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Abstract

There exists very few results on mixing for nonstationary processes. However, mixing
is often required in statistical inference for nonstationary processes, such as time-varying
ARCH (tvARCH) models. In this paper, bounds for the mixing rates of a stochastic pro-
cess are derived in terms the conditional densities of the process. These bounds are used
to obtain the «, 2-mixing and [-mixing rates of the nonstationary time-varying ARCH(p)
process and ARCH(oo) process. It is shown that the mixing rate of time-varying ARCH(p)
process is geometric, whereas the bounds on the mixing rate of the ARCH(c0) process de-
pends on the rate of decay of the ARCH(oc0) parameters. We mention that the methodology
given in this paper is applicable to other processes.
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1 Introduction

Mixing is a measure of dependence between elements of a random sequence that has a wide range
of theoretical applications (see Bradley (2007) and below). One of the most popular mixing
measures is a-mixing (also called strong mixing), where the a-mixing rate of the nonstationary

stochastic process {X;} is defined as a sequence of coefficients a/(k) such that

a(k) = sup sup |P(GNH)— P(G)P(H)|. (1)
teZ Heo (X4, X¢_1--2)
Geo(Xiqhr Xight1s)



{X}:} is called a-mixing if a(k) — 0 as k — 0o. a-mixing has several applications in statistical
inference. For example, if {a(k)} decays sufficiently fast to zero as k — oo, then, amongst
other results, it is possible to show asymptotic normality of sums of { X} (c.f. Davidson (1994),
Chapter 24), as well as exponential inequalities for such sums (c.f. Bosq (1998)), asympototic
normality of kernel-based nonparametric estimators (c.f. Bosq (1998)) and consistency of change
point detection schemes of nonlinear time series (c.f. Fryzlewicz and Subba Rao (2008)). The
notion of 2-mixing is related to strong mixing, but is a weaker condition as it measures the
dependence between two random variables and not the entire tails. 2-mixing is often used in
statistical inference, for example deriving rates in nonparametric regression (see Bosq (1998)).
The 2-mixing rate can be used to derive bounds for the covariance between functions of random
variables, say cov(g(X3), 9(Xirx)) (see Ibragimov (1962)), which is usually not possible when only
the correlation structure of {X}} is known. The 2-mixing rate of {X}} is defined as a sequence

&(k) which satisfies

a(k) =sup sup |P(GNH)— P(G)P(H)|. (2)
t€EZ Heo(Xy)
GGO'(Xt+k)
It is clear that a(k) < a(k). A closely related mixing measure, introduced in Volkonskii and

Rozanov (1959) is f-mixing (also called absolutely regular). The S-mixing rate of the stochastic
process {X,} is defined as a sequence of coefficients (k) such that

(k) = sup sup > IP(Gin Hj) — P(Gi)P(Hj)l, (3)
teZ {HjYeo (X, X1, 3 ;
{GiYeo (Xith  Xitht1s--)
where {G;} and {H;} are finite partitions of the sample space Q. {X;} is called f-mixing if

B(k) — 0 as k — oo. It can be seen that this measure is slightly stronger than a-mixing (since

an upper bound for (k) immediately gives a bound for a(k); B(k) > a(k)).

Despite the versatility of mixing, its main drawback is that in general it is difficult to derive
bounds for a(k), a(k) and B(k). However the mixing bounds of some processes are known.
Chanda (1974), Gorodetskii (1977), Athreya and Pantula (1986) and Pham and Tran (1985) show
strong mixing of the MA(oo) process. Feigin and Tweedie (1985) and Pham (1986) have shown
geometric ergodicity of Bilinear processes (we note that stationary geometrically ergodic Markov
chains are geometrically a-mixing, 2-mixing and §-mixing - see, for example, Francq and Zakoian

(2006)). More recently, Tjostheim (1990) and Mokkadem (1990) have shown geometric ergodicity



for a general class of Markovian processes. The results in Mokkadem (1990) have been applied
in Bousamma (1998) to show geometric ergodicity of stationary ARCH(p) and GARCH(p, q)
processes, where p and ¢ are finite integers. Related results on mixing for GARCH(p, q) processes
can be found in Carrasco and Chen (2002), Liebscher (2005), Sorokin (2006) and Lindner (2008)
(for an excellent review) and Francq and Zakoian (2006) and Meitz and Saikkonen (2008) (where
mixing of ‘nonlinear’ GARCH(p, ¢) processes are also considered). Most of these these results
are proven by verifying the Meyn-Tweedie conditions (see Feigin and Tweedie (1985) and Meyn
and Tweedie (1993)), and, as mentioned above, are derived under the premise that the process is
stationary (or asymptotically stationary) and Markovian. Clearly, if a process is nonstationary,
then the aforementioned results do not hold. Therefore for nonstationary processes, an alternative

method to prove mixing is required.

The main aim of this paper is to derive a bound for (1), (2) and (3) in terms of the densities
of the process plus an additional term, which is an extremal probability. These bounds can be
applied to various processes. In this paper, we will focus on ARCH-type processes and use the
bounds to derive mixing rates for time-varying ARCH(p) (tvARCH) and ARCH(o0) processes.
The ARCH family of processes is widely used in finance to model the evolution of returns on
financial instruments: we refer the reader to the review article of Giraitis et al. (2005) for a
comprehensive overview of mathematical properties of ARCH processes, and a list of further
references. It is worth mentioning that Hérmann (2008) and Berkes et al. (2008) have considered
a different type of dependence, namely a version of the m-dependence moment measure, for
ARCH-type processes. The stationary GARCH(p, ¢) model tends to be the benchmark financial
model. However, in certain situations it may not be the most appropriate model, for example
it cannot adequently explain the long memory seen in the data or change according to shifts
in the world economy. Therefore, recently attention has been paid to tvARCH models (see,
for example, Mikosch and Starica (2003), Dahlhaus and Subba Rao (2006), Fryzlewicz et al.
(2008) and Fryzlewicz and Subba Rao (2008)) and ARCH(oo) models (see Robinson (1991),
Giraitis et al. (2000), Giraitis and Robinson (2001) and Subba Rao (2006)). The derivations
of the sampling properties of some of the above mentioned papers rely on quite sophisticated

assumptions on the dependence structure, in particular their mixing properties.

We will show that due to the p-Markovian nature of the time-varying ARCH(p) process, the
a-mixing, 2-mixing and [-mixing bound has the same geometric rate. The story is different

for ARCH(o0) processes, where the mixing rates can be different and vary according to the



rate of decay of the parameters. An advantage of the approach advocated in this paper is that
these methods can readily be used to establish mixing rates of several time series models. This is
especially useful in time series analysis, for example, change point detection schemes for nonlinear
time series, where strong mixing of the underlying process is often required. The price we pay for
the flexibility of our approach is that the assumptions under which we work are slightly stronger
than the standard assumptions required to prove geometric mixing of the stationary GARCH
process. However, the conditions do not rely on proving irreducibility (which is usually required

when showing geometric ergodicity) of the underlying process, which can be difficult to verify.

In Section 2 we derive a bound for the mixing rate of general stochastic processes, in terms of
the differences of conditional densities. In Section 3 we derive mixing bounds for time-varying
ARCH(p) processes (where p is finite). In Section 4 we derive mixing bounds for ARCH(o0)
processes. Proofs which are not in the main body of the paper can be found in the appendix and

the accompanying technical report.

2 Some mixing inequalities for general processes

2.1 Notation

For k > 0, let X;™" = (X,,..., X;p); if k <0, then X{™" = 0. Let y = (¥s,...,%0). Let
| - || denote the ¢;-norm. Let © denote the sample space. The sigma-algebra generated by
Xy, ..., Xyy, is denoted as Ff . = o(Xy, ..., Xigr).

2.2 Some mixing inequalities

Let us suppose {X,} is an arbitrary stochastic process. In this section we derive some bounds

for a(k), a(k) and B(k). To do this we will consider bounds for

sup |P(GNH)— P(G)P(H)| and sup N IP(Gi 0 Hy) — P(G,)P(H;)l,

t—r t+k t—r t+k -
HEFt 17G€]:tj:k+7’2 {H]}e]:t 17{Gi}e‘rtik+r2 7

where 71,79 > 0 and {G;} and {H;} are partitions of Q. In the proposition below, we give a
bound for the mixing rate in terms of conditional densities. Similar bounds for linear processes

have been derived in Chanda (1974) and Gorodetskii (1977) (see also Davidson (1994), Chapter



14). However, the bounds in Proposition 2.1 apply to any stochastic process, and it is this
generality that allows us to use the result in later sections, where we derive mixing rates for

ARCH-type processes.

Proposition 2.1 Let us suppose that the conditional density of Xﬁiim given X!™™ exists and
denote it as fyex | yi-r. Forn=(no,....0) € (R4, define the set
Dt ktrg 2t -
E = {w; X;7"(w) € &} where £ ={(vy,...,vp,); for all lv;] < n;}. (4)
Then for all r,m9 > 0 and n we have
sup |P(GNH)— P(G)P(H)|
He}‘f*”,Ge]-‘fj,’jm
= e /R Fxirt, i Wle) = Fyger i (00| dy + 4P(ES), (5)
and
sup > IP(Gin Hy) — P(G:)P(Hy)]
{(HYeF! "V {GYeFTE,,, i
=2 /R S |t ot Wle) = Ty i (y[0)] dy + 4P(EY), (6)

where {G;} and {H;} are finite partitions of Q. X,;™. Let Wit | be a random vector that is

independent of X!™™ and fwi}%l denote the density of wiiifl, then we have

sup |P(GNH)— P(G)P(H)|

Her, " GeFliy o

IA

— z€e€ €Rs
= Zs—1

2 Dy 1.t (ys Jw,x)dys p dw + 4P(E° 7
;sup/fw(w){ysup/R wlly, 0, 3) y} w+ AP(E°) (7)

and

sup > IP(Gin Hj) — P(G:)P(H)|

t— k ..
{HYeF, M AGY R pr, i

ZZO/fw(w){ sup /RsupD&k’t(ysQS_l,w,g)dys}dw—i—llP(EC) (8)

gS_IERS zel
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where Do gy (Yoly ;> w, ) = | fora(Wslw, 2) = fora(yslw, 0)| and for s > 1
Dara(ysly, sw,z) = |fora(usly,w z) = foraysly, ,,w,0)], (9)

with the conditional density of X1k given (Eii}{_l,ii_”) denoted as for: and the conditional
density of Xiipis given (Xifgﬁfl,wiiifl,ii_”), denoted as fopi, © = (20,...,7_,,) and

QZZZOUkw--7UH>-
PROOF. In Appendix A.1. O

Since the above bounds hold for all vectors n € (R*)™*! (note 1 defines the set E; see (4)), by
choosing the n which balances the integral and P(E*), we obtain an upper bound for the mixing

rate.

The main application of the inequality in (7) is to processes which are ‘driven’ by the inno-
vations (for example, linear and ARCH-type processes). If Eﬁ}gfl is the innovation process,
often it can be shown that the conditional density of Xy pis given (XIHy, | Wi X
can be written as a function of the innovation density. Deriving the density of X, ;s given
(iﬁiﬁﬁ_l,wiii_l,if”) is not a trivial task, but it is often possible. In the subsequent sec-
tions we will apply Proposition 2.1 to obtaining bounds for the mixing rates.

The proof of Proposition 2.1 can be found in the appendix, but we give a flavour of it here. Let
H={w; X;"(w) €M}, G ={w; X}, () egh (10)

It is straightforward to show that |P(GNH)—P(G)P(H)| < |P(GNHNE)—P(GNE)P(H)|+
2P(E°). The advantage of this decomposition is that when we restrict X!™™ to the set & (ie.
not large values of X!™™), we can obtain a bound for |P(G N H N E) — P(GN E)P(H)|. More

precisely, by using the inequality

inf P(G| X, =z)P(HNE) < P(GNHNE) <sup P(G|X{™™ =z)P(HNE),

z€e€ ze€

we can derive upper and lower bounds for P(GN H N E) — P(G N E)P(H) which depend only
on F and not H and G, and thus obtain the bounds in Proposition 2.1.



It is worth mentioning that by using (7) one can establish mixing rates for time-varying linear
processes (such as the tvMA(oco) process considered in Dahlhaus and Polonik (2006)). Using
(7) and similar techniques to those used in Section 4, mixing bounds can be obtained for the

tvMA (00) process.

In the following sections we will derive the mixing rates for ARCH-type processes, where one of

the challanging aspects of the proof is establishing a bound for the integral difference in (9).

3 Mixing for the time-varying ARCH(p) process

3.1 The tvARCH process

In Fryzlewicz et al. (2008) we show that the tvARCH process can be used to explain the com-
monly observed stylised facts in financial time series (such as the empirical long memory). A
sequence of random variables {X;} is said to come from a time-varying ARCH(p) if it satisfies

the representation

p
X, =2 (ao(t) +> aj(t)Xt_j> : (11)
j=1
where {Z,;} are independent, identically distributed (iid) positive random variables, with E(Z;) =
1 and a;(-) are positive parameters. It is worth comparing (11) with the tvARCH process used in
the statistical literature. Unlike the tvARCH process considered in, for example, Dahlhaus and
Subba Rao (2006) and Fryzlewicz et al. (2008), we have not placed any smoothness conditions
on the time varying parameters {a;(-)}. The smoothness conditions assumed in Dahlhaus and
Subba Rao (2006) and Fryzlewicz et al. (2008) are used in order to do parameter estimation.
However, in this paper we are dealing with mixing of the process, which does not require such

strong assumptions. The assumptions that we require are stated below.
Assumption 3.1 (i) For some § >0, supyez > _"_  a;(t) <1 —0.
(11) infiez ao(t) > 0 and sup,cq ao(t) < oo.

(iii) Let fz denote the density of Z,. For all a > 0 we have [ |fz(u) — fz(u[l +a])|du < K a,

for some finite K independent of a.



(w) Let f denote the density of Z;. For alla > 0 we have [ supg< <, |fz(u) — fz(u[l + 7])| du <
K a, for some finite K independent of a.

We note that Assumption 3.1(i,ii) guarantees that the ARCH process has a Volterra expansion
as a solution (see Dahlhaus and Subba Rao (2006), Section 5). Assumption 3.1(iii,iv) is a type
of Lipschitz condition on the density function and is satisfied by various well known distribu-
tions, including the chi-squared distributions. We now consider a class of densities which satisfy
Assumption 3.1(iii,iv). Suppose fz : R — R is a density function, whose first derivative is
bounded, after some finite point m, the derivative f’ declines monotonically to zero and satisfies

f lyfr(y)|dy < co. In this case

/0 " sup f2(u) — fo(ull + 7)) du

0<7<a

< / " sup 1fo(w) — fo(ull 4 7)) du+ / " sup |fz(u) — fo(ull + 7)) du

0<7r<a m 0<7<a

< a(mtswplfy0]+ [ alfwldn) < Ka,

m

for some finite K independent of a, hence Assumption 3.1(iii,iv) is satisfied.

We use Assumption 3.1(i,ii,iii) to obtain the strong mixing rate (2-mixing and a-mixing) of the
tvARCH(p) process and the slightly stronger conditions Assumption 3.1(i,ii,iv) to obtain the
[-mixing rate of the tvARCH(p) process. We mention that in the case that {X,} is a stationary,
ergodic time series, Francq and Zakoian (2006) have shown geometric ergodicity, which they
show implies F-mixing, under the weaker condition that the distribution function of {Z;} can

have some discontinuities.

3.2 The tvARCH(p) process and the Volterra series expansion

In this section we derive a Volterra series expansion of the tvARCH process (see also Giraitis
et al. (2000)). These results allow us to apply Proposition 2.1 to the tvARCH process. We first
note that the innovations Z iii_l and X i_p *1 are independent random vectors. Hence comparing
with Proposition 2.1, we are interested in obtaining the conditional density of X;, given Z;]Lr,lcfl

and X; 7", (denoted fyy,) and the conditional density of X, 4s given X7 Z* | and

xir + (denoted fsx+). We use these expressions to obtain a bound for D, (defined in (9)),

which we use to derive a bound for the mixing rate. We now represent {X;} in terms of {Z;}.



To do this we define

a1(t)z; as(t)z a,(t)z ai(t) as(t) a(t)
1 0 0 1 0 0
Alz) = 0 1 o |, aA=a0m=| o 1 0
0 0 1 0 0 0 1 0
b(2) = (ao(t)z,0,...,0) and X7 = (X, X\ 0, X 1) (12)

Using this notation we have the relation Xﬁf,: Pl — At+k(Z)Xiii:’f + b, (Z). We mention the
vector representation of ARCH and GARCH processes has been used in Bougerol and Picard
(1992), Basrak et al. (2002) and Straumann and Mikosch (2006) in order to obtain some proba-

bilistic properties for ARCH-type processes. Now iterating the relation & times (to get X iii P+l
in terms of X! ™) we have
k=2 pr—1 k—1
k—p+1 —pt1
R N ED ] | ) EI NSCIRY | ) A DO
r=0 *+i=0 =0

where we set [[[_, Arr_i(Z)] = I, (I, denotes the p x p dimensional identity matrix). We use

this expansion below.

Lemma 3.1 Let us suppose that Assumption 3.1(i) is satisfied. Then for s > 0 we have

Xivkrs = Ziphrs {Pspi(L) + Qoni(Z, X))}, (14)

where for s = 0 andn > t we have Py, (Z) = ao(t+k)+[Awie Dy [=2 [T Atri(D)brgs—r—1(2)]4,
Qoit(Z,X) = [AHk Hl ) AHk Z(Z)Xi_pﬂ] T (I']1 denotes the first element of a vector).

For1<s<p
s—1 P
PortlZ) = aolt+k+s)+ > ait+k+8)Xepkrami + Y ai(t+k+8) Zpsaci
i=1 =8

k+s—i r

{ag(t+/€+8—2 (At bts—i Z {HAt+k+s i—d(Z) brshss—iv T(Z)]l}a (15)
r=1 d=



k+s—i

Qs kt(Z X Z az t+ k + 5>Zk+s 1At+k+s z{ H At+k:+s i— d(Z)X§7p+l}}17
i=s d=0
and for s > p we have Py (Z) = ag(t+k+s)+D 7 a;(t+k~+5)Xiiprs—i and Qqp(Z,X) = 0.
We note that P, and Qs are positive random variables, and for s > 1, Py is a function

of Xitr . (but this has been suppressed in the notation).

PROOF. In Appendix A.2.

By using (14) we now show that the conditional density of X, s given X Z’rz s 2oy and

xir *1 g a function of the density of Z,,4ys. It is clear from (14) that Z; s can be expressed

as Liigrs = P (Z))(ka:Z,t( 75 Therefore, it is straightforward to show that

J— 1 ys
Fona(sly, y2,2) = Psit(2) + Qspr(z, m)fZ <Pskt( )+ Qsrt(2, x)) ‘ 1o

3.3 Strong mixing of the tvARCH(p) process

The aim in this section is to prove geometric mixing of the tvARCH(p) process without appealing
to geometric ergodicity. Naturally, the results in this section also apply to stationary ARCH(p)

processes.

In the following lemma we use Proposition 2.1 to obtain bounds for the mixing rates. It is worth

mentioning that the techniques used in the proof below can be applied to other Markov processes.

Lemma 3.2 Suppose {X;} is a tvARCH process which satisfies (11). Then for anyn = (no, ..., nN-ps1) €

(RT)? we have

sup |P(GNH) — P(G)P(H)|

GeFidk HeF >

k—1 p—1
< ZZSUP/HfZ(Zi) sup {/Dsm Ysly, 1+ 2 )dys}dz+4ZP | Xi—jl = n-j41), (17)
s=0 i=1 _

7=0

10



and

sup > |P(Gin Hy) — P(Gy)P(H;)]
{H'}Gfﬁoo {G'}EFH'k ij

p—1
< 2ZSUP/HfZ z) sup {/Sustm(ys\y Ny )dys}d2+4ZP X5 > n_ju1), (18)
R

=0 ze€ Y, IE]RS ze€ =0
where z = (21,...,2,-1) and {G;} and {H;} are partitions of Q.
PROOF In Appendix A.2. O

To obtain a mixing rate for the tvARCH(p) process we need to bound the integral in (17), then
obtain the set E which minimises (17). We will start by bounding D; j,, which, we recall, is
based on the conditional density fsx: (defined in (16)).

Lemma 3.3 Let Dy and Qg be defined as in (9) and (15) respectively.
(i) Suppose Assumption 3.1(i,ii,i1i) holds, then for all z € (RT)P we have

L E[Q,,(Z -
> / Hfz %) sup { / Ds,k,t@s@s1,g,g>dys}dgs K[ngf’fz—i—(g” < K(1— ¥z, (19)

Y, 1€R3

where K is a finite constant and 0 < § <6 < 1 (5 is defined in Assumption 3.1(i)).

(ii) Suppose Assumption 3.1(i,ii,vi) holds, then for any set £ (defined as in (4)) we have

p—1 k—1
Z/Hfz(zl) sup {/sustkt(ysly 2 )dys}dz<supK(1— ezl (20)
s=0 i=1

y, ,€R® z€€

PROOF. In Appendix A.2. O

We now use the lemmas above to show geometric mixing of the tvARCH process.

Theorem 3.1 (i) Suppose Assumption 3.1(i,ii,iii) holds, then

sup |P(GNH)—PG)P(H)| < Ko,
Geo(XEEF)
Heo(X; ™)

11



(ii) Suppose Assumption 3.1(i,ii,iv) holds, then

swp 3 S"IP(GiN Hj) — P(G)P(H))] < Ko,
) i

{Hj} eo(X; >
{GjYea(XEEM)

for any v1 — 4§ < a < 1, and where K is a finite constant independent of t and k.

PROOF. We use (17) to prove the (i). (19) gives a bound for the integral difference in (17),
therefore all that remains is to bound the probabilities in (17). To do this we first use Markov’s
inequality, to give Z?;é P(|Xi—j] > n-y) < Z?;é E|X;_;|n~;. By using the Volterra expansion
of X; (see Dahlhaus and Subba Rao (2006), Section 5) it can be shown that sup,., E|X;| <
(Supsez ao(t))/ supyez (1 — 320, a;(t))). Using these bounds and substituting (19) into (17) gives
for every n € (R™)? the bound

K(1 _5 k 1_7:1 » p—1 1
sup |P(GNH)— P(G)P(H)| <2 ( : ) 20T +HAK Y —
Geo(XEH) infyez ao(?) =0 =i

Heo(X; ™)

We observe the right hand side of the above is minimised when 7_; = (1 — §)¥/? (for 0 < j <
(p — 1)), which gives the bound

sup  |P(GNH)— P(G)P(H)| < K\/(1—0)*.

HEO(&?OO)
Geo(XiTR)

Since the above is true for any 0 < § < 6, (ii) is true for any o which satisfies v1 — 6 < o < 1,
thus giving the result.

To prove (ii) we use an identical argument but use the bound in (20) instead of (19), we omit

the details. O

Remark 3.1 We observe that K and « defined in the above theorem are independent of t,
therefore under Assumption 8.1(i,44,ii) we have a(k) < Kao* (a-mizing, defined in (1)) and
under Assumption 3.1(i,4,iv) B(k) < Ka* (B-mizing, defined in (3)) for all /1 —0 < a < 1.
Moreover, since o(Xirr) C 0( Xk .- Xevp—1) and 0(Xy) C o(Xy, ..., Xy—pr1) the 2-mizing
rate is also geometric with a(k) < Ko* (a(k) defined in (2)).

12



4 Mixing for ARCH(co) processes

In this section we derive mixing rates for the ARCH(o0) process, we first define the process and

state the assumptions that we will use.

4.1 The ARCH(c0) process

The ARCH(c0) process has many interesting features, which are useful in several applications.
For example, under certain conditions on the coefficients, the ARCH(oc0) process can exhibit
‘near long memory’ behaviour (see Giraitis et al. (2000)). The ARCH(oo) process satisfies the

representation

Xt = Zt (CLO -+ Z a]Xt]) R (21)
j=1
where Z; are iid postive random variables with E(Z;) = 1 and a; are positive parameters. The
GARCH(p, ¢) model also has an ARCH(co) representation, where the a; decay geometrically
with j. Giraitis and Robinson (2001), Robinson and Zaffaroni (2006) and Subba Rao (2006)

consider parameter estimation for the ARCH(o0) process.

We will use Assumption 3.1 and the assumptions below.
Assumption 4.1 (i) We have 377 a; <16 and ag > 0.

(ii) For some v > 1, E|X;|” < oo (we note that this is fulfilled if [E|Z¥|]** S % a; < 1).

Jj=1

Giraitis et al. (2000) have shown that under Assumption 4.1(i), the ARCH(oo) process has a
stationary solution and a finite mean (that is sup,c; E(X;) < 00). It is worth mentioning that
since the ARCH(o0) process has a stationary solution the shift ¢, plays no role when obtaining
mixing bounds, ie. SUPge,(x,.,) meo(xy) PG N H) — P(G)P(H)| = suPgeq(x,) nes(xo) PG N
H) — P(G)P(H)|. Furthermore, the conditional density of X4 given Z;1, | and X, is not
a function of ¢, hence in the section below we let fj; denote the conditional density of X,
given (Z;1) | and X; ) and for s > 1, let f, denote the conditional density of X 4+, given

t+k t —00
(Xt+k+s—1azt+k—1 and X;>).

13



4.2 The ARCH(co) process and the Volterra series expansion

We now write X, in terms of Z; , and X = (X, X_1,...) and use this to derive the conditional
densities fo, and fsj. It can be seen from the result below (equation (22)) that in general the

ARCH(o0) process is not Markovian.

Lemma 4.1 Suppose {X,} satisfies (21). Then
Xy = Pox(Z2) Zy + Qor(Z, X)Zy, (22)

where

Por(Z) =

k m—1 m—1
ap + Z Z < @ji g gz) ZJz)

m=1 k=jm,m>...>51>0

Qi(Z,X) = Z {Z Z (H Ajia ]z) ( ij> } (X). (23)

r=1 \m=1k=jy,>..>j1=r

Furthermore, setting Qo = 0, for k > 1 we have that Qo x(Z,X) satisfies the recursion
Qui(Z, X) = 351 a;Qun (2, X) Zpj + di(X), where di(X) = 3 g ax; X (for k > 1),

PROOF. In Appendix A.3 of the Technical report. 0

We will use the result above to derive the 2-mixing rate. To derive o and ( mixing we require

the density of X, given XV s 1s Z,_, and X;°°, which uses the following lemma.

Lemma 4.2 Suppose { X} satisfies (21). Then for s > 1 we have

Xk+s = Zk—l—s {Ps,k(Z) + Qs,k‘(Z71)} ) (24)
where Pop(Z) = ao+ Y 0;Xpraj+ Y 0 ZkpsPorss—i(Z)
=1 j=st1
k+s
QuilZ,X) = Y 0;Z4ejQonts—i(Z, X) + diss(X). (25)
Jj=s+1

PROOF. In Appendix A.3 of the Technical report.
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Using (22) and (24) for all s > 0 we have that Z;,, = PZ ))jgsk(zx which leads to the

conditional densities

— 1 Ys
fs,k(ys|ys,1’§> &) - Ps,k(é) + Qs,k(§7£) fZ (PSJg(z) + Qs,k<§7 Z)) ' (26>

In the proofs below Qg x(l,_;,z) plays a prominent role. By using the recursion in Lemma
4.1 and (25), setting z = X, and noting that E(Q,x(Z,z)) = Qsx(l;_;,2) we obtain the
recursion Qg x(l;,_;,2) = Zf 1 @i Qok—j(Lg_j_1, 1) + diys(x). We use this to obtain a solution

for Qpx(1;_q, ) in terms of {dx(z)}x in the lemma below.

Lemma 4.3 Suppose {X;} satisfies (21) and Assumption 4.1 are fulfilled. Then, there ez-
ists {4;} such that for all |z| < 1 we have (1 — 3272, a;27)"" = 377 427, Furthermore, if
>_;li%a;| < oo, then Hannan and Kavaliers (1986) have shown that 3, |j%;| < co. For k <0,
set dip(z) =0 and Qor(1,_1,2) =0, then for k> 1, Qyi(1,_1,z) has the solution

k—1 o0
on 1k 1L Z’%dk —j Z¢]dk —j = Zd) {Zak—j-ﬂm—i}a (27)

where x = (xg,T_1,...).

PROOF. In Appendix A.3 of the Technical report. U

4.3 Mixing for ARCH(c0)-type processes

In this section we show that the mixing rates are not necessarily geometric and depend on the
rate of decay of the coefficients {a;} (we illustrate this in the following example). Furthermore

for ARCH(o0) processes the strong mixing rate and 2-mixing rate can be different.

Example 4.1 Let us consider the ARCH(oco) process, {X:}, defined in (21). Giraitis et al.
(2000) have shown that if a; ~ j=F°) (for some § > 0) and [E (ZQ)P/QZ —a; < 1, then
lcov( Xy, X,)| ~ k=(F0) . That is, the absolute sum of the covariances is finite, but ‘only just’ if
0 is small. If Z; < 1, it is straightforward to see that X; is a bounded random variable and by

using Ibragimov’s inequality (see Hall and Heyde (1980)) we have

|cov( Xy, X;)| < C sup |P(AN B) — P(A)P(B)|,

A€o (Xo),Beo(Xk)

15



for some C' < oo. Noting that |cov(X,, X,)| = O(k~0+9) this gives a lower bound of O(k~(1+9)

on the 2-mizing rate. O

To obtain the mixing rates we will use Proposition 2.1, this result requires bounds on D, =

|fs,k<ys|gs_17§7 &) - fs,k (ys|gs_17 Z, O>| and its integral.

Lemma 4.4 Suppose {X,} satisfies (21), fz is the density of Z; and let Dy and Qoi(-) be
defined as in (9) and (23). Suppose Assumptions 3.1(iii) and 4.1 are fulfilled, then

/Hfz Z {/|f0k vz 1) — foulylz 0)ldy}dz < 2Le-12) 1’“ L Zm {Zak_wx_i}(z&
=0

and for s > 1

k+s k+s—j

k—1
/HfZ(Zi Sup /Dsk ys‘y 1 2, X dys}d2< _{ Z CL] Z WZ\ZGHS —J— I+il—4 +Zak+s+zx7:
=1 9 1

Jj=s+1

Suppose Assumptions 3.1(iv) and 4.1 are fulfilled, and £ is defined as in (4) then

k-1
/HfZ(Z@){ sup /sustk(ys|y T dys}dz

Yoy cRs

k+s k+s—j

_{ Z aj Z ’wl ZakJrs —j—l4iT—i +Zak+s+z77 } (30)

Jj=s+1

where x = (xg,T_1,...) IS a positive vector.
PROOF. In Appendix A.3 of the Technical report. O

We require the following simple lemma to prove the theorem below.

Lemma 4.5 Let us suppose that {c;}, {d;} and {n_;} are positive sequences, then

1nf{z (cim—i +dm=Y)} = (VlJer —i—uf#ﬂ)zqﬁd{?. (31)
i=0
PROOF. In Appendix A.3 of the Technical report. U
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In the following theorem we obtain a-mixing and [-mixing bounds for the ARCH(oco) process.

Theorem 4.1 Suppose {X,} satisfies (21).
(a) Suppose Assumptions 3.1(iii) and 4.1 hold. Then, we have

sup |P(GNH)— P(G)P(H)|
GeFk HeFy >

oo k+s k+s—j v )
< Z [ Z Z a; Z ‘wl|ak+s i T — Zak+s+z] +1 E|XO|V] 1 (32)
s=0 j=s+1

where K(v) = 3(1/14% + v o),
(i) If the parameters of the ARCH(oco) process satisfy |a;| ~ j7° and the ;| ~ j7°

(defined in Lemma 4.3), then we have

sup  |P(GNH)—PG)PH)| <K - |k(k+1)" + (k+ 1)
GeFk HeFy >

where 6 = & X (%)

(ii) If the parameters of the ARCH(oo) process satisfy |aj| ~ & and v; ~ &7, where
0 <6 <1 (an example is the GARCH(p, q) process), then we have

sup  |P(GNH)—-P(G)P(H)| < C-k-o*?
GeFk HeFO

where C'is a finite constant.

(b) Suppose Assumptions 3.1(iv) and 4.1 hold. Then, we have

sup ZZ |P(Gi N Hj) — P(G;)P(Hj)|
{GiYeFE {H;}eFy> ;

oo k+s k+s—j T
< Z{ DD ID WUTRUIRE Z} B 77,(39)
s=0 j=s+1

where {G;} and {H;} are partitions of ). We mention that the bounds for the a-mizing
rates for different orders of {a;} and {1;} derived in (i) also hold for the 3-mizing rate.

17



PROOF. We first prove (a). We use that

sup |P(GNH)— P(G)P(H)| = lim sup He F,*|P(GNH)—- P(G)P(H)|,

GeFk HEF; ™ " Gert,,

and find a bound for each n. By using (5) to bound SUDGert  Hery™ |P(GNH)— P(G)P(H)|

we see that for all sets £ (as defined in (4)) we have

sup |P(G N H)— P(G)P(H)| (34)
GeFg, HEF;™

n

< 2sup2/kaZ 2i) sup { D i ( ys|y AT dys}dz+4P(X0>n0 or ... X _,>n_p).
0 R Y 1

To bound the integral in (34) we use (29) to obtain

SupZ/kaZ ZZ Sup /D37k(y5|gs_17§7 &)dysdé
R

ze€ Yy, ,€R?
n k+s k+s—j
= G_OZ{ Z a; Z |¢Z|Zak+s —j—1+iT—i +Zak+8+ln } <35)
= Jj=s+1

Now by using Markov’s inequality we have that P(Xq > mngor ,..., X_, >n_,) <> ", E(‘n)f il”)
Substituting (35) and the above into (34) and letting n — oo gives
sup |P(GNH)— P(G)P(H)|
GeFk HeFy™

k+s k+s—j
= u%f [aoz{ Z a; Z |¢Z|Zak+s —j—l+ill—i +Zak+s+m i} B, | 277 }

Jj=s+1

where 7 = (19, 17-1,...).

Now we use (31) to minimise (36), which gives us (33). The proof of (i) can be found in the
appendix. It is straightforward to prove (ii) using (31).

The proof of (b) is very similar to the proof of (a) but uses (30) rather than (29), we omit the
details. 0

Remark 4.1 Under the assumptions in Theorem 4. J(a) we have a bound for the a-mizing rate,

that is a(k) < ((k), where ((k) = [ao Yo foﬂ a; T g l+z+a0 > o Ahsti) T
Under the assumptions in Theorem 4.1(a) the B3-mizing coeﬁiczent is bounded by B(k) < ((k).
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In the following theorem we consider a bound for the 2-mixing rate of an ARCH(o0) process.

Theorem 4.2 Suppose {X;} satisfies (21) and Assumptions 3.1(iii) and 4.1 holds. Then we

have

sw PN H) = PGP < K0) S |- S alslonyo| T EXGFIH 67)

Geo(Xy),HEF, ™ i—o L9055

where K(v) = 3(1/14+v +yT o),

If the parameters of the ARCH(oco) process satisfy a; ~ j=° and |1;| ~ j7° (1, defined in Lemma
4.3), then we have

sup  |P(GNH)— P(G)P(H)| < K - k(k+ 1) (38)

Geo(Xy),HeFy >

where 6 = 0 x (-£).

v+1

PROOF. We use a similar proof to the proof of Theorem 4.1. The integral difference is replaced
with the bound in (28) and again we use Markov’s inequality, together they give the bound

k—1 00 &
[ oy
sup [P(GNH) — P(G)P(H)| < inf {2a— > Il {Z akmm} +AE[Xo ") 777} .
a 0 j=0 i=0 i=0 /=i

Geo(Xy),HeF, =

Finally to obtain (37) and (38) we use (39) and a proof similar to Theorem 4.1(i) hence we omit
the details. 0

Remark 4.2 Comparing (38) and Theorem 4.1(i) we see that the 2-mixing bound is of a smaller

order than the strong mixing bound.

In fact, it could well be that the 2-mixing bound is of a smaller order than Theorem 4.2(1). This
is because Theorem 4.2(i) gives a bound for supge,(x,) Heo(Xo,x 1..) [P(G N H) — P(G)P(H)|
whereas the 2-mixing bound restricts the sigma-algebra of the left tail to o(Xy). However, we

have not been able to show this and this is a problem that requires further consideration.
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A Proofs

A.1 Proof of Proposition 2.1
We will use the following three lemmas to prove Proposition 2.1.

Lemma A.1 Let G € F/l}  =o(X/T}, ) and H E € F/ ™" =0o(X{™") (where E is defined

in (4)), and use the notation in Proposition 2.1. Then we have

|P(GNHNE) - P(GNE)P(H)| (40
< 2P(H)sup | P(GIX, ™ =z) - P(GIXy™ = 0)’ + inf P(GX; = z){P<H )P(E) + P(H N EC)}

PROOQOF. To prove the result we first observe that

P(GNHNE) = P(X{1;,,€6.X{ " e(HNE)) = / dP(X{™ <y, X{Th ., <z)
HNE JG

-/ { [apes,,, < yxi = o apa <
HNE G -

- / P(X{{is, € GIXiT" = 2)dP(X;" < ). (41)
HNE

Therefore, by using the above and that P(H N E) < P(H) we obtain the following inequalities

inf P(X!E,,, €GIXI = )P(HNE) < P(GNHNE)<swpP(XLTE,, € GXI™ = ) P(H) (42)
ze ze€

nf PG, €GIXI™ =2)P(B) < PGNE) <swp P, €GN =0)P(B). (43
Subtracting (42) from (43) and using P(H N E) = P(H) — P(H N E°) give the inequalities

P(GNHNE)—-P(GNE)P(H) < sup P(Xity,, €G|IX{™ =x)P(H)

—inf P(XG15,, € GIX0" =2)P(H) + P(EC)P(H)  (44)

P(GNHNE)-P(GNE)P(H) > inf P(XHE e GIXITM = 2)P(H)
xe

=t+k+ry

—sup P(X!1E,,, € GIXI™ = 2)P(H) - P(E° N H).  (45)
ze€
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Combining (44) and (45) we obtain

|IP(GNHNE)—-P(GNE)P(H)| (
< P(H)|sup P(G|X| ™ =z) — inf P(G|X{ "™ = z)| —|— mf P(G|Xt "= x){P(H)P(EC) + P(HNE*

z€€ ze€

Using the triangle inequality we have

sup P(GIXG™" = z) — inf P(G|X;™" = z)| < 2sup \P(GIX{™" = 2) — P(GIX;™ = 0)"
z€E z€ zel
Substituting the above into (46) gives (40), as required. O

We now obtain a bound for the first term on the right hand side of (40).

Lemma A.2 Let f

i—r; denote the density of X +k+r given X7 and G and H be defined
Litktrg
as in (10), then

| X

Lm@gﬁzg—Pw@wewws/mM@m@. (47)
g

Let wiillcq be a random vector which is independent of X1~ and let fw denote the density of

Wit 1 If G € o(Xpy) then

J fgston 0 = e w0y < [ )] [ Dosetola i faw s

and if G € o(X[T},,,) then

/‘ X;iiquQ'Xt Tl y|‘r) fizinerlXt Tl(y|0)| y /Rkl f_( {Sup/ Dskt Z/s|y 1= w, )dys}dw (

where G = G1 ® ... ® Gy, and G; C R.

PROOF. The proof of (47) is clear, hence we omit the details.

To prove (48) we first note that by independence of W, | and X} " we have that fwixtn (w|z) =

w(w), where +—r is the conditional density of Wil iven X!, Therefore we have
w WX, yOLW,.p 18 Ay

Frir W) / P Wl D) fw@dw = [ forpylw, 2) for (w)du.

Rk—1
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o1 (y]0)|dy gives (48).

Now substituting the above into fg ‘th+k|Xt7r1 (ylz) — mec\X
1x! X,

To prove (49) we note by using the same argument to prove (48) we have

Fxeve et (ylz) = Jw (w) H fort(ysly, |, w, z)dw. (50)
s=0

—=t+k+rg RE-1

Now repeatedly subtracting and adding f, . from the above gives

th+k |X§7T1(g|£) th+k Peme yIO Z {Hfakt ?/a|y 17w7$)} X

“=t+k+rg =t+k+ro Rk 1

{ 1 fb,k,t<yb|gb_1,w,o>}{fs,k,t<ys|gs_1,w,g)—fs,k,t<ys\gs_l,w,o>}dw. (51)

b=s+1

Therefore taking the integral of the above over ¢ gives
s—1
/ Fxgre, o 012) = Lo (0l0)|dy < Z / fw(w { {H /g Jakt(Yaly, 1 2, 2)dya X
a=0 a

H fblct (ly, ,»w, )dyb} xsup [ | fore(usly, w,z) = Fore(ysly, »w, \dys}dw (52)

b 8+1 g571 gs

To obtain (49) we observe that since G; C R and [, fsykyt(yslysil,w, x)dys = 1 we have

(Ha 0Ja. fakt(ya|ya LW, x)dya)(Hb st fgb fhk’t(yb]gb_l,w,g)dyb) < 1. Finally substituting
the above upper bound into (52) gives (49). O

The following lemma will be used to show 3-mixing and uses the above lemmas.

Lemma A.3 Suppose that {G;} € ffi,irm, {H;} € FI7™ and {G;} and {H,} are partitions of
Q. Then we have

> |P(Gin H;N E) = P(G; N E)P(Hy)|

]
< ZZsup |P(Gi| X7 =a) — P(G{|X{™™ = 0)| 4+ 2P(E°)
p ze€
and > " |P(Gin H; N E®) — P(G; N E°)P(H,)| < 2P(E°). (53)

0]
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PROOF. Substituting the inequality in (40) into ), ; |[P(G; N H; N E) — P(G; N E)P(H})| gives
Z |P(G;NH; NE) — P(G;N E)P(H,)|
< QZP Zsup‘PG|Xt " =g)— P(Gi| X =0)| +

Z inf P(GL|X{™ = ) { P(H,)P(ES) + P(H, 1 E9)). (54)
g
The sets {H;} are partitions of €, hence >, P(H;) = 1 and ), P(H; N E°) < 1. Using these
observations together with (54) gives (53).

(53) immediately follows from the fact that {H;} and {G,} are disjoint sets gives (53). O

Using the above three lemmas we can now prove Proposition 2.1.

PROOF of Proposition 2.1 equation (5) It is straightforward to show that
|P(GNH)—P(G)P(H)| < |[P(GNHNE)—P(GNE)P(H)|+ |P(GNHNE) — P(GNE*)P(H)|.
Now by substituting (47) into Lemma A.1 and using the above gives

|P(GNH)— P(G)P(H)| < QSup/ | fyee B (ylz) — fyern lthTl(g\O)‘dg+

2EE Lttktrg Lttktrg

inf P(G|X{™" = o) { P(H)P(E°) + P(H 1 E°)} + P(G N H N E°) + P(G N E)P(H).

Finally by using that G ¢ R™?™ P(GN H N E°) < P(E°), P(GN E°)P(H) < P(E°) and
infee P(G| XY™ = z) < 1 we obtain (5). O

PROOF of Proposition 2.1 equation (6) It is worth noting that the proof of (6) is similar
to the proof of (5). Using (53) and the same arguments as in the proof of (5) we have

Z|P(GmHj)— P(G; |<2Zsup/

Ferr o (Wle) = Frne g (410)|dy + 4P(E?)

<237 [ ouprye | xin @)~ g WO+ 4P (55
<2 |l e ) = fygs e 0y + 4P(E),
where H; = {w; X" (w) € H;} and G; = {w; X§i§+r2( ) € G;}, which gives (6). O
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PROOF of Proposition 2.1 equation (7). To prove (7) we note that st Ds,k,t(ys|ys,17% x)dys <

Je Ds,m(ys\gsil,w, z)dys. Now by substituting this inequality into (49) and what results into (5)
gives (7). O

PROOF of Proposition 2.1 equation (8). To prove (8) we use (49) and that for all positive

functions f, )", fgs,i f(uw)du < [ f(u)du we have

Z / er |f xirt e W) = Fyeexen (10) [y
T2

1]
(]

fw(w)  sup { / SUPDs,k,t(ys!gs_l,w,z)dys}dw
Gs,z

i s=0YRE y,_ERT)* ; TEE
T2

< Z Jw(w) sup {/sust,k,t(ys|gs_l,w,g)dys}dw
s=0 /R Y, ERT)s R z€€

where G, = G;1 ® ... ® G;,, and G,; C R. Finally substituting the above into the right hand
side of (6) gives (8). O

A.2 Proofs in Section 3

PROOF of Lemma 3.2 We first note that since {X;} satisfies a tvARCH(p) representation

(p < 00) it is p-Markovian, hence for any 7, > p the sigma-algebras generated by X iﬂi Y+, and

t+k t+k+p—1
Z++p X++p

L ey Xiih are the same. Moreover, by using that for all 7 > ¢, Z; is independent of X,

we have

sup  |P(GNH) — P(G)P(H)| = sup |P(G N H) — P(G)P(H)|. (56)

GeFidk HeF, > Ger/th  _ HeF Pt

Now by using the above, Proposition 2.1, equation (7), and that Zﬁ[,{;_l and X! 7Pt are inde-

pendent, for any set £ (defined as in (4)) we have

sup |P(GNH)— P(G)P(H)|
Geffjerp_l,He]-‘f‘p“
p—1 k—1
< 2sulg)Z/HfZ(zi) sup. {/Ds,kyt(ys\gs_l,g, z)dy, }dz +AP(X, > mo or ... Xy_pi1 > 1-pi1).
LEE s=0 Y i=1 Y1 EF
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Finally using that P(X; > noor X;—1 > n_1... Xi—py1 > n—py1) < Z?;é P(X,—; > n_;) gives
(17).
The proof of (18) uses a similar proof as that given above, but uses (8) instead of (7), we omit

the details. m

PROOF of Lemma 3.1 We first prove (14) with s = 0. Suppose k > 1 and focusing on the

first element of X'™¥ 7" in (13) and factoring out Z,,; gives

¥ S
k-2 r k-1
Xk = Zipr{ao(t + k) + [Ark Z H Avpr—i(Z)bers—r—1(Z)1 + [At+k{H Avpni( 23X},
=0 i=1 i=1

which is (14) (with s = 0). To prove (14) for 1 < s < p, we notice by using the tvARCH(p)

representation in (11) and (14) for s = 0 gives

s—1

p
Xithts = Lighys {Go(t +k+s)+ a;(t +k+ 8) Xipprs—i + Z a;(t+k+ S)Xt+k+si}
i=1 1=s
= Ziskrs {Pspt(Z) + Qs (2, X)},

where P, and Q, ., are defined in (15). Hence this gives (14). Since a;(-) and Z; are positive,

it is clear that P, and Q,, are positive random variables. ]

We require the following simple lemma to prove Lemmas 3.3 and 4.4.

Lemma A.4 Suppose that Assumption 3.1(iit) is satisfied, then for any positive A and B we

have

1 Y 1 Y B B
[l gty - gy < kG + 20, (58)

Suppose that Assumption 3.1(iv) is satisfied, then for any positive A, positive continuous function

B:R™T - R and set E (defined as in (4)) we have

1 y 1.y B(z) B(z)
AZEE|A+B(£)fZ(A+B<£))—Zfz(zﬂdyﬁKS;;I;( Sy

(59)

PROOF. To prove (58) we observe that

1 y L,y
[l gty - Ay =1+ 11
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1 1
where I = [ o plfal ) = ey and 11 = [ (G = Dre.

To bound I, we note that by changing variables with v = y/(A + B) and under Assumption

3.1(iii) we get

1< /R 7o) = Fo (1 + 5))|du < K2

It is straightforward to show 11 < -2 ~5- Hence the bounds for I and I1 give (58).

B

The proof of (59) is the same as above, but uses Assumption 3.1(iv) instead of Assumption

3.1(iii), we omit the details. O

PROOF of Lemma 3.3. We first show that

K

inftez a0<t>

sup /Dskt(ySIy & £, )dys S Qs,k,t(§7£) (60)

gs— 1 €R®

and use this to prove (19). We note that when z =0, Q% :(2,0) = 0 and

fona(Wsly,_:2,0) = Psralz)” Liz( ). Therefore using (16) gives

Pt+k+s t+k(z)

1 Ys 1 Ys
‘mt( 50y " P o) Ps,t,k@fZ(Ps,k,t(g))"

Ds,k,t (ys|ys_17 2 Q) =

Now recalling that P x; and Qs k. ; are both positive and setting A = Psr+(z) and B = Q. +(2, x)

and using (58) we have

Qut(2, L Qs (2, 2
/Ds7k»t(ys|gs_l7g7 &)dys S K < 7k‘7t( ) kt( ) ) .
R

Pi,i(2) Psri(z) + Qsrr(z, x)

Finally, since Py y.(2) > infiez ao(t) we have [, Dy pet(ysly, s 2, 2)dys < KM thus giving

infiez ao(t)”’
(60). By using (60) we now prove (19). Substituting (60) into the integral on the left hand side
of (19) and using that E[Q; x+(Z, )] = Qsk.t(1s_1,2), using this and substituting (60) into (17)

gives

= E[Qst(Z, 2)] Qakt (L1, 2)
/HfZ(Zz sup { Dskt(ys’y 1 Z, X dys}dz <K . ==K e — — : (61>
i=1

y_ eR® infyez ao(t) infyez ag(t)

We now find a bound for Qg By definition of Q,; in (15) and using the matrix norm
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inequality [Az]; < K||Al[specllz|| (|| - ||spec is the spectral norm) we have

D k+s—i k+s—1i
Qeri(l_q,2) = Z a;(t+k+s) [At+k+s—i Z { H At+k+s—i—d}£} 1
i=s+1 r=1 d=0
K D k—1
Z ai(t +k+s) ||At+k+s—i{H At+l~c+s—z’—d}Hspec||£||-

m i=s d=0

To bound the above, we note that by Assumption 3.1(i), sup,ez >_7_; a;(t) < (1 — 9), therefore
there exists a §, where 0 < § < § < 1, such that for all ¢ we have HAHkJrs,i{HS;é Attt s—i—d} |spec <
K(1 —6)*1 for some finite K. Altogether this gives

k+s—1
K
Qukt(Lyg, ) < mzaz (t+k+s) ||At+k+s i }_[0 At thts—i— d}HspecH x|
K - -
< — ai(t+k+s)(1—0)"z|. 62
S 2 k90 = el (62)

Substituting the above into (61) gives (19).

We now prove (20). We use the same proof to show (60), but apply (58) instead of (59) to obtain

sup /Sustk Ysly, -2 2)dys < ————<sup Qs (2, ).
y,_,ER? z€€ t( | -1 ) inf,ez @O(t) z€e€ t( )

By substituting the above into (18) and using the same proof to prove (19) we obtain

p—1

E[sup,ce Qskt(Z, z))
E | | i D, o 2, x)dys pdz < K = - .
/ fZ Z sup {/RSUP k:t(y ‘y 1 y} Z HlfteZaO(t) (63>

Yo 1€RS e€

Since Qg 1+(Z, ) is a positive function and sup,c¢ Qs rt(Z, 2) = Qs r.((Z, 1) we have E[sup,ce Qs r,t(Z, )]
supeg E[Qu ki (Z, 2)] = sup,ee Qsri(1),_1,2), hence by using (62) we have

E[Supgeg Qs,k,t(Z7 i)] < K(l - S)kHE”

infyez ao(t) = infiez ao(t)

Substituting the above into (63) gives (20). O
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