assume h strictly increasing. Then, applying the chain rule,

frly) = %P{h(X)sm:d%P{Xswl(y)}:%Fx{h*(y)}
d . _ _ 1 _
= @h l(y)fx{h 1(9)}:fo{h 1(9)}

with &' > 0. We can therefore write m]‘x{h_l(y)}.
Assume h decreasing. Then, similarly, fy (y) = %P{h(X) <y} = %P{X >
=l (y)} = %[1 — Fx{h t(y)}] = —fo{h_l(y)} with A/ < 0. Again we

can write mfx{hfl(y)}“ -

It is easier to recall the previous density transformation formula if one writes

Fe) = || fx(o)



