
STAT 610-601 Fall 2009

Homework 3 – Solutions

Problem 1.

a) Consider f(x) = cx−31(1,∞)(x) with c ∈ R. Determine c such that f is a probability density
function and find the corresponding cumulative distribution function F .

1 =
∫∞

1
c/x3 dx = −c/(2x2)|∞1 = c/2 ⇒ c = 2.

F (x) = 0 for x < 1; x ≥ 1: F (x) =
∫ x

1
2/y3 dy = −1/y2|x1 = 1− 1/x2.

b) Consider f(x) = c sin(x)1(0,π)(x) with c ∈ R. Determine c such that f is a probability
density function and find the corresponding cumulative distribution function F .

1 = c
∫ π

0
sin x dx = c(− cos x)|π0 = 2c ⇒ x = 1/2.

x ∈ (0, π) : F (x) =
∫ x

0
1/2 sin y dy = 1/2− 1/2 cos x.

Problem 2. Consider a distribution P given by a pdf f(·) with f(x) = 0 for all x ≤ 0. Assume
F is a continuous antiderivative of f with F ′(x) = f(x) for all x > 0 and F (x) = 0 for all
x ≤ 0. Then, by definition,

P ((a, b]) =

∫ b

a

f(x) dx = F (b)− F (a) for 0 ≤ a ≤ b < ∞.

Further assume that there is a constant λ > 0 with

(∗) lim
0<h→0

P ((t, t + h] | (t,∞))

h
=

1

λ
for all t > 0.

a) Show that f(x) = 1
λ
e−x/λ for all x > 0 (exponential distribution).

The right-hand side is

lim
0<h→0

P ((t, t + h] | (t,∞))

h
= lim

0<h→0

1

h

P ((t, t + h])

P ((t,∞))

= lim
0<h→0

P ((t, t + h])

h

1

1− F (t)

= lim
0<h→0

F (t + h)− F (t)

h

1

1− F (t)

=
f(t)

1− F (t)
,

which is 1/λ by assumption. Therefore

1

λ
=

f(t)

1− F (t)
= − d

dt
log(1− F (t)) ⇐⇒ d

dt
log(1− F (t)) = −1

λ

⇐⇒ log(1− F (t)) = −1

λ
t + c

⇐⇒ 1− F (t) = e−t/λc̃

⇐⇒ F (t) = 1− e−t/λc̃

and the derivative is f(t) = F ′(t) = 1
λ
e−t/λc̃ with c̃ = 1 (

∫
f = 1).



b) If P is the distribution of the lifetime of an individual or object, then P ((t,∞)) is the
probability that the individual survives at least t time units. Given this, how would you
interpret equation (∗)? Is it reasonable to assume that humans’ lifetimes are exponentially
distributed?

No, the rate should depend on t (current age).

Problem 3. Consider a random variable X with a Poisson(1) distribution and the transfor-
mation Y = (X + 1)−1. Specify the probability mass function fY (y) of Y . Check your answer
by verifying that fY (y) satisfies the criteria for a probability mass function.

P (X = x) = e−11x/x! = e−1/x!, x ∈ N; possible values for Y : y ∈ I = {1, 1
2
, 1

3
, . . .}.

P (Y = y) = P (
1

X + 1
= y) = P (X + 1 =

1

y
) = P (X =

1

y
− 1) =

e−1

(1/y − 1)!
.

∑
y∈I

P (Y = y) =
∞∑
i=0

e−1 1

i!
= e−1

∞∑
i=0

1

i!
= e−1e = 1.

Problems 4 - 6

1.53

a) FY (y) = 1− y−21[1,∞)(y) which is constant for y ≤ 1. For y > 1 we have F ′(y) = 2/y3 > 0.
FY is therefore non-decreasing. Further, Fy(y) → 0/1 as y → −∞/ +∞.

b) The pdf is 2/y31(1,∞)(y) (see above).

c) For Z = 10(Y − 1) we have FZ(z) = P (10(Y − 1) ≤ z) = {1− (z/10 + 1)−2}1(0,∞)(z).

1.55

P (V ≤ v) =


0 if v < 5
1− e−2 if 5 ≤ v < 6
1− e−v/3 if 6 ≤ v

2.1

a) fY (y) = 14y(1− y1/3)1(0,1)(y),

b) fY (y) =
7

4
exp(− 7

4(y − 3)
)1(3,∞)(y),

c) fY (y) = 15
√

y(1−√y)21(0,1)(y).


