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Abstract

In spatial statistics often the response variable at a given location and time is ob-
served together with some covariates which are known to influence the response. In
several applications the relationship between the response and covariates may be un-
known, and to prevent misspecification of the model, a nonparametric approach could
be appropriate. In this paper prediction and forecasting of the response variable, for
spatially nonstationary, spatio-temporal processes, within a nonparametric framework
is developed. The linear prediction of the response, which involves estimation of the
covariance structure, and also the more general optimal predictor are investigated. The
asymptotic sampling properties of the predictors are studied. It is shown that in order
to avoid the curse of dimensionality the covariance estimator should be defined in terms
of the dependence structure of the spatio-temporal process. Furthermore the rate of
convergence of the prediction estimators depend on the temporal dependence of the
covariates and the mixing rates of the spatio-temporal process.

The model defined and the estimation methodology has many possible applications.
We consider a specific application and illustrate our methodology by modelling house
prices in the Stockport area, United Kingdom, using the deprivation index and district
as the covariates.
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1 Introduction

In spatial statistics often the response variable Y;(w, x) is observed at time ¢, together with
the location w € R? and some covariates x = (1, ...,2,) € R? which are known to influence
the response variable. A standard method for modelling the response is to use a multiple
regression model with spatio-temporal errors (cf. Cressie (1993), Guttorp, Meiring, and
Sampson (1994), Lesch, Strauss, and Rhoades (1995), Cressie and Huang (1999)). However,
there are several real situations where the influence of the covariates x may also depend on
the location w. To model the location dependent influence of the covariates, one often uses
the model

ijf] ) + & (w), (1.1)

where {f;(-)} are nonrandom functions and {& ()} is a stationary spatio-temporal process
(cf. Yakowitz and Szidaravosky (1985), Luo and Wahba (1998)). An alternative approach
advocated in Gelfand, Kim, Sirmans, and Banerjee (2003) is to treat the coefficients of x

as if they were random, stationary spatio-temporal processes and write

Jgt +§t ( )+‘/%,w,a:7 (1.2)
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where {V; 4 2} are independent, identically distributed (iid) random variables and {§§j )()}
are stationary spatio-temporal processes with separable covariances from a known family
of distributions (eg. the Matern family, see Matern (1986)). We observe that if we were to
treat the covariates = as a function of w, z(w),then Y;(w, z(w)) is a spatially nonstationary
process. Gelfand, Kim, Sirmans, and Banerjee (2003) use model (1.2) to model house
prices in Baton Rouge, LA, U.S.A, where w is the location and x are a range of house
characteristics such as size of living area etc.

In certain applications the nature of the relationship between the covariates and response
variable may be unknown, as well as the family of distributions the spatio-temporal process
belongs to. In such situations, to prevent misspecification of the model, a nonparametric
approach may be appropriate. The approach that we adopt is to redefine the location vector
u=(w,z) € Q2 CRY and suppose {®;(u);u € Q,t € Z} is a spatio-temporal process, where
for each t € Z, {®y(u);u € Q} is a nonstationary spatial process on the region {2 and
{®(-)}r := {P¢(-);t € Z} is a stationary infinite dimensional process (which implies that
for every fixed u € Q, {®;(u)}; is a stationary time series). The model we consider in this

paper is
Y;ﬁ(u) = (I)t(u) + Vt,u: (13)

where {V;,} are iid random variables. The model (1.3) includes as special cases both

the partially linear models (1.1) and (1.2). Furthermore it allows additional flexibility, for



example, we do not require {®4(-)} to have a known parametric form and there may be
situations where there is no realistic reason to distinguish between covariates and locations.
From now on, unless stated otherwise, we shall refer to u = (u(l), e ,u(d)) € Q as the
covariate vector.

Here our object is to predict ®;(up), given the observations {V;_s(u;)}7,! at the time
lag s € Z, for any ug € ). In this paper we will consider a nonparametric approach
for prediction and forecasting for spatially nonstationary, spatio-temporal processes. In
particular we will consider the best linear predictor and also the more general optimal
predictor (under the mean squared criterion), v : RAm+1)-1 _, R defined for all t € Z by

U(y, u, uo) = E(@e(uo) {Yi-s(us) = i} 7", (1.4)

where u = (u1,...,Up_1) € Q™! and y= Wi Ym-1) € R™~1. We observe that since
{®:(-)}+ is a stationary process, ¥(-) does not depend on ¢. We mention that even though the
above predictor function is defined for only one lag s it is easy to generalise the methods and
results in this paper to estimate the prediction function ¢ (y, u, uo) = E(®¢(uo) {Yi—r (u;) =
Yi ;’;‘11) for several time lags 7, ..., 7. We use only one lag to reduce notation.

The process {Y;(-)}+, will only be observed on a finite set of covariate values, which we
denote as the random variables {U;;} that take values in 2. We will suppose that for i fixed
{Ui,i}+ is a time series and we observe {(Y;(Uy;),Us;);t =1,...,T,i=1,...,N}, where

Y}(Um) :q)t(Ut,i)‘i‘V;f,iv t=1,...T,i=1,..., N, (15)

and {V;;} are iid random variables with E(V;;) = 0. Though we shall assume that the
error terms {V;;}i, {Uti}tei and the process {®:(-)}; are independent of each other. To
illustrate our methods, in Section 6 we model the selling price of houses, sold over a period
time in Stockport, UK, and use the district of the house and deprivation index as covariates
(though other factors such as age and size of properties could also be used as covariates,
when available). In this application the values of the covariate can be different at each time
and can be assumed to be random. Furthermore the deprivation index in any given district,
is evaluated every two years and can be viewed is a dependent time series.

The crucial point that allows us to use the observations {Y;(Uy;)}, defined in (1.5), to
estimate ¢(-) is that at a given point ({y;,u; }" 7", uo) and for any collection {ig, ..., im_1} C
{1,...,N}and forallt =s+1,...,T

Qﬂ(% u, UO) = E<K§(Ut,io)’{n—8(Ut—S,iz) =Y, Ut—s,z'l = Ul}ﬁzla Ut,z’o = UO)- (1-6)

This formulation motivates us to estimate 1 in a nonparametric way.

In Section 2 we will define the model and the mixing assumptions that will be used
in the paper. We work under the relatively weak assumption that for any fixed v and i,
{®¢(u)}; and {U;;} are mixing, which we use to show that the composite random process

{®:(Ut,;i)}+ is also mixing.



In Section 3 we consider nonparametric estimation in the context of multivariate time
series. These results motivate the prediction estimators and unify the theory in the subse-
quent sections. But we believe they are also of wider interest, and can be applied to other
problems.

In Section 4 we consider linear prediction. It is clear there exists a function a(-) =
(a1(+), ..., am_1(-)), where a : R™ — R™~1 such that

m—1
Yi(uo) = Z aj(u, ug)Yi—s(uj) + o(u, uo)etu, (1.7)
j=1
where w = (u1, ..., Un—1), €4 is uncorrelated with {}/t,s(uj)};”:fll, E(etu) = 0 and var(eyy,) =

1. This yields the linear predictor

VL (Y- wi } 1t uo) = alu, uo)'y

where y' = (Yt—s,1,- -, Yt—s,m—1). Now for Gaussian Y;(u), we have ¢1(-) = 4 (-), however if
Yi(u) is non-Gaussian, then 17 (+) is the best linear predictor. Since the coefficients a(u, ug)
can be obtained from the covariance function cg(u;, u;) = cov(Yy(u;), Yi—s(uj)), we estimate
the function a(-) using estimators of the covariance function cs(-). In particular we consider
nonparametric methods for estimating the covariance function, which we use to estimate
the function v (). We mention that nonparametric estimators of spatial covariances for
locations which are fixed over time have been considered previously (cf. Sampson and
Guttorp (1992)). In contrast, we consider here estimators of the covariance function for
covariates whose values can change over time. In fact, we show that changing covariate
values lead to estimators of the covariance function which are consistent as T grows (even
for fixed N). Though the rate of convergence depends on several factors; the temporal
dependence of the covariates (which we discuss later) and the dependence structure of
the spatio-temporal process ®;(-). Addressing the latter point; without any additional
assumptions on the process the rate of convergence declines as the dimension d of covariates
grows. On the other hand under the much stronger assumption that ®(-) is a spatially
isotropic process the rate of convergence is independent of dimension. Nevertheless, we
show that a compromise between the generality of nonstationary and the more restrictive
isotropy property is possible. That is, under additional dependence constraints (for example
the representations in (1.1) and (1.2)), it is possible to define an estimator of the covariance
function of a spatially nonstationary process, whose rate of convergence is independent of
dimension. It is worth mentioning that all the results in Section 4 include the case where
the number of predictors in ¢, (-) can be m = N (even when we derive results for N — o0).

An advantage of the best linear estimator is that its rate of convergence does not depend
on the number of covariates m used to define the function ;. However when there is
departure from Gaussianity the linear predictor can be far from the optimal predictor. In

Section 5 we propose a direct nonparametric estimator of the prediction function ¢ (defined



in (1.4)). In Section 5.2 we derive the asymptotic sampling properties of the estimator of
.

It is worth noting that due to the spatio-temporal nature of the problem the estima-
tors considered in this paper yield different sampling properties to those often obtained in
nonparametric statistics. More precisely, the rate of convergence depends heavily on the
temporal dependence (characterised by the mixing rate) of the covariates {U;;}+ and the
number of spatial points at a given time. If there is only weak temporal dependence in the
covariates then for any NV, as T — oo, the estimator is consistent in probability. Whereas,
if the covariates were the same at each time, the estimator is consistent only if N — oo
and T' — oo. On the other hand if the temporal dependence of the covariates is very slow
then for any N as T' — oo the estimator is consistent but the rate of convergence is slow.
However by also allowing N — oo at a sufficiently fast rate the usual rate of convergence
(as in the weak dependence case) is achieved.

In Section 6 we illustrate our methods by modelling the selling price of properties in
the Stockport area, U.K. We use as covariates the district number and the deprivation
index. The data we use are the selling prices of several types of accomodation; detached
houses, semi-detached houses, town houses and apartments. We show that that the proposed
nonparametric linear predictor, predicts well the house price at unobserved locations for
several types of houses. Moreover the linear dependence between house prices in areas of
large deprivations seems to be much larger than the linear dependence between house prices
in areas of low deprivation. Interestingly, this trend is observed over most housing types
(with the exception of apartments).

All proofs can be found in the Appendix.

2 The model and observations

In this section we describe the model, observations and state the assumptions and notations
we will use. We shall assume throughout that all the necessary densities exist.

We use the following assumptions in the paper.

ASSUMPTION 2.1. {®;(-)}+ is a stationary process, which implies that for each t € Z, ®4(-) is
a nonstationary spatial process on the region Q and for each u € Q, {®(u)}s is a stationary

time series.

Suppose we observe {(Y;;(U;),Upi);i = 1,...,N,t = 1,...,T}, where Y;;(Uy;) satisfies
(1.5) (to minimise notation we let Y;; = Y;(Uy,;)). We use the following assumptions.
ASSUMPTION 2.2.

(i) For fized m € N and arbitrary indices (i1, ..,i2m) € {1,..., N}*™, the vector time

series of covariates {(Utiy, ..., Uty )}t 15 stationary.

(11) The observation errors {Vi;}ii are #d random variables.



(111) The covariates {U;;}ti, the observation errors {Vi i}t and the process {®.(-)}+ are

independent.

In order to obtain the sampling properties of the estimators defined in the sequel we
need to show that the random process {®:(U;;)}; is 2-mixing. This requires the following
assumptions.

Suppose u = (u1,. .., un) € ™, and let /) (u) = (D (1), @i (12), - P )
Define U(S’Z) (Ut,iy> {Ut—s,i; }jy) for the distinct indices i = (iy,...,im) € {1,..., N}
and denote by P(S D the joint dlstrlbutlon of (U, D UTS D )

ASSUMPTION 2.3.

(i) The vector processes {@ff) (u)}s are 2-mizing, where for all u,v € Q™

sup |P(ANB) — P(A)P(B)| < Cop(u,v)|t — 7|77
Aea (@ ()0 (34 (v))

and additionally [ Cop,(u, Q)Pt(’f_@ (du, dv) < Oy, < 00, where the constant Coyy, does
not depend on t, T € Z and the distinct indices i € N™.

(ii) Suppose for all distinct indices i, j € N the vector time series {QES’D}t and {QES’Z)}t
are 2-mizing, that is
t _ —Q.,
sip  |P(ANB)— P(APB) <c{ T-77% di=g )
aco@(®D) [t — 7|77 if (i,7) distinct indices in N°™,

Beo (U( 2,

where the constant C' does not depend on t,7, i and j.

REMARK 2.1 (The location dependent AR process). An example of a process which has
dependence over time and satisfies the assumptions above, is the location dependent spatio-
temporal AR process considered in Subba Rao (2005), where ®;(u) satisfies the represen-

tation
Z w)®r—j(u) + or(u)&;(u) (2.1)

and {&(u);u € Q}; is a stationary spatial process which is independent over time. Sup-
pose for all u € €, the absolute value of the roots of the characteristic polynomial AP —
Z§:1 a;j(u)AP~7, are less than §, where § < 1. It is straightforward to show that this model
satisfies Assumption 2.1. Furthermore, if the innovations {&;(-)}; were a sequence of inde-
pendent stationary Gaussian spatial process, then we can show that Assumption 2.3(i) is
satisfied, where
sup |P(AN B) — P(A)P(B)| < Camp~ 77,
Aco (D (u)),0(2, (v))

and § < p < 1. The proof is in the Appendix. O



REMARK 2.2. For reasons that are explained in Section 3, an implication of a condition
in the later theorems, is that min(f3,~) > 2. Loosely speaking this means that the spatio-
temporal process is only weakly dependent over time, and if ¢ # j, then there is very little
dependence between the covariates U;; and U ; when the difference |t — 7| is large. On the

other hand, « can take any value. This includes several cases of interest;

(a) The process {U,}+, where U, = (Up1,...,Usy), is a stationary vector autoregressive,
process, in which case {U,}; is geometrically, strongly mixing (see Pham and Tran
(1985)). This implies it is two-mixing with the rate Cpl*=7l where 0 < p < 1 (o and

7 are same).

(b) At the other extreme the covariates are fixed, or change extremely slowly over time.
That is for fixed ¢, U;; ~ U; (where ~ denotes close to). Also suppose {U;}; are
independent random variables. These conditions imply o = 0, and because of inde-

pendence between covariates, roughly speaking, v = co.

0

Define the random vector XES’D = (Yo, {Yi—si; }7]":2) We now show that the composite
random processes {(@gs) (Q,Es’i)),ggs@)}t and {(zﬁsi),gf’@)}t are also 2-mixing.
PROPOSITION 2.1. Suppose Assumption 2.3 holds, and let Eﬁs’g = @ﬁs)(ggs@),gﬁs’?))
or wgs,g) = (zf’i),ggs@). Then for all distinct indices 1,7 € N the vector time series
{Ets’z)}t and {EES’Z)}t are 2-mizing with

[t = r|7mineR)s i =g,

if i
s P(AnB)—-P(A)PB)| <C . -
uwp B ) (APB)] < { [t — 7|~ ™A, g (4, j) distinct indices in N°™,

Acow (D)

Beow ™)

where the constant C' does not depend on t,7, i and j.

REMARK 2.3 (2-mixing of the spatio-temporal process). An immediate consequence of
Proposition 2.1 is that for all j € N the composite stochastic processes {®;(U; ;)}: and
{Y} ;}+ are also 2-mixing with the rate

sup  |P(AN B)— P(A)P(B)| < Ct~min(@h)
AeFo,BEF;

where Foy = o(®o(Up,;)) or o(Yp ;) and Fy = o(P¢(Uy;)) or o(Ys ). O

3 Nonparametric regression with multivariate time series

In this section we consider nonparametric estimation in the context of multivariate time
series. The results in this section unify the theory in the following sections, where we
consider estimators for specific prediction problems. Furthermore, we believe the generality

of the results, give them wider appeal, for example, in nonparametric estimation for panel



time series with dependent panels. Nevertheless, though the methods developed here and
their asymptotic sampling results are used in later sections, this section can be omitted on
first reading.

Let us suppose we observe the multivariate time series {(X¢;, Z;;);4 = 1,..., N }+, where

the (1 4+ n) dimensional random vector (Xy;, Z; ;) satisfies
E[Xi|Zti = 2] =¢(z) VzeR"LteZ,ieN, (3.1)

and ¢ : R” — R is an unknown function. The object in this section it to define an estimator
for (-) and study its sampling properties. Our approach is sufficiently general for us not
to impose a parametric structure on the multivariate time series, however we will assume

it satisfies the following dependence structure.

AssuMPTION 3.1 (Temporal dependence). For all i,j € N, the vector time series
{(Xtis Z1i, Xt j, Zij) }e is stationary and 2-mizing where

=775 ifi=,

|t — 7|7 otherwise,

sup IP(ANB) — P(A)P(B)| < C
A€o (Xy,i,Z4,i),Beo(Xr j,27,5)

and the constant C' does not depend on i, j, t or T.

In Section 4 and 5 we given examples which satisfy model (3.1) and Assumption 3.1.

In the theorem below, we allow v to take any value but impose the restriction u > 2.
Roughly speaking this means that the two vector time series {(Xy;, Z; ;) }: and {(X¢ 5, Z1 ) }e
can be dependent, but (X ;, Z;;) and (X, ;, Z; ;) will become asymptotically independent
over time, as |t — 7| — oo. On the other hand, since there are no restrictions on t, the time
series {(X¢j, Z¢j)}+ can be highly dependent over time, where, as we shall see below, the
dependence affects the rate of convergence of the estimator.

Let fi(x,z) denote the joint density of the random vector (X;;, Z;;) for i € N, which
due to stationarity does not depend on ¢ (see Assumption 3.1). Moreover, let f;(z) denote

the marginal density of Z; ;. Using these densities we can rewrite (3.1) as

0(2) = E[X¢;|Z1; = 2] = wf}(:(:;;)dx — fcz; V2 e Rt Z,icN.

Furthermore, using the last identity it is easily verified that

1 Zn )
—19i(2)
o(z) = ==L e R neN (3.2)
% Z?:1 fi(2)
which motivates the following estimator of ¢. We observe, if the random vectors (X ;, Z; ;)
for i € N and t € Z are identically distributed with joint density f(z,z), then we obtain

equation (3.2) with g(z) = [z f(x, z)dz and marginal density f(z) of Z,.

We now use a nonparametric kernel approach to estimate ¢(-) from the observations
{(Xei,Zei);t=1,...,T;i=1,...,N}. Motivated by (3.2) we consider ¢(z) as an estimator



of ¢(z) where

N -
% Zi:l gi(2)

SRS SR )
using for each i =1,..., N
1 <& . 1L
9i(2) =7 tzl Xeily, (Zei —z) and fi(2) = tzl Ky, (Zt; — 2) (3.4)

as estimators of g;(z) and f;(z), respectively, with for z € R”, Ky(z) :=b""K(z/b), b > 0 is
a bandwidth and K is multiplicative kernel, defined below (see Scott (1992)).

Having defined the estimator, in the rest of this section we study its sampling properties.
In order to do this we require the following definitions and assumptions (which will be used

throughout the paper).

DEFINITION 3.1. For all w = (w1,...,w,) € R, K is a multiplicative kernel of order r,

i.e. K(w)=1I"_ {(w;) where { is a univariate, bounded, even function such that

/du l(u) =1, /du u'l(u) =0

foralli=1,...,r —1 and there exists a constant Sk such that

[/ du |u|"0(u)]" = Sk

In later sections we will customise the following assumptions to specific situations. It
is worth bearing in mind that they are relatively mild and, roughly speaking, require that

the densities and the conditional expectation of X;;X; ; are p-integrable.

ASSUMPTION 3.2. [Technical assumptions]
(i) For alli € N and t € Z we have E[|X;[P] < 0o for some p > 2 and let

9P (2) == E[X}i| Zs = 2] - fil2).

Then the functions (ggp))

1—-2/p.

1P and f; are bounded by a constant §; and we define q =

(ii) For each t,7 € Z andi,j € N let fi(?T) denotes the joint density of (Z;;, Zr ;) and let
(t,7) L . . (t,7)
9i; (21,22) = E[Xyi Xrj|Zi = 21, Zrj = 2] - fi] (21, 22).

(a) Define! FZ%’T) = fz.(é’T) — fi ® fj. Then for some pr > 2 there exists a constant
t,T
J

Cr such that sup, . ; ; HFZ( )HPF < CF and we define qp =1 —2/pp.

(b) Define G’Etj’-‘r) = gZ(?T) — gi ® gj. Then for some pg > 2 there exists a constant

Cg such that sup, , ; ; ||G§37)||pc < Cg and we define qc =1 —2/pg.

'We use the notation f ® g(z,y) = f(2)g(y) and || f]l, = (J |f(z)[Pdw)"/7.



(iii) The multiplicative kernel K has a finite k-moment with £ > max(p,1—1/pp,1—1/pg),
i.e. Cx = ||K]|x < o0.

We note that due to stationarity F(t - FZ(S =) and G(t M = Fi(g’th).

The definition below provides the sultable regularity space in order to prove the results
in this paper.
DEFINITION 3.2. For s,/\ > 0, the space @"A 1s the class of functions g : RT — R satis-
fying: g is everywhere (m — 1)-times partially differentiable for m — 1 < s < m; where for

some p > 0 and for all z, the inequality

sup l9(y) — g(x) — Q(y — )|
yily—z|<p ’y - ‘T|8

< w(2),

holds true with Q@ = 0 when m =1 and for m > 1, Q is an (m — 1)th-degree homogeneous
polynomial in y — x, whose coefficients are the partial derivatives of g of orders 1 to m — 1

evaluated at x; Kk is uniformly bounded by /.
We now obtain the rate of convergence of ¢(z), as T' — oo.

THEOREM 3.1. Suppose Assumptions 3.1 and 3.2 are satisfied, where vt and u are the mizing
coefficients associated with the vector time series {(X¢i, Zii, Xt j, Zij) e given in Assump-
tion 3.1, and qG,qr,q € (0,1) and §; > 0, i =1,..., N, are defined in Assumption 3.2. Let
w = min(qr, qc) and suppose u > 1/w + 1/q.

Let ¢(z) be defined as in (3.3), where K is a multivariate kernel of order r > 0 (see
Definition 3.1). In addition for each i =1,...,N assume that ¢ - f;, fi € @77 A for some
N, si > 0 (see Definition 3.2), that f; is bounded away from zero and let p; = min(r,s;).
We have for all z € R"

—1
(i) ift>1/w+1/q and b; = O(T?it7), i =1,...,N, then

hE

. 1 oy 2P0 g\ s 2P0
[6(2) — 0(2)] = Oy (57 Do (6t - (AT - T ) (3.5)

w
Il
—

(i) if 1/g <t <1/w+1/q and b = O((N - T)?ite) i =1,...,N, with k :== 1+ w +
q — wqt then

N
1 _ 205 K —2p4
15(2) — (2 (NE (67) 7w (A2) 2+ .(N.T)Qpﬁ-rm); (3.6)
=1

-1
(ii3) if t < 1/q and by = O((IN - T9%)2ei+0+an) 4 =1,... N then

1 N 2pq an+n —2p;
|o(2) — @(2)| = OP(N Z(ég)2ﬂi+qn+n . (A%)2P¢+qn+n (N -TT) 2P¢+qn+n>‘ (3.7)
i=1

10



REMARK 3.1. (i) From the proposition above we see if the mixing rate of the observa-
tions, v were sufficiently large then we obtain the usual rate of convergence often found
in nonparametric estimation (we note that a necessary condition is that v > 2). In

other words, if for all iZthe rates are the same, with p; = p, and t is sufficiently, then
—2pi
[6(2) — ()| = Op(T2%n).

(ii) There is a continuity between the rates under the three different conditions. In other
__ P __Pr
words as t — w1 + ¢! from the left then T~ 2¢it%1 — T~ 2oitn and v — ¢~ ' from
[ —_ P
the left then T 2ri+n+an * — T Zo;+1% . Roughly speaking this means the conclusions

1 1

of (ii) — (i) and (iii) — (i) as t — w1 + ¢ ! and v — ¢! respectively.

(iii) In order to reduce the number of different cases we have imposed the restriction that
u > 1/w + 1/q (which basically means asymptotic independence of (X;;, Z;) and
(X1, Z1,5)). If we were to relax this assumption and allow u < 1/w + 1/¢, this would
give rise to 6 more cases. The most notable is when u is also small and the conditions of
Theorem 3.1(iii) hold. This case there is so much dependence within the time series
{(Xt4, Zes)}+ and between the different time series {(Xy;, Z¢s)}e and {(X¢j, Zij) e
that @(z) converges extremely slowly to the true parameter (even if N — oo, which
is the case we consider below).

O

We now show that it is possible for the estimator ¢(+) to obtain the rate given in Theorem
3.1(i) even in the case that the observations are only slowly 2-mixing. This is achieved by

allowing the number of time series N — oo.

COROLLARY 3.2. Suppose the assumptions of Theorem 3.1 are satisfied, and the bandwidth
parameters are such that by = O(T~1/2P+m) i =1, N,. Letp=min{p;i=1,...,N}).

n(s=1)

Furthermore, in the case Theorem 8.1(ii), where ¢~ ' <t < w1 4q71, let N = O(T 20tn )
while, in the case Theorem 3.1 (iii) where vt < ¢~ ', let N = O(T%Jrl*tq).

2

2p; —2p;
Then we have |p(z) — p(z)| = Op<% SN (82) %0t (A?)Qﬁjﬂ : T2f’i+’7>, for all z € R".

Roughly speaking, if all the rates are the same with p = p;, then from the above corollary
we have |@(2) — ()] = O,(T~2¢/(2r+1))) if N grows at a sufficient rate. Hence if we allow
the number of time series N to grow also, then we achieve the usual nonparametric rate
discussed in Remark 3.1(i).

REMARK 3.2 (Mean square error). In Theorem 3.1 and Corollary 3.2 we obtain the proba-
bilitistic rate of convergence of the estimator @ = §/f defined in (3.3). In order to obtain
a similar rate in terms of mean square error (MSE) we need stronger assumptions, see for
example Bosq (1998), Theorem 3.1. However we now show that by introducing a regularisa-
tion term in the estimator @ under the same conditions given in Theorem 3.1 we can derive
a MSE which is uniform in z. In the appendix we derive the MSE for the numerator §(-)
and the denominator f(-) (see Lemma A.2). The difficulty in the estimation of the MSE of

11



© comes from the denominator f , i.e., the expectation of f ~1 does not, in general, exist. In
order to cirumvent this difficulty we can introduce an additional regularization parameter

h > 0 such that the denominator is bounded away from zero. For example, consider

2" (2) {h+ f(2)}19(2) (3.8)
pM(z) = f(&) 9 f(z) > h). (3.9)

We mention that regularizers have been used in several problems. For example, in the
context of partially linear models an adaptation of (3.8) is used in Florens, Johannes, and
Van Bellegem (2005) whereas Robinson (1988) considered a version of (3.9). O

In the following section we apply these methods to prediction for spatio-temporal pro-

cesses.

4 Linear prediction

4.1 Covariance estimation

In this section we consider the linear prediction of ®;(ug) given Y;_s(u) := {Yi_(u;)} 27"

with u = (u1,...,u;m_1) € Q™! satisfying model (1.3), which of course is optimal if
(Yi(up), Yi—s(u)) were distributed according to a multivariate Gaussian.

We define for each s € Z the covariance function ¢, : R — R with
cs(u,v) := cov(Ye(u), Yi—s(v)).

The best linear predictor of ®;(ug) given Y; (u) =y with y € R™ 1 g

W (Y, u, uo) = (u, up) R(w) "y (4.1)
where 7(u, uo)/ = (cs(ug,u1), ..., cs(ug, tm—1)) and
co(ur,uq) co(ur,ug) ... co(ut, Um—1)
Ru) = co(u1, u2) co(ug,uz) ... co(ug, Um—1)
co(tUm—1,u1)  co(tUm—1,u2) ... co(Um—1,Um—1)

Since the parameter r(-) and the matrix R(-) are functions of the covariance, the object
of this section is to develop methods for estimating cs(-), which in turn can be used to
estimate r(-) and R(-). The predictor ¢ (-) can include all observations at a given time,
that is m = N (though it is natural to use only those which are near to the unobserved
point). For brevity we shall assume that the spatial mean is zero, it is straightforward to
extend the results to spatial processes with non-zero mean.

As will become clear below, the method we use to estimate c4(-) should depend on its

covariance structure. Since we are using nonparametric methods to estimate the covariance,

12



the rate of convergence of the estimator will be affected by the dimension d of the covariates.
But this can be remedied if there is a known function H : R?¢ — R” such that there exists

a function cg s : R” — R (in general unknown) which satisfies
chs(H(u,v)) = cov(Pi(u), Pi—s(v)), Vu,ve Q,t,seZ. (4.2)

By using this information we can reduce the dimension from 2d to v, thereby avoiding the
curse of dimensionality. Let o2 denote the variance of the observation error and define
v () :== emo(-) + 0. Since the observation errors are independent of the process {®;(-)}¢
we have the following characterisation of the covariance function

(4.3)

(u,0) vg(H(u,u)) , when s =0 and u = v;
cs(u,v) = .
° c,s(H(u,v)) , otherwise.

EXAMPLE 4.1 (Dimension reduction through a suitable H(-)). (i) Inthe case that {®.(-)}
is spatially nonstationary with no additional assumptions then H : R?¢ — R?¢ with
H(u,v) := (u,v).

(ii) Often it is reasonable to suppose that the process {®;(-)} is both temporally and
spatially stationary. In which case H : R?*? — R? with H(u,v) := (u — v).

(iii) In spatial statistics it is common to assume isotropy of the covariance function. In

this case H : R?¢ — R with H(u,v) := ||u — v||, where | - || is the Euclidean norm.

(iv) Consider the model in (1.2), where {fy) (1)} are iid random functions with an isotropic

covariance. It is straightforward to show that
COV((I)t<w7m)7 (I)t—8<u~}7i.)) - (1 + .%'/.f) ’ 78(Hw - UN}H)7

where v5(||lw — @l|) = cov(&p(w), &s(w)). Let u = (w,x), v = (W, &), then in this case
H :R?P+D — R? with

H(u,v) := (14 2'2), [[w — @|]).

O

Based on the characterisation (4.3), we use the observations{(Y;;, U;;),i =1,...,N;t =
1,...,T} to construct an estimator of the function cy(u,v) for s € Z and u,v € Q.
Therefore define for t € Z and i,j € N the random variables Xt(i)J =Y Yi_s; and

Zt(SZ)J = H(Uy;,Us—s ;). Under Assumption 2.2, it is easily verified that for all z € R”,¢,s €

Z,i,j € N with i # j

cts(2) = E(Yig - Yios gl H(Usi, U j) = 2) = (X511 285, = 2),

tii?j o

13



and

vir(z) = E(YA|H (Usi, Us) = 2) = E(X 0|21, = 2).

,z,z’ t,0,0

By using, for fixed 4,5 {(U;, Ui—s,j)}¢ is a stationary vector process, it follows that

(X2 2

£ t i ])}t are identically distributed random vectors. Comparlng this with the general

(s) Z(S

tij»Zt.ij)}t can be treated as a

(s)

tzy

multivariate case considered in Section 3, we see that {(X
particular example. This motlvates us to let fi ( ) denote the marginal density of Z
and define gz-(fj)(z) = E( m]| t” z) - fl-(:;)(z). Then, for all z € R”, we have

N/2 (s)
N/2 D it / 92i—1 21(2) % Zz]il 952)(2)
and wvg(z) = :

~ _—
N/2 2 /12 2z 1,2i(%) % Zz‘]\il i(,(i))(z)

cus(2) = (4.4)

For all i,7 € N and s € Z we estimate the functions 91(8])() and fl(j)() using the kernel

estimators

— — T
S S S ]- S
957 0) = oy xx W (25 =) and [50) = g D7 Kyo(Z3; =),
t=1+s t=1+s ’

()

where K denotes a multiplicative kernel (see Deﬁmtlon 3.1) and b;; > 0 a given bandwidth.

Replacing in (4.4) the functions gf )( -) and f2-7 ; ( ) by their estlmators we obtain

N/2 s
Z / Zt 1+s Xt(Q)z 12sz() Lo (Zt(,Q)i—l,Qi —)
N/2
P / Zt 145 IS (Zt(,Q)i—l 9 — )
Zz‘:1 Zt:1+s le(,j?ijEf> (Zt(sz)z —)

N T
dimt Zt:l—f—s Kbgsg (Zt(sz)z —)

—

cHs() =

(4.5)

and og():=

as estimators of c¢pr4(-) and vy (-), respectively.

It is worth mentioning that in practice the densities {f; ;(-)}i; maybe the same, hence
we would use a universal bandwidth b. Moreover the bandwidth can be selected using
cross-validation methods (cf. Hart (1994)).

We are now equiped to define an estimator of the matrix R(u), that is

va(H(ui,u1)) oo emo(H (ur, um-1))
E(g) _ . . . ,
C/H?)(H(um—lyul)) @(H<um—l7um—l))
while we use 7(u, o) = (¢ms(H (uo,u1)), - - ., cas(H (uo, um—1))) as an estimator of r(u, ug).

Altogether we obtain the estimator @/ZJZ of the linear predictor vy, where

@(g, u, ug) = 7(u, uo)lﬁ(g)_ly. (4.6)
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4.2 Sampling properties

In this section we will study the sampling properties of the estimators ¢ 4(-) and vg(-),
which are derived using the results given in Section 3.
Under Assumptions 2.1, 2.2 and 2.3 (with m = 2), we see that Assumption 3.1 holds

with Xp; = X\ 15 and Zy; = X\ 1o o8 Xpi = X0 and Zp; = X,

,21—1,24 t,1,0 t,1,8° and by

appealing to Proposition 2.1 we have

|t — 7|~ min(@B); - if = j,

P(ANB) — P(A)P(B)| < C .
sup_|P(ANB) =~ P(A)P(B)| < {“_ﬂ_mlnmm; otherwise,

A€o (Xy ;1,741

BEo(Xr ;. 5r, ;)

Therefore, if also Assumptions 3.2 is satisfied, the following theorem on the rate of conver-
gence of the covariance and variance estimators is a direct consequence of Theorem 3.1.

THEOREM 4.1. Suppose Assumptions 2.1, 2.2 and 2.3 (with m = 2) holds, where o and 7
are the mizing coefficients of the covariates {Uy ; }+ over time and space, respectively, (3 is the
mixing coefficient of the process {®(u)}y (u is arbitmry but fized). Let the multivariate vec-
}“ satisfy the Assumption 3.2 with

common constants qa,qr,q € (0,1) and individual constants 0; s and 6; > 0, respectively.

tor time series {Xt 2i— 121’Zt(2)z 1,2 18 and {Xt((z)z’ Ziii
Let w = min(qr, q¢) and suppose min(~y, 3) > 1/w + 1/q.

Let ¢pr 5(z) and v (z) be defined as in (4.5), where K is a multivariate kernel of order
r > 0 (Definition 3.1). In addition for each i,j € N, i # j assume cg(2) - fi(j), fi(";) €
Q5Z_s Ass with l; s, N s > 0 (see Definition 3.2), while vy (z) - fi(,[z'))7 i(,(i)) € QﬁZ A for some
li,N; > 0, and suppose that the functions fi(j-) and fi(,[i)) are bounded away from zero. Let
pis = min(r,l; 5) and pi = min(r,l;) for i € N. Then for all z € R”

(i) ifa > 1/w+1/q, b 2@ 19i = = O(T~V/@Pist)y and bg)i) = O(T~V/PitV)) we have

N/2

- 1 2pi,s v 7291‘,5
|CH,5(Z) — CHS( )| = OP(T/Q 2(52 )2Piste (AZ?,S)QPLS-O—D . T?Pi,s+u); (4.7)
=1
1 N v —2p;
7(2) — v ()] = O (5 (D)% - (AT T ) (49)
i=1

(ii) if 1/q < & < 1/641/q, b5 | 5; = O((N-T)~Y/@eistw)y and b%) = O((N-T) 1/ @pitr)y

with k :=14+w+q—w-q-a we have

N/2

o 1 2Pi,s KV _2Pi,s
Ics(2) —cus(2)| = (Ni/Q 2(52 ) 2P TRV (A2278)2Pi,s+ﬂu (N -T) 2Pi,s+nu); (4.9)
=1
1 N KV —2p;
71() — v ()] = Oy S0 75 - (a3 5 - (v 1)) (4.10)
i=1
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—1

—1
(iii) if & < 1/, b5 | 5; = O((N - T0) 7% ) and b = O((N - T°9) %747 ) we obtain

L PR e s
|§{\5(2) — CH75<2)| = Op(m 2(51,278)2p¢,5+qu+u . (Azs)m,ﬁqwu (N - Taq)2ﬂ¢,5+qu+u);
i=1
(4.11)
— 1 Y g\ o 2Pi EE:i =22
"UH(Z) — UH(Z)| = OP(N Z((Si)2pi+qu+u . (Ai)wiﬂ]u-&-u . (N T Q) 29i+qu+u>' (412)
i=1

In the theorem above we see that purpose of the summands is to accomodate the different
smoothness classes of fl(‘;) If the densities were to belong to the same class, then the
summands are avoided. Moreover, since fi(:;) is the density of H(Uy;, Ui—s j), the rate of
convergence depends both on the smoothness of the covariance function ¢ (-), as one

would expect, as well as the smoothness of the covariate densites.

REMARK 4.1 (Local stationarity). We note that, since we are using ‘local’ smoothing to
estimate the covariance function, the assumption cp s(2), vm(z) € 8] A (in Theorem 4.1) im-
poses a ‘local stationarity’ condition on the spatially nonstationary spatio-temporal process
®,(-). For instance, consider two observations from the spatio-temporal process; ®;(u1) and
®4(u2) whose covariates uy and ug are ‘close’. Since & , characterises a class of ‘smooth’
functions, we have for all u € Q, that cs(uj,u) & cs(ug,u), this implies that they have a
similar covariance structure, leading to a process which at least in the second order sense

can be described as ‘locally’ stationary. O

REMARK 4.2 (MSE, uniform convergence, asymptotic normality). It is worth mentioning
that a small adaption of the estimator é¢p(-) or 0g(-) yields an estimator whose mean
squared error can easily be evaluated. We refer to Remark 3.2 in Section 3 for the details.

It is possible to show that the estimators are uniformly convergent almost surely, over
an increasing sequence of compact sets, under much stronger conditions on the processes
{®:(-)}+ and {Ut;}+. To summarise, if the 2-mixing rates in Assumption 2.3 were replaced
by strong mixing rates and the rate of convergence is strengthed to a geometric mixing rate,
f,crs € @g,A and there exists an a such that E(exp(aY; ;)) < oo, then ¢ 4(z) and vg(2)
converge uniformly in a compact set to ¢y s(2) and vg(z), respectively. Under a similar set
of assumptions asymptotic normality of ¢z 4(z) and vg(z) can also be shown. For details
we refer to Bosq (1998), Theorems 3.3 and 3.4. O

In the previous theorem we have obtained a rate of convergence for the covariance
estimators ¢ s and U. An interesting aspect in the proof of this result, is that the rates
are independent of of z. This observation immediately yields the following result on the

rate of convergence of .

COROLLARY 4.2. Suppose the assumptions of Theorem 4.1 are satisfied. Let 1712 be defined
as in (4.6), with m < N. Assume, that sup;((9;0,dis,0i) < 00, sup;(Lio, Dis, DNi) < 00
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and p = infi{p; 0, pis, pi} > 0. Then for all y € R™ 1, (u,ug) € Q™ we have
(i) If o« >1/w+1/q and bg‘? = O(T~V/p+v)) | then

’@(ya u, UO) - 1/)L (gv u, U())| = Op (T72p/(2p+l/)) .

(ii) If 1/g < a < 1/w+1/q and bl(-f)

i = O((N-T)~VCeta)) with k =14+ w+q—w-q-
then

D1y, 1, 10) — (g, w,wo)| = Op (N - T) 20/ 04w,
(iii) If a <1/q and b} = O((N - T°9)~1/Co+(140)) - then

It is worth drawing to attention that, the rate in (4.13) does not depend on m (since
v is independent of m). Therefore it includes the case where ¥ (-) is defined with m = N
predictors.

In spatial statistics the asymptotic results often use the assumptions that the number
of ‘locations’ N — oo (see, for example, Guan, Sherman, and Calvin (2004) and Mukherjee
and Lahiri (2004)). Similarly, we now consider the case that the number of covariates at
each time point N — oo as well as T' — oo. We shall show that in this case it is possible to
obtain the rate T~ %7 for the estimator 12() even in the case that the covariates are not

mixing much.

COROLLARY 4.3. Suppose the assumptions of Theorem 4.1 and Corollary 4.2 are satisfied.

In addition, if the assumptions Corollary 4.2(ii) are satisfied, with ¢~' < a < w4+ ¢ 71,
v(k—1) v

let N = O(T 2+ ) while, if Corollary 4.2(iii) holds with o < q~1, let N = O(T#H*aq).

Then

JL(Q, u,ug) — (Y, u, uo)| = Op(T_Z’ﬂ%), for ally € R™L (w,up) € R™, (4.13)

REMARK 4.3 (Different rates). From the theorem and corollary above we notice that the

rate of convergence depends on two factors:

(i) The dimension of the image of the function H : R?*¢ — R¥, which is based on the
dependence structure of the spatial temporal process. For example, in the case of
nonstationary, with no additional assumptions, the rate is slowest, but if the process
were isotropic the estimator can be modified to yield an estimator which is independent
of dimension. What is more, even for nonstationary processes with some structure (see

Example 4.1(iv)) we can still obtain an estimator which is independent of dimension.

(ii) The dependence structure of the covariates. We see that for N kept fixed, as the
dependence of the covariates grow the rate of convergence of JL becomes slower. As

an illustration we consider the examples in Remark 2.2:
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(a) The covariates satisfy a vector AR process, hence the temporal dependence of the
covariates is weak and « is large. This means for N kept fixed (we can even have

N = 2), the usual rate of convergence in nonparametric estimation is incurred.

(b) Here there is little or no temporal mixing of the covariates. Thus for N kept fixed
the estimator zZL is inconsistent. However because there is independence between the
covariates if N — oo and T' — oo at a sufficient rate the usual nonparametric rate

can be obtained.
O

REMARK 4.4 (Dimension reduction for unknown H(-)). There arises applications where we
know that there exists a function H : R?? — RY, with v < 2d such that cy <(H(u,v)) =

cov(Py(u)P;—s(v)) but the actual function H(-) may be unknown. Examples include

(i) A generalisation of (1.2) where H : R?? — R, defined by

q
H(w,z,@,%) = {>_ fila®z®)}Hlw — |, with = (zD,... 2@)z= a0, .. z?),
k=1

and the functions fi : R — R are unknown.

(ii) Anistropic processes are a generalisation of an isotropic process (c.f. Cressie and
Huang (1999)). Here H : R?¢ — R, is defined by

d d
H(u,v) = Vv Au = {ZZAijv(i)u(j)}l/z, with v = (uM, ... u®), v = (D, ... v@D)

i=1 j=1
and A is an unknown positive definite matrix.

In order to reduce the affect of dimension in the estimation of ¢4(+) it is of interest to obtain
estimators of the function H(-). There are several ways to approach this problem, however

the obvious is to use the representation
YiiYiosj = ens(H(Upi, Uy ) + &7, (4.14)

where (%) — Y:iYis;—cu,s(H (Ui, Ui—s j)) and E(E?’j)’H(Ut’Z‘, Ui—s,j))) = 0. We observe
that (4.14) resembles the classical setup where we observe a nonparametric function which
has been corrupted by additive noise. For this reason it is possible to draw on dimension
reduction methods, developed in nonparametric statistics, to estimate cp s(-) (though the
noise stucture E,Ei’j ) is more complicated than usual). For example, suppose, ¢y s(H(u,v)) =
cov(®y(u), ®;_s(v)) where H : R?* — R with

d
H(u,v) = ka(u(k) —o®), with w= (M, .. u D), 0= WV, .. o),
k=1
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but fi(-) is unknown. We now consider an iterative scheme to estimate cp s(-) and H(-),
when fi(+) is a linear functional; fx(z) = axfk(x), where ay is unknown, but the function
lk(+) is known. This can be done by using methods developed in Lu, Tjostheim, and Yao
(2005) and Fan, Yao, and Cai (2003), who consider the model

Zy = ho(a'Xy) + Xygo(a' Xy) + &, (4.15)
where {X;}; is a predictor vector, E(g,/X;) = 0, o is a vector of unknown parameters and
ho(-) and go(+) are unknown functions. Comparing (4.15) with

d
YiiVeosj = ems(> " an - tu(US — U )+, (4.16)

t—s,j
k=1

we see that (4.16) can be written in terms of (4.15), with Z; =Y, ;Y ;, X; = (fl(Utg) —
UL ), (U = U )), holr) = ems(), go(-) = 0, and @' = (ai,...,aq). Given
this representation, we can estimate the parameter vector a and the function cy 4(-), using
the iterative local least squares scheme advocated in Fan, Yao, and Cai (2003) and Lu,
Tjostheim, and Yao (2005). A small difference is that for each time ¢ we have multiple
observations {(Y,;Y:j, Ut Upj);1 < i < j < N}, however it is straightforward to modify
the estimation scheme to the current problem. The main advantage of using this scheme is,
if it can be shown that the conditions stated in Lu, Tjostheim, and Yao (2005) are satisfied
then the curse of dimensionality is avoided. That is, the estimator of the parameter vector
a is v T-convergent and the rate of convergence of the nonparametric estimator of cg s(+)
does not depend on the dimension d.

A useful generalisation is to develop dimension reduction techniques where fi(-) is an
unknown non-linear functional (possibly by adapting the dimension reduction methods con-
sidered in Horowitz and Mammen (2004) and Fan, Hérdle, and Mammen (1998)). This

problem will be considered in the future. ]

5 Estimation of the optimal predictior

5.1 The estimator

If the observations depart from Gaussianity the linear predictor can be far from the optimal
predictor. In this section we propose a method to estimate directly the function ¢ (y, u, uo) =
E(®(uo)|{Yi—s(w)}'7" = y) with y € R™ ! and u = (w1, ..., Up—1) € QL.

Recall that ng’? = {Yi—s }5”:_11 and Qg(l’? = {Ut—s,; };”:_11 for i = (i1,...,im—1) €

N7~1 Under Assumption 2.2 it is straightforward to show that for all distinct indices
(Z.Ovi) € N™

By, wu0) = B(Yyio|Y{2D = 9, UY = w,Upsy = wo), ¥ (uo,u) € O™, y e R™ .

Define for i = 1,..., N/m the n-dimensional random vector Zt(s-) = (Z,gof;) (0.4;) Ut,im)

) 'y X t—s

with ; = (i — 1)m+1,...,9m — 1) and n = (d + 1)m — 1. By using that for all ¢ €
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N, {(Utim,U U( )}t is a stationary vector time series, it follows that {Y} im, Zt ; }t are
identically dlstrlbuted random variables. As in the previous section we see that {Yy i, Zt s }t
is an example of the multivariate time series considered in Section 3. Therefore to estirr;ate
P(+), first let fi(s)(-) denote the marginal density of Zt(j.) and define ggs)( ) = EYyimlZ;; (8) =

z] - fi(s) (z), then we have for all z € R"

N/m (s
ﬁZzz/l 91( )(z)
Y(2) = 1 N/m +(s), " (5.1)
N/m > fi ()
For all i € N and s € Z we estimate the functions gl-(s)(~) and fi(s)(-) with
1 T
§() = - - Z YianKy (7 ~) and 190 = — Y Koz ),
t=1+s t 1+s

where K denotes a multiplicative kernel (see Definition 3.1) and bgs) > 0 a given bandwidth.
Replacing in (5.1) the functions gZ(S)(-) and fi(s)(-) by their estimators we obtain

N/m s
~ Z / Zt 1+sYtlme<s>(Zt(,i) —)

p . , (5.2)
ZN/ Zt 1+s b(‘>(Zt(,i) —)

as estimator of the optimal predictor .

REMARK 5.1. We observe that 1(-) is a function on (d+1)m—1 variables, hence the quality
of the estimator depends on the dimension. It is possible, as in Section 4, to incorporate
isotropy into the model, however meaningful methods for reducing the dimension of ),
unlike the covariance estimator, are not so obvious, which we now demonstrate.

Recall the linear predictor ¢y (y, u, uo) = a’(u, uo)y with a(u, up) = R(u, uo) ™ r(u, uo)
defined in (4.1). We observe that without any additional assumptions on the structure of
the process {®¢(-)}+, a(-) is a function of d - m variables. Now suppose the covariances are
isotropic, and let us define the function H : R¥™ D Q™ — R™™=D/2 with H(u,ug) :=
(luo — wall, - |um—1 — Um—2||) for all w = (u1,...,um—1) € Q™ 1. Then there exists a
function ay : R™m=1/2 _, =1 gych that ap(H(u,up)) = a(u, up) for all (u,up) € Q™.
Therefore isotropy implies that there exists a function ¢y,  : Rm+2)(m=1)/2 _, R such that

Yra(yH(z) = ay(2)y = ¥1ly,2), VyeR" ' zeREDL

Now consider the optimal predictor ¢ : R(4t1)m=1 " Motivated by above we see that one
way to introduce the notion of isotropy into the optimal predictor is to define a function
Y ROVF2m=1/2 R guch that ¥ (y, u, uo) = ¥ (y, H(u, up)) (where H(-) is defined as
above). Thus we can estimate ¥ (-), using similar techniques to those discussed in Sections
4 and 5. Comparing the two dimensions (((d + 1)m — 1) and (m + 2)(m — 1)/2), we see
the benefit of estimating 1y (-) rather than (-) arises when d is large and m is small.
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However when m is also large, there is no advantage in estimating ¥ (-) over ¢ (-). This
example illustrates that the benefits of using a known dependence structure to estimate
¥(-) are not as apparent as covariance estimation. Though it is of interest to investigate
whether the dimension of ¢(-) can be reduced in a realistic way, in order to avoid the curse
of dimensionality.

Nevertheless it is clear that if Y;(-) departs significantly from stationarity estimating
the optimal predictor rather than the best linear predict is preferable, even if the estimator

converges to the parameter of interest at a slower rate. ([l

5.2 Consistency and rates of convergence

In this section we study the asymptotic sampling properties of the estimators @Z(), derived
using the results in Section 3.

Under Assumptions 2.1, 2.2 and 2.3 (with n = 2), Assumption 3.1 holds with X;; = Y} i,
and Z;; = Zgj-) and by appealing to Proposition 2.1 we have

|t — 7|~ min(@B);if § = j,

su P(ANB)—-P(A)P(B)| <C .
P IP( ) (APB)I < {|t—7‘|_mm(%5); otherwise.

A€a(Xy 1,24 ;)
BEo(Xr,j:77,5)

Therefore, as in the previous section under the additional technical assumptions the theorem

below follows immediately from Theorem 3.1.

THEOREM 5.1. Suppose Assumptions 2.1, 2.2 and 2.3 holds, where o and ~y are the mizing
coefficients of the covariates {Uy;}+ over time and space, respectively, (3 is the mizing co-
efficient of the process {®i(u)}y (u is arbitrary but fized). Let the multivariate vector time
series { Y im. Zt(j)}t,i satisfies Assumption 3.2 with constants qg,qr,q € (0,1) and §; > 0.
Let w = min(qr, qc) and suppose min(~y, 3) > 1/w + 1/q.

Let J(z) be defined as in (5.2), where K is a multivariate kernel of order r > 0 (Defini-
tion 3.1). In addition for each i € N assume v - fi(s) and fi(s) belong to QjZ,Ai forl,N; >0
(Definition 3.2), and that the function fi(s) is bounded away from zero. Let p; = min(r, ;)
fori e N. Then for all z € R" (withn=(d+1)m—1)

(i) if a >1/w+1/q and bgs) = O(T-YCritv)) i =1,...,N/m, we have

N/m

~ 1 _2p; _n_ =20

1D(2) — (2)] = OP(W S (82) it - (A3 .szm;) (5.3)
i=1

(ii) if 1/g < a < 1w+ 1/q and b = O((N - T)=V/@eitsm) i = 1. N/m, with

k:=14+w+q—w-q-a we have

N/m

—~ 1 2p4 ] —2p4

’w(z) — w(z” = Op<7N/m E (522)2Pi+mz . (A?)2Pi+m] . (N . T) 2Pi+~n) (54)
=1
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(iii) if « <1/q and bgs) = O((N - T*9)~V/Crit(tam)) =1 ... N/m we obtain

N/m ) 4 —9p,
]J(z) — Yﬂ)‘ = Op(]V} Z ((51.2)291--2%2171-0-77 . (A?)Q;fil-tm;j-n . (N . Taq) 2pi+2qp7;+n>
m
=1

(5.5)

REMARK 5.2. It is worth noting that Remarks 3.2, 4.2 and 4.3(ii), as well as Corollary 4.2
(with v = 1) are also true for the optimal predictor ¢(z). O

6 An Example

In this section we illustrate the methods proposed in Section 4 on real data. The data we
consider are the prices of houses sold (in pounds, Stirling), in Stockport, Greater Manch-
ester, United Kingdom, during the period January 2002 to December 2005. The Stockport
region is about 100 square miles, and is divided into 79 districts. We identify the 79 districts
by their postcode (districts SK1 2 - SK23 9, which we label as 1.2 — 23.9, and note that
districts which are geographically close have similar postcodes). We focus on modelling
the log selling price of detached, semi-detached and town houses and individual apart-
ments, denoted as D, S,T and A. The data was obtained from the National Land register,
http://www.landreg.gov.uk/propertyprice/interactive/, where for each district the
average selling prices of D, S,T and A evaluated over each quarter of the year (3 months) is
given. We consider each quarter as one time unit. Since we are considering the data from
2002-2005, for any one district and property type, there are a maximum of 16 observations
over time. However, for most districts, there are far fewer than 16 observations, since houses
are not necessarily sold every quarter.

Despite the Stockport region being relatively small, there is quite a large economic dis-
parity in deprivation over the region, and this is measured by the deprivation index. Usually
this effects the property prices. The deprivation index, for each district, is evaluated every
two years, and can be obtained from the Office of National Statistics,
http://www.neighbourhood.statistics.gov.uk/dissemination/. Nationally, the de-
privation level ranges from 0 to 32000, where 0 indicates the highest level of deprivation
and 32000 the lowest. In Stockport the deprivation level ranges from 3737 (in district one)
to 31205 (in district nine). The deprivation index in any given district is evaluated using
a mixture of health and economic indicators, such as the unemployment rate, the state of
health and the average income, in that area. All the data used in the analysis is available
on the authors’ websites.

In our analysis, the response variable is the log average selling price of property I at
time t (where I € {D,S,T, A}) denoted as }Q(I) (w, ), and we use the district, w and the

log deprivation value u as the covariates, and let u = (w, ). We assume Y;(I) (w, x) satisfies
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(1.3). Our object here is to predict Y(])(wo, x) given the house prices at (m — 1) different

covariate values at time ¢, {Yt( )(wz, 2;)}" 1. From (4.1) the best linear predictor is

m—1
Gi{ys, (wi, )}, (wo, 20)) = B[V (wo, z0)] + > a;({ (wi, 2:)){(y; — E[Vi(w;,z,)])}(6.1)
7j=1

where {a;({w;,x;})}; is a function of the unknown covariances and variances
(0, (w, z), (v, 1)) = cov(V; D (w, z), Y,V (v,)) and v (w, z) = var(V;" (w, z)) (see Sec-
tion 4). By estimating the covariances nonparametrically we obtain an estimator of the

linear predictor. We model the covariances using, for I € {D,S,T, A}, the two covariance

models
Model 1 cov(Y, " (w,2), v, (v,9)) = ¢i”(0,2,y,w,v)
Model 2 cov(¥,) (w,2), Y, (v,9)) = &7(0,2,, v —w]),

(clearly Model 1 includes as a special case Model 2). We see that Model 1, assumes that the
house prices are ‘spatially’ nonstationary, whereas Model 2 assumes that the house prices
are spatially isotropic (the dependence between two locations depends only their distance).
We will estimate the two covariances and use them to obtain the predictions.

Define the residuals & (w, x) = Yt(I) (w,x) — E(Y;(I) (w,x)). Using the data from January
2002 - September 2005 we estimate the mean f) (w,z) := E[Yt(I) (w, z)] nonparametrically,
which we denote as f()(w, z). We use ét(l) (w,x) = Y;(I) (w,z) — f)(w, z) as an estimator of
the residuals §t(1) (w, ). Using the estimated residuals {ft(l) (w,z)} from the period January
2002 - September 2005 and the methods described in Section 4, we estimate the covariances

cgl)(-) and cgf)(-), by smoothing over districts and the log deprivation indices.

For each house type I we randomly select 6 different locations {(wgl) l‘([));i =1,...,6}

Ea)

ence m = and use the corresponding house prices {Yi(w,”’,z;"’);7 = 1,...,6} to
h 7) and h ding h ices {Vy(w!", 2" 1,...,6

[
predict the selling price at other 11 — 19 (depending on the availability of data) randomly

chosen locations {(woj),mélj)) cj=1,..

cgl)( ) is used to define the predictor 4(-) in (6.1) we denote the predictor for each location

as {ﬁt(wélj),xélj)) cj=1,...,n5} or {Ygt(w(()]),xé[])) :j = 1,...,n1}, respectively. We

calculate the mean squared error for k € {1,2} and I € {D,S,T, A} as

.,nr}. Depending on which covariance cgl)(-) or

ny

1 n (I n (I
Ohr = o 2 (halwhs 20)) = Yilw ) w))°,
7j=1

which we compare with the mean squared error obtained using the average value f () as
the predictor at the point (wé{}, :I:E)IJ))
2 _ LSS0 D ) — v 202
S1 = ny ]z;(f (w07j’$0,j(1)) Yt(woja 0])) .

The results are summarised in Table 1. To see how the deprivation index may influence
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Detached | Semi-detacted | Town House | Apartment
Model 1: O'%J 0.1177 0.3239 0.03055 0.12269
Model 2: 0%,[ 0.1085 0.3329 0.03043 0.11247
Model Mean: s7 | 0.1709 0.1222 0.12696 0.18503

Table 1: Mean squared errors of house selling price

the dependence between house prices, we integrate over the district values in the covariance

function, and estimate the function c:(gl) (z,y), where

(@, y) = B{L (W, )l (V,Y)X =2,V =y} =B {cov(y "W, X), D (V)X =2,Y =y},

which is function of the deprivation indices only. We plot these functional covariance esti-

mates in Figure 1.

Detached price covariance Semi-detached price covariance

100
100

95

deprivation
deprivation

9.0

85

8.0

T T r T T T T
9.0 95 100 8.0 85 9.0 95 100

deprivation deprivation

Town house price covariance Flat price covariance

100

deprivation
95

deprvation

9.0

85

deprivation deprivation

Figure 1: The top left is ch)(', -), top right is cés)(', -), the bottom left is ch)(', -) and the

bottom right is céA)(-, ).

From Table 1 we see that in general predicting the house price using house prices at
other locations is better than using the mean estimator for that location. The exception
is the predictor of the Semi-detached houses prices, where the mean estimator performed
better. The covariance deprivation plots in Figure 1 appears to add weight to this. We

see that for house types D, S and T there is greater linear dependence between houses in
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areas with high deprivation (low deprivation index) than similar houses in low deprivation
areas (large deprivation index). Indicating that for areas where there is less deprivation and
more prosperity, the relationship between the houses may actually be nonlinear (meaning
that {®(-)} is non-Gaussian). The dependence also declines as the difference between
the deprivation indices increases. Overall there appears to be higher dependence for both
Detached and Town houses compared to Semi-detached houses. This may explain why the
linear predictor for Semi-detached houses does not perform so well. The covariance trend
seems to be different for the apartment covariance plot. This could be attributed to the
fact that ownership of apartments is new in the UK, and in areas of high deprivation most
apartments are rented.

Furthermore, the reduced Model 2 seems to adequately predict the house prices and
nothing is gained by using the more general Model 1 in the prediction. In fact the mean
squared error is slightly worse for the more general model, which is probably due to the

curse of dimensionality in the estimation.

7 Concluding remarks

In this paper we have considered a class of spatio-temporal processes and studied spatial
and temporal prediction using these models. We have proposed a nonparametric method
to estimate the prediction function and we have shown that the convergence rates of the
estimators depend on the temporal dependence of the observed covariates. We have shown
that the estimators defined here belong to a quite general nonparametric setup in multi-
variate time series. And we have defined the estimator and sampling properties within this
framework.

We believe that other estimation methods other than the Nadaraya-Watson type estima-
tor can be used, for example, by using local polynomials, the methods of sieves or recursive
estimation methods. Such methods may yield estimators which are faster to implement.

An advantage in defining the model (1.3) and (1.5) is that it includes many types of
models, and prevents misspecification, which may occur using a parametric model.

The novel approach considered in this paper, motivates several possible avenues of future
research, which we now briefly outline.

It is of interest to investigate the relevance of the model (1.3) in the prediction of financial
assets given the price of other assets, where Y;(u) is the observed price of an asset described
by the covariates u. However as the discussion below suggests this may require relaxing
some of the assumptions on the model, and thus a different estimation approach. Suppose
our object is to estimate 1 (y, u, v) := E(P¢(v)|Y;—1(u) = y) from a given set of observations.
It is often the case in asset price modelling (see Ekeland, Heckman, and Nesheim (2002) for
a labour market example) that the only available observations are {Y;(Uy;),t =1,...,T,i =
1,...,N} (see (1.5)) where the covariates Uy ; are endogenous, i.e., the covariate Uy ; and the

observation error V;; are correlated or more generally E(V;;|U:;) # 0. In such a situation
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we have ¢(y, up,ua) # E(Yy(Uj)|Yi—1(Ui-1,) = y, U1 = up,Upj; = ua), in other words
(1.6) does not hold true. Therefore 1ZJT7 N is an inappropiate estimator of the prediction
function t. In this case a nonparametric instrumental variables approach (cf. Florens,
Johannes, and Van Bellegem (2005)) may be required to obtain a suitable estimator.

We note that the assumption of temporal stationarity of the infinite dimension process
{®¢(-)}+ can be relaxed, to include locally stationary processes, where asymptotic results
similar to those discussed in Dahlhaus and Subba Rao (2006) can be derived. From a
practical point of view, this relaxation would include the case that the mean of ¢;(u) has a

slowly changing time dependent mean, which may be of interest.
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A Appendix: Proofs

In this section we prove the results stated in the sections above.

A.1 Proof of Proposition 2.1

We prove Proposition 2.1 for the case Efz = (@gs) (QtS’Z)),Qgs’i)). The case where E,Es’i) =
(XES’D? Qt&z)) follows immediately, since the errors V;; are iid and independent of U;; and

Dy(-). Let P&i denote the distribution of wf’i, PWf’i,Wi’l denote the joint distribution

of wfl and Ei’l. In addition, we define the distribution of U fz as PUS’l and the joint
Yy

.. . i 5,J
distribution of Qf’z and U,~ as PU“ U
Y HY T

the distribution of @, [(u) and Py, (u)®, () denote the joint distribution of &, ((u) and

t,s

i- Suppose u and v are fixed and let Py, () denote

@, ;(v). Conditioning on Qf’i and U2 we have

Pysi s = Pwei ® Pyyss = Ho, w2, () (PQ;@,Q:Q tH i e (P ®, ,(w) @ Pg,s(@) , (A1)

where
Hy, (o ) = Po, we, o= P, w®Ps
and Hyos pog = Fpos pos = Paa ® By

By using (A.1) we have
sup |P(ANB)-PAPB)| <I+1I (A.2)

Aco(w i
Beo(W;4)
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where

I = sup ‘ / IA(la @)IB (g, Q)HQt,s(E)QT,S(E) (dl, dy)Pgi,l’inl(dyv dg) ‘

Aco(wih
5,7
Beo(W?)

II = sup ‘/IA(J?,U)IB(y,U)Pq)t’S(u)(dCL’)Pq) () (dy) Uiz’USJ(du dv)|.

Aco(wyh
Beo(W3?)

Under the assumption that {®, ;(u)} and {®, ((v)} are 2-mixing (see Assumption 2.3 (i)),

we appeal to Hall and Heyde (1980), Theorem A.5, to obtain

I < 4!t—7\‘5-‘ [ Canw 0P, s, de)| < 4Canft =717,
Yy U

Using similar arguments and Assumption 2.3(ii) it can be shown that

|- —
[t — 7|77 if ( 7) dlstlnct indices in N?",

Substituting this and (A.3) into (A.2) we obtain the result.

(A.3)

A.2 Proofs: Nonparametric regression with multivariate time series

LEMMA A.1. Suppose the Assumptions 3.1 and 3.2 are satisfied, where v and u are the

mizing coefficients of the vector time series {(Xi, Zyi, Xt.j, Z1) }¢, and where qq,qr,q €

(0,1) and 0; >0, i=1,..., N are defined in Assumption 3.2.

(i) If1<t,7<T and1<i<j <N, then

|CO’U{Xt7l'Kbi(Zt,i — Z), XTJij (Zq—,j — z)} | <

C- min((bibj)_g(l_qG); (52(5] . (bibj)_g(q+1)’t — T‘—qu>; <A4)

’CO’U{Kbi(Zt,z’ —2), Ky, (Z7 5 — Z)} | <

C- min((bibj)fg(lfq”; 5i; - (biby) "2t — T\fq“>, (A.5)

where the constant C does not depend on i, j, t or T.
(i) If 1 <t,7 <T and 1 <i <N, then

|cov{XtiKp,(Zti — 2), X7iKp, (Zri — 2)} | <

C . Hlln(b n(l—qa), 52 b (‘Z+1)|t_

|cov{ K, (Z1i — 2), Ky, (Zri — 2)} | <

) (A6)

C- mln(b n(=ar), 52 b, et g —Trqt>a (A7)

where the constant C does not depend on i, t or T.
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PrROOF. We only give the details for the proof of (A.4) and (A.6). The proofs of the other
results are very similar and we omit the details.
Proof of (A.4) and (A.6). Writing the covariance as an integral, and using the notation

in Assumption 3.2 we have
cov { Xy,i K, (Z1i — 2), Xr j Ky, (Z 2)} = / Ky, (u — 2) Ky, (v — Z)G( )(u v)dudv.

Now by using Holder’s inequality with pal +po = 1it is clear that
Jcov { X, (Zui — 2), Xr 3Ky, (Zrj = 2)} | < (bi - bj) VP9 C - C,

because under Assumption 3.2 we have || K|z, < Ck and ||G ||pc < Cg. This gives us
the common bound in (A.4) and (A.6). On the other hand, under Assumption 3.2 (i) w
have E[| Xy, Ky, (Z:; — 2)|P] < oo for some p = 2/(1 — q) > 2. Therefore, using the 2—mixing
property of {(X¢, Zti, X+ j, Z¢j)}+ given in Assumption 3.1 together with Hall and Heyde
(1980), Theorem A.6, for i # j, we obtain

|cov { X1, K, (Zyi — 2), Xrj Ky, (Z 2)} |
<2¢(20)7 - A{E[| X1,i Ky, (Z1,i — Z)\p] B[ X1, Ky, (Z1; — 2)PIHYP -t — 7|7, (A8)

while for i = j

lcov{ X, Kp,(Zt; — 2), Xrilp,(Zri — 2) } |
< 2¢(20)1 - {E[| X1, Ky, (Z1,; — 2)P]}2/P - [t — 7|70 (A.9)

Since under the Assumption 3.2 the p-th moment of the multivariate kernel K is bounded
by Ck and the function g(p)( ) =E[|X1,|P|Z1, = -] fi(-) by 67, we have

E[| XKy, (Z1s — 2) PP < Cre -6, - b; 207, (A.10)

Therefore, (A.8) together with (A.10) gives the second bound in (A.4), where (A.9) and
(A.10) leads to the second bound in (A.6), which proves the result. O

LEMMA A.2. Suppose Assumptions 3.1 and 3.2 are satisfied, where v and u are the mizing
coefficients associated with the vector time series {( Xy, Zi i, Xt,j, Z1 )}t given in Assump-
tion 3.1, and qi,qr,q € (0,1) and 6; >0, i =1,..., N are defined in Assumption 3.2. Let
w = min(qr, qq) and suppose u > 1/w + 1/q.

Consider the nonparametric estimators (3.4) constructed using a multivariate kernel of
order r > 0 (Definition 3.1). In addition assume for each i = 1,..., N, that the functions
fi and g; belong to 621_7&, for si, N; > 0 (Definition 3.2) and let p; = min(r, s;).
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1
(i) If v > 1/w + 1/q, then let b; = O(T%i*), i =1,..., N and we have

(5.)/)1 n (Az) pitn T 2pi%n ) (A‘ll)

2| =

Elg(2) - g(2)* = O(

=1

NI | (A2\Io . T ).
(07) i - (A7) 2in - T2in ) (A.12)

Mz

Blf(2) — ()2 = 05}

s
Il
—_

—1

(ii) If 1/qg < v < 1/w + 1/q, then assume k := 1+ w + q — wqr and b; = O((N - T)2ritrn),

i=1,...,N and we obtain

(62) 2w - (A2)Toidw . (N - T)zéi%) (A.13)

Mz

El9(=) ~ 9(2) = O(5;

I
—

i

9 2p; 9 K7 —2p;
(52 )2pi+mz . (Az ) 2p; K0 . (N . T) 2pi+mz); (A.14)

|~

ﬁ
Il
—

EIf(z) - f(2) = O

—1
(iii) If v < 1/q, then given b; = O((N - T9)20it0Fan) 4 =1,... N we have

(52)2pii22+n . (A2)2pf$7+n (N - th)mf%) (A.15)
1 Y °

=

@
Il
—

E|g(z) — g(2)* = O(

1

E|f(z) — f(2)]2 = O(N (5@2)72%1%7; .(A?)izpfﬂ:ﬂ (N - ch)ﬁpi’fjgﬂ)' (A.16)

M=

s
Il
i

PRrROOF. We mention that parts of the following proof are motivated by techniques used in
Bosq (1998), where nonparametric smoothing was considered for univariate time series. We
only give the details for the proofs of the MSE of the estimator ¢ in the three different cases
(i) -(iii). The proofs of the other results are very similar and we omit the details. Consider

the standard variance bias decomposition

Elg(z) = g(2)]* = var(g(2)) + |Eg(2) — g(2)[*. (A.17)

Under the stated assumptions we will derive the following four bounds. The bias is bounded
by

Eg(z) — g(z)> < C- ZN b (A.18)
For the variance, if v > 1/gg + 1/q, then

N
1
0 < -1, o 2y, .
var(g(z)) <T " -C El 0; - b; s (A.19)

29



if1/g<v<1/qc+1/q

N N

1 - — 1 _

var(g(z)) < (N - T>_1 -C- N E 52'2 -b; g0 +77'.C- N E 52'2 b
i=1 =

(A.20)

while if t < 1/q

N
X 1 n(g+1) 1 2. 5.
var(g(z)) < (N-T7)71 - C- Z +77h.Cc = ;5 by (A.21)
where the constant C' does not depend on N or T'. Furthermore, the stated bandwidths b;,
i =1,..., N ensure the balance between the variance and the bias terms and lead to the
bounds given in (A.11), (A.13) and (A.15).

Proof of (A.18). Using iterative conditional expectation we can write

N N

1 1

=~NT > ZE<E[Xt,i’Zt,i]Kbi<Zt,i — Z)> = Z/ du gi(u) Ky, (u — 2)
i=1 t=1 =1

where g;(-) = E[X;|Z; = -|fi(-) for all t,i. Since g = %Zf\il g; with g; € Gﬁzi A, and

K is a multivariate kernel of order r with [ dulu|"K(u) < SK, using a Taylor expansion

i1 bf 'R; with reminder

up to the power p; = min(r,s;) leads to Eg(z) = g(2) + « Ly
|R;| < A;Sk < oo. Thus applying Jensens inequality we obtain (A.18).
In order to proof (A.19)-(A.21), we consider the expansion

var(g(z)) = Ay + As + Az + Ay (A.22)
with
;] I
Ar = S D > var {XeaKo (Zei — 2)}
t=1 i=1
5 T
Ar = T D D cov {XuiKo, (Zi = 2), XK (Zej = 2)}
t=1 j>i
4
A= N SN cov{Xi Ky, (Zei — 2), Xr i Ky (Zej — 2)}
t>1 5>1

N

2

A4 = W Z Z cov {Xt,z‘Kbi(Zt,i - Z), XT,iKbi(ZT,z‘ - Z)} .
t>T1 i=1

We will show that |Ay],|As|,[As] < T71-C - L3N 625" Furthermore, if 0 < t <

1/qa + 1/q then these terms are dominated by |A4|. Whereas for v > 1/q¢ + 1/q all the

terms are of the same order. Therefore, the bounds derived for | A4| will lead to the estimates
n (A.19)-(A.21).
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First let us consider A;. Due to the stationarity of the process, we have the bound
1 & 1 &
2
N Ay 5 ) LG (=l = Z / du g7 (u) K7 (u - 2)
1=

Z [ sl 2 o= ),

where ggp)(-) = EJ i =-|fi(-) is well defined because E(| X7 ;|P) < co. Since under
the stated assumptions [|K||2 < Cx and the function (gi(p ))1/ P is bounded by §; this leads
to Ay <(N-T)t.C%. NZz1512bn
It is straightforward to show that 7" - |As| is bounded by
% Zj>2. cov {XLZ-Kbi(ZLi —z), X1, Ky, (Z1; — z)} Furthermore by using the Cauchy-Schwarz

inequality we have

2
T |42l = 55 > var(X1i Ky, (Z13 — 2))Pvar(X1 Ky, (71, — 2))?
J>t
2 _
< Chegz D 00 - (biby) ™%,
J>1
where the last line of the above follows by applying the same arguments as those used for

620, .

for Ay. Therefore usings Jensen’s inequality we obtain [As| <T71-C% - & ZZ 1 6;

The term T - |As| is bound by the sum

T
8
T4 < 55 SN eov { Xy iKe, (Zii — 2), X1, K, (Z15 — 2) } |-
>i t=1

To bound the above we partition the inner sum into two parts which we estimate separately

using the bounds in (A.4) of Lemma A.1, thus giving us

(ZJ) T

T- |A3| < CKC N2 Z{ Z b bj)_g(l—qc) + Z 515J(b1b])_g(Q+1)t_qu}

j>i =1 t_u(i,j)+1
SC%(C Z{UT’J bib;) —3(1-a6) 4 (y gf’j))*q““&i&j(bibj)’é(q+1)}.

i>1i

Thereby using ul) bib;) 296 . §;6; we obtain
T J J

8
T | As| < CkCuzpz D _{8id; - (biby) ™2 + (bibj)~ 2 (Haata—aaau) . (g,6,)~0+2),
7>
Since under the assumptions of the Lemma u > 1/g5+1/4q, the second summand is bounded
by the first, this together with Jensen’s inequality leads to |As| < T~1-16C%C,- ~ Z
b, .

zlz
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The term N-T|A4| is bounded by Zfil Z?:l lcov{ Xt i Ky, (Zy; — 2), X1,iKp,(Z1: — 2)} |-
We now derive bounds for N - T' - |A4| for different mixing rates. If v < 1/q then we
estimate the sum using the second bound in (A.6) of Lemma A.1, ie.,, N -T - |A4] <
=0+ 4C2.Cp - L SN 625,79 which is (A.19). On the other hand if ¢ > 1/q we
partition the inner sum into two parts (similar to A3) and estimate them separately using
now the two bounds in (A.6), which leads with ugfz) ~ b, 16 . 52 to

N
4 _ - - -
N.-T-|Ay < C%{cfi} :{53 " 5?( qvt+2) p-n(l+ac+q chr)}.

i=1
Therefore, if v > 1/g + 1/qg, then the second term of the above is negligible wrt. to the
first and we obtain |A4| < (N -T)~1-8C%Cy - & SN 62 - b; " which proves (A.21). While

1=1"17 ( 0
~ 4G
~ b

if 1/¢ <t <1/q+1/qq, we partition the inner sum using u;’ and obtain

4, - -
N.-T-|Ay < C’%(Ct ¥ Z{bi n 4 522 b n(l+ac+q chr)}_
i=1
The second term of the above is now the leading one and we have |A4| < (N -7)~1-8C%.C, -
362, 77(1+qG+q7qut), which gives (A.20). O

COROLLARY A.3. Suppose the assumptions of Lemma A.2 are satisfied. Let the bandwidth
parameters are such that b; = O(T‘l/(2pi+’7)), i =1,...,N, and define p = min{p;;i =
., N}). In addition, in the case Lemma A.2(ii), where ¢t < v < w1+ ¢71, as-

(k—1)
sume N = O(Tn2p+n ); while, in the case Lemma A.2(iii) where v < ¢!, assume N =
O(T2P+n+1 “). Then
1 N _2p; _n =20
E|§(z) — g(2)|? = O(N 3 (67) %t - (A2) i .szm)’ (A.23)
i=1
~ 1 N 2p4 n —2p;
E|f(z) — f(z)]z — O(N Z(ég)wfrn . (A?)wﬁn .T2p¢+n>, (A.24)

@
I
—

PRrROOF. The proof follows in the same spirit as the proof of Lemma A.2. Consider the
bounds (A.18)-(A.21) of the bias and the variance term of the estimator §, where their sum
estimates the MSE using its standard decomposition. The bounds are still valid under the
assumptions of Corollary A.3. Moreover the conditions on the bandwidth b and the addi-
tional assumption on the number of locations N ensures the balance between the variance
and the bias term and leads to the result. The proofs of the other results are very similar

and we omit the details. OJ
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A.3 Proofs for Sections 4 and 5

Proor or THEOREM 3.1. Consider the decomposition

52) — w( :Q(z)_ﬂz) B
Y(z) — () i) f(z)w( ) A A
_9(2) = f(2)Y(2) N [(2) = (2) 9(2) = [(2)v(z)
f(2) f(2) f(2)

We first show that the second term in the decomposition is negligiable in comparision to the
first term. Using this we can apply Lemma A.2, to obtain the result. Now Lemma A.2 gives
E|f(z) — f(2)|> = o(1) which implies that |f(z)"!| is bounded in probability and therefore
the second term is of order 0,({j(z) — f(2)¢(2)}/f(2)). O

PrOOF OF COROLLARY 3.2. By using Corollary A.3 and the same proof of Theorem 3.1

we obtain the result. OJ

PrOOF OF THEOREM 4.1. By using Corollary A.3 and the same proof of Theorem 3.1 we
obtain the result. O

PrROOF OF COROLLARY 4.2. By using Corollary A.3 and the same proof of Theorem 3.1

we obtain the result. OJ

PrOOF OF COROLLARY 4.3. By using Corollary A.3 and the same proof of Theorem 3.1

we obtain the result. O

PrOOF OF THEOREM 5.1. By using Corollary A.3 and the same proof of Theorem 3.1 we
obtain the result. O

A.4 Mixing properies of the location dependent spatio-temporal AR pro-
cess

We now show that the location dependent spatio-temporal model defined in (2.1) satisfies
the mixing conditions stated in Assumption 2.3(i). Let u,, = (u1,...,u,) € Q" and define
&, (u,) = (P(ur), ..., Pe(un)) and & (u,) = (&(u1),...,&(un)). We will show that the
vector process {¢ (u,)}: is a-mixing (with a geometric rate that is same for all u,, € ),
which is stronger than the required 2-mixing assumption.

Suppose the process {®;(u)}; satisfies (2.1). We shall assume that for all u the absolute
values of the roots of the characteristic polynomial associated with the AR process in (2.1)
are less than J, where 0 < § < 1, and sup,cq o(u) < o for some o < co. We observe that

®;(u) has the unique causal solution

@i (u) = ) ()& (w), (A.25)
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where there exists a C < oo and § < p < 1 such that sup,, |c;(u)| < Cp?. In order to obtain
the mixing rate we define the sigma-algebras F°(u,,) = a@t(gn),gﬂ(gn), ),

Flolw) = ol o (un), $(wn)) = (- € (uy), & (uy)

and F; P Y(u ) = 0(9,(u,), - .- ,QHP(QR)). It is clear that for the location dependent AR
process we do not need to use the entire upper tail 7 to obtain the mixing coefficient, in

other words

Bi(u,) = sup |P(ANB)—P(A)P(B)| = sup |P(ANB) — P(A)P(B)|.(A.26)
AeFO _(uy,) AeFO _(uy,)
BeF(u,,) BeF P (u,)

Let ¥(u,,) = var(¢,(u,,)), and define the vector 1), (u,,) = 7:(1,uy,), . .., (n, u,)) = S(u,) " 2E(u,)
(if the inverse does not exist we use the generalised inverse). We define the vector n,(u,,) =
me(L,wy,), -y me(n,u,)) = Var(ﬁt(yn))*lﬁﬁt(gn), and it is clear that the transformed inno-
vations ﬂt(@n) ~ MVN(0,Ip) (where I, is a np x np identity matrix, but the diagonal
can contain zeros if % (u,) is singular). Then we have F°_(u,) = ®7",F° (n;), where
FOoo(mi) =0o(...,n-1(i,u,),n0(i,u,)). We now make a similar decomposition of the sigma-
algebra ff+p_1(gn).

We define the stochastic process {Y;(n;,u;)}¢, which for 1 <4,j < n has the represen-

tation
P
Yi(ni ) = Za (ug)Yemr (mis u5) + o (uz)me (i ch u;)ne—k (i, uy, ), (A.27)
r=1

we note the last term of the above was obtained by using (A.25). Since

n
0 s
AHEDS Y wg),
i=1 "

2

where o7 = var(f;—,(i,u,)) ®:(u;) can linearly be transformed into Y;(n;, u;) and we have

FP ) = SF FP T (i),

where ft+p_1(77i7 ) - U(n(ni')ul)u s 7}/;(772'7’“'71)7 B 7}/%4-[)—1(777;7 U1), s 7Y;f+p—1(77i7un))-

t+p— 1(

Finally we decompose F, i, U,,) into independent sigma algebras.

Let A(n;) be a (np x np)-dimensional matrix, where

A(n;) = var {(Ye(ni,u1), -, Ye(misun), -« s Yigp—1(iswa),s - - Yep1(i, un)) }

and define A = A(n;)~"/2. We now decompose the Gaussian random vector W into inde-
pendent random variables. For s =1,... , np and t € Z let

n—1p—1

1
SR SN Ay Yy (i ). (A.28)
\/Z j OApr-l-jsT 0 =0

Zts 771 -
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Again by Gaussianity it is clear that {Z; s(n;)}st; are independent random variables. By
substituting (A.27) into (A.28) we have that Z; , has the MA(co) solution

1 oo n—1p—1 )
Zy,s(ni) = T Z > Atk (U er ki = D k(i ) i

From the above it is clear that {Zm(m)}t is an MA(o0) process. Furthermore, by using that
supy, cx(uj) < Cp® we have for all i and k that ay(n;,u,) < Cnpp®. Using this we appeal to
the strong mixing result for MA(oco) processes in Pham and Tran (1985), Theorem 2.1 and

obtain
Bi(u,) < sup |[P(ANB) — P(A)P(B)|
Aeel 7O (n;)
BE®?21®:£10'(Z15,5(7H))
n np
< Z Z sup |P(ANB)— P(A)P(B)| < Cpt

i=1 s=1 A€F° __(m)
Beo(Zt,s(m:))

Therefore for every n the vector process {¢,(u,)}: is a-mixing with a rate independent of

Uy,
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