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Abstract

We consider a zero mean discrete time series, and define its discrete Fourier transform at
the canonical frequencies. It can be shown that the discrete Fourier transform is asymptotically
uncorrelated at the canonical frequencies if and if only the time series is second order stationary.
Exploiting this important property, we construct a Portmanteau type test statistic for testing
stationarity of the time series. It is shown that under the null of stationarity, the test statistic
is approximately a chi square distribution. To examine the power of the test statistic, the
asymptotic distribution under the locally stationary alternative is established. It is shown
to be a generalised noncentral chi-square, where the noncentrality parameter measures the
deviation from stationarity. The test is illustrated with simulations, where is it shown to have
good power.
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1 Introduction

An important assumption that is often made when analysing time series is that it is at least second
order stationary. A large proportion of the time series literature is based on this assumption. If
the assumption is not properly tested and the analysis is performed, the resulting model may be
misspecified and the forecasts obtained may be inappropriate. Therefore, it is important to check

whether the time series is second order stationary.

Over the years, various statistical tests have been proposed. One of the first tests for stationarity is

considered in Priestley and Subba Rao (1969), more recently tests have been proposed in Sachs and



Neumann (1999) and Paparoditis (2009). We briefly mention, that there exists several CUMSUM
based tests (see Andreou and Ghysels (2008) for a review), which are specifically designed for the
detection of change points in a time series, which is a particular example of nonstationarity. In
contrast, the aforementioned stationarity tests are designed for the detection of smoothly varying
alternatives (see Sachs and Neumann (1999) for an interesting discussion on the differences between
smooth and non-smooth tests). Most of the tests for stationarity are based on comparing spectral
densities over various segments. More precisely, the test statistic proposed in Paparoditis (2009) is
an Lo-based statistic, which compares the local spectral density estimator with the global spectral
density estimator. Whereas, Sachs and Neumann (1999) propose a test which detects for a changes
in the autocovariance structure from segment to segment, and is based on the observation that
under the null of stationarity the bivariate wavelets coefficient of the local spectral density is zero.
Motivated by this observation, Sachs and Neumann (1999) propose estimators of the Haar wavelet

coefficients and use a multiple testing procedure to test the significance of the wavelet coefficients.

The underlying important assumption, on which these tests for stationarity are based, is on a
delicate, subjective, choice of segments of the data. This can make the test extremely sensitive
to the segment length. Moreover, the rate of convergence to the limiting distribution (usually a
Gaussian) depends on the number of segments. Therefore, for relatively small sample sizes the
normal approximation may not be reliable. For example, the Lo-statistic in Paparoditis (2009),
like most Lo-tests, can be quite skewed, which can lead to large type I errors. On the other hand,
the rate of convergence of the Sachs and Neumann (1999) test statistic depends, implicitly, on the
segment length. Furthermore, since the joint distribution of the wavelet coefficients does not exist,
obtaining the power of the Sachs and Neumann (1999) test for the alternative of local stationarity
can be extremely difficult. In this paper, we propose a test based on the discrete Fourier transforms,
which is based on the entire length of data, thus avoiding a subjective choice of segment length
and its associated problems. Unlike most tests for stationarity, which are comparison based, the

proposed test is motivated by a property unique to second order stationary time series.

In Section 2 we define the Discrete Fourier transform (DFT) and show that the DFT are asymptoti-
cally uncorrelated at the canonical frequencies if and only if the time series is second order stationary.
This motivates the test statistics, which is based on the DFT. The Portmanteau type test statistics
we propose is based on the covariance function calculated using the DFT at the canonical frequen-
cies, which we call the DF'T covariance. The asymptotic sampling distribution of the test statistic,
under the assumption that the time series is strictly stationary and either linear or a-mixing is
obtained in Section 3. Under the null hypothesis that the time series is strictly stationary, we show
that the asymptotic sampling distribution of the test statistic is a central chi-square. To examine
the power of the test, we consider the case of locally stationary time series (see Dahlhaus (1997)
and Dahlhaus and Polonik (2006)), and derive the distribution of the test statistic under this class
of alternatives. In Section 4 we show the distribution under this class of alternatives, is a type of

non-central chi-square, where the noncentrality parameter is of order O(T'). Furthermore, we show



that the case of local stationarity, the DFT covariance is an estimator of the Fourier coefficients
of the locally stationary spectral density. One practical advantage of our approach is that DFT
covariance can be plotted, which can be used to indicate where the departures from stationarity

may lie.

In Section 5, we compare our test to the test for stationarity recently proposed in Paparoditis
(2009). In Section 6 we compare the two tests through simulations and we examine the type I error
and power of both tests. We show that the type I error for the our test is good and the power for

various alternatives is high.

The proofs can be found in the appendix, and some results concerning quadratic forms may be of

independent interest.

2 The Test Statistic, motivation and sampling distribution

2.1 Motivation

Let {X;} be a zero mean time series. Suppose we observe {X;;t =1,...,T} and let Jr(wy) be its
DFT defined as

T
1
Jr(wg) = Xyexp(itwy), for 1 <k < T,
T( ) m £ t ( )
where wy, = # are the canonical frequencies. Tt is well known that if {X;} is a strictly stationary

time series, whose covariances are absolutely summable then for k; # ky and ky # T — ko we have
cov(Jr(wk, ), Jr(wk,)) = O(%). Therefore in the case of stationary processes, the discrete Fourier

transform {Jr(wg)}7_, is asymptotically uncorrelated. Let

T
1 _— . .
at,7) = B(X,, Xo) = > E(Jr(w ) Ir(wh,)) exp(—itwy, + iTwy, ), (1)
k1,ko=1

where Z is the complex conjugate of the complex variable z. From the above we observe if
E(JT(wkl)m) = 0 for ky # ko or ky # T'—ko, then we have k(t,7) = k(t—7) for 0 < t,7 < T—1.
In other words, an uncorrelated discrete Fourier transform sequence implies that the original time
series is second order stationary, up to lag 7. This argument can be generalised. Suppose that
E(Jr(we, ) Jr(wk,)) = O(T~ ky — k| 1) for ky # ko, then using (1) the process is second stationary,
since for all T, k(t,7) = wp(t — 1) + O(log T/T) (where kp(t —7) = & 371 E|Jp(wi)|? exp(—i(t —

T)w))-

Let us consider a simple example, where we show that if {X,} are independent, heteroscedastic



random variables, then the sequence {Jr(w)} is not uncorrelated. Let us suppose X; = 04&;, where
o is a deterministic, time dependent function and {;} are independent identically distributed (iid)
random variables with E(g;) = 0 and var(e;) = 1. In this case, the covariance of the DFT at the
canonical frequencies is
- 1 &
E(Jr(wg,)Jr(wy,)) = 52T ZO‘ exp(it(wg, — Wky))-
t=1
From the above, it is clear that cov(Jp(wy, ), Jr(wk,)) # 0 for some ki # ko (if 0y is not constant

over t).

2.2 The test statistic

The above observations lead us to the following test statistic. We note that, if the the time series is
strictly stationary, then E(Jr(wg)) = 0 and var(Jp(wy)) — f(wg) as T — oo, where f: [0,27] — R
is the spectral density of the original time series {X;} (see Priestley (1981) and Brockwell and Davis
(1987)). Therefore by standardising with /f(wy), under the null of stationarity, {Jr(w)//f(we)}
is close to an uncorrelated, second order stationary sequence. Therefore to test for stationarity of
{X;} we will test for randomness of the sequence {.Jr(wi)/+/f(wy)}. The proposed test will be a
type of Portmanteau test (see Chen and Deo (2004) for applications of the Portmanteau test in
time series analysis). Of course, in reality the spectral density f(w) is unknown, therefore we will
replace f(-) with the estimated spectral density function j/}(), where

_ Z%K(“’“
J

D)) I ()], (2)

K :[—1,1] — R is a positive, continuous, symmetric kernel function which satisfies f_ll K(z)dr =1
and f_ll K(z)?dz < oo and b is a bandwidth. We mention that so long as the bandwidth is chosen
such that T~1/2 << b << T~'/* then it does not play any role in the asymptotic rates.

We define the empirical covariance at lag r, which is complex valued, of the discrete Fourier trans-
form as
JT wk+r)

ﬁ (1) Fr(wier)

Mq

, for1<r<T-1. (3)

In Figures 1 and 2 plots of the DFT covariance ¢r(r) over various lags of stationary and nonstation-
ary time series are given. We observe that there is a clear difference between the DFT covariance
of stationary and nonstationary time series. In the stationary case the DFT covariances tend to be

smaller (at least for small lags r) than the DFT covariance of a nonstationary time series.



The proposed test statistic is based on ¢r(r). We show in Lemma A.10 that if {X;} is a strictly
stationary time series, E(X}') < oo and the fourth order cumulants are absolutely summable, then
both the variance of the real and imaginary parts of vT¢p(r) converge to 1 + r(w,) as T — oo

where

R f4(>\17_)\1_wm )\2)
wlwr) @n/ o VFfh A1+wﬁfMng2+wﬁde&’ @)

w, =211 /T and f4(A1, Ao, A3) = (2m) 23>0 cum(Xo, X, Xj,, Xjy) exp(i(A1j1+Aaja+As3)3))

J1,J2,]J3=—00
is the tri-spectra. Under the null hypothesis of strict stationarity, we show in Theorem 3.2 that

1 1 D
\/T(—?R/c\ 1),..., ———S@ m>—>./\/0,[m, 5
T ) o gy Sertm) (0 Lom) )
hence the empirical covariances ¢r(r) at different lags are asymptotically uncorrelated and ¢r(r) =
0p(1). Motivated by the above result we define the test statistic

ler(r)
Tzl—i-/i (wr)

where |z|> = 2z and r # 0 or T/2. We note, that unlike the classical Portmanteau tests, using

covariances with a large lag is not problematic as the DF'T is periodic.

We derive the asymptotic distribution of the test statistic in Section 3, under the null hypothesis
that either {X;} statisfies the MA(c0) representation

Xp =) e, (6)
§=0

where {g;} are iid random variables with E(g;) = 0, E(¢?) = 1 and k4 = cumy(g;) or that {X;}
is a strictly stationary time series which is a-mixing (defined in Assumption 3.1, below), which
includes a large class of time series (see, for example, Doukhan (1994) and Cline and Pu (1999)).
We mention that not all linear processes are mixing hence we have separated the assumptions and
the proof of asymptotic normality for both cases is different. Under these assumptions we will show
in Corollary 3.1, below, that ¢r(r) = 0,(1) and 7,, converges in distribution to x3,. Therefore we

reject the null of strict stationarity at the a% significance level if 7,, > x3, (1 — ).

In the case of linearity, (4) has an interesting form. It can be shown that

3| elio) - ol +wn)ds|

Ry
K(w,) = )




where

SAW)

¢(w) = arctan ;AW) and A(w \/_ Z Y, exp(iwy).

Hence in the case of linearity, if m is small then by the continuity of ¢ the test statistic can be

approximated by

= TZ 1’? /9 where Ky = cumy(e).

Remark 2.1 (Estimation of the tri-spectra) We observe that the test statistic T, requires es-
timates of the parameter k(w,). Therefore to estimate this parameter we require estimators of the
tri-spectra and spectral density. Brillinger and Rosenblatt (1967) propose an estimator of the tri-
spectra f4(+) (denote this as ]/”;,T(-)), which is consistent under the assumption of strict stationarity

(our null hypothesis). Therefore, an estimator of k(w,) is

R = _/ / Fur(Ar, =1 — A2) dNds,
VEOD e +wr>fT<A2>fT<A2 )

where J/”\T()\g) is defined in (2). Since k,r is a consistent estimator of k(w,), replacing k(w;) in the

test statistic with k,r, does not alter the asymptotic sampling distribution of Tp,.

Remark 2.2 (Practical issues) (i) Simulations demonstrate that the test is not sensitive to
the bandwidth b, and we suggest selecting the bandwidth using the method described in Beltrao
and Bloomfield (1987).

(ii) The asymptotic distribution under the null is derived under the assumptions that the spectral
density of the time series { X;} is bounded away from zero. In practice, even if this assumption
holds, the estimated spectral density ]/C;ﬂ() may be quite close to zero. Therefore, in this case,
to prevent falsely rejecting the null, we suggest adding a small ridge to the spectral density

estimator ]?T() to bound it away from zero.

2.3 The power of the test and selection of m

In Section 4 we obtain the asymptotic sampling properties of the test statistic 7,,, under the
alternative of local stationarity. In order to understand what nonstationary behaviour the test
statistic can detect and how to select the lag m in the test statistic, we will now outline some
of the results in Section 4. Suppose that {X;} is a nonstationary time series, where in a small

neighbourhood of ¢ the observations are close to stationary and has the local spectral density f (%, w).



In Lemma 4.1 we show that er(r) = B(r)+0,(1), and VT ((Rer(r) —RB(r)), (Ser(r) — SB(r))) A
N(0,%,) where X, is defined in Theorem 4.2 and

1t f(u, ) :
=) FOVF O+ w72 SP(—i2mur)dudA. "

Furthermore, we show that under the alternative of local stationarity, 7,, has asymptotically a non-

central generalised chi-squared distribution where the noncentrality parameter is, roughly speaking,
om =T " |B(r)|*. Hence for large T, the test statistic 7, = O(T) and will have close to 100%

power.

The main parameter to influence the DFT test is the choice of m. To select m, let us consider how
m may influence the power. We observe that the power of the test depends on B(r) and rewriting
B(r) we see that

1 2
B(r)=— E5(r, N)dA
)= [ FrNar
where Fy(r, \) fo % exp(—i2mur)du. We show in Lemma A.2, that under Assumption

4.1, sup, | Fa(r, \)| < Kr~2, therefore | B(r)| = O(r2) and >_ |B(r)| < co. Since the non-centrality
parameter 0, =Ty ", \B(T)|2, it makes sense to use only small lags r, since for large lags |B(r)|
will be small and the contribution to the noncentrality parameter 62 with be neglible. Therefore
a large m will result in a loss of power, since under the null 7,, A X3, (this is analogous to the
Ljung-Box test for independence, using the estimated covariance at large lags results in a loss in
power). In general, relatively smooth functions contain mainly low frequency information and a
Fourier expansion of the function to 10 terms can represent a function well. Therefore, in general a
‘rule of thumb’ is to use a maximum of m = 10 in the test statistic. One method for selecting m is
to plot the estimated covariances T'|cr(r)|* against the lags, and use only the first m large lags to
construct the test (see Figures 1 and 2). The plot of T'|er(r)|? can also serve as a useful visual aid

for ‘viewing’ the nonstationarity.

Remark 2.3 An alternative test, motivated by the asymptotic result (5) is

= 2
7 =T max er()” :
1<r<m 1+ K(w,)

Under the null of strict stationarity the asymptotic distribution of 7,7 has the density 3 exp(—z/2)(1—
exp(—z/2))™ . The power of this test under the locally stationary alternative can be determined

by using Theorem 4.2. We will compare T, and T in the simulations.

To consider the type of nonstationary behaviour the test statistic can detect let us consider the



Fourier expansion of the the function f(u,w)f(w)™

flu,w

fw)

= iﬁ Z Z a(r, j) exp(i2mru) exp(ijw), (8)

where a(r,j) = [ [ f}(c?j;) exp(—i2mru — ijw)dudw. We observe that when f(u,w) = f(w) (the

stationary situation), all the Fourier coeflicients will be zero except for (0, 0). Hence the coefficients

a(r, j) describe the nonstationary behaviour of K fq(‘ °;) at various Fourier frequencies.
Now for r << T we have that w, = 2 — 0 as T — oo, hence by comparing B(r) with (8)

we observe B(r) =~ a(r,0). Hence for small » B(r), detects the average ‘long-term’ nonstationary
behaviour. This implies that the test can detect very slow and gradual changes in the time series,

which segment based testing methods may have problems detecting.

Remark 2.4 The other coefficients in (8), a(r,j), can be estimated by using cp(r,j) where

. -
7(wk) Jr(Whr) .
= exp(—ijwy)-

7 Jf () Fr(wirr)

The sampling properties of cr(r,j) are similar to the sampling properties of ¢r(r) and the test

statistic can be modified to detect for nonzero a(r, 7).

3 Sampling properties of the test statistic under the null

We now derive the asymptotic distribution of ¢r(r) and 7, under the null of strict stationarity.
To simplify the analysis of the test statistic 7, we replace the denominator in the covariance cr(r)

with its deterministic limit. To do this, we define the unobserved DFT covariance

T -
1 J- J- ,
1 Z 7(wWi) 1 (Wt )' 9)
T k=1 f(wlc)f(wk—I—T)

We will show that the difference between ¢r(r) and ¢r(r) is negligible (hence the limiting distribu-
tions of \/Ter(r) and vTér(r) are asymptotically equivalent). This is technically quite challanging
and requires some of the cumulant results developed in Brillinger (1981). In order to use these

results we require the relatively strong moment assumptions given below.

Assumption 3.1 Let us suppose that {X;} is a strictly stationary time series and let f(w) =
53 cov(Xo, X,) exp(irw).

21 r=—00

(A) Strictly stationary linear time series



Let us suppose that {X;} satisfies (6).

(i) 3520 |j1bjl < oo (noting that this implies sup,, | f'(w)| < o0).
(ii) E(e%) < oo (noting this implies E(X}%) < o0).

(B) Strictly stationary a-mixing time series
Let us suppose that {X;} is a strictly stationary time series which is a-mizing,that is satisfies
sup |P(AN B) — P(A)P(B)| < a(r).

AGO'(X'rer-Q»l yeee)
Beo(X0,X_1,..)

(1) >, |rcov(Xo, X,)| < oo (which implies sup,, | f'(w)| < 00).

(ii) For some § > 0 we have Y. |r| - |a(r)|150+9) < 0o and E| X601+ < oo.

(iii) inf, f(w) > 0 and if {X;} is a linear time series inf,, |RA(w)|* > 0 (where
Alw) = (2m)"2 327 ¥ explijw) ).

(iv) Either (a) 3, [r?||cov(Xo, X,)| < oo (implied by 3 |7*¢;] < oo in the linear case) or (b)
the derivative of the spectrum f'(w) is piecewise montone on the interval [0,27] (in other
words f'(+) can be partitioned into a finite number of intervals which is either nonincreasing

or nondecreasing).

We use Assumption 3.1(iv) to obtain the rate of decay of the Fourier coefficients of the function
S S

fw)f(wtwr)
sense weaker. In the results below if we state that ‘Assumption 3.1 holds’, this means that either

. We observe, that in the case the time series is linear, the assumptions are in some

the linearity or the a-mixing assumption can hold.

Theorem 3.1 Suppose Assumption 3.1 is satisfied and let cp(r) and ¢p(r) be defined as in (3) and
(9) respectively. Then we have

~ ~ 1 1 1 1
VTIer(r) —er(r)| = Op((b + \/ﬁ) + (le/2 +V*T?) (m + m)) (10)
PROOF. See Appendix A.2, Lemma A.8, equation (33). O

In the following lemma we derive the asymptotic variance of ér(r), and show that ér(r) is asymp-

totically uncorrelated at different lags r, and at the real and imaginary parts.



Lemma 3.1 Suppose Assumption 3.1 holds. Then we have

cov(ﬁﬁfﬁb}(rﬁ, \/T%ET(TQ)) = COU(ﬁ%gT<T1>, ﬁ%ET(Tz))

o) T # T2
1 + L f271’ 27T f4(w1,7w17wm7w2) d(,()ld(,UQ + O(l) ’]”1 — 7’2 — T' (11)
Am JO SO S (W) fwrtwn) f(w2) f(watwr) T

and for all ri,ry € Z, cov(\/TSéT(rl), \/T?)%T(rg)) = O(%)
PROOF. See Appendix A.3. O

Remark 3.1 Suppose Assumption 3.1(A,iii,iv) holds. Then we have

cov(ﬁﬁRET(T), ﬁ%ET(r)) = cov(ﬁ%éT(T), \/T%&p(r))
%/0 exp(igp(w) — p(w + ZLTT))dw + O<f)

R4

2

The proof of this result can be found in Appendix A.S3.

We now show normality of ¢r(r), which we use to obtain the distribution of 7,.

Theorem 3.2 Suppose Assumption 3.1 holds. Then for fixred m we have

ﬁ(émam),.. ﬁ%@@)) 2 N(0, Toy), (12)

1+ K(w) 1l+k

as m(b + \/%) + (g7 + T2 30, (‘TL‘ + 715) — 0 and T — oo, where Ly, is the identity
matriz and k() is defined in (4)

PROOF. See Appendix A.4. O

By using the above we are able to obtain the asymptotic distribution of 7,,.

Corollary 3.1 Suppose Assumption 3.1 holds. Then for fired m we have T, EA Xam With
m(b+ \/%—T) + (7 + T Y (L + 7) — 0, as T — oo.

r=1 \]

PROOF. The result immediately follows from Theorem 3.2. 0J

10



4 Sampling properties of the test statistic under the alter-

native of local stationarity

It is useful to investigate the behaviour of the test statistic in the case that the null hypothesis
does not hold. If the covariance structure varies over time, then the limit of ¢7(r) will not be
zero. This suggests that the test statistic will have a type of non-central x? distribution. However,
in the case that time-varying covariance has no structure it is not clear what the limit of cr(r)
will be. Therefore we consider the behaviour of the test statistic for the class of locally stationary
processes, which as the name suggests is a class of processes which can locally be approximated by
a stationary time series. The asymptotic considerations for this class of processes are based on infill
asymptotics (see Robinson (1989), Dahlhaus (1997)), where we observe {X; 7} on a increasingly
finer grid. Infill asymptotics will lead to a well defined limit of ¢r(r). Following Dahlhaus and
Polonik (2006), {X;r} is said to have a time-varying MA(co) representation if it satisfies

Xt,T = Z¢t,T(j)5t—j7 (13)

where {e;} are iid random variables, E(g;) = 0, var(e;) = 1.

In order for {X; r} to be a locally stationary time series, we will assume that ¢, 7(j) closely approx-
imates the smooth function ;(-). Hence the time-varying MA parameters {¢; r(j)} vary slowly
over time. It can be shown that in this case, {X;r} is a locally stationary time series because it

can locally be approximated by a stationary time series. We will use the following assumptions.

Assumption 4.1 Let us suppose that {X;r} satisfies (13). Suppose, there exists a sequence of
functions ¥;(u), such that 1;(u) is Lipschitz continuous and [¢;(%) — vy r(4)] < T7H(j)~", where
{£(5)~"} is a positive monotonically decreasing function which satisfies Y. |j[*€(j)~" < oo. Let

flu,w) = (2m) 71 3272 ¥5(u) exp(ijw)|? (hence sup,,, |29 < o).
(i) sup, [¢;(u)| < £(j)~" and sup, }d%(u)‘ < Kl(5)7 (hence sup,., |af ) | < o0).

(ii) E(c1%) < oo

(iii) Define the integrated spectral density f(w fo u,w)du, and assume that inf,, f(w) > 0.

(iv) Bither (a) sup, 35, [0(u)] < 00 (hence sup,,, | 55| < o0 or (b) Alu,w) and 24 ore

piecewise monotone functions with respect to u.

We will show in Lemma 4.1, below, that in the locally stationary case the spectral density estimator
Fr(-) defined in (2) estimates the integrated spectrum f(w), where f(w) is defined in Assumption

11



4.1(iii). Roughly speaking, one can consider the integrated spectrum as the average of the locally

stationary spectrums.

As in Section 3, it is difficult to directly obtain the distribution of ¢r(r). Instead we replace the

random denominator with its deterministic limit (that is Jp(wy)/ J?T(wk) with Jr(we)/+v/ f(wk)),
and define

ET(T) =

1 Jr(wr) Jr(Witr) 14
T; Flwr) fwrer) "

where f(-) is the integrated spectrum. The following result is the locally stationary analogue of
Theorem 3.1.

Theorem 4.1 Suppose Assumption 3.1 is statisfied, and let ¢r(r) and cr(r) be defined as in (3)
and (14) respectively. Then we have

—~ ~ 1 1 1 1
VT|er(r) —ep(r)| = Op(\/ﬁ + (le/2 + b2T1/2) (m + m))
PROOF. In Appendix A.2, Lemma A.8, equation (34). O

From the lemma above we see that in order for the sampling properties of vTép(r) and vTér(r)
to coincide, we require that T-1/2 << b << T~1/4,

We now obtain the mean and variance of ér(r) under the alternative hypothesis of local stationarity.

Lemma 4.1 Suppose Assumption 4.1 are satisfied and let f(w) and f(u,w) be the integrated and

local spectrum (defined in Assumption 4.1) respectively. Then we have

. 1

E(fr(w) = fw)" = 0" + 7). (15)

E(ér(r)) — B(r) as T — oo, and

cos(RVTEr(r), RV Ter(rs)) — S0V coo(RVTer(ry), SVTer(rs)) — BH2

T,ri,ro T,ri,re
coo(SVTer(r), 3VTer(ry)) — 287 (16)
b— 0, bT — oo as'T — oo, where
wy  _ Lo @) @) (3) log T
ET,Tl,TQ - Z_l (FT,TLTQ + FT,Tl,Tg + FT,TQ,Tl + FT,'/‘l,'/‘Q) + O( T )7
s Zhpm o p@ _pe _pe) oy oloeT
T7T17T2 - 4 T,T17T2 T,T17T2 T7T27T1 T7T17T2 T ?

12



2,2 1 a 2 3 log T
Egj,rl) ro Z (Féﬂil,rg - Fgﬂ,z“l,rg - F% 2“2 r1 + ng 3‘1 7"2) + O( T )
and Fgfrz n (i=1,2,3) are defined in Lemma A.12 (in Appendiz A.3).
PROOF. See Appendix A.3. O

We use the above to obtain the asymptotic distribution of 7, under the alternative. First we recall
that we estimated the standardisation of ¢r(r), k., in Remark 2.1. In the case of local stationarity,

Ry 1s an estimator of

(A1, —=A A
Klw,) = / / f4 San 2) dhd)s,
Cdn VIO + >\2)f(>\2)f()\2 +wy)
where f(-) is the integrated spectral density and and fi(A1, Ao, A3) = fol fa(u, A1, Ay Ag)du, with
f4(u, )\1, )\2, )\3) = %A(U, —>\1 - )\2 — )\3) H?:l A(U, wi).

Theorem 4.2 Suppose Assumption 4.1 holds. Let
Eg}g) E(T1,2)
Y= Zg?’l) Eg?’m ’

nED 2D e defined in Lemma 4.1 and ni = 3Y

TT o’ Tri,r9? T,ri,ro TT T2 Tyri,ro°
Furthermore define p' = (RB(1),...,RB(m),3B(1),...,3B(m)), where B(r) is defined in (7).
Then we have

where E

\/T((S‘E’C\T(l), Rer(2), ..., %/C\T(m)) - p/) LA N(0,%), (17)
and
m X2+Y2)
Tn = ; 1+ k(wy))’

with \/% + (le/Q + bQT1/2) o (\il + ﬁ) — 0 asT — 00, where X, is a normally distributed
random vector with X o, = (X1,..., X, Y1,..., YY) and Xop ~ N(\/Tu, Y). Note the small
abuse of notation, when we say A EA B, we mean that the distribution of random wvariable A
converges to the distribution of random variable B. Hence T, is a non-central (determined by
{T|B(r)|?}™,) generalised (determined by % and (1 + r(w,))) chi-squared distribution with 2m

degrees of freedom.

Remark 4.1 [t is natural to ask whether there exists locally stationary tvMA(oo) processes, which
the DFT test, T, cannot detect. In other words, B(r) = 0 for all r # 0. Since one would only

13



use relatively small v (since B(r) = O(r=2)) in the test, B(r) ~ a(r,0) (see equation (8)), this is

equivalent to the existence of locally stationary processes were a(r,0) = 0 for all v # 0.

We first consider the general case of local stationarity. We note that since f(u,w)/f(w) are positive
and symmetric functions (symmetric over w), there exists a time-varying positive definite sequence
{a(u, j)}; which has the spectrum f(u,w)/f(w). Moreover, since fol flu,w)du = f(w), the func-
tions {a(u,s)} are such that fol a(u,s)du = 0 for all s # 0 and fola(u,O)du = 1. Based on this
construction, if the test cannot detect the alternative, this implies a(r,0) = 0 for all r, since it is
straightforward to show that a(u,0) = (2)~' 37  a(r,0) exp(irw). Therefore, a(u,0) = 1 for all u,
and for the test not to detect the alternative, f(u,w)/f(w) must satisfy

=14 alu,s)exp(isw), (18)
s#0

where {1,{a(u, s);s # 0}} is a positive definite sequence which depends on u and fol a(u, s)du = 0.
Such a situation could possibly arise, though the conditions are so stringent it would be extremely
rare. However, in the case that we are unable to reject the null we could plot {T|cr(r,1)|*}, and look
for significant coefficients. One could also re-do the test, but use T|er(r,1)|? instead off T|er(r)|?
(in the case of nonGaussianity, a small change of the variance of ﬁ/C\T(T, 1) would have to be

made).

5 Comparisons with the Paparoditis test

We compare the test statistic with the test statistic recently proposed in Paparoditis (2009). Pa-
paroditis (2009) proposes the test statistic

1 <L [ 5 m/2+ (s—1)m
_N;/o V2( - A)dX (19)

where m is the segment length, N = T'/m is number of segments,

Vi :%mz; )\b)\ ([(u)\) 1)’

fr(A)

b is a local bandwidth (5 << m), ]?T the spectral density estimator defined in (2),

m

[m(u7 /\) 27TH2 Z Xt+ [uT]—m/2—1 exp(z)\t)‘

=1
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h(-) is a taper and Hy,,(A) = ST h(t/m)*exp(—i)s). Under the assumption that {X;} is a

stationary linear time series Paparoditis (2009) shows that
V NSy — pur(K, kg, H) 2 N (0, 72(K, £y, H)), (20)

where pur(K,ky, H) = O(\/g + V/ Nb) and 72(K, kg, H) = O(1) are functions of the kernel K,
fourth order cumulant x4 and the taper H. All terms are defined in Paparoditis (2009).
We observe that S7 is the sum of squared random variables, hence St will be quite skewed for small

sample sizes. Therefore, for small T, the normal approximation will not be particularly reliable,

this is a well known problem with many Lo-based tests.

It is not possible to make a direct theoretical comparision of the power of both the Paparoditis
test and the DFT test, since both distributions under the alternative hypothesis are different and
quite complicated. However, it is interesting to note that they both share similar noncentrality
parameters. Paparoditis (2009) shows that under the null of local stationarity Sy is normal, Sy =
O(T*'/?), and the mean of Sy is dominated by the term

EEIAG R

By using (8) we can show that

LT ) e _ 2 -
T/o %/0 (W—l) dwdu = T(;|0z(r,j)| 1),

where the coefficients {a(r,7)} are defined in (8). In comparison, in Section 2.3 we showed that
that cr(r) i B(r) ~ a(r,0), and the power of the DFT test, 7,,, is determined by {T'|a(r,0)[*}.

6 Simulations

We do the comparison for both stationary and nonstationary time series. In each case, we replicate
the time series 1000 times, and for each replication we do the test. We do the test for sample sizes
T = 64,128,256 and 512. For every simulation we select the bandwidth b using the cross-valiadation
method suggested in Beltrao and Bloomfield (1987) and use the Tukey kernel. To select the local
bandwidth b in the Paparoditis test we use his suggested rule b = b(T/m)%?>. We use the split
cosine bell taper and N = 4 in the Paparoditis test. For the DF'T tests we use the test statistic 7,,
(m =1,5,10) and the maximum test statistic Z,* (m = 5,10). We do the tests at both the 5% and
1% level. The rejection rates can be found in the tables below. We also give the average [¢r(r)|? for
each lag r = 1,...,m over the 1000 realisations, we denote this as |¢(r)|*> (we note that the larger

|&(r)]? the more likely we are to reject the null).
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6.1 Stationary time series

We consider the the following models.

(i) Model 1. AR(2) model. X; = 0.75X;_1 — 0.4X; 5 + &;,. The results can be found in Tables 1
and 2. The plot of the estimated densities can be found in Figure 3.

We observe from Table 3 that for both models the rejection rates using the test 7, for
m = 1,5,10 tends to be about the same. There seems to be very little difference between
the rejection rates for different sample sizes. The maximum test 7" tends to be a little more
conservative. The Paparoditis test performs well, and for large sample sizes tends to reject
the null less than the DFT tests.

(ii) Model 2: ARMA(1,2) model. X; = 0.8X;_1 4+ ¢; + 0.364_1 + 2¢;,_2. The results can be found
in Tables 3 and 4.

The results for Model 2 tend to be slightly worse than the results for Model 1. This is probably
due to the more complicated dependence structure of the ARMA(1,2) model than the AR(2)
model. For the relatively large sample sizes T' = 256,512 the number of rejects of the DFT
tests are mainly within in the 5% and 1% rejection level. In comparison, the Paparoditis
test seems to falsely reject a large proportion of the realisations, and this only improves for
T = 512.

Under the null both the DFT tests 7, and 7,* tend to reject within the stated rejection values -
suggesting that the chi-squared approximation of the test statistic is relatively good. There seems to
be little difference in rejection rates for different m, and different stationary models. Furthermore,
the average |¢(r)|? for both models is small (see 2 and 4). It is interesting to note that the rejection
rate at the 5% and 1% for the Paparoditis test tends to be about the same (this is probably because
the Paparoditis test statistic tends to be quite skewed). Moreover, the small sample performance

of the Paparoditis test for stationary models seems to be depend on the model.

6.2 Nonstationary time series

We now consider three nonstationary time series model. The first model combines the two stationary
models considered above. The second model is an autoregressive model where the variance of the
innovations is time-varying, this model is different to the other models in the sense that no rescaling
is used, ie. the first half of 7" = 512 is the time series for T = 256. The last nonstationary model

are independent random variables with time-varying variance.
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(i)

(i)

Model 3: First 1/4 of time series is Model 1 and last 3/4 of time series is Model 2.

v 2.425(0.75X,_1 — 0.4X, s + &) t=1,...,025T
! 0.198(0.8X, 1 + ¢ + 0.351_0 + 26,_3) t=(0.25T +1),...,T

We have standardised both time series such that both time series have variance one. The
results can be found in Tables 5 and 6. A plot of one realisation of T'[ér(r)|? is given in Figure

1.

As one would expect the rejection rate, for all the tests, increases with the sample size. The
Paparoditis test correctly rejects the null slighly more often than the DFT test when the
sample size is small. The rejection rate for the Paparoditis test at the 1% level is consistently
greater than the DFT tests at the 1% level.

The rejection rate for 77,75 and 779 seem to be similar for this model. Studying Table 6
E

we observe that average covariance |¢(1)|* seems to hold the most information about the

nonstationary behaviour, hence no information is lost by using only 7; in this test.

Model 4: The variance of the innovation of the AR process changes smoothly over time.
X, = 0.8X,_1 + 0.6, where o, = (% + sin(%) +0.3 cos(g%r)). The results can be found in
Tables 7 and 8.

The results in this test are quite different to the results for Model 3. Neither the DFT test or
the Paparoditis test does well for small sample sizes, though the Paparoditis is slightly better
than the DFT for T'= 64 (9% compared to less than 5.5%).

However, there is a substantial increase in the rejection rate once the sample size increases
to T = 128 the rejection rate for all tests. Interestingly the rejection rate increases as the
sample sizes grows, except for 77, where the rejection rate drops from 97.9% (T = 128) to
58% (T = 256) and then increases to 100% (7" = 512). An explanation for this can be found
in the average coefficients ¢(r) for different sample sizes. This model is different to the other
models in the sense that the time series with 7" = 256 is not a rescaled version of T = 128,
this means the average coefficients ¢(r) can change substantially with the sample size. This
can be seen from the average coefficients of ¢(1) in Tables 8. ¢(1) is large for T = 128 and
T = 512 but smaller for T = 256. This explains why 7; gives a relatively low rejection rate
when T' = 256.

Model 5: Independent random variables with time-varying variance. Define the piecewise

varying function o : [0,1] — R

1 forue{]

%?2 )?[2_0720)7[20720 20° 20
o(u)=4¢ 2 forue {[%,5_0)’[¥7%)7[%’1]
3 forwe {0,5). [5 5). (5 %), 15 6). 15, 5)}



and the time series X = a(%)gt. The results can be found in Tables 9 and 10.

The rejection rates for this model steadily increase as the sample size grows for all the DFT
tests. Though the rejection rates for 7, tends to be slightly higher for larger m. This is
2

because the size of the average covariances |¢(r)|* vary quite a lot in magnitude over r (see

Table 10), and the larger values of |¢(r)|? are not concentrated around r = 1. One can also see
why this is true by looking at a realisation of T'[¢y(r)|? given in Figure 2, where we see that
the magnitudes are highly variable over different lags. On the other hand the the proportion

of rejects for the Paparoditis test is a lot less than the DFT tests.

Overall the DFT tests tend to perform consistently well for these model. But the max test 7, is
more conservative than the sum test 7, and tends to reject the null less often. We observe that
there is a some difference between how 7,, can perform for different values of m. Therefore to select
E

m it is worthwhile plotting T'|ér(r)|* against 7, as in Figure 1 and 2, which indicates how to choose

m.

The DFT and Paparoditis test tend to comparable for Model 3 and 4. Though it seems that a large
sample size is required for the Paparoditis test to detect the nonstationarity in Model 5 (this could

be because the observations are independent).

7 Conclusions

In this article we have considered a test for second order stationarity. We proved the above result
under the assumption that the time series is strictly stationary with absolutely summable covari-
ances. But we believe this result is true even if the process is strictly stationary with long memory.
However, the proof is beyond the scope of this paper and is future research. We believe a more
indepth investigation of the real and imaginary parts of the DFT covariance ¢r(r) and er(r, j)
(defined in Remark 2.4) may give an insight into the nonstationary behaviour of the time series.
Indeed ¢r(r, j) can be used to estimate the locally stationary spectral density f(u,w). Simple two-
dimensional plots of {¢r(r,j)} may be a simple method for ‘visualising’ the nonstationarity. We
also believe it is straightforward to extend our results to tests for second order stationarity of spatial

random fields which are defined on a lattice.
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|

\ DFT sum

\ DFT max \ Paparoditis test ‘

| ERAENESESE Sr |
T=645%level | 2328|3518 L1 6.1
T=641%level |01]05| 1 |03/ 01 5.7
T =128 5% level | 2.7 | 26 | 24| 2 | 18 121
T =1281% level | 0.3 | 04 | 07| 0 | 01 10.9
T =256 5% level | 2.1 | 10 | 20 | 25| 21 13
T =256 1% level | 0.5 | 0.1 |03 | 0.4| 0.4 1
T—=5125% level | 41|27 4 | 3 | 42 0.2
T=5121%level | 1 |03 |09 06| 1.7 0.1

Table 1: The rejection rates for stationary Model 1 at the 5% and 1% level

e[

c@)” | e(3)?

e(4)[”

e(5)[”

[e(6)[”

e(7)]”

e(®)”

c(9)”

[e(10)?

0.004

0.004 | 0.003

0.003

0.004

0.004

0.004

0.004

0.004

0.004

Table 2: The average |é7(r)|? for stationary Model 1. T' = 512

’ \ DFT sum \ DFT max \ Paparoditis test ‘
| | 7| T [To | T [ Tio | Sr |
T=645%1level | 46| 71|85 |31 2.3 41.3
T=641%1level | 1.8 42|65 14| 0.7 39.2
T =128 5% level | 44 | 6.3 | 8.3 | 4.2 4 76.2
T=1281%level | 1 (3254 | 1 1.3 74
T =256 5% level | 5.3 6.1 69 |5.1 5 83
T=251%level | 1.3 41| 5 | 18| 1.7 81.8
T=5125%level | 3.7 43|46 | 44| 3.6 23.6
T=5121%1level | 0.7 1.8 | 1.7]10.9| 0.9 20.2

Table 3: The rejection rates for stationary Model 2 at the 5% and 1% level

e[

c@)” | le(3)[*

e(@)[”

[e(5)]”

c(6)[”

[e(7)]”

[c®)”

c(9)[”

[e(10)J*

0.004

0.004 | 0.004

0.004

0.004

0.003

0.004

0.004

0.004

0.003

Table 4: The average |é7(r)|* for stationary Model 2. T = 512
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’ \ DFT sum \ DFT max \ Paparoditis test ‘

| | T % | T | % | T St |
T =64 5% level | 48.9 | 45.3 | 40.8 | 31.3 | 21.5 41.9
T =64 1% level | 23.1 279|269 |11.5| 7.9 38.1
T =128 5% level | 88.1 | 86.6 | 80 | 80.2 | 71.6 93.3
T =128 1% level | 71.4 | 71.4 | 64.8 | 59.2 | 51.1 91.5
T =256 5% level | 99.6 | 99.7 | 99.3 | 99.5 | 99.2 99.8
T =256 1% level | 98.8 | 99.1 | 97.9 | 97.7 | 96.6 99.7
T =512 5% level | 100 | 100 | 100 | 100 | 100 100
T =512 1% level | 100 | 100 | 100 | 100 | 100 100

Table 5: The rejection rates for nonstationary Model 3 at the 5% and 1% level

e | @)1 | [e@)F | e | [e5)F | [e©)* | 1e(T)* | [e®)* | [e(9)* | [e(10)[”
0.111 | 0.057 | 0.016] | 0.006 | 0.012] | 0.012 | 0.008 | 0.006 | 0.008 | 0.009

Table 6: The average |ér(r)|? for nonstationary Model 3. T = 512

] \ DFT sum \ DFT max \ Paparoditis test ‘
| | T[T [T [T [ T | Sr |
T=645%1level | 3.1 | 38 | 55 | 1.9 | 2.2 9
T=641%1level | 0.1 | 1.1 | 27 | 0.1 | 0.3 8.3
T =128 5% level | 97.9 | 95 | 84.7 | 93.9 | 89.4 89.9
T =128 1% level | 90.7 | 79.6 | 67.3 | 77 | 68.8 87.2
T = 256 5% level | 58.1 | 100 | 100 | 100 | 100 93
T = 256 1% level | 35.8 | 100 | 100 | 100 | 100 89.1
T =512 5% level | 100 | 100 | 100 | 100 | 100 100
T =512 1% level | 100 | 100 | 100 | 100 | 100 100

Table 7: The rejection rates for nonstationary Model 4 at the 5% and 1% level
T =512 | [e(D)* | [e(2)]* | [e()* | [e(4)]* | [e(5)[* | [e(6)* | [e(T)* | [e®) | [e(9)]* | [e(10)[?
0.347 | 0.088 | 0.008| | 0.006 | 0.006| | 0.007 | 0.007 | 0.007 | 0.007 | 0.007
T'=256 | [e(1)* | [e(2)]” | [e)* | [e(4)* | [e(3)[* | [e(6)* | [e(M)* | [e®) | [e(9)]* | [e(10)[?
0.035 | 0.159 | 0.062 | 0.035 | 0.025 | 0.021 | 0.019 | 0.017 | 0.017 | 0.016
T =128 | [e(D)* | [e(2)]” | [e() | [e()* | [e(5)[* | [e(6)* | [e(T)[* | [e®)* | [e(9)]* | [e(10)[?
0.13 0.042 | 0.029| | 0.024 | 0.022 | 0.022 | 0.021 | 0.022 | 0.021 0.02
T=064 | [e(WP | e@)]* | [eB) | le(@]* | [e(G)* | 1e®6)]* | [e(D | [e(®)]* | (9 | [e(10)[*
0.027 | 0.026 | 0.026 | 0.026 | 0.027 | 0.027 | 0.027 | 0.028 | 0.026 | 0.027

Table 8: The average |¢r(r)|? for nonstationary Model 4, calculated using T' = 512, 256, 128 and 64.

A Appendix

In this appendix we prove the results from the main section.
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’ \ DFT sum \ DFT max \ Paparoditis test ‘

| | B [T [T | | T | Sr |
T =64 5% level | 183 | 268 | 36 | 17.7 | 184 34
T =641%level | 55 | 119193 | 4.3 | 4.4 2.6
T =128 5% level | 33.3 | 47.8 | 665 | 35.2 | 425 119
T =128 1% level | 14.8 | 27.2 | 441 | 15.4 | 187 9.5
T =256 5% level | 57.7 | 785 | 97.1 | 62.6 | 78.2 37.9
T =256 1% level | 36 | 58.4| 87.2 | 38.8 | 52.1 32.9
T =512 5% level | 2.4 | 97.8 | 100 | 91.9 | 99.6 76.4
T =512 1% level | 65.5 | 92.8 | 100 | 76.7 | 94.9 73

Table 9: The rejection rates for nonstationary Model 5 at the 5% and 1% level

e | [e@)P | [e@)P | e | [e(G)I* | [e(6)]* | 1e(D | @) | [e(9)]* | [e(10)]?
0.027 | 0.023 | 0.007 | 0.016 | 0.009 | 0.007 | 0.029 | 0.01 | 0.028 | 0.005

Table 10: The average |ér(r)|* for nonstationary Model 5. T' = 512

For short hand, when it is clear that T plays a role, we use the notation Jy, := Jr(wy), Jr = Jr(—wp),

fr = fr(wy) and fir = f(wy).

A.1 Some results on DFTs and Fourier coefficients

In the sections below, under various assumptions of the dependence of { X; }, we will show asymptotic
normality and obtain the mean and variance of ¢r(r). In the case that {X;} is a short memory,
stationary time series, then it is relatively straightforward to evaluate the variance of ¢p(r), since
{Jr(wi)Jr(wigr)} are close to uncorrelated random variables. However, in the nonstationary case
this no longer holds and we have to use some results in Fourier analysis to derive var(cp(r)). To do

this we start by studying the general random variable

T
TZ (wi)Jr(wi) Jr (Wir) s
k=1

where Jr(wy) = m ST X exp(Z2E). We will show that under certain conditions on H(-), Hr
can be written as the weighted average of X;. Expanding Jr(wy)Jr(wg) we see that Hp can be

written as

sz;H s explisa(t =) )

N =

1 .
Hy = 7 ;XtXT exp(—iw, T (
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Tjer(r)|?
8 I

60— -

5% critical value

60 -

5% critical value

| 2

Figure 1: The top plot is the plot of the squared DFT covariance T'|ér(r)|* from one realisation
of the stationary time series model 1 (7" = 512 and r = 1,...,128). The lower plot is the plot of
the squared DFT covariance T'|¢r(r)|? from one realisation of the nonstationary time series model
3 (T =512 and r = 1,...,128). The line is for x3(0.95). If several DFT squared covariances are
above this line, this may indicate nonstationary behaviour

Figure 2: The plot is the plot of the squared DFT covariance T'|¢7(r)|? from one realisation of the

nonstationary time series model 5 (7' = 512 and 7 = 1,...,128). The line is for x2(0.95).

Without any smoothness assumptions on H (wy), it is not clear whether the inner sum of the above

converges to zero as |t — 7| — oo, and if the variance of Hy converges to zero. However, let us
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T=512 T=256

0.0o8

0.06

0.04

0.02

0.0o8

0.06

0.04

0.02

80

Figure 3: Thick line: Estimated density of test statistic of 75 for 1000 realisations of the stationary
series model 1 (T = 64,128,256,512). The dotted lines are the chi-squared with 10 degrees of
freedom

suppose that sup,, |H'(w)| < co. In this case, the DFT of H(w), %ZZ | H(wg) exp(iwg(t — 7)), is
an approximation of the Fourier coefficient h(t — 7) = [ H(w)exp(i(t — 7)w)dw (the error in this
approximation is discussed below). Noting that the Fourier coefficients h(k) — 0 as k — oo, we

have

T T
1
Hy ~ = ; Zl X, X h(t — ) exp(—iw,T).
Hence Hr can be approximated by a quadratic form, where the weights decay as [t — 7| — oo. We

now justify some of the approximations discussed above and state some well know results in Fourier

analysis. An interesting overview of results in Fourier analysis is given in Briggs and Henson (1997).

The following theorem is well known, see for example, Briggs and Henson (1997), Theorem 6.2, for

the proof.

Theorem A.1 Suppose that g[0,€2] — R is a periodic function with period Q. We shall assume
that either (a) sup, |¢"(x)| < oo or (b) sup, |¢'(z)| < co and ¢'(-) is piecewise montone function.
Let

a(s) = é/o g(x)exp(isx)dx and arp(s) = %Zg(%) exp(z’%).

Therefore for all s, we have in case (a) |a(s)] < Csup,|g”(x)|s™ and in case (b) |a(s)] <
Csup, |¢'(x)|s72, where C' is constant independent of s and g(-).
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Moreover sup, <,y |a(s) —ar(s)] < CT2.

We now apply the above result to our setup. We will use Lemma A.1, below, to prove the asymptotic

normality result in Section A.4.

Lemma A.1 Suppose Assumption 3.1 or j.1 is satisfied. And let f(w) be the spectral density of the
stationary linear time series or the integrated spectral density of the locally stationary time series.
Let

1 o 1
T ,; (f (@) f @y +w)'72
and G,,.(s) = % i ’ (f(w)f(wl—l— o) exp(isw)dw. (22)

Grw.(s) = exp(iswy) (21)

—-1/2

Under the stated assumptions we have either (f(w)f(w + w;)) has a bounded second derivative

(under Assumption 3.1(iv-a) or Assumption 4.1) or that (f(w)f(w + w,))""? has a bounded first
derivative and is piecewise monotone (under Assumption 3.1(iv-b)). Therefore, |G, (s)] < Ks™2
(K is a finite function independent of w, ), sup, > |Gu.(s)| < 0o and sup,,, ST |Gr, (8)] < 0.

PROOF. The above is a straightforward application of Theorem A.1. O

We will use the result below in Sections A.2 and A.3.

Lemma A.2 Suppose Assumption 4.1 is satisfied. For 2 < n < 16, define the nth order cumulant

spectra as

1 n—1 n—1
falu,wiy .o ywn) = m{ H A(u,wj)}A(u, - ij):
j=1

Jj=1

and the Fourier transform
1
Fo(k;wi, ... wn) = / folu,wi, .. wy 1) exp(i2mku)du. (23)
0

(i) If Assumption 4.1(iv)(a) holds, then sup,,, .. | 2.l ’au’;"w"*l)| < o0 and

F(kiwi,...,op1)| <C 24
LS Bk o) SO sup | B e (24)
(i) If Assumption 4.1(iv)(b) holds, then sup,,, . .. ‘afn(uvwé;“"""—l)| < 00, af"(“"“g;"’w”‘l) is a
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piecewise monotone function in u and

Ofn(u,wr,...,ws_
sup |EFn(k;wi, .. wnq)| <C sup | fult, @1, 1)] 5
W1,eeesWn U1 ..y ou |k"

(25)

We note that the constant C' is independent of the function f,(-) and k.

PROOF. We only prove (ii), the proof of (i) is similar. We note that

Ldfs W — "1dA )
(27T)n/2 If (U, w1, .. Woo1) _ u_z% Z (u,w HAqu
7=1

du r=1 J#T
DA(u,

Z wj HAqu

Now under Assumption 4.1, sup,, , |A(u,w)| and sup,, , |M] are bounded function, hence we see
from the above that sup, \W| is bounded. Moreover, by using Theorem A.1 we have
(24). The proof of (ii) is similar, and we omit the details. O

We observe that in the stationary case A(u,w) = A(w), then F,(k;wy,...,w,—1) =0 for k # 0.

In the following lemma we consider the error in approximation of the DFT with the Fourier coeffi-

clent.

Lemma A.3 Suppose Assumption 4.1 is satisfied. Let F,,(k;wn,...,wn_1) be defined as in (23) and
let

For(siwi,...,wnp-1) Z fn ooy wpo1) exp(i2smt/T). (26)

Then under Assumption 4.1(v)(a) we have

sup |Fn,T(s;w1,...,wn_1) —Fn(s;wl,...,wn_1)| <C sup | —
u

and under Assumption 4.1(v)(b) we have

sup ‘FmT(s;wl,...,wn_l) —Fn(s;wl,...,wn_l)‘ <C sup | —
u

where C' is a constant independent of f,(-).

PROOF. The proof follows immediately from Theorem A.1 and Lemma A.2. O
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A.2 Proof of Theorems 3.1 and 4.1

We first gives some results which connect the sum of cumulants and mixing. The result below is
analogous to Ibragimov’s inequality for higher order cumulants. It is motivated by Neumann (1996),
Remark 3.1.

Lemma A.4 Let us suppose that {X;} is a stationary time series and for some § > 0 we have
o r|a(r) &= T < o0 and E| X} Hé)] < 00. Then we have

Z H (L+ [t eum( X, - .., X)) < CREIXTONYT (N rfa(r) m0m) ™ < 0o, (27)

where Cy, is a finite constant which depends only on k.

PROOF. To prove the result we use a result from (Statulevicius & Jakimavicius, 1988), Theorem
3, part (2), which states that if t; <ty < ... <{y, then for all 2 <i <k we have

lcum(Xy,, Xoy, .- X )| < 3(k — 1125 La(ty — t,_p)%/ 09 () x O Y+
Now by taking the 1/(k — 1)th root of the above for all 2 <i < k we have
|Cum(Xt17Xt27 oo 7th>‘1/(k_1) S C]i/(kil)a(tz - tifl)é/(kil)(pré)) (E’th(l+6) ’)1/(k_1)(1+6)7

where C), = 3(k — 1)!2¥~1. Since the above bound holds for all i, multiplying the above over i gives

k
leumn (X, Xoy, ., Xg,)| < (3(k — D2 (BN YO T alt — i)Y 6009 (28)
1=2

Finally we rewrite ) .

.....

1,1 as the sum of orderings, that is } 5 = he<.<ty—1 T Now

.....

since the number of orderings is finite, we can use (28) to obtain

o0

1/(146 _ k—1
Z ‘Curn(th,XtQ7 e ,th)| < Okk!(E|Xf(1+5)|) /(1+ ){ Z |r|oz(r)6/((k 1)(1+6))} < o0,
which gives result. 0

Lemma A.5 Suppose either Assumption 3.1(A or B) is satisfied. Then for 2 <n < 16 we have

> (At |kal)rnk, o )| < o0, (29)

ko,....kn
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and

(2 (/21

cum(JT(wl), ceey JT(wn)) = Wf Wiy oo, Wn—1 ZGXP thwj + O T /2) (30)

where f,, is the nth order cumulant spectral density and ki, (j1, - . ., Jno1) = cum( Xy, Xeawjy, -, Xigjo 1)

PROOF. We first prove (29). For stationary linear time series, the proof is of the above is well

known, for stationary time series which is mixing the result immediately follows from Lemma A.4.
To proof of (30) follows immediately from Brillinger (1981), Theorem 4.3.2. O

The follow result is due to Paparoditis (2009), Lemma 6.2, and is a generalisation of Brillinger

(1981), Theorem 4.3.2, to locally stationary time series.

Lemma A.6 (Paparoditis (2009), Lemma 6.2) Suppose that Assumption 4.1 holds and let f,(-)
be defined as in (23). Then for wy,...,w, € [0,27] and 2 < n < 16 we have

n/2) 1 T & (log T)n—l
cum(Jr(wy), ..., Jr(w,)) = T”/2 Z fn oy Who1) exp(it lej) + O(W)
]:

Now the following corollary immediately follows from Lemmas A.3 and A.6.

Corollary A.1 Suppose that Assumption 4.1 holds, and let F,(-) be defined as in (23). Then we

have

(271.)(71/2)—1 . ‘
Cum(JT<wj1)7 SRR JT(wjn)) = WFH(]]. o Ini Wiy, 7wjn—1) + O(

(logT)" !t 1
oz )

and

1 C(logT)"' C
|eum(r(wp), - Jr(wi))| < Crammr g Y e

where wj, =274, )T, =T < j, < T and C is constant independent of w.

In the lemma below we use the well known result which represents moments in terms of cumulants

Let us suppose that sup, E(|X;|") < co. Then we have

E(Xy,,...,X,) =Y ][] cum(Xs5i € B), (31)
T Bem
where 7 is a partition of {t1,?,,...,%,} and the sum ) __ is done over all partitions of {t1,%s,...,%,}.

Lemma A.7 Let f(-) denote the spectral density or integrated spectral density. Then we have
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(i) Suppose either Assumption 3.1 or Assumption 4.1 holds, then

o . . . . c/ 1 log T
E(‘]klJk1+T’Jk2Jk’2+T{fk1fk’1+T - E(fk1fk1+T)}{fk2fk2+T - E(szfk2+T)}) = b_T(‘k’l — k’2|2 + T )7

(ii) Suppose either Assumption 3.1 or Assumption 4.1 holds, then

4
E{fkfk+r - E(fkfk+r)} S (bT>2

(iii) Suppose Assumption 3.1(i) holds, then we have ]E{fkkarr} — fifrer = O(b+ %) Suppose
Assumption 3.1(iv-a) or Assumption 4.1 holds, then we have E{fkkarr} — 1 foer = O(bQ—l—biT).

(iv) Suppose Assumption 4.1 holds, then we have

1
E(Jg JsyJssds,) < Cl———F +0r)(+——5 +0r) +C 1) + 0
( ) (]31—1—82]2 T)<‘83+$4’2 T) <|31 33’2 T)(‘S2 s4|2 T)
+O(———— +6 +6
(’81+34’2 T)(‘32 53’2) T)
C 1 (logT)® 1
+T|81+82+83+S4|2 O( T2 772),

where 67 = O(*&L + ).

PROOF. To simplify notation in the proof we let w; = =K (). By expanding the expectation in

(i) we have

E (Jkl jkl-i-?”jkz Jk2+7"{fk1 fkl-f-?" - E(fh fk1+7")}{fk2f/€2+7" - E(szsz-i-?")})

= E : Wiy Wiy, Wis Wiy
J1,J2,73,54

{E(Jk1 —Jj1 Jkl —Jj1 Jk1 +r—J2 Jkl +r—Jj2 J/ﬂ Jk1+7“ sz Jk2+r sz —J3 sz —J3 Jk2+7°*j4 Jk2+7°*j4)

E(J/ﬂ —J1 jk1 —Jj1 Jkl +r—ja jk1 +r—ja )E(‘]lﬁ jkl —+r J_kz Jk2+7“ Jk2 —7j3 jkz —J3 Jk2+7"—j4 jk2+7”—j4>
E(ry—js Tha—is Trytr—is Thatr—ia )BTy Tyt Ty Tha-tr Ths s Thor — s ks r—jo T r—ja)
(

+E Jkl —J3 jkl —Jj3 Jk1 +r—ja jk1 +r—7ja )]E(Jk1 jk1 +r jkz Jk2+r)E(‘]]€2 —J3 ij —J3 ']k2+7“*j4 jk2+7“*j4) } (32)

To prove the result we first represent the above moments in terms of cumulants using (31). We
observe that many of the terms will cancel, however those that do remain will involve at least
one cumulant which has elements belong to the set {Ji,_;,, jkrju Jir+r—jos jk1+r—j2} and the set
{Jks—js> Tka—iss Jhatr—ja> Jhatr—is }» Since these terms can only arise in the cumulant expansion of

E(Jky—jy Tkr—i1 Tkr 41— Ta +r— o Ter Tier 0 Thio Tha 1 Tha— s Tho—js ko tr—ja Jka+r—js ) NOW by a careful anal-
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ysis of all cumulants involving elements from both these two sets we observe that the largest cumu-
lant terms are cum(Jy, _j,, Jr,—j5) and cum(Jy, _j,, Jr, J3) (the rest are of a lower order). Therefore

recalling that ) W)W, wws, = S0 [1, K(%%) and using Corollary A.1 gives

J1,J2,93:4 J1,92,J3,94=1 (bT (®T)*

E(Jk1 Tistr s Tt { i Frner = B Frner) }{ Fos Fraer — E(fk2fk2+r)})

- i 1 HK(ﬂ)( 1 +logT>2
N (b7)* : b "Mk + ke — 51— J3? T

J1,J2,53,J4=1

C 1 log T
< — + ,
= 0\ — k2T

where C' is a finite constant independent of ki and ks.

The proof of (ii) is similar to the proof of (i), hence we omit the details. We note that if we were

to show asymptotic normality of ﬁﬁH, then (ii) would immediately follow from this.

We now prove (iii). By definition of fk ka, using Lemmas A.6 and A.1, under Assumption 3.1(i)

we have

E{fkfk+r} — fofrrr = Z%K(%>K wm E{Jk J1Jk J1Jk+r ]2Jk+7‘ ]2} f(wk)f(warr)

A CLP
= K o) 3 K () o) — P Flnir) + O()
= j bT 2\ Wk—j; - bT 2\ Wk+r—j; Wk Wr bT
1
— O(b+ﬁ)

Using a similar proof we can show that under Assumption 3.1(iv-a) or Assumption 4.1 we have
E{fkfk+r} fifwrr = O(b* + 7). Thus proving (iii).

The proof of (iv) uses Lemma A.6 and Corollary A.1 and is straightforward, hence we omit the
details. U

In the lemma below we prove Theorems 3.1 and 4.1.

Lemma A.8 Suppose Assumption 3.1 holds. Then we have

V() =7l = O s + 0+ ) + (s + P ( + 7)) -

Suppose Assumption 4.1 holds. Then we have

VTIer(r) - e (r)] = o( o G + BT (o 4 TL/)) (34)
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PROOF. The proofs of (33) and (34) are very similar. Most of the time we will be obtaining the
bounds under Assumption 4.1, however in a few places the bounds under Assumption 3.1 can be
better than those under Assumption 4.1. In this case we will obtain the bounds under each of the

Assumptions (separately).

To prove both (33) and (34) we first note that by the mean value theorem evaluated to the second
order we have x4/ — y=Y2 = (=1/2)2=%2(z — y) + (1/2)(=1/2)(=3/2)x, "> (x — y)2, where z, lies

between x and y. Applying this to the difference ¢r(r) — ¢r(r) we have the expansion

~ ~ 1 3
VT[er(r) —ar(r)] < 51 + gll,

where

1 JeJkir Titr
I:\/Tzk: fk;‘karS/?{fkf’“” Sufor} and 1T = \/—Z fkl}kf:WQ{fkfk—i—r Fufrer )

We consider the terms I and IT separately. We first obtain a bound for E|I?|. Observe that
E|I?| = 3(E|I}| + E|I3]), where

1 T Tpir ;o7
= \/T; fk;kf+3/2{fkfk+’"_E(fkfk+r)}
I, = . Z L {E(fifir) = frfusr}

VT &= (fuforr)¥? ' o

hence we will obtain the bounds E(I?) and E(7%). Expanding E(/?) and using Lemma A.7(i) and

that fx, fr,+r is bounded away from zero gives

1 1 C 1 log T 1

2
< p— — — ).
= 7 (i T fia fro )2 Tl kP T =) %)
Expanding E|Z| gives
C 1 -
E(I3 = SE( Tk by Ty Tk ) X
( 2) T fklfk1+Tfk2fk2+T> ( frhri Tl )
( fk1fk1+7‘ fk1fk1+r> (E{fkgfk2+7'} - fkgfk2+7‘) . (36)

The bounds for E|IZ] differ slightly, depending on the assumption. Under Assumption 3.1, by using
Brillinger (1981), Theorem 4.3.2, it can be shown that E(Jy, Ji, 4rJky Jepsr) = O(T™Y) (since r # 0).
Moreover, by using Lemma A.7(iii) we have E{fkl fkﬁr} — fir fraer = O(b+ (bT)™'). Therefore
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under Assumption 3.1 we have

E() = O((0+ 7). (37)

Therefore, under Assumption 3.1, using (35) and (37) gives E|I|* = O(3 + (b + 77)?) and

1 1

[=0,b+ e+ ——

). (38)

On the other hand, under Assumption 4.1 we do not have that E(Jy, Ji, 1rJky Jrpsr) = O(T1),
instead we substitute Lemma A.7(iv) into (36) and obtain

T 1
o _ L 2, Lo
E(I3) = O({T2 + 13"+ 55)%)- (39)
Therefore, under Assumption 4.1, using (35) and (39) gives E|I|* = O(3 + (% + 1)(b? + 35)?) and
1 VT 1
I=0, —=+(+—+1 b2+—). 40
(g + G + 00+ ) (a0

We now obtain a bound for 7. Since the spectral density f(w) is bounded away from zero and
sup,, |fT(w) — f(w)] Lo (see (Paparoditis, 2009), Lemma 6.1(ii)), we have 1T = O,(IT), where

- 1 _ . 9
IT = Nis g (Jedksr { firsr — fufrorr} )
To obtain a bound for IT we use that |[~] | < 31T, + 311 2, Where

1, = % ; (’kak—i-rl{fkfk—l—r - E(fkfk+r)}2) and [1 = % ; (’kakJrrl{E(f’“f’f”) N fkfk*’”}z)'

~

Using Cauchy-Schwarz inequality, Lemma A.7(ii,iv) we have

- _ . n . 1/2
B|IT,| < %}jE(ukJHTF)”(E{fka—E(fkfkﬂ)}“)”?:o(T L
T k

o o )

We now obtain a bound for E|IT,|. Using Lemma A.7(iii,iv) we have

1 1 1

RE(IT,) < % zk:E(|Jk<]k+r|2)1/2{E(fkfk+r) - fkfk+r}2 =O(VT(b+ ﬁ)z(m + m))
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Therefore

2 1 1 1 2r1/2 ~1/2
II:O((W+7T/2)W+bT/ + e T ) (41)
Hence (41) and (38) give (33) and (41) and (40) give (34). O

A.3 The expectation and variance of the covariance ¢r(r)
A.3.1 The moments under the null of strict stationarity

It is straightforward to show, under Assumption 3.1, that E(v/Tép(r)) = O(T~/?). We now obtain

the asymptotic variance of the ér(r) under the null of stationarity.

The following lemma immediately follows from (Brillinger, 1981), Theorem 4.3.2. We use this result
to obtain the asymptotic variance of ¢r(r), below.

Lemma A.9 Let {X;} be a stationary time series where we denote the second and fourth order
cumulants as ky and kq. Suppose Y, (1+|k|)[r2(k)| < oo and Yy o o (14 |Ki|) |54 (K1, Ko, k3)| < oo.
Then we have

T T
Zeztwkl ks +O >< Z Mwry —ky +O ))

t=1 t=1

Wkl) d tWh, O )T Wk —k Ol
T Ze 1-ka 4 Z 277+ T>

t=1 t=1

CO’U(J;{leZ,JkBJkJ = (

1 . 1
+(27r)f4(wk1,wk2, —wkg)ﬁ Z Wk +kgy—kz—ky + O(ﬁ) (42)
—

Lemma A.10 Suppose the assumptions in Lemma A.9 hold. Then we have

cov(\/ﬁRET(rl), \/T%ET(TQ)) = cov(ﬁ%b}(rﬁ, ﬁ%ET(T2))

O(Tﬁl) ™ 7é T9
= 127 T (r) O(L =7y = (43)
L+3 2272 Lk, ka=1 nglng2f4(Wk1a —Wki+r; —sz) + (T) m=Tre=r

PROOF. To prove the result we use that Rer(r) = 2 (c¢r(r)+er(r)) and Ser(r) = 5 (er(r) +cr(r)),

) =
and evaluate cov(vTér(r), VTér(rs)), cov(vTérp(r), VTer(ry)) and cov(vTer(r), VTer(rs)).
Expanding cov(v/Tér(r), VTér(ry)) gives

COV(ﬁCT<T1> \/_CT T2 = T Z gér}c gTT?c) COV(Jk17k1+7"17szjszrTQ)a

k1 ko=1
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where gﬁc = f(wp) Y2 f(wp + w,)"Y/2. Substituting (42) into the above it is easy to show that for
1 # 19 we have cov(v/Tér(ry), VTérp(ry)) = O(T~') and for r := 7, = r, we have

cov(\/TcT( ), \/_CT( ))
= % Z(gﬁﬁf(wk)f(ww) + 377; Z ggp klng2f4(wkl, — Wy 1y —Wky ) + O(%)
k=1 ki,ko=1

1
- Z nglgT k2f4 Wkyy —Wki4r) _ka) + O(?)
kl ko=1

The same method gives us a similar bound for cov(v/Tér(r), vTép(r)). Similarly it can be shown
that unless ry = 7' — 71 we have cov(v/Tép(r1), VT ér(rs)) = O(TY). Also, for r1 # ry we have
cov(v/Tép(r),VTép(ra)) = O(T~") Altogether this gives us (43). O
PROOF of Lemma 3.1 Under the stated assumptions the spectral density f and the tri-spectra

fa(w1, ws, ws) is Lipschitz continuous, therefore using Lemma A.10 we have

COV(\/T%ET(Tl)a ﬁﬁRET(T?)) - COV(\/T%ET(Tl)’ ﬁggT(ﬁ))

O(T_l) ™ 7é T2
I+ 4 f e dwrdws +O(F) mi=r9 =7 (44)
o 0 V@) F @) fw2) fwatwr) T
~ %4 o 1 .
and for all ry, 79, cov(vVTRE (1), VTS (rs)) = O(7). And we have the required result. O

PROOF of Remark 3.1 It is well know that for a linear time series the tri-spectra can be written

in terms of the transfer function A(w) that is

K
f4(w1, wa, W3) = ﬁA(wl)A(wg)A(w3)A(—w1 — Wy — (.Ug).
Now we recall that for a linear time series A(w) = / f(w) exp(i¢(w)) hence substituting this into

the ratio in (43) gives

f4(wk17 _wkz — Wy, _wkz)

o \/f(wkl)f(wkl + w2)f(wk2)f(wk2 + Wr)

= KR4 €XD (i[¢<wk1) - Qb(wlq + Wr) - ¢<wk2) + ¢<wk2 + wT)])'

Substituting the above into (43) gives

1 2

Tcov(er(r),er(r) =1+ —|= Z exp(i[p(wy) — d(wk + wr)])| + O(%)

Finally we note that under Assumption 3.1(i,iii) and using the chain rule on ¢(w) = arctan = >4 Eg)

)
we can show that sup,, |¢'(w)| < co. Hence the phase ¢(-) is Lipschitz continuous, thus exp(qu(w))
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is Lipschitz continuous, and we can replace the summand in the above with an integral to give the
result. 0

A.3.2 The moments under the alternative of local stationarity
We now consider some of the moment properties of ¢7(r) under the assumption of local stationarity.
Lemma A.11 Suppose Assumption 4.1 holds. Then we have

COU(JkIJkQ, Jk3jk4) = (k’l — k’g;wkl)FQ(kfg — k‘4;wk2) + Fg(lﬁ — k4;wk1)F2(k‘2 — k?g;ka)}

{F
(27

+ >F4(k1 +k2 k3 _k3;wk17wk27_wk3)

T
logT logT
+ O(< ?—12 ) —+ ? (Fg(kl — kg;wkl) _|_F2(k2 _ k4;wk2) +
Fa(ky = ka i) + Falks = ki) (45)

where {Fy(;w)} and {Fy(+; Wy, Wiy, Wiy )} are defined in (26).

PROOF. Expanding cov(Jg, Jx,, Jks Jr,) in terms of cumulants gives

coV(Jpy ks Trs Jry) = COV(Jhy s T )COV(Tpys iy ) + cOV( Ty, iy )COV(Thys Ty ) + cum (T, s iy Jisy Jis ),
finally substituting Corollary A.1 into the above gives the result. O

PROOF of Lemma 4.1 equations (15) and (7) We first prove (15). We note that from the

definition of J/"\T(u)k) in (2) and under Assumption 4.1 we have

[E(fr(wi) — flwr)] = |Z i “E(|Jr(w;)]?) — flwr)] = O?). (46)

We now obtain Var(]/‘:T(wk)). We observe that

var(fr(w)) = Y (b})2K<”’“ K (0w (| () e (wn)P)

Ji.J2

Now we substitute (45) into the above to give

wh Wi — Wy,

K (S

HIEF2 (g1 — g2y wyy ) Fa(ja — Jiywy, )| +

Var(fT wr)) < C’Z bT

(log T)°
LEARY

) . . . 2w
|F(j2 — juiwj ) Fa(ji — Jo; —wjy)| + ?F4(O;wj1, —wj,,wj,) } + O
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We observe from the above that the covariance terms dominate the fourth order cumulant term.
Moreover, by using Lemma A.2 we have sup,, > |F»(s;w)| < oo, which gives var(fr(wg)) = O(77)-
This together with (46) gives (15).

We now prove (7). Using Lemma A.6 for n = 2 gives

log T’

E(ér Z ), wk+w)1/2Tth ) exp(—itwn) + O(<2L) (47

k:

Now by using replacing sum with integral and using Lemma A.3 (noting

Fop(—ryw) = th L (&, wi) exp(—itw,) and Fy(—r;wy,) fo u, wy) exp(—i2wru)du) gives

log T 1

E(cr(r / / o +1} IEE exp(—i2rur)dudw + O(—— 7+ ﬁ)’ (48)

thus we have (7). O

To prove (16) in Lemma 4.1, we evaluate the limiting variance of ér(t) under the alternative of local

stationarity.

Lemma A.12 Suppose Assumption 4.1 holds. Then we have

_ . 1 logT
cou(RVTer(ry), RVTer(ry)) = 7 (0), ., + 00, ,, + T8, + 1), ) +O(=—), (49)

- N —1 logT
COU(%ﬁCT(Tl)v %ﬁCT(TQ)) = Z (Fg“)m ro + Fg”)m rg F%Z‘z,m - Fg)h,rz) + O(%)’

logT’

cov(SVTer(r), SVTer(ry)) = T )

(T3, —T5 L —T8 4T3 )+ O0(—=—

Tr1,r2 Tyr1,r2 Tyra,r1 Tyr1,r2

IS,

where

Th T Z g}qgﬁl{ﬂ ki — ko wi, ) Fo(—ky — 11+ kg + 1o —Wiy40y) +
k1,ko

F2(k1 +l€2+T2;Wk1)F2(—]{?1 -7 = kQ;_wk1+T1 T2 ng}gigg?g)QF4 T? —7’17(&)}{;1, wk1+7‘17_w1€2)7
k1,k2
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Trl ro Z g}ﬂg;?ﬂl{ﬁé kl + k?)wkl)FQ( kl - T = k2 — T2 _wkl—‘rT‘l) +
kl ko

. (r1) .
Fy(ky — ko — ro;wi, ) Fo(—k1 — 11 + Koy —wky 10y } + E 97,1, 9 Tkz Ty — 11} Wiy —Why 1) —Why )5
k1 k2

Tr1 ro — Z gffrr}ﬂgTr?g)Q{FQ —ky + ko; —wkl)Fz(lﬁ +7r1 — ko — 7’2;wk1+r1) +
kl ko

FZ(_kl k? — T2; wkl)FZ(kl +r1+k27wk1+7“1 } + Zg’]f}g)lng2F4 7,1 — T2; wk17wk1+7‘17_wk2)7
k1,k2

and the coefficients Fy(-) and Fy(-) are defined in (26) and ng, = {f(wk)f(warT)}_l/z.

PROOF. To prove (49) we use Rer(r) = 1(cr(r) + cr(r)) and Sep(r) = 5 (ér(r) + er(r)), and

cov(v/Ter (), VTér(ry)) and cov(vVTer(r), VTér(rs)). Expanding cov(vTér(r), VTer(ry)) we

have

cov(VTer(ry), VTer(ry)) =7 Z 9r klgT kzcov (Jie Ty srrs Tig Thatrs )

ot k2
now by substituting (45) into the above we obtain

log T

cov(\/_cT(rl) \/_CT(TQ)) %1)7,17,2—1-0( T ).

Similar results can be obtained for cov(v/Tép(ry), VTér(ry)) and cov(v/Tér(r1), VT ér(rs)). Using
this we obtain the required result. O

PROOF of Lemma 4.1, equation (16) This immediately follows from Lemma A.12. O

A.4 Asymptotic normality

In this section we prove asymptotic normality of \/TéT(r). We will derive normality under two
set-ups (a) {X;} is strictly stationary, mixing and satisfies Assumption 3.1(B) and (b) {X;} is a
stationary linear time series or a locally stationary linear time series and satisfies Assumption 3.1(A)
or 4.1. Since the locally stationary linear time series model includes the stationary time series model

as a special case we show asymptotic normality of the more general locally stationary model.
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A.4.1 Asymptotic normality under strict stationarity and a-mixing

We observe that v/Tér(r) can be written in the following quadratic form

exp(iwg(t — 7))

ﬁéT(T) = \/_ZXtX exp(iTw,) = Z\/—wm

- ﬁ 3 Gt = 7) explinr) X X explinis)

1

= \/_ Z G, (t — 1) exp(iTw,) X; X, + O (T1/2) (50)
where G, (t — 7) is defined in (21) and we use that the Fourier coefficients of m decay at
the rate |t — 7|72 (see Lemma A.1).

Theorem A.2 Suppose Assumption 3.1(A,iv) holds. Then we have
\/T<;3%ET(1), L ;géT(mO B N0, Loy). (51)
1+ ¢(w) 1+ ¢(wm)
PROOF. We observe from (52) that
- 1
VTerp(r) = \/_ Z G, (t — 1) exp(itTw,) X; X; + O (T1/2) (52)

The limiting variance of v/T¢r(r) is given in Lemma 3.1. Now we use the result in Lee and
Subba Rao (2010) for quadratic forms of mixing random variables and the Cramer-Wold device to

obtain the result (similar results on quadratic forms can be found in Lin (2009)). O

A.4.2 Asymptotic normality under linearity (both stationary and locally stationary)

We start by approximating /7' ¢r(r) with a random variable which only involves current innovations
{e:}I_,. We make this approximation in order to use the martingale central limit theorem to prove

asymptotic normality of ﬁéT(T). In this section, we will make frequent appeals to Lemma A.1.

Using that the locally stationary time series model X, r satisfies (13) we have can write v/Tér(r)
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as

VTér(r )

T
1 1
R Z F(wi) Y2 f (Wi + wr) 12 tZIeXp it = T)wr) exp(—itw, ”ZO%T JVrr(J2)et—jrEr—go
= 1,J2
= T1/2 Z GTwr eXp( ZTWT Z th Jl)wTT(]Z)(gt ]157' J2 E<€t7j1€7'fj2))7
t,r=1 J1,J2=0

where {Gr,, (s)} is the DFT defined in (21).

We now partition v/7° ¢r(r) into terms which involve ‘present’ and ‘past’ innovations. More precisely

VT (ér(r) = E(er(r)) = VT (dr(r) + Vi (r)), (53)

where
T

dr(r) = T Z T (t = ) exp(—itwy) Y > () err () (r-juersp — Blerjierj))
=1 0<j1<t—1 0<ja<r—1
T

Vr(r) = f Z Tw, (L — 7) exp(—iTwy) Z ¢t,T(j1)¢r,T(j2)(€t—jl5f—j2 - E(et—jﬁr—jz))-

Jjizt—1or jo>7—1

In the following lemma we obtain a bound for the remainder V(). Later we will show asymptotic
normality of dp(r).

Lemma A.13 Suppose Assumption 3.1(A, iii,iv) or 4.1 hold. Then we have
(T1/2E|VT(’T‘)|2)1/2 < CT_l/Q,
for some finite constant C'.

PROOF. We first observe that \/TVT(T) = I, + I, + I3, where

L = T1/2 Z G, (t = 7) exp(—iTwy) Z Z V(1) (G2) (E1—jr€r—jo — Eer—jier—s,))

t,7=1 J12t—10<jo<7—1

I, = T1/2 ZGTwT 7) exp(—iTw,) Z Z ¢t,T(j1)¢T,T(j2)(St—jﬁf—jz—E(&—jlff—jg))

t,7=1 J22>27—10<51<t—1
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3 = T1/2 Z GTwr eXp ZTWT Z Z ¢tT ,]1 ¢7—T(]2)(€t 1E7—7j2 E(gt—jlgT—jg))'

t,r=1 Jo>T—1j1>t—1
We first show that E(12)/2 = O(T~'/2). By the Minkowski’s inequality we have
1 25 1/2
B < iz 3 Om - D{E( 2 % dialinr(i)oners - Blersers)) |-
J12t=10<j2<7—1

It can be shown that

]E( Z Z ¢t,T(j1)¢T,T(j2)(5t—j157—j2_E(at—jﬁr—jz))>2

J12t=10<j2<7—-1

< (var(e)? + var()) [Z!%m Hfjmj(jz)ﬁ].

J1>t 72=0

Substituting this into the bound for E(7), under Assumption 4.1 and using Lemma A.1 we have

1 12 T 12
S0 < o[ Y Wrlo| [ 6 o] 3 [ st
2=0 s=1 t—1 1>t
1 j 2p T T ’
Tl/QSup{ZWTsz } [ZIGTWT(S)I}Zle,T(m:ow-l/a.
7270 5= =1 ji>t

Using a similar method we can show that E(12)'/? = O(T~'/2) and E(12)"/? = O(T~'/?). Thus we
obtain the result. O

Therefore the above lemma shows that \/T(ET(T) — E(ET(’F)) = VTdy(r) + O, (T~1/?).

Remark A.1 Now it is worth noting that in the case that {X,;} is a stationary linear time series,
then dr(r) has an interesting form. That is, it is straightforward to show (using (Priestley, 1981),
Theorem 6.2.1) that

VTéer(r) = % Z Je(wi) Je (i) €xp (i(d(wi) — p(wrar))) + 0,(T~2),

where J.(w) = (2nT) Y231 e explitwy,).

We use the martingale central limit theorem to show asymptotic normality of v/7T' dr(r), which will
imply asymptotic normality of v/T (¢r(r) —E(ér(r)). To do this we rewrite VTdy(r) as the sum of
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martingale differences

VTdyp(r)

T
1 .
= =17 Z (51855 — E(esi8s,)) Z Z G, (t — 7) exp(—iTw, ) e r(t — $1)Ur (T — S2)
s1,52=1 $1<t<T so<7<T

—

S—

T
1
= T Z Mr(s) where Mr(s) = (g2 —1)Az(s,s) +¢s Es, (A7 (s1,8) + Ar(s1, s))
s=1 1

51

and

Ar(sis0) = Y Y Gro,(t —7)exp(—itw )iy r(t — s1)hrr(T = s2).

$1<t<T so<7<T
We now show that the coefficients in the martingale differences are absolutely summable.

Lemma A.14 Suppose Assumption 3.1(A, iii,iv) or 4.1 holds. Then we have

sup i(|AT(5,31)| + |Ar(s1, s)|) < oo.

s1=1

PROOQOF. To prove the result we note that under Assumption 4.1 and using Lemma A.1 we have

S S Ar(sn )] € 3 Y (Gra(t— )| Wl — 50| - [l — )

s<r<T s1=1 s1=1 51 <t<T
2
| (G (0] sup | T lwra)l]
t ’ s

which gives the required result. 0

IN

In the theorem below we show asymptotic normality of dr(r). To accommodate both the stationary

and nonstationary case we will let the asymptotic variance of dr(r) be V,. and specify its value later.

Theorem A.3 Suppose Assumption 3.1(A,iii,iv) or 4.1 holds. Furthermore suppose that
var(NTdy(r),VTdr(r)) — V, < 00 as T — oo. Then we have

VT < igzgg ) DN(0V) T o

PROOF. We use the martingale central limit theorem to prove the result. We will show asymptotic
normality of ®v/T'dr(r). However, using the same method it straightforward to show asymptotic
normality for all linear combinations of ®v/T'dy(r) and IvTdy(r) and thus by the Cramer-Wold
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device to show asymptotic normality of the random vector (RvTdr(r), SVTdr(r)). Let Myr =
RMr(s) and V.1 = (V)1 To apply the martingale central limit theorem we need to verify that
the variance of 7~1/2 2521 M, 7(s) is finite (which is assumed), Lindeberg’s condition is satisfied and
IS E(Myr(s)?|Femr) L V1 (see (Hall & Heyde, 1980), Theorem 3.2). To verify Lindeberg’s
condition, we require that for all 6 > 0,

L I

Ly = T ZE(Ml,T(S)QI(T_l/z|M1,T(3)| > 0)[Fs-1) 50

s=1

T — oo, where I(+) is the identity function and Fs = o(M;r(s), Mir(s —1),..., Myp(1)). By

using Holder and Markov inequalities, we obtain a bound for the following Ly

ZE (M 7(s)*Fsr). (54)

Now by using Lemma A.14 we have > (JAr(s, s1)| + Ar(s1,s)|) < oo, therefore

T

D E( S (M55, 1)) = sup 3 B n(s)") < oc.

s=1
Since + Zstl E(M; 7(s)*|Fs—1) is a positive random variable, the above result implies
LS E(Myr(s)*|Fsz1) = Op(1). Substituting this into (54) gives Ly L 0asT — oo
Finally we need to show that
T

= S E My (5P IFi) = 7 D [y ()1 Fr) — By ()] +

2 S B0 (s)) L Via(55)

s=1 s=1 s=1

Under the stated assumptions, we have 7 ST E(M, 7(5)?) — V1 as T — oo. Therefore it remains

to show

ZIE My 1(8)*|For) — B(My1(s)?)] 2 0,

which will give us (55). We will show that E(P2) — 0. To do this we note that E(Pr) = 0 and

var(Pr) = 7 Zvar (M1 7(8)?| Ferr)) + 7%2 cov(E(My 7 (s1)*|Fey—1), E(M17(52)?| Fey_1))-(56)

d=1 51>82

Now by using the Cauchy Schwartz inequality and conditional expectation arguments for F;, C Fj,
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we have

cov(E(Mir(51)%|Fs—1), E(M17(52)% Fey-1))
< [E(E(Ml,T(82)2’f32—1) - E(Ml,T(32)2>)2} 2 [E(E<MLT<31>2|-7:3271) - E<MLT<31>2))2}

1/2

We now show that sup, Zslesz [E(E(MLT(sl)Q]FSQ,l)—E(MLT(sl)Q))ﬂ Y2 ~ 5. Let Gs = 0(Es,65-1,---),
then it is clear that for all s, F; C G. Therefore, we have E [E(M; 7(s1)?|Fs,-1)?] < E[E(Mi1(s1)?Gsy-1)%]
which gives

2

E|E(M1(s1)*|Foy1) — E(Miz(s1)?)| = E[E(Mir(s1)*|Fe-1)?] — [E(M1r(s1)?)]

2

2

< E[E(Mi1(51)?Gs,—1)*] — [E(Mi1r(s1)%)]".

Expanding M r(s1) in terms of {e;} and using supy,>_; [t 7(j)| < oo, it can be shown that
E[E(M17T(31)2|g32_1)2] - [E(MLT(Sl)Q)]Q — 0 as S§1 — OQ, and

var(Pr) < % Z sup Z (E[E(Mi7(51)%|Gsp-1)°] — [E(Mfl)]2)1/2 < 00

Substituting the above into (57) we have var(Pr) = O(T™'), hence we have shown (55), and the
conditions of the martingale central limit theorem are satisfied, giving the required result. 0

Theorem A.4 Suppose Assumption 3.1(A,iii,iv) or 4.1 holds. Furthermore suppose that
var(RVTer(1), 3vVTer(m)) — V < 0o as T — co. Then we have

1 ~ = 1 Ser(m) — E(Ser(m LA
VI (s (REr(1) = B (D). (8 (m) — E(Sr(m) ) 2 W (0.V),

PROOF. Using (53) and Lemma A.13 we have

1 1
T ———Rerp(1) — E(Rer(1))),. .. Se — E(Se
VI (b RO (1) = BORr D)), 5 (S (m) — B35 () )
1
now by using same proof as that in Theorem A.3 we obtain the result. U

42



A.4.3 Proof of Theorems 3.2 and 4.2

Proof of Theorem 3.2 Using Lemma 3.1 we have

VI (o). S5 0m) ) = VI (Rer ) 570(m)) +

1 1 m
Op(m[(bJr )+ ( +0T2) ) ( D
VT bT1/? ot Tl/2

Lemma 3.1, implies that Tvar (%ET(l), e SET(m)> — diag(1+p(wy), . .., diag(1+ p(w,)). Com-
bining this with either Theorems A.2 or A.4, gives

1 _ 1 ~ D
ﬁ(—% Dt ) N0, ). 57
14 @(wr) er(l) 1+90(wm)\SCT(m) — N0 Fan) 57)
Finally, since m(b + \/%—T) + (77 + VATV Y (|71‘ + =iz) — 0, using (57) we have (51). O

PROOF of Theorem 4.2. The proof is identical to the proof of Theorem 3.2. Hence we omit the
details. U
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