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Summary: We prove a stochastic expansion for a residual-based estimator of the error distribution
function in a partly linear regression model. It implies a functional central limit theorem. As special
cases we cover nonparametric, nonlinear and linear regression models.

1 Introduction

We consider the partly linear regression model
Y=0"U+o0(X)+c¢,

where the error ¢ is independent of the covariate pair (U, X) and the parameter ¢ is
k-dimensional. We make the following assumptions.

(F) Theerror ¢ has mean zero, a finite moment of order g > 8/3, and a density f which
is Holder with exponent &€ > 1/3.

(G) Thedistribution G of X is quasi-uniform on [0, 1] in the sense that G([0, 1]) = 1
and G has a density g that is bounded and bounded away from zero on [0, 1].

(H) The covariate vector U satisfies E[|U|%] < oo, the matrix E[(U — u(X))(U —
w(X)M)] is positive definite, i is continuous and g is bounded, where ;1(X) =
E(U|X) and ©(X) = E(JUJ3|X).

(R) Thefunction g is twice continuoudly differentiable.

Our goal is to estimate the distribution function F of ¢ based on n independent copies
(Uj, Xj,Yj) of (U, X, Y). Our estimator of F will be the empirical distribution function
based on residuals. To obtain residuals we need estimators of ¢ and o. Under the above
assumptions, there exist n'/2-consistent estimators of #; see e.g. Schick (1996). Given
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2 Miiller - Schick — Wefelmeyer

such an estimator & of @, we estimate ¢ by a local linear smoother $ as follows. For
a fixed x in [0, 1], the estimator g(x) is the first component of the minimizer (8o, B1) of

n

. Xj—x\?% [(Xj—
Z(Yj —0'Uj = fo— A1 ‘Cn X) w< ‘Cn X), (1.1)

i=1

where ¢, is a bandwidth and w is a kernel with the following properties.

(W) The kernel w is a three times continuoudly differentiable symmetric density with
compact support [—1, 1].

We then form the residuals
§j=Yj—l§TUj—@(Xj), j=1,...,n,
and use as estimator of F the empirical distribution function of these residuals,
1 n
Fiy==Y "1 <t], teR.
= J; [8) =]

We denote the empirical distribution function based on the errors by
1 n
Fit)y=—- ) 1[ej <t], teR.
() == JX_; [ej < t]

We can now state our main result.

Theorem 1.1 Assumethat (F), (G), (H), (R) and (W) holdand ¢, ~ (nlogn)~%/4. Let &
be an n/2-consistent estimator of . Then

n

sup |FF(t) — F(t) — f(t) EZSJ

n
teR j=1

= op<n‘1/2) . (1.2)

Under our assumptions (G) and (R), the optimal choice of bandwidth for estimating
o is of order n=/5. Our proof requires an undersmoothed estimator of ¢ with a bias that
is of order o(n~1/2). This is guaranteed by the choice of bandwidth in the theorem.

The nonparametric regression model Y = o(X) + ¢ is a special case of the partly
linear regression corresponding to ¥ = 0. Taking & = 0, the above theorem carries over
to this model, giving (1.2) without condition (H).

Our approach is motivated by Akritas and Van Keilegom (2001) who consider the
heteroscedastic nonparametric regression model Y = o(X) + s(X)e. In our model,
s(X) = 1 and o(X) = E(Y|X), which corresponds to their function J being 1. Their
assumption (A2) would then imply that ¢ is quasi-uniform on some finite interval. We get
by with considerably weaker conditions.
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Estimating the error distribution function 3

Kiwitt, Nagel and Neumeyer (2005) treat the nonparametric regression model Y =
o(X) + ¢ with additional linear constraints on the error distribution F. They rely on the
results and assumptions of Akritas and Van Keilegom and use a kernel estimator for o.
The kernel estimator requires stronger assumptions on the design density g than our linear
smoother.

In the nonparametric regression model our estimator [F(t) has influence function

e <t] — F(t) + f(H)e

and is therefore efficient by Miller, Schick and Wefelmeyer (2004). Since this is also the
influence function of ®(t) in the larger partly linear model, [ (t) is also efficient there.

The linear regression model Y = 9 TU + & corresponds to the case o = 0. In this
model one can take & = Yj — 9 TUj with & the least squares estimator of ¢ and obtains
the following result.

Theorem 1.2 Assumethat F has mean zero, finite variance and a uniformly continuous
density f, and the matrix E[UU "] is positive definite. Then

sup ity — Fet) — f(t) (f} u z?)TE[U]‘ - op(n—l/z) .

This was first proved by Koul (1969) for fixed design. See also Koul (2002) and, for
increasing dimension, Mammen (1996). Theorem 1.2 follows from Theorem 2.3 about
nonlinear regression.

Our paper is organized as follows. In Section 2 we adapt a result of Akritas and Van
Keilegom (2001) on uniform stochastic expansions of residual-based empirical distribu-
tion functions to our setting. In Section 3 we prove Theorem 1.1. Technical details about
kernel type estimators are in Section 4.

2 General results

Let ¢ be arandom variable with distribution function F, and let Z be a random vector with
distribution Q independent of ¢. Let D be a non-negative function in L2(Q), and let D
be a set of measurable functions a such that |a] < D and 0 € D. We now give conditions
on the class D that imply that the class % = {hat : @ € D, t € R} is F ® Q-Donsker,
where

hat(e, Z) =1[e —a(Z) <t], aeD,teR.

For this we endow D with the L1 (Q)-pseudo-norm. By an n-bracket for (D, L1(Q)) we
meanaset[a,a] =[a€ D :a < a < a] whereaanda belong to L1(Q) and satisfy
[ la—aldQ < 7. Recall that the bracketing number N;;(n, D, L1(Q)) is the smallest
integer m for which there are m n-brackets [a;,a1], .. ., [ &,,, @m] Which cover D in the
sense that the union of the brackets contains D.
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4 Miiller - Schick — Wefelmeyer

Theorem 2.1 Assumethat F hasa finite second moment and a bounded density and that
the bracketing numbers satisfy

1
/o JIog N (2. D, L1(Q)) dy < oo .1

ThenH is F @ Q-Donsker.

Proof: Let F; denote the distribution function of ¢ + D(Z) and F_ the distribution
function of e — D(Z). Since these random variables have finite second moments by the
assumptions on F and D, we see that F_(t) < C?/t? for negative t and (1 — F, (1)) <
C2/t2 for positive t, where C is some positive constant C. Note that % has envelope 1.
We shall show that

[ Viog N .. La(F & Qi < oo. (22)

The desired result then follows from Ossiander (1987), see also van der Vaart and Wellner
(1996, Theorem 2.5.6). Let L denote the Lipschitz constantof F. Let [ a, a]beann?/(2L)-
bracket for (D, L1(Q)) and a € [a, @a]. We may assume that |[a] < D and [a] < D. Let
U < v be real numbers such that v — u < ;72/(2L). Then, fort € [u, v], we have

1le —a(2) < ul < lfe —a(Z) < 1] < e ~aAZ) <]
and

EL(Ue - a(2) < ul - 1 — &(Z) < v])?]
ELF(v+a(2)) — Fu+a(2))]
< Lw-u+E[a2)-a@))

n;

IA

fort < —C/n, we have
0<1lle-a(Z) <t] <1lle—D(2) < -C/n]

and
E[l[s ~D2) < —C/n]z] < F_(=C/n) < n%;

and, fort > C/n, we have
e+ D(Z2) <C/nl < le—a(Z) <t] <1

and
E[(l —1[e+ D(Z) < C/n])z] <1-F(C/n) < n?.

This shows that the bracketing numbers Np1(n, H, L2(F ® Q)) are bounded by

Kir Ny (1/@L), D, Li(Q)
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Estimating the error distribution function 5

forall 0 < n <1 and some constant K and are bounded by 1 forn > 1 (take the bracket

[0, 1]). Since /X +y < /X + /¥ for non-negative x and y and since fo Vl0og(n=3) dn
is finite, we see that (2.1) implies the desired (2.2).

Now consider a regression model
Y=r(2)+c¢
and independent copies (Yj, Zj) of (Y, Z). For an estimator i of r define the residuals
€j = Yj —F(Zj). As before we set

n
I@‘(t):%Zl[éjft] and F(t) = = Zl[sj<t] teR.

j=1 J 1

Theorem 2.2 Let D be asin the previous theorem. Let F have a finite second moment
and a density f that is Holder with exponent & € (0, 1]. Assume that there is an & such
that

PaeD) — 1, (2.3)

f |al dQ = op(nfl/z) , (2.4)

sup f(2) — r(2) — a@)| = op(n—l/z) . (2.5)
V4

Then

sup
teR

F(t) — F(t) — f(t)/adQ‘ — Op(nfl/z).

Proof: Without loss of generality we may assume a is D-valued; otherwise replace a by
alla e D]. Let

F(t) = 2:1[@J —&(Zj)<t] and Fa(t) = / F(t + a(z)) dQ(2) .

J =1

Then we can write
]@‘(t) —F(t) — f(t) / adQ = Ti(t) + Ta(t) + Ta(t),

where R .
Ta®) = F(®) - F@),

To(t) = F(t) — Fa(t) — F(t) + F(),

nm=&®—mr¢m/wq

“Jap|oy JybuAdoa ayy Aq uoissiwiad uapLm yym pamojje Ajuo si asn JayjQ "Ajuo asn jeuosiad inoK 1o} ajoie siyy aynquisip pue Adoa Aew no, me| JybAdoo uewas Aq pajoajoid si ajane siyj



6 Miiller - Schick — Wefelmeyer
Since f is Holder, say with constant A, we obtain that
T3] < / [F(t +a(2) — RO — f(ha(2)|dQ(2)
< A/ |4t dQ = op(n‘l/z) )

To deal with Ty and T, we introduce the empirical process
1 n
W@ == ;a[s i —a(Zj) <t — Fa®)

l n
=75 Y (hat(ej, Zj) — Elhat(e, 2)]), aeD,teR,
j=1

associated with the Donsker class . Then we have the identity
nY2Ty(t) = vn(& 1) — vn(0, 1)
and the bound
23| < n'/?(F(t+ R — F(t - Ro))

< Ivn(& t+ Ry) = (@t — Ryl
+nY/2(Fa(t + R) — Fa(t = Ro)),

where R, denotes the left-hand side of (2.5). Since f is Holder, f is also bounded and
the functions F5 are Lipschitz with Lipschitz constant || f||.. Thus we have

n*2(Fa(t + Ry) — Fat — R)) < 2| flosn™? Ry = 0p(1). (2.6)
Moreover, fors,t e Randa,b € D,

E (haste. 2) = Mo (e, 2))?] < ElIF(s+a(2)) — Ft +b(Z))]
Illoo (I8 =t + El1a(Z) = b(2)11).

A

In view of this and the stochastic equi-continuity of the empirical process, for every n > 0
there isa 8§ > 0 such that, with P* denoting outer measure,

supP*| sup  [va@ 1t —vn(0, ) >n| <n,
n teR,aeD,
[laldQ <&

sup P* sup @ s —va@ ) >n| <n
n ae‘D,slteaR,
s—t| <
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Estimating the error distribution function 7

The first of these statements and (2.4) imply sup, | T2(t)| = op(n~%/2), while the second,
(2.5) and (2.6) imply sup, | T1(t)| = op(n~1/2). 0

Theorem 2.2 was formulated with semiparametric regression in mind. In parametric
regression models one typically has

/ 1a1dQ = op(nflfz) 2.7)

in which case the Holder condition on f can be relaxed to uniform continuity, as is easily
seen by inspecting the proof. To state this result, we look at the parametric regression
model Y = ry(Z)+ ¢ with regression functionry indexed by a k-dimensional parameter
and differentiable in the parameter in the following sense.

(D) Thereisfunctionry into RX such that |fy| € L2(Q) and

SUP|Tp41(2) —T9(2) —t iy (@)| = o(lt]) .

Givenan nl/z—conAsistent estimator & of , assumptions (2.3), (2.7) and (2.5) are met with
f=rzanda= () — )ty and with D = {t"Fy : |t| < 1}. Since

Ni 1, D, L1(Q) < My ¥
for some constant M, the entropy condition (2.1) holds. Thus we have the following result
for parametric regression.

Theorem 2.3 Assume that (D) holdsand f = r; with & an n'/2-consistent estimator of
¢. Let F have a finite second moment and a uniformly continuous density f. Then

sup [ty — F(t) — f(t)(é B ﬂ)T / Py dQ‘ - op(n—l/z) .

teR

A special case is the linear regression model, for which ry(z) = # "z In this model,
assumption (D) is trivially satisfied with f y(z) = z, and an n'/2-consistent estimator of
is given by the least squares estimator, provided E[¢] = 0, E[¢?] is finite and the matrix
E[ZZT] is positive definite.

3 Partly linear regression

To prove our main result, Theorem 1.1, we apply Theorem 2.2 with the choices Z = (U, X)
and r(Z) = 9 "U + o(X). We take D to be the class of functions

au,x) =b'" (u— X))+ cx)

with b € [—1, 1]¥ and ¢ belonging to a class C of functions to be introduced next. Let
1 < o < 2. For a function h defined on [0, 1] set

Ihif = sup [h(x)|.

0<x<1
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8 Miiller - Schick — Wefelmeyer
If h is also differentiable on [0, 1], let

[N (x) — W (y)|
Ihlle = [Ih| + 0|+ sup —————
“ 0§x<l:))/§1 X — Y|a_1

We take C = C7 ([0, 1]), the set of all such functions h with ||h||, < 1. By Corollary 2.7.2

in van der Vaart and Wellner (1996), there is a constant K such that
log Ny j (72, €510, 1), Ly(B) ) = Ky 2%, n=<1. (3.0)
Note that

N[ 1(7, D, L1(Q)) < Np1(n, Do, L1(Q))N;1(n. C{ ([0, 1]), L1(G)),

where
Do = {(u, X) > b (U= pu():be[-1, 1]"} .

Since N;(n, Do, L1(Q)) < Mn~K for some constant M, the desired entropy condition
(2.1) follows from (3.1) and @ > 1.
Lemma 3.2 below yields (2.5) with

a0 =(# = 9) T - 1o0) + 0
and ¢ defined in (3.11). By the n'/?-consistency of &, we have (2.3) if P(¢ € C{([0, 11))

tends to one. Sufficient conditions for the latter are given in Lemma 3.1 for arbitrary ¢
and verified in Lemma 3.3 for the choice € in (3.11). By the definition of u, we have

/az dQ =(z§ _ 0)TE[(U — u(X)U — M(X))T](ﬁ‘ - 19) + / 2dc. (32

In view of the inequality

(1+8)/2
/IéI”Ede(/ ade) ,

relation (2.4) follows from the nl/2-consistency of ¥, Lemma 3.4 and the choice of
bandwidth. Thus the assumptions of Theorem 2.2 hold and we obtain

sup
teR

Bo - Fo - 10 [ édQ‘ ~op(m 1),
By the definition of 1« and Lemma 3.5,
/adQ=/édG: 12”:8 1o (n—l/z)'
n 0

Since f is Holder and hence bounded, the desired expansion (1.2) follows.
We now give sufficient conditions for an estimator € to belong to the class C ([0, 1]).
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Estimating the error distribution function 9

Lemma 3.1 Let G be suchthat G([0, 1]) = 1. Let € be twice continuously differentiable
on [0, 1] and satisfy [|€] = 0p(1), [|&']l = Op(n~t) and ||&"|| = Op(n?2) for constants
prand B2in(0,1).Letl <o <1+ 1A (1— B2). Then P(€ e C([0,1]) — 1.

Proof: We need to show that P(||€|l, > 1) — 0. In view of ||€]| = op(1), [I€|| = 0p(1)
and the definition of || h||, it is enough to show that

e — €y
—— =0p(1).
0<x<y<l [X— yle—1 P

Since ||¢|| = Op(n~#1), we have

€0 —ew)| _

yoein Ix—yet = 2na—1Hé/H _ Op<n°‘*1*51) :

since [|&”| = Op(nf2), we have

|d(X) - SE¥)| < Hé//” sup X — y|27ot — Op<n52+a72) )
0O<y-x<i/n [X—=YI 0<y—x<1/n

The desired result follows as the exponents o« — 1 — 81 and o 4+ 82 — 2 are negative. O

Recall that o(x) is the first component of the minimizer (8o, A1) of (1.1). This mini-
mizer obeys the normal equations

[f)o(x) m(xq [@o} _ [%(x)}
P P2(X) || B1 x|’

where, fori = 0, 1, ... and with wi(y) = Y w(y),

R . Xj — x
X)) = — wi( )

nen £ Cn
G0 ==Y (Yi=97u)) X X

i(X) = i — i ) wi .
4 ncy - ] 1)\ e,

To describe o(x) we set

]_ _
Bi(x) = E[bi(xn:fc—wi(uc X) g du=/wi<y>g(x+cny)dy.

n n

For the rest of this section we assume without further mention that the bandwidth ¢,
satisfies ¢y — 0 and c;*n~!logn — 0and make additional assumptions as needed. This
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10 Miiller - Schick — Wefelmeyer

allows one to obtain versions of Theorem 1.1 for more general choices of bandwidth. We
also assume (without loss of generality) that c, < 1/2. Under (G) and (W) we have

| 172
b — pi|| = Op(( zinn> ) , (3.3)

IPill < lIPoll = llgll < oo (3.4)

The former follows from Corollary 4.2 applied with v = wi, Tj =T =1, § = oo and
8 = 0. By (G) there isan n > 0 such that g(x) > n for 0 < x < 1. Thus, for such x,

g(X+cny)zn1[_—Xsy§ 1_X}
Ch Ch

and therefore

o O P9\ ?
Po(X) P2(X) — PI(X) = Po(X) [ (Y — = g(X + cny)w(y) dy
Po(X)
is bounded below by
2 r(l-x)/cn (1=x)/cn s 2
n D1(X)>
— 2 d - 2 dy.
4 J x/en vy —x/cn < Po(X) wiy)dy

Since we assumed ¢, < 1/2, the range of integration always includes one of the intervals
[—1,0]and [0, 1], and 2w restricted to either interval is a density. This and the symmetry
of w imply

2.2
P00 P20) — P00 = 1= (3.5)

with o2 the variance of 2w restricted to [0, 1]. It follows from (3.3)—(3.5) that

22
P(gigl;l(ﬁo(x) P00 — P09) = %) — 1.

Hence, with probability tending to one, we can write

~ Qoo —ipa

0= —"7 2 -
PoP2 — P7

Fori =1, 2, let
§ =~ Api — and SZ%-
P2Po — P7 P2Po — Py
It follows from (3.4) and (3.5) that

_ 4

sl < 290 _ o, 36)
nco
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Estimating the error distribution function 11

172
|5 -5 = op<('%”> ) . (37)

and from (3.3)—(3.5) that

Let

1 & Xi —
Ci(X)=n—Z(Q(Xj)—Q(X)—Q/(X)(Xj—X))wi< - X>.

Cn i1 n

Using the identities 6 = Aj — (3 — 9) "B +Ci 4+ oPi + cno'Pist, Po% — P18 =1
and p1& — P& = 0, we can write, with probability tending to one,

6—0=(Ro—(#—#)"Bo+Co+obo+cne'p1) &
—(Al —(3 - 79>TBl +C1+op1+ CnQ/f’z) Si—o
= A% — Ars1 —(19 - 19>T(Bo§2 — B1§1) + Co% — C151.

Note that under (R) and in view of (3.3) and (3.4) we have

ICill < &fle”| | o] = 0p(R), i=0.1. (38)
Applying Corollary 4.3 with v = wj and Tj = eTUj with e € R¥, and utilizing (H), we
obtain

[e" B —pw| =opw.  i=0.1.

if c;'n~%logn is bounded for some 0 < § < 1/2. Hence, using (3.4), (3.6), (3.7),
boundedness of 1 on [0, 1], and the identity ppS; — p1S1 = 1, we find that

HeT(Boég — Bi& — ) H = op(1). (3.9)

Applying Corollary 4.2 with v = wj, Tj = ¢j and § = 0, we have

logn\ /2 .
A = op<< ni ) ) . i=0,1, (3.10)
n

if F has a finite moment of order 8 > 2 and c;'n=1*2/f logn is bounded. Applying
(3.6)—(3.10) to the above representation of o — p, and setting

&= Ao — AiSL, (3.11)

we obtain the following result.
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12 Miiller - Schick — Wefelmeyer

Lemma 3.2 Assume that (H), (G), (R) and (W) hold and that F has a finite moment
of order g > 8/3. Let nc2 — 0 and c;*n~%logn — 0 be bounded for some § in

(1/4,1/2) N (1/4,1 — 2/B]. Let & be n*/2-consistent. Then (2.5) holds with
a(u, x) =(f9 - 19)T(u — u(X) + &(x) .

The condition g > 8/3implies1—2/8 > 1/4and ensures the existence of a sequence
of bandwidths with the required properties. For example, we can pick ¢, ~ n™" with

1/4 <y <1 —=2/B) A (1/2).
Condition (W) implies that wi, w; and w;’ are integrable and Lipschitz. Hence, by

Corollary 4.2, applied with v = wi(j) and Tj = ¢}, we obtain, for j =0, 1, 2,

] - (22

provided F has a finite moment of order g > 2 and c;'n=*+?/flogn is bounded.
Furthermore, since g is bounded, we have

9]+ ]3] =o(s").
Thus, in view of (3.4) and (3.5),

2]+ [ = o).

The above rates show that

: i logn\ /2 .
A = o) -
¢ H = C Op(< -~ ) , j=0,1,2.

Thus, if c;1 = O(n”) with y < 1/3, then the assumptions of Lemma 3.1 hold for all 1,
B2 with 0 < 281 < 1 — 3y and B2 < 1/3. Thus we have the following result for € as
defined in (3.11).

Lemma 3.3 Assume that (G) and (W) hold, F has a finite moment of order g > 2, and
¢yl = O(n?) for somey < 1/3. Then P(€ € C¢([0, 1])) — 1 for somea > 1.

Direct calculation show that E[A2(x)] < E[£?][|gll wllo /(NCn). This and the bound-
edness of §; and S, yield the following result for € as defined in (3.11).

Lemma 3.4 Assumethat (G) and (W) hold and F has a finite second moment. Then

/62 dG = op<i) :
ncy

Finally, we have the following result.
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Lemma 3.5 Assumethat (G) and (W) hold. Then

n
/édG = %Zgj + op(nfl/Z) : (3.12)

j=1
Proof: Using po% — p151 = 1, we find that the integral in (3.12) equals

1 & ' Xj =%\ _ Xj =X\ _
J:n—c:n;s]/(wo( o )SQ(X)—U)]_( )Sl(x)> dG(x)

Ch

|
S
=
=)
2
o
@
x
!
ol

1(X)) 82(X)) = Ao(Xj) + Ax(X)))

_ %Zsj(l—Ao(Xj)+A1(XJ))
with -
a0(x)) = [ gowo 2= @) — w00) doco
= [ wo(ea(x)) (X ~ ) 9(X; = cuy) cy:
A1(Xj) =/C—lnw1 chn_ X)(él(xj)—él(x» dG(x)
= [ ws(E(x5) = 81X ~ ca) 8(X; — cny) .

Thus the assertion (3.12) follows if [ (Ag— A1)2dG = 0op(1). Since w and gare bounded,
this is implied by

// G060 =S = cy)ldxdy— 0, =12,
In

with In ={(x,y) :0<x=<1-1<y=<10=<x—cpy < 1}. Inview of (3.4) and
(3.5), the latter is implied by

// (PO = Pi(x—cay))?dxdy - 0, i=0,1,2.
In
These three integrals can be bounded by a multiple of

sup [ (g(x +t) — g(x))? dx,

[tI<cn

which converges to zero by continuity of shifts in Lp; see Theorem 9.5 in Rudin
(1974). O
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4 Auxiliary results

Throughout this section let Z, Z1, Zo, ... be independent and identically distributed
m-dimensional random vectors, and, for each x in R, let hnx be a bounded measurable
function from R™ into R.

Proposition 4.1 Let By be a sequence of positive numbers such that B, = O(n*) for
some o > 0. Assume that

n
h =0 —). 4.1
\xﬁ’i%n IIPnx [l (Iogn> (4.1)
n
E{h2,(2)| =0 — |, 4.2
2 &[] = o( i) “2
and, for positive numbersi, k2 and A,
Ihny — hnxlleo < AN*2Jy — x|t [X|, |y| < Bn, |y—x| < 1. (4.3)
Then
l n
sup |- > hnx(Zj) - E[hnx(Z)]‘ = Op(1). (4.4)
[X|<Bn i
j=1

Proof: Let Hn(x) denote the expression inside the absolute value in (4.4). We use an
inequality of Hoeffding (1963): If &1, . . ., &, are independent random variables that have
mean zero and variance o2 and are bounded by M, then for 5 > 0,

1 & nn2
S &[= §2exp<—+>.
=1

P
202 4 (2/3)Mn
Applying this inequality with & = hnx(Zj) — E[hnx(Z)], we obtain for n > 0:

nn?
P(IHh(X)| = ) < 26Xp<_25[hgx(2)] + 2n||hnx||°°> .

Thus there is a positive number a such that for all n > 0,

2
sup P(|Hh(X)| = 1) < 2exp<—%nalog n) |

[X|<Bn
Now let xpk = —Bp + 2kByn™™ for k = 0, 1, ..., n™, with m an integer greater than
o + k2 /Kk1. The above yields for large enough n > 0,
Am
P<k=g?§}fnm [Hn(Xnk)| > n) < kzg P([Hn(Xnk)| > 1) = 0(1).
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This shows that
Hnp= max [Hn(nol = Op(l).

It follows from (4.3) that

Hnz = max . sup [Hn(X) — Hn(Xnk)|
k=0,...n"M |y % k|<Bun—m

= O(Bgtn~™1n?) = Op(1).
In view of the inequality

sup [Hn(X)| < Hn1 4 Hnp2

[X|<Bn
we have the desired result (4.4). O
In the following corollary we interpret 1/8 as zero if 8 is infinity.
Corollary 4.2 Assume that the function v is integrable and Holder with positive expo-
nent «, the randomvariable X has a bounded density g, the randomvariable T isin Lg

for some2 < B < oo, and g is bounded, where t(X) = E(T?|X). Let ¢, — 0 and
cytn=1=+2/8 Jog n be bounded for some§ > 0. Then, for i.i.d. copies(Tj, X;) of (T, X),

we have
n T — J—
25 () (%)) [
Nncn o Cn (o

with ¢n = nt=%¢,/ logn.

sup
0<x<1

Proof: Set K = 2||T||Lﬁ. Define

X
S

Ruj () = ¢¥/2T, 1[|T,-| < Knl/ﬂ]

(%a7)
(7a7)

x

o~ 9w

Sy = & T[T | > Kn¥/7]

It suffices to show that

n

1
sup |+ (an<x>—E[Rn,-<x>])\=op<1> (45)
0<x<1|N =1
and
1 n
v (S = E[Sj(0]) ‘ = 0p(1). (4.6)

j=1
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16 Miiller - Schick — Wefelmeyer

Statement (4.6) is true for 8 = oo as then $,j(x) = 0. For 8 < co we have

n
P( max |Tj| > Knl//f’> =Y P(Ti| > Kn')
=1

1<j<n
< K—f‘E[|T|ﬁ1[|T| > Knl/ﬁ]] =0

and thus

Pl sup

0<x<1

l n
—ZS”'(X) >0 < P( max |Tj| > Kn1/5> - 0.
n« l<j=n

j=1
The assumptions on v imply that v is bounded. Hence we also have

1 n
- ElS
Oztizlnz [Su(x)]‘

j=1

= n@26 12 o) =2 vl E[ITIZ[IT| > Kn*/?]]
_ 1-8
< l[vlloo E[ITIP] n4=9/2¢ 2 (10g n)’l/Z(Knl/ﬁ)
_ o(n—(1+5)/2+1//30;1/2(|0g n)—1/2) — o(1).
This shows that (4.6) holds for 8 < oo as well.

To show (4.5) we apply the previous proposition with By = 1 and hpx(Tj, Xj) =
Rnj (X). We have

u n
sUp hnxlloo < K [[v]]og NA8/2HBe 12 (109 ) =112 = O<—> .
0<x<1 logn

Furthermore,

1-6 _
sup E[h?,x(T, X)]§ n E|:t(X)v2<xC X)}

0<x<1 Cn|09|1 n
1-§

LN V2 (Y)T(X + chY)g(X + cny) d
~ Togn y nY)d nY) Ay

1-6

2
< logll IITQIIOO/U (y) dy.

Since v is Holder with exponent «, we obtain, with A denoting the Holder constant,

nl-c,\ "2 1/8 1 1+x+1/8
hny — h <|—— n*YPc T Aly — x| < Cn*™¢ — x|“.
Iy ~ P, = (o) eyt aly = xi* < y—x
Thus the assumptions of the proposition hold, and we obtain (4.5). |
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Corollary 4.3 Assume that the function v is Holder with positive exponent « and has
compact support, the random variable X has a bounded density g, the random vari-
able T hasa finite second moment, u is uniformly continuous and zg is bounded, where
n(X) = E(T|X) and ©(X) = E(T?|X). Let ¢ — 0 and c;1n®log n be bounded for
some0 < 6 < 1/2. Then, for i.i.d. copies (Tj, Xj) of (T, X), we have

n
1 Xij—X

sup |— Y " Tju( ~

0<x<1|NCn i1 Cn

) — (X / v(Y)9(X + Cny) dy| = 0p(1).

Proof: Write

1 X —X
—E|:Tv< ):| =/M(X+CnY)U(Y)9(X+CnY) dy

Cn Cn

and note that [ [v(y)|g(X + cny) dy < [lgll [ |v(y)| dy. The desired result now follows
from the uniform continuity of x and Corollary 4.2 applied with 8 = 2. |
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