1 The probability measure

One goal of probability is to make sense of uncertainty (randomness). How
to use it for prediction?

Example. If one flips a fair coin then the events H (heads) and T (tails) are
equally likely. Flipping it many times, about half of the results will be H. Unfair
coin: long term proportion p # 1/2.

Randomness is uncertainty that is statistically predictable, i.e. “the proportion
of times an event occurs” will converge to a specific value, namely to the likelihood
the event will occur at any given time.

1.1 Sample spaces and o-algebras

Definition

(i) A random experiment is a well-defined, repeatable investigation in which
exactly one of a set of possible outcomes is the experimental result, but just which
outcome that is, is a matter of randomness.

(ii) Call the set of possible outcomes sample space S.

(iii) An event (E) is any subset of S, including S and 0.

Example (two dice)
11 12 13 14 15 16 E = “um <3
21 22 23 24 25 26 S={(i,7):1<1i,5 <6}
61 62 63 64 65 66
Example (coin flips)
Exp. 1: one coin flip, § = {0,1} with 0 =T,1 = H.
Exp. 2: n coin flips, S = {s = (z1,...,2,) : 2; € {0,1}} has 2" outcomes. Some
possible events:
A = “the first two flips are H” = {(z1,...,2,) 1 ©1 = 22 = 1},
B = “the total number of H is 127 = {(z1,...,2,) : >, x; = 12}.
Exp. 3: Flip the coin until H occurs, S is countably infinite, S = {(1, 22, x3, 24 . . .),
(0,1, z3,24,...), (0,0,1,24,...)} or, briefly, S = {1,2,3,...}.
Exp. 4: An infinite sequence of flips, § = {s = (z1,22,...) : z; € {0,1}}. An

important event is C' =“the limiting proportion of H’s is 1/2” = {(z1,22,...) €
S limy oo Dory Ti/n = 1/2}.

Events / notation: Write AUB,|J;"_; A; (union), ANB (or short AB), (i, A;
(intersection) and A° or A (complement). Say “A occurs” if the actual outcome s
isin A (s € A).

Useful events: if the outcome is in | J,, An,(,, An, (U, An)¢ or in (),, Ap)¢ then
we say that A,, occurs for some n, for all n, for no n, or that some A, does not
occur.

Definition. A collection of events A is a o-algebra if

(i) A contains S, S € A,

(ii) A is closed under complementation, A € A = A° € A,

(iii) A is closed under countable unions, A, As,... € A= ]~ A, € A.



Note. S € A and §¢ =0 € A by (i), (ii) for any A. The simplest o-algebra is
{0, s}

Example (coin flips)

Exp. 1: flip once: § ={0,1}, 4 ={0,S,{0},{1}} all possible subsets.

Exp. 2: flip n times and count only the number of heads; A contains @, {x1 +...+
Zn =k}, k=0,1,...,n, all unions.

Example. Consider the lifetime X of some component. Then & = [0,00) and
A includes intervals [a,b] = “a < X < b”. The smallest o-algebra is called Borel
o-algebra (also if S = (—o0, x0)).

1.2 Axioms and properties

Definition. A probability space is (S,.4, P) where P is a probability measure on
A satisfying Kolmogorov’s axioms:

(i) P(A) >0,

(i) P(S) = 1,

(i) if A, Ag,... are disjoint, i.e. A, N A, = () for m # n, then P(UX A,) =
57> P(4,) (countably additive).

n=1
Theorem. P is finitely additive:

Ay, A, disioint = P(|J 4) =) P(Ay).

i=1 i=1
Proof. P(U!,4;) = P(U, A, U0UDU...) = P(U;2, A;) with A, = 0 for

i > n+ 1. By Def. (iii) this is >_;~ | P(4;) + ZZ il (@) iy P(A;) where
we used that P(f)) = 0 which follows from

1=P(S)=PSUJD)=P(S)+ > PO
o=riss Qo=rin- e
using axioms (i), (ii) and (iii). O

Corollary (consequences of finite additivity).
(i) P(0) =0,

(i) P(A°) =1 - P(4),

(iif) P(A4) <1,

(iv) P(AB) + P(ABC) = P(A)

(v) P(A) + P(B) = P(AB) + P(AU B),

(vi) AcC B= P(A) < P(B).

Proof of (v) (rest: exercise):

The left-hand side is P(A)+ P(B) = [P(AB)+ P(AB°)|+[P(AB)+P(A°B] = (x);
now use AU B = AB + AB¢ + A°B to obtain for the right-hand side

P(AB)+ P(AUB) =2P(AB) + P(AB°) + P(BA®) = (x). O



Theorem

(1) P(Ui, Ag) < 350, P(A;)  (Boole),

(ii) If P(A;) > 1 — a; then P(N7_;A;) > 1—>"" | a; (Bonferroni).

Proof (i): Use Cor. (v) to obtain P(U};A;) = P(A;) + P(U,A;) — P(A;
Uizs A1) < P(A1)+P(UiLyAi) = P(A1)+P(A2)+P(UiLg Ai) — P(A2NUJ_3 Ai)
P(A1) + P(A2) + P(Ul3A;) < ... < 3000, P(4y).

(ii): Use De Morgan, the above corollary and Boole to obtain P(N}_;A4;)
P{UL A9 = 1 — P(UL, A7) > 1= 3700, P(A7) = 1+ 30 {P(4i) — 1
1+>" (1 —a; —1) by assumption.

IN D

O

Example. Suppose three statistical methods each have 95% confidence. What is
the chance that all three are accurate (events A, As, A3 occur)?

Answer: Use P(A;) > 95% = 0.95 = 1 — a; with a; = 0.05 and Bonferroni to
obtain P(A; N A3 N As) >1—3-0.05=0.85 = 85%.

Example. Flip a fair coin five times. Then S has 32 equally likely outcomes. To
compute the chance of the event “heads at least once” it is easier to consider the
complement: P(z1+...4+x5 > 1) =1-P(x;+...+25 =0) = 1-P({0,0,0,0,0}) =
1-1/32=31/32.

Theorem. Suppose S is finite or countable and A C S. Then

P(A) = Y P({sa}).

n:sp €A

Proof. By countable additivity since A = Up:s, ca{sn} is a union of disjoint
events. O

What if S is uncountable, for example if X is a lifetime? Then P(10 < X < 20)
can be discussed but we cannot add up probabilities (co possibilities). Suppose
(model!) P(X > t) = e %10 for all t > 0, then P(10 < X < 20) = P(X >
10) — P(X > 20) = e~ — e~2. [Note that we can decompose S into countably
many disjoint intervals, e.g. S =[0,1) U [1,2)U.. ]

Theorem. Let By, Bo, ... be a partition of S, i.e. By, Bs, ... are disjoint and their
union is §. Then

P(A) = ZP(ABW) for any event A.

Proof. A =U,AB,, with AB1, AB,,... disjoint, so it follows by countable addi-
tivity. (Il

Example. Roll a dice until a 6 appears and then stop. What is P(A) for A = “1
never appears”?

Let B, be “the number of rolls is n”. The B,’s partition S and AB, = “n —1
rolls of 2,3,4 or 5 followed by a 6”. Then, using the geometric series,

4-4-----4-1 1 4t 12

> I 2, 1 1 1
P(A) = ZP(ABn):EZ(g) =51z 3

n=1 n=0 3



Theorem (continuity).

(i) Let A; C Az C ... (increasing series of events) and A = U, A,. Then P(A4) =
lim,, o P(A,).

(ii) Suppose A1 D A D ... (decreasing series of events) and A = N, A,. Then
P(A) = lim, . P(A,).

Proof of (i). Let By = Ay, B, = 4, N (U?:_ll A;))¢ for n > 1. The B,’s
are disjoint and A4, = U",B;. Thus lim, . P(4,) = lim, . P(U,B;) =
lim, oo >ty P(B;) = Yooy P(B;). Use s € UpB,, <= s € U,A, = A and
additivity of P to obtain lim, ., P(A,) = > o, P(B;) = P(U2,B;) = P(A). O

Example (cont.). What is P(“6 never appears”)?
Let A, = “no 6 in the first n rolls”. Then A1 D A D ..., A=N,A, = “no 6’s
ever” and P(A) = lim, . P(A,) = lim,_.(5/6)" = 0.

1.3 Counting rules

Theorem.

(i) Product rule: if selection ¢ (¢ = 1,...,k) has n; possibilities irrespective of the
other selections then the total number of possibilities is Hle n;.

(ii) Ordering rule: there are n! ways to order n items.

(iii) Permutations rule: the number of ordered (order identified) selections of n

items from N is %

(iv) The number of subsets (unordered selections) of n items from N is (IX ) =
NI
(N—n)!n!"

Example (quality control). Consider a production lot of N components (M/N
defective); take a random sample of size n << N to inspect. Observe X defectives
in the sample; estimate p = M/N by p = X/n. What can one predict about p (or
X), which value is most likely?

Solution: consider sampling without replacement (SWOR), then S consists of
(JZ ) equally likely outcomes (ignoring order). As there are (A;[) possibilities to
choose x defectives from M and (]\TIL :Ia\;[ ) possibilities to choose n—z non-defectives,
P(X =1)= (f)(ﬁiy)/(i\{) where 0 <z <n,n— N+ M <z < M. The most
likely p is

(M+1)(n+1) 1 n+1 M+1 M

p= N+2 n_ n Nt+2 NP

which can be seen as follows:

L PE=a-) GG e N-M-onta
P(X=z) (MM M-z+1 n—xz+1

(N+2)z—(M+1)(n+1)
M—-—z+1)(n—xz+1)

1+

(N +2)z—(M+1)(n+1) (M +1)(n+1).
(M—-—z+1)(n—2z+1) <0 =< N+2 ’

now choose the largest integer = below this bound.



