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Abstract

In this paper we propose an online recursive algorithm for estimating the parameters
of a time-varying ARCH process. The estimation is done by updating the estimator at
time point (¢ — 1) with observations about the time point ¢ to yield an estimator of the
parameter at time point ¢. The sampling properties of this estimator are studied in a
nonstationary context, in particular asymptotic normality and an expression for the bias
due to nonstationarity are established. The minimax risk for the tvARCH process is
evaluated and compared with the mean squared error of the online recursive estimator.
It is shown, if the time-varying parameters belong to a Holder class of order less than
or equal to one, then, with a suitable choice of step-size, the recursive online estimator
attains the local minimax bound. On the other hand, if the order of the Holder class is
greater than one, the minimax bound for the recursive algorithm cannot be attained.
However, by running two recursive online algorithms in parallel with different step-sizes
and taking a linear combination of the estimators the minimax bound can be attained

for Holder classes of order between one and two.
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TThis technical report is the extended version of the paper “A recursive online algorithm for the estimation
of time-varying ARCH parameters”, to appear in ... In addition to the published paper this version contains
in particular a minimax result in Theorem 2.4, Remark 2.2, Theorem A.1 (being part of the proof of Theorem
3.1) and the proof of Lemma A.6.



1 Introduction

The class of ARCH processes can be generalised to include nonstationary processes, by
including models with parameters which are time dependent. More precisely {X; n} is

called a time-varying ARCH (tvARCH) process of order p if it satisfies the representation
t ot
Xin = Zioy N, Opn = ao(ﬁ) + Zaj(N)XE—j7N7 (1)
j=1

where {Z;} are independent, identically (iid) distributed random variables with E(Zy) = 0
and E(Z2) = 1. This general class of time-varying ARCH (tvARCH) processes was investi-
gated in detail in Dahlhaus and Subba Rao (2006). It was shown that the tvARCH process
can locally be approximated by a stationary process, the details we summarise below. Fur-
thermore, a local quasi-likelihood method was proposed to estimate the parameters of the
tvARCH(p) model.

A potential application of the tvARCH process is to model long financial time series. The
modelling of financial data using nonstationary time series models has recently attracted
considerable attention. A justification for using such models can be found, for example,
in Mikosch and Starica (2000, 2004). However given that financial time series are often
sampled at high frequency, evaluating the likelihood as each observation comes online can
be computationally expensive. Thus an “online” method, which uses the previous estimate
of the parameters at time point (¢ — 1) and the observation at time point ¢ to estimate the
parameter at time point ¢, would be ideal and cost effective. There exists a huge literature
on recursive algorithms - mainly in the context of linear systems (cf. Ljung and Séderstrém
(1983), Solo (1981, 1989) or in the context of neural networks (cf. White (1996), Chen and
White (1998)). For a general overview see also Kushner and Yin (2003). Motivated by
the least mean squares algorithm considered in Moulines et al. (2005) for time-varying AR

processes, we consider in this paper the following online recursive algorithm for tvARCH

models:
~ ~ 2 ~T Xt—LN
N =1 N+ )‘{Xt,N - Qtfl,Nthl,N}izv t=(p+1),...,N, (2)
[ XNt
where XtT—l,N = (letQ—l,Na . -vXtQ—p,N) and where [X;_1 N1 = 14378, Xt{ij and we
start with the initial conditions @, y = (0,...,0). This algorithm is linear in the es-

timators, despite the nonlinearity of the tvARCH process. We call the stochastic algo-
rithm defined in (2) the ARCH normalised recursive estimation (ANRE) algorithm. Let
a(u)’ = (ag(u),...,ap(u)), then ;v is regarded as an estimator of a(%) or of a(u) if
[t/N —u| < 1/N.

In this paper we will prove consistency and asymptotic normality of this recursive estima-
tor. Furthermore, we will discuss the improvements of the estimator obtained by combining

two estimates from (2) with different A. Unlike most other work in the area of recursive



estimation the properties of the estimator are proved under the assumptions that the true
process is a process with time-varying coefficients, i.e. a nonstationary process. The rescal-
ing of the coefficients in (1) to the unit interval corresponds to the ’infill asymptotics’ in
nonparametric regression: As N — oo the system does not describe the asymptotic behavior
of the system in a physical sense but is meant as a meaningful asymptotics to approximate
e.g. the distribution of estimates based on a finite sample size. A similar approach has been
used in Moulines et al. (2005) for tvAR-models. A more detailed discussion of the relevance
of this approach and the relation to non-rescaled processes can be found in Section 3.

In fact the ANRE algorithm resembles the NLMS-algorithm investigated in Moulines
et al. (2005). Rewriting (2) we have

Xt 1 NXt lN) I )\XZNthl,N
ERT

(3)

We can see from (3) that the convergence of the ANRE algorithm relies on showing some

iy = (I —
iy = X1 N[

type of exponential decay of the past. In this paper we will show that for any p > 0
P

1
[[I-r———Fxiana” 1 n)|| < K(1— ) for some § >0, (4)

i=1 |Xt*i*17N|%

where ||-|| denotes the spectral norm of a matrix and [ [} j A; = Ag - - - A,. Roughly speaking

this means we have, on average, exponential decay of the past. Similar properties are often
established in the control literature and it is often referred to as persistence of excitation
of the stochastic matrix (see, for example, Guo (1994) and Aguech et al. (2000)), which
in our case is the matrix (1 — ﬁXt 1L,NX, 711, ~)- Persistence of excitation guarentees
convergence of the algorithm, which we will use to prove the asymptotic properties of a; y-.

In Section 2 we state all results on the asymptotic behaviour of @,  including con-
sistency, asymptotic normality and rate efficiency. Furthermore, we suggest a modified
algorithm based on two parallel algorithms. In Section 3 we discuss practical implications.
Sections 4 and 5 contain the proofs which in large parts are based on the pertubation tech-
nique. We also derive a lower bound for the optimal rate of such estimators and prove that
it is achieved. Some technical methods are put in the appendix. We note that some of re-
sults in the appendix are of independent interest, as they deal with many of the probablistic

properties of both ARCH and tvARCH processes and their vector representations.

2 The ANRE algorithm

We first review some properties of the tvARCH process. Dahlhaus and Subba Rao (2006)
and Subba Rao (2004) have shown that the time varying ARCH process can locally be
approximated by a stationary ARCH process. Let u be fixed and

Xi(u) = Zi54(u)  or(u)? = ao(u +Zaj w) Xi_j(u)?, (5)



where {Z,} are independent, identically distributed random variables with E(Zp) = 0 and
E(Z2) = 1. We also set X;(u)T = (1, X¢(u)?, ..., Xi—ps1(u)?). In Lemma 4.1 we show that
X;(u)? can be regarded as the stationary approximation of XZ n around the time points
t/N =~ u.

Let Apmin(A) and Ajpaz(A) denote the smallest and largest eigenvalues of the matrix A.

We use the following assumptions.

Assumption 2.1 Let {X; y} and {X;(u)} be sequences of stochastic processes which satisfy
(1) and (5) respectively. Furthermore

(i) For somer € [1,00), there exists n > 0 with
{E(Z37) }1/Tsup{Za] )p<1l—n.

(i) There exists 0 < p1 < py < 00 such that for all u € (0,1] p1 < ap(u) < ps.
(iii) There exists 5 € (0,1] and a constant K such that for u,v € (0,1]

jaj(w) = a;(v)] < Klu—v|”  forj=0,....p

(iv) Let Yo(u) = ag(u)Z2 and
and Yi(u) = +Za3 w)Yij(u) p ZE for t=1,...,p.

Define Y ,(u) = (1,Yi(u),...,Yy(u)" and S(u) = E(Y,(u)Y,(u)T). Then there

exists a constant C such that

inf )\mm{E(u)} >C.

Remark 2.1 It is clear that X(u) is a positive semi-definite matrix, hence its smallest
eigenvalue is greater than or equal to zero. It can be shown that if p/E(Z})Y/? < 1 and
sup,, ao(u) > 0, then Apin(E(u)) > (1 — p/E(ZHY?)/ao(u)PP+D/ P+ However this con-
dition is only sufficient and lower bounds can be obtained under much weaker conditions.
O

We now investigate some of the asymptotic properties of the ANRE algorithm. Through-
out this paper we assume that A — 0 and AN — oo as N — co. We mention explicitly that
A does not depend on t, i.e. we are considering the fixed-stepsize case. The assumption
A — 0 is possible in the triangle array framework of our model and the resulting asser-
tions (for example Theorem 2.2) are meant as an approximation of the corresponding finite

sample size distributions and not as the limit in any physical sense.



The following results are based on a representation proved at the end of Section 4.3.

The difference d;, y — a(uo) is dominated by two terms, that is

@tOJV - Q(UO) = [:to (UO) + Rto,N(UO) + Op((sN)a (6)
where
1 VA 1
v = (g + g T R (7)
to—p—1
Lolio) = 3 MI = AF(uo)}* My, (o) ®)
k=0
fop 1 i to—k
Rion(u) = 3 MI—AF(up)) ({Mm_u ) My i)} +
k=0
Fuo) (a0 =) - a<uo>}),
with
My(u) = (22 — 1>at<u>2m (9)
and

o Xo(u)Xo(u)”
Po) =B (R0

We note that Ly, (ug) and Ry, n(uo) play two different roles. Ly, (ug) is the weighted sum of

(10)

the stationary random variables { Xy(ug)}+, which locally approximate the tvARCH process
{Xi N}, whereas Ry, n(uo) is the (stochastic) bias due to nonstationarity; if the tvARCH
process were stationary this term would be zero. It is clear from the above that the magni-
tude of Ry, n(ug) depends on the regularity of the time-varying parameters a(u) e.g., the
Holder class that a(u) belongs to. By using (6) we are able to obtain a bound for the mean

squared error of G, . Let |- | denote the Euclidean norm of a vector.

Theorem 2.1 Suppose Assumption 2.1 holds with r > 4 and ug > 0. Then if |lug—to/N| <
1/N we have

E{la,.v — atu)*} = 00+ 77z (1)

where A — 0, as N — oo and NX >> (log N)'™¢ with some € > 0.

The proof can be found at the end of Section 4.2. We note that an immediate consequence

of Theorem 2.1 is that the estimator a;, y L a(up).
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We note that the condition r > 4, is quite strong. We use the condition r = 4, to
prove persistence of excitation (see Section A.2), which is an integral part in the proof of
the theorem. However, we believe that it is possible to prove the same result under lower
moment conditions. In order to obtain the mean squared error we use the condition r > 4.

The stochastic term Ly, (up) is the sum of martingale differences, which allows us to

obtain the following central limit theorem, whose proof is at the end of Section 4.3.

Theorem 2.2 Suppose Assumption 2.1 holds with v > 4 and ug > 0. Let Ry, n(uo) be
defined as in (8). If [to/N — ug| < 1/N,

(i) A >> N4/ gnd X >> N=28 then

A2 {4y, — aluo)} — A7V Ry n(u0) B N(0, S(uo)), (12)
(ii) and A >> N then
A2, v — alug)} B N(0, S(up)), (13)

where A — 0 as N — oo and NX >> (log N)'*¢, for some ¢ > 0, with

o1 (u)* Xy (u) Xo (u)T
|Xo(w)l}

S(u) = B F(u) T E(

5 ) (14

and py = E(Z§) — 1.

Remark 2.2 (Stationary ARCH-models) We note that an analogous algorithm to the
ANRE algorithm exists for stationary ARCH processes. Suppose the stationary ARCH(p)

process { X} satisfies

p
Xi = Zyoy o0 =ap+ Z antQ_j,
j=1
where {Z;}; are iid random variables with E(Z;) = 0, E(Z?) = 1, a0 > 0,a; > 0if 1 < j < p,
and Z§:1 aj < 1. Let a’ = (ao, ...,a,) and

X1

S K X
a =,y + —{ X7 — QzllXt—l}iza t>(p+1),
t | X1
where XL, = (1,X?,,...,X? ) and K is a finite positive constant. Then given the
observations Xy (k = 1,...,t), we use G, as an estimator of a. Since the stepsize A = %

does not fulfill our assumptions we cannot apply the above theorems directly. However, we

believe that by using the same methodology it can be shown that

P
a; — a,



and

Xoxd )_1 (afxoxg )
| Xol3 [ Xolf 7

t1/%(a, —a) B N(0,S)  with EZ%E(

This algorithm has the advantage that it is simple to evaluate and gives “stable” estimators,

in the sense that the difference |a; — ;1|1 is small. O

Until now we have assumed that a(u) € Lip(3), where 8 < 1. Let f(u) denote the
derivative of the vector or matrix f(-) with respect to u, Suppose 0 < ' < 1 and a(u) €
Lip(f'), then we say a(u) € Lip(1+ ). We now show that an exact expression for the bias
can be obtained if a(u) € Lip(1 + §') and ' > 0.

We make the following assumptions.

Assumption 2.2 Let {X; n} be a sequence of stochastic processes which satisfy (1). Sup-

pose
(i) Assumption 2.1 holds.
(i) For some 3’ >0

jai(u) — ai(v)| < Klu—o|¥,  fori=0,...,p.

Under the above assumptions we show in Lemma 5.3 that

1

B4, v — )} = =575 Pluo) o) + Ol i)

X (15)

We note that a,, x is not a typical parameter estimator of an ARCH process, where usually
it is not possible to obtain an exact expression for the bias.
By using the bias above we obtain the following theorem, whose proof is at the end of

Section 5. Let tr(-) denote the trace of the matrix.

Theorem 2.3 Suppose Assumption 2.2 holds with r > 4 and ug > 0. Then if [to/N —up| <
1/N, we have

Eldy, v — a(uo)? = Atr{z(uo>}+(N1A)2|F<uo>—1a<uo>\2+ (16)

o L AL/ L]
(NA)ZHET 2 (NI (NA)? [
and if X is such that A=Y/2/(NX)'F" — 0, then
N 12 1 1.
A2 gy, = alun)) + AT S5 F (o)~ o) = N (0, 5 (un)). (17)

where A — 0 as N — oo and AN >> (log N)'*¢, for some ¢ > 0.



We now consider the minimax risk for estimators of tvARCH processes. Let | 3] denote

the largest integer strictly less than 3 and define the norm || - [|g on f : [0,1] — RPT! as

B ‘iLﬁJ(u) —ﬂm(v)h
||i||ﬁ = sup |U - U’BiLﬁJ

U,

Let CA(L) define the class

L) = { ()= (fol)r- s T ()| £ 10.1) — @*PP* 5 < L. (15)
pH
supii(u) <1-6,0<p < ir&ffo(u) < po < oo}.
=1

It is clear if a(-) € CP(L) are the parameters of the tvARCH process {X; x'}, then Assump-
tion 2.1(i,ii,iii) is satisfied. In the following theorem we evaluate a lower bound for the

minimax risk.
Theorem 2.4 Let fz denote the density function of Z. Suppose E(Z}) < oo and

dl 2
Z= E{l + Zkogd{;mjzzk} < o0

Let CO(L) be defined as in (18) and If |to/N — uo| < 1/N, then for any ||z|| < 1, we have

. f E T o _ T
gtO,Nea(XltI,IN;tzl,...,N)Q(u)S;Z%(L) 2 (QtO’N Q(UO))(QtO’N alw)) 2
> C(2,E(Z3), p1)) N~-2/@5HL), (19)

where {X¢ n} is a tvARCH process defined by the parameters a(-) and C(Z,E(Zg,p1)) is a
constant which only depends on Z,E(Z3) and p.

Comparing this bound with (11) it is straightforward to show that the ANRE algorithm

2v
attains the optimal rate if a(-) € Lip(v) with v < 1 (with A = N~ 1+2v). The story is different
when 1 < v < 2. Ifa(+) € Lip(1+4"), 8’ > 0, the mean squared error of the ANRE estimator

in (16) gets minimal for A ~ N~2/3 with minimum rate Ela,, v — a(ug)]* = O(N—2%/3).
__20+8)
However, in (19) the minimax rate in this case is N +20+8) which is smaller than N—2/3,

We now present a recursive method which attains the optimal rate even in this case.

Remark 2.3 (Bias correction, rate optimality) The idea here is to achieve a bias cor-
rection and the optimal rate by running two ANRE algorithms with different stepsizes A\;
and Az in parallel. Let a, (A1) and @, y(A2) be the ANRE algorithms with stepsize A\; and
A2 respectively, and assume that A; > Ag. By using (15) for i = 1,2 we have

B, v ()} = o) = 5 F () i) + O 577, 20

7



Since a(ug) — ﬁF(uo)_lg(ug) ~oa (uo - ﬁF(uo)_1> we heuristically estimate a(ug —
ﬁF(uo)_l) instead of a(ug) by the algorithm. By using two different A; we can find a
linear combination of the corresponding estimates such that we “extrapolate” the two values
a(ug) — ﬁF(ug)_lg(uo) (i=1,2) to a(ug). Formally let 0 < w < 1, Ao = w\; and

y 1 w o
Qto,N(w) = mQtO,N(/\l) - mﬁto,N()O)-

If |to/N — up| < 1/N, then by using (20) we have

. 1
E{ay, n(w)} = a(uo) + O(W)
By using Propostion 4.3 we have
. 1
Elay, v — a(ug))’ = O(A+ W)v

and choosing A = const x N~(2+20)/3+25") giyes the optimal rate. It remains the problem
of choosing A (and w). It is obvious that A should be chosen adaptively to the degree of
nonstationarity. That is A should be large if the characteristics of the process are changing
more rapidly. However, a more specific suggestion would require more investigations - both
theoretically and by simulations.

The above method can not be extended to higher order derivatives since then the other
remainders of order (NA)~2 (see (16) and the proof of Theorem 2.3).

Finally we mention that choosing Ao < wA; will lead to an estimator of a(ug+ A) with
some A > 0 (with rate as above). This could be the basis for the prediction of volatility of
time varying ARCH-processes. g

3 Practical implications

Suppose that we observe data from a (non-rescaled) time-varying ARCH-process in discrete

time

X = Zoy, Ut2 = ao(t) +

J

P
a;() X7 ;, tEL. (21)
=1
In order to estimate a(t) we use the estimator a, as given in (2) (with all subscripts
N dropped). An approximation for the distribution of the estimator is given by Theo-
rem 2.2. Theorem 2.2(ii) can be used directly since it is completely formulated without
N. The matrices F(ug) and X(up) depend on the unknown stationary approximation
Xi(ug) of the process at ug = to/N, i.e. at time ¢¢ in non-rescaled time. Since this ap-
proximation is unknown we may use instead the process itself in a small neighborhood

T
m—1 XtO*JXtO—j

of tg, i.e. we may estimate for example F(ug) by % ijo EAE with m small and
0—J11



X, = (1,X2 ... ,th_p). An estimator which fits better to the recursive algorithm is

[1— (1 — \)fo—pHl]—1 Z;‘):Bp)\(l — ) %ﬁﬁ‘;{] In the same way we can estimate Y (ug)
which altogether leads e.g. to an approximate confidence interval for a,. In a similar way
Theorem 2.2(i) can be used.

The situation is more difficult with Theorem 2.1 and Theorem 2.3, since here the results
depend (at first sight) on N. Suppose that we have parameter functions a@;(-) and some
N > to with @;(%) = a;(to) (i-e. the original function has been rescaled to the unit interval).
Consider Theorem 2.3 with the functions a;(-). The bias in (15) and (16) contains the term

1 a;(up) =~ 145(%) - a;("%)
N N %

= a;(to) —a;(to — 1)

which again is independent of N. To avoid confusion we mention that % &j (up) of course
depends on N once the function a;(-) has been fixed (as in the asymptotic approach of
this paper) but it does not depend on N when it is used to approximate the function a;(t)
since then the function a;(-) is a different one for each N. In the spirit of the remarks
above we would e.g. use as an estimator of 4 @;(ug) in (15) and (16) the expression
[1— (1= )0~ S0P A (1= N [ay(t0) — aj(to — 5)].

These considerations also demonstrate the need for the asymptotic approach of this
paper: While it is not possible to set down a meaningful asymptotic theory for the model
(21) and to derive e.g. a central limit theorem for the estimator a,, the approach of the
present paper for the rescaled model (1) leads to such results. This is achieved by the ’infill
asymptotics’ where more and more data become available of each local structure (e.g. about
time ug) as N — oo. The results can then be used also for approximations in the model

(21) - e.g. for confidence intervals.

4 Proofs

4.1 Some preliminary results

In the next lemma we give a bound for the approximation error between XZ ~ and X;(u)?
The proofs of these results and further details can be found in Dahlhaus and Subba Rao
(2006) (see also Subba Rao (2004)).

Lemma 4.1 Suppose Assumption 2.1 holds with some r > 1. Let {X; n} and {X:(u)} be
defined as in (1) and (5). Then we have

(i) {X¢(u)?}s is a stationary ergodic sequence. Furthermore there exists a stochastic pro-
cess {Vin}i and a stationary ergodic process {Wi} with sup, y E(|V; n[") < 00 and
E(|Wi|") < oo, such that

1 t
X2 = Xew)?] £ 53 Viw + | — ulP Wi (22

9



| Xe(w)® = X2(0)?] < Ju— 0" Wr. (23)

(i3) sup; y IE(XE}"V) < oo and sup, E(X¢(u)?") < .

We now define the derivative process by {X2 (u) }e.

Lemma 4.2 Suppose Assumption 2.2 holds with some r > 1. Then the derivative { X?(u)};

1s a well defined process and satisfies the representation
X3(u) = { doluw) + Zaj ) iy ()Xo () 77

{Xt(u)Q}t is a stationary, ergodic process with
| X3 (u) — X3 ()| < |u— | W, (24)

where Wy is the same Wy used in Lemma 4.1. Almost surely all paths of {X;(u)?}, belong

to Lip(1) and we have the Taylor series expansion

t : t
Xy =X + (5 —w)Xi(w) + (|5 -l + )RtN,

N N
where |Rynl1 < (Vin + Wy).  Furthermore, supNXf’N < Wy, sup, X¢(u)? < Wy and

sup, | X2(u)| < Wi. And the norms are bounded: sup, E(|X3(u)|") < oo and sup; y E(| Ry, n|") <

Q.

Define F; = o(Z2,Z% 4, ...), (is clear that F; = U(Xt%N, Xt271,N’ ) =o( X (w)?, X1 (u)?, ...

since a Volterra expansion gives X; y in terms of {Z2}, and the ARCH equations give Z;
in terms of {X;};). We now consider the mixing properties of functions of the processes

{X: n}+ and {X;(u)}e. The proof of the proposition below can be found in Section A.1.

Proposition 4.1 Suppose Assumption 2.1 holds with r = 1. Let {X; n} and {Xi(u)} be
defined as in (1) and (5) respectively. Then there exists a (1 —n) < p < 1 such that for any

¢ € Lip(1)

[E[6(X ) Fik] = E[s(Xn)] |, < KpP(L+ X i n]), (25)
B [0 (w)| Fer] — E[s(Xe(w)]], < Kp"(1+ Xk (w)]), (26)
[E[¢(Xn)|Fei] |, < KL+ ¥ Xrnln), 27)

if 5,k > 0 then
IE[¢(Xn)| Fomk] — E[@(Xen)|Fimims] |, < Ko (1Xmionls + 1 Xickeym)l),  (28)

and if Assumption 2.1 holds with some r > 1 then for 1 < q¢ < r we have
E(| X~ [ Fer) < Kl Xe-rn] (29)

where the constant K is independent of t,k,j and N.

10



The corollary below follows by using (25) and (26).

Corollary 4.1 Suppose Assumption 2.1 holds. Let {X; n} and {X(u)} be defined as in
(1) and (5) respectively and ¢ € Lip(1). Then {$(Xy,n)} and {$(X(u))} are Ly-mizingales

of size —o0.

4.2 The pertubation technique

In this section we use the pertubation technique, introduced in Aguech et al. (2000), to
study the ANRE estimator, which we use to show consistency. To analyse the algorithm we
compare it with a similar algorithm, which is driven with the true parameters and where

X N has been replaced by the stationary process Xi(u). Let 6 n(u) = a; y — a(u),

XN Xy 1(u)
My = (22 —1)o2 y ———, Mi(u) = (Z2 = 1) oy (u)? —25, 30
t,N ( t ) t,N‘Xt_LNﬁ t( ) ( t ) t( ) |Xt71(u)|% ( )
X Ny Xy () Xy (u) "
Fiy= 20N gy = 200 31
T N PG oy
and F'(u) be defined as in (10). The ‘true algorithm’ is
Xi—1(u
a(u) = a(u) + MXe(u)® - Q(U)T?ftfl(u)}% =AM (u). (32)
| X1 (w)[f

An advantage about the specific form of the random matrices F; y is that |Fy y|1 < (p+ 1)2.
This upper bound will make some of the analysis easier to handle.

By subtracting (32) from (2) we get
Sen () = (I = AFy_y ) 81—1.n (1) + AByy (1) + AM (1), (33)

where
Bu(u) = {Myy — Mu()} + Fy va() — a(w)}. (34

We note that (33) can also be considered as a recursive algorithm, thus we call (33) the
error algorithm. There are two terms driving the error algorithm: the bias B; ny(u) and the
stochastic term, My (u). Because the error algorithm is linear with respect to the estimators

we can separate 0 v (u) in terms of the bias and the stochastic terms:

ot,N (u) = 551\{(“) + 51:]‘,/[N(U) + 5EN(U)7

where
Ofn(u) = (I =AFo1,n)8 v (u) + AByn(u), oy (u) =0 (35)
() = (I = AFoan)6pty v (u) + AMe(u), S,y (uw) =0 (36)
and 07 (u) = (I = AFo1,n)8ity y(u), Sy (u) = —a(u). (37)

11



We have for y € {B, M, R}

t—p—1 k-1
oYy (u) = {TI (T = AF—ian) }DY v (), (38)
=0

bS]

il
o

where DEN(U) = AB: N (u), D%V(u) = My (u), DEN(U) =0ift>pand DﬁN(u) = —a(u).
It is clear for 8\ (u) to converge, that the random product H’;f;(l) (I — AFi—j—1,n) must

decay. Technically this is one of the main results. It is stated in the following theorem.

Theorem 4.1 Suppose the Assumption 2.1 holds with r = 4 and N is sufficiently large.
Then for all ¢ > 1 and (p+ 1) <t < N there exists M > 0,6 > 0 such that

_ q
E kHl (I- HoiLy XtT‘i‘;’N) < M exp{—o)k) (39)

Under Assumption 2.1 and by using the proposition above, there exists a é > 0 such
that

(BI6Ey]9) " < M exp{—dAt}, (40)

for1<g<randt=p+1,...,N. Therefore this term decays exponentially and, as we
shall see below, is of lower order than 55N (u) and 5%\,(u)

We now study the stochastic bias at ty with |[tg/N —ug| < 1/N. It is straightforward to
see that 55N(u) = 53}{,3(@ + 5fﬁ(u) + 52}{,3(@, where

dn () = (= AR )8 () + MMey = Mi(w)},
B ) = (1= AFa )85 () + AF(u)al5) — a(w)},
BB = (T AR aw)bM () 4 A(Fan — F)a() —a(w)}, (1)

1,B 2,B 3,B
(5p7N =0, 5p7N =0 and (5ij =0.

In order to obtain asymptotic expressions for the expectation of each component 5,51(;]?\[,
(5?(;5\,, 6?075\[ and 55‘0{ N We use the pertubation technique proposed by Aguech et al. (2000).
Roughly speaking this means substituting the product of random matrices by a deterministic
product and showing that the difference is of a lower order. We can decompose for x =
M, (1, B), (2, B) the stochastic and bias terms as follows

Ot N (u0) = Jfg’,lN(Uo) + Jz{,QN(UO) + Hij n(uo), (42)
where
Tin(ue) = (I = AF(up))J y(uo) + Gi (43)
Trelue) = (I = AF(ug))Ji3 y(uo) = MFio1nv — F(uo) My (o),
and Hiy(uo) = (I —AF—1n)H | y(uo) — MFi-1,nv — F(uo)}Jf_’QLN(uo),
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G%\r =AM (uo), th,’ﬁ = MM N — M(uo)l,

)

Gin = Fluo)la(%) —a(w)], GIN=(Fin-— F(“o))[@(%) —a(u)]  for t < to.(44)

Furthermore, J;’]{, (up) = J;i’]%, (uo) = H; n(uo) = 0. (42) can easily be derived by taking the
sum on both sides of the three equations in (43). In the proposition below we will show that
Iy IN (uo) is the principle term in the expansion of 67 y(uo), i.e. with 6f r(uo) = J lN(uo)

Substituting (44) into (43) we have

to—p—1

Jt(ol,vﬁ)’lwo) = Z MI = M (uo) F{M g, n — Meg—i(uo)}
k=0
(2,B),1 _ ! k to — k
N (ug) = Z {1 = AF(ug)}" F(uo){a( ) — a(uo)}
=1

JED ) = 30 A= AP0 (Fiory — Pl a( ) ~auo)y  (45)
k=1

In the proof below we require the following definition

p—1
Dt,N = Z[‘/}/,@N + Wt—i]a for t Z p (46)
1=0

where V; y and W; are defined as in Lemma 4.1.

Proposition 4.2 Suppose Assumption 2.1 holds withr > 4 and let 55,]\/(“0) and Jf()l’ﬁ)’l(uo),

Jt(j’ﬁ)’l(uo) and Jt(i’ﬁ)’l(uo), be defined as in (35) and (45). Then for |to/N — up| < 1/N
and AN > (log N)'*¢, for some € > 0, we have

(i)
ED (wg) + 1D o)) = 0( 47
(B o) + T o)) T = Ol ys) (47)
(ii) (BT (o))" = O(ayas + AY2(NN) )
(iii) and
B (1,B),1 (2,B),1 N2 1 VA
<E|5t0,N(u0) - Jto,N (UO) - Jto,N (U0)| > - O((N)\)Zﬂ + (N)\)B + )\) (48)

PROOF. We first prove (i). Let us consider Jt(ol’ﬁ)’l(uo). By using (117) we have

1 t
May = Miwo)h < 127 + 1{ 555 + ()" + |5

N N _U/O|B}Dt’N.

13



Therefore by substituting the above bound into Jt(ol’ﬁ)’l(uo) and by using (110) we have

to—p—1
737 T 1/T r r
(B @)l ) = D AT = AF (o) || (BIM iy = My (10)[)/
k=0
K to—p—1
< w2 M- P HEE )Y B )

Now by using Lemma 4.1(i) we have that sup; y || D¢ n||F < co. Furthermore, from Moulines
et al. (2005), Lemma C.3 we have

N
D A=W <ATE (49)
k=1

By using the above we obtain

1 1
e~ Ol

1,B),1 r r r r r r
(B o)l )7 < K sup(ELDy ) (B2 +117)Y ). (50)

We now bound (E|Jt(02”£)’1(uo)|r)l/’”. Since a(u) € Lip((3), by using (110) and (49) we have

1
(NP

ETE o)) < 0 S AL - a0k () =0 ). (51)

Thus (50) and (51) give the bound (47), which completes the proof of (i).
To prove (ii), we now bound (E|Jt(§’”ﬁ)’1(u0)|r)1/ 2. We first observe that Jt(i’]]\?)’l(uo) can

be written as

Jt(j,ﬁ)’l(%) = Iyn+ 1Ly N

to—p—1
where I,y = Z {I — MF(uo)}"(Fy_p_1.n — thkfl(UOD{Q(tO]; k) — a(uo)}
pr

Iy N = _Z_ {I = AF(uo) Y (Fi——1(uo) — F(UO)){@(m]; k) — a(uo)}-
k=1

Using the same proof to prove Jt(ol’ﬁ)’l(uo), it is straightforward to show that (E|I;, x|")Y/" =

O((NX)=28). In order to bound Iy, y, let Fy(ug) = Fi.(uo) — F(ug) and ¢(z) = zzT /|z|?
where = (1,21,...,2p), then ¢(z) € Lip(l) and F; n = ¢(Xn). Since ¢ € Lip(1), by
using Corollary 4.1 we have that F;(ug) — F'(ug)} can be written as the sum of martingale

differences:

Fy(u) = F(ug) = Y mu(¥), (52)
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where my () is a (p+1) x (p+1) matrix, defined by m(¢) = {E(F; n|Fi—e) —E(Fi N |Fr—r—1)}-
By using (28) we have (E|m;(¢)|"/?)?/" < Kp’. Substituting the above into Bfﬁv we have

to—k

Dyn = S0 30 ML= AF(uo)myi1(0)]{al

) — a(uo) }
k=

oo to—p—1
0 0

p+? to—p—1 o — k
{on}e = 2% > MI= AP (o) {muy-s1(O)}ii{a;(5—) — aj(wo)}-
j=16=0 k=0
We note that [|[{I — AF(ug)}*|| < K(1 — A\5)* (see (110)). Furthermore, if ¢; < t5 then
E{my, (O)my, (0)} = E{my, (()E(my, (£)|Fr,—¢)} = 0, therefore {m(¢)}; is a sequence of mar-
tingale differences. Therefore, since ']t(oj)i,N is deterministic we can use Burkholder’s
inequality (cf. (Hall & Heyde, 1980), Theorem 12.2) to obtain

co p+1 to—p—1 1/r
CHANDEEEN PSS (E\ > A1 = AP Dirla( ), ~ afuo) }\)

(=0 1,5=1

oo p+l o—p—1
NS {zr 5™ (1 - A8 (BN ()} ) ]’;W}
(=0 4,5=1 k=0
K & AL/2
< L Zz:%pe/\m _ O((N)\)ﬁ)' (53)

Thus we have proved (ii).
We now prove (iii). By using (42) we have
1,B),1 2,B),1 r/2\2/r
(E13fo v (w0) = Ty " (o) = N) (uo) /2

to

= (EIED (wo) Y+ E|Z wo)["/2)2/" + E\ZH“B |”2>2/T+0(f+exp{ Adto}).

We partition 37, Ji (Z B) into four terms:

i,B), 3,B
Z t(o, toN+Bt N+BtoN+BtON (54)
where,
& > i,B),1
APy = = 3 MI=AF(uo)Y[Fpo1n — Frymior (u0)] X (Z Jf(j’_k)’_w>
k=0 =1
and, for y € {1,2,3},
to—p—1
B ,B),1
BYR = = N MI = AF(u0) Y [Fy—k-1(uo) — F(uo)l IV, (uo).
k=0
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We first bound AtB;,N' By using (50), (51), (53) and (119) we have

K
r/2\2/r
(E‘Ato,N’ ) < (N)\)Q’B
By using (134) and (135) we have
to—p—1to—p—k—1
BN = El- Y NI — NF (ug) Y Fyy -1 (ug) x
k=0 1=0

{Myg—k—i—1,N — Mig—j—i—1(uo) }‘T/Q)Q/T < KA.

Using a similar proof to the above to bound (IE|J(3 Z) lN(uo)\T)l/T we can show that

| B o NHT‘/Q = O(AY2(NX)~P). By using (53) it is straightforward to show that H NHT/Q
O((NX)=284X1/2(NX)=#). Substituting the above bounds for (E]AtBO7N|’"/2)2/’", (E\Bgﬁv\’"ﬂ)yr,
(E| By [/%) and (E[B}:7/2)%/" into (54) we obtain

,B),2 2,B),2 3,B),2 r r
(ELI 0 (o) + T (o) + I (uo)[/2)2" = O(6) (55)

We now prove (iii) by bounding for y = 1,2,3, ||Ht(§"jj\97)(uo)HéLJ By using Holder’s
inequality, (55), Theorem 4.1 and that {F; y} are bounded random matrices we have

to—p—1 _ (r—4)/2r
B , r/(r—
EIHD (uo) + HER (uo) + HERD () H)V? < Y A (En HI Ay i) |2/ 4>>
k=0 1=0
B B B r r
(E|[Fro—k-1,5 — Fuo) {I (uo) + TR (o) + I w72y
1 A2
< K( + +A). (56)

N " (NA)P

Since (E|J "0 (u)[2)/? < EIJR)2 (ug)|[7/2)/7, by substituting (55) and (56) into (54)

we have

7B7 7B 9
(EI6Z n(uo) — I (o) — T (uol?) 2

1 VA
(N7 NP

— Of + ).

and we obtain (48). O
In the following lemma we show that 51{\04’ ~(uo) is dominated by Jf(\)/[ ’J%,(uo), where
to—p—1
T (o) = D~ MI = AF (u0))* My (o). (57)

k=0

We observe that Jt](\f }b(uo) and Ly, (up) (defined (8)) are the same.
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Proposition 4.3 Suppose Assumption 2.1 holds with r > 4. Let 5t ~n(uo) and J%}%,(uo) be
defined as in (36) and (57). Then for |to/N — ug| < 1/N and AN > (log N)'*¢, for some

e > 0, we have

(B[ % (o))" = O(VX) (58)

VA

(BJ63. (o) = Ty (wo)l2)"/* = O+ 55
(u

5): (59)

PROOF. Since each component of the vector sequence {M;(up)} is a martingale difference
0)

we can use the Burkhélder inequality componentwise and (110) to obtain

to—p—1

EL N < M2 S (1 ONHEIZ, 17 ) Lokl Hiokot (10) ey 17

o — | Xso—k—1(u0) |1

< KV

Since 5%1\/(“0) - Jt]:)/{’]\lf(uo) = J;Xﬁ,(uo) + H%N(uo), to prove (59) we bound J;(\)/[’ﬁ(uo) and

Ht]y ~(u0). By using the same arguments given in Proposition 4.2 and (60) we have

VA

M2 r/2\2/7
BRI < K+ vass).

(61)

Finally, we obtain a bound for Htjgf ~(uo). By using Hélder’s inequality, Theorem 4.1 and
(E||Fry—k=1,8 — F(ug)||"/?)?/" < 2(p +1)? we have

to—p—1 k—1

(EIHM v (uo)H)/? < 2 Z M(TTE = AF—ima ) [P/ 9) =072
1=0
<E|{Fto_k_1,N = F(uo) {5y (o) }/2)%r
v
K+ ) (©2
Thus we have shown (59). O

By using Propositions 4.2 and 4.3 we have established that Jt(ol’ﬁ)’l(uo), Jt(f’ﬁ)’l(m) and

M,1 — o .
S, w(uo) are the principle terms in a,, y — a(up). More precisely we have shown

. 1,B),1 2,B),1 M,1 1

dgg,x — (o) = J 7" (o) + I (w0) + Ty (wo) + R (63)
where HR H2 = O(6n) (0N is defined in (7)). Furthermore, if A\ — 0, AN — co as N — oo,
then this leads to consistency of a;, y. By using (63), we show below that an upper bound

for the mean squared error can be immediately obtained.

PROOF of Theorem 2.1 By substituting the bounds for (E\Jt((i’ ( )+Jt(2 -5). 1(uo) |2)1/2
and (IE|JM1 (u0)|>)*/? (in Propositions 4.2 and 4.3) into (63) we have E(|as, v — a(uo)|?)

to,N
O( + A2 4 6x)2. Thus we have (11).

O

GNP
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4.3 Proof of Theorem 2.2
We can see from Propositions 4.2 and 4.3 that the Jéol’ﬁ)’l(u()) + Jt(olv’ﬁ)’z(uo) and J;(\?’Al,(uo)
are leading terms in the expansion of d;, n. For this reason to prove Theorem 2.2 we need

only to consider these terms. We observe that
T (wo) + T (o) = Ry (o) + REY. (64)

where have replaced M, y by Mt(%) leading to the remainder

to—p—1

to — k
RY =% /\{I—)\F(UQ)}k{Mto—k,N—Mto—k( ON )}-
k=0

By using (22) we have (E\R%)ml/r < %, for all t, N. Therefore under Assumption 2.1
with 7 > 2, if AN > (log N)!*¢ for some € > 0, then by substituting (64) into (63) we have

Gy, — (o) = Lig(u0) + Rig v (u0) + R, (65)

where (E\Rg\?;)ml/ 2 = O(6y). In the proposition below we show asymptotic normality of
L, (up), which we use together with (65) to obtain asymptotic normality of a;,

Proposition 4.4 Suppose Assumption 2.1 holds with r = 1 and for some § > 0, E(Z§+5) <
oo. Let Lyy(ug) and X(u) be defined as in (8) and (14) respectively. If |to/N — ug| < 1/N,

then we have
A2 L4y (un) = N (0, S (), (66)
where A — 0 as N — oo and AN > (log N)'*¢, for some ¢ > 0.

PROOF. Since Ly, (up) is the weighted sum of martingale differences the result follows from
the martingale central limit theorem and the Cramér-Wold device. It is straightforward to
check the conditional Lindeberg condition, hence we omit this verification. We simply note
that by using (111) we obtain the limit of the conditional variance of Ly, (uo):

to—p—1

Xt Xy T
pn S0 NI = AF(ug)P o, p(ug)t et 0ok (0] 2y (o)
k=0 | Xbo—k—1(u0)[]

O

We use the proposition above to prove asymptotic normality of a,, n (after a bias correc-

tion).
PROOF of Theorem 2.2. It follows from (65) that

ANV a, v —a(ug)} = NTV2Ry N (uo) + AT2Ly (u) + Op(AY25y).
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Therefore, if A >> N~4/(46+1) and X\ >> N~2° then % — 0 and )‘;\[15/2 — 0 respec-

tively, and we have
A ay, v —alug)} = NTVPReg n(uo) + A2 L4 (u0) + 0p(1)
By using the above and Proposition 4.4 we obtain (12). Finally, since |Ry, n(uo)i =

5
OP((le)ﬁ)’ if A >> N"2+1 then AY2Ry v (uo) %, 0 and we have (13). O

5 An asymptotic expression for the bias under additional

regularity

In this section, under additional assumptions on the smoothness of the parameters a(u), we
obtain an exact expression for the bias, which we use to prove Theorem 2.3.
In the section above we have shown that 5£7N ~ Ry~ (uo). Since My(u) is a function

on X;(u)? whose derivative exists, the derivative of M;(u) also exists and is given by

Mi(u) = (Z} = D){Fr-1(u)i(u) + Fro1(u)a(u) }, (68)
where
Ft—l(u) =Y, (WY, ()" + Zt—l(u)zt—l(u)T7 (69)
with Y, ;(u) = m%t_l(u) and
1 0
. _ = i X%ij(u) Xi1(u)? 1 X2 (u)
Yi-alu) = [+ 325 Xy (u)?? . Iy > -1 Xi—j(u)? .
Xt—p(u)Q Xifp(u)

It is interesting to note that, like {M;(u)}s, {My(u)}; is a sequence of vector martingale
differences. We will use Mt(u) to refine the approximation R, v (uo) and show R¢, v (ug) ~
ﬁtO,N(Uo), where

to—1 t— k

Regn(ug) = Y A (1= AF(up)) (UT — ug) {Mto—k(UO) + F(UO)Q(UO)} ' (70)
k=0

We use this to obtain Theorem 2.3.

Lemma 5.1 Suppose Assumption 2.2 holds with some r > 2. Then we have
| Mi(u) — My(v)|, < Klu— "2 +1|Ly, (71)
where Ly = {1+ Y5 _, Wt,k}2, with (E(L:/Q)Z/T < 00. and almost surely
M (v) = My(u) + (v — )M (u) + (u— ) Re(u, v) (72)

where |Ry(u,v)| < Ly.
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PROOF. By using (68), a(u) € Lip(1+ ') and that |F;_1(u)|; < (p + 1)? we have

M) — M)y
< K2+ 1\{\Ft_1<u> ~ Fa(@ls + ia() — a0l + sup s (o)hfu v|}.

(73)

In order to bound (73) we consider Fi(u) and its derivatives. We see that |F;_j(u) —
F;_1(v)|1 < Klu — v|L¢, thus bounding the first bound on the right hand side of (73). To
obtain the other bounds we use (69). Now by using (23) and Lemma 4.2 we have that
sup, |[Fi—1(u)|; < KL; and |Fi_y(u) — Fy_1(v)]1 < KL?lu —v|®. Altogether this verifies
(71). By using the Cauchy-Schwartz inequality we have that (E(L:/ 2)2/ "< o0.

Finally we prove (73). Since L; is a well defined random variable almost surely all the
paths of M;(u) € Lip(1+ (). Therefore, there exists a set A/, such that P(AN) = 0 and for

every w € N¢ we can make a Taylor expansion of M;(u,w) about w and obtain (72). O

We now use (72) to show that Ry, n(ug) ~ Ry N (uo)-
Lemma 5.2 Suppose Assumption 2.2 holds with r > 2. Then if |to/N —up| < 1/N we have
Regn(uo) = Rug(uo) + Ry, (74)

4 T T
where E(]RSV)\ YW= O(W).

PROOF. To obtain the result we make a Taylor expansion of a(5*) and M;_x(5E) about
up, and substitute this into Ry, n. By using Lemma 5.1 we obtain the desired result. ]

In the lemma below we consider the mean and variance of the bias and stochastic terms
Ry, N (uo) and Ly, (ug), which we use to obtain an asymptotic expression for the bias. We
will use the following results. Since inf, A\pin(F(u)) > C > 0 (see (108)), we have

t—1
S MI-MF)}FFu) — 1, (75)
k=0

- 2 ok, K2 1

HZ)‘ {I = AF(u)} (N) H = O(m), (76)

k=0

if A —0,tA > o00ast— oo.

Lemma 5.3 Suppose Assumption 2.2 holds with r > 4. Let Ry, n(uo), Li,(uo) and X(u)
be defined as in (8) and (14) respectively. Then if |to/N — ug| < 1/N we have

E Ry (o) = — o F(up) ) + O

N (77)

1
@
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var (Rag v (u0) = Ol + 1)
var (L, (uo)) = AX(ug) + o(A) (79)
and E (L, (ug)) = 0.

PROOF. Since {%Z(u)} are martingale differences, by using appling (74) to (75) we have

(77). We now show (78). By using (76), sup, 8%(5” < oo and sup,, |Fy(u)] < (p+ 1) we
have
ot k 1
var{RtO’N(uo)} = |y Z AT — /\F(uo)}%(ﬁ)Qvar{Fto,k,l(uo)Q(uo) + Fto,k,l(uo)g(uo)} + O(W)
k=0
1 1
= Oyt )

It is straightforward to show (79) using (111). Finally, since Ly, (uo) is the sum of martingale
differences, E(Ly,(up)) = 0. O
From the lemma above it immediately follows that

L
NX

Reo. (un) = — F(uorla(uo)wp{ ! ! } (80)

(N)\)H'B/ + N)L/2
and (NA)Ryy N (uo) LA —F(ug) ta(up). We now use the above prove Theorem 2.3.
PROOF of Theorem 2.3 By substituting (80) into (65) (with 5 = 1) we have

R —1 _1.
Gy, — () = 1 F(un) o) + Lig (up) + Oy RYY, (81)

where (E|R§{?)|2)1/2 < oo and 0y =
and var(Ly,(up)) = AX(ug) we have

(N,\)11+,@/ + (N1>\)2 + /\1/12N + A+ ﬁ By using the above

. 1 1. _
Bla, v —alw) = Ar{2(u0)} + sl Fl) ™ awo)]* + 0 ([0 +VA+ay] 8y ).
which gives (16). In order to prove (17) we use (81) and Proposition 4.4. We first note that

if \=1/2/(NX)7" = 0, then by using (81) we have

. 12 1 1. _
N2 ay, i — o)} + A2 F o) () = XYL, (o) + 0(1).

Therefore by using Proposition 4.4 we have (17). O
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6 A lower bound for the minimax rate

PROOF of Theorem 2.4 We derive a lower bound for the minimax rate using the van
Trees inequality (cf. Gill and Levit (1995) and Moulines et al. (2005)). In order to do this
we define a prior distribution on a subset of C%(L), which we then go on to bound using
the van Trees inequality.

Let us suppose the function ¢ : [0,1] — R is such that ||¢| s < L, sup, |¢(u)| = 1 and
fol p(u)?du=1. Let IT = (1,...,1) e RPHL JT = (p;,0,...,0) € RP*! and define the set

Cuy = {l+ né(wn(- = uo))L; € [0, min(wy”, p~' (1 — 5))}} '

It is straightforward to show for a large enough wy that C,, C C?(L). Hence if a(-) € Cyy,
and are the parameters of the tvARCH process {X; n}, then Assumption 2.1(i,ii,iii) is
satisfied and E(X7y) < (p1 +1)/(1 = 9).

Let A : [0,1] — R* be a density which is continuous with respect to the Lebesgue
measure and define Ay () = wg)\(w?\,-). It is clear that we can use Ay(:) as a density on
the set Cy, . For each a(-) = J + no(wn(- — up))L € Cy, we define the tvARCH process

t
Xt.N =0t NZt gin =P+ nd’(wn(ﬁ —ug))Xi—1,N,

where XtT_LN = (17Xt2—1,N7 .. 7Xf_p’]\,). Let E, be the expectation under the measure
generated by the parameters a(-) = (J + n¢(w, (- — up))I) and Ey, the expectation under
the measure A\y(-). Since Cy, C CP(L) it can be shown that

inf sup  E[zT(a —a(uo))(a —a(up))’ z

a4y NET(Xe,N31=1,.,N) g(w)eCh (L) 2 to,N (uo))( fo,N (u0)) 2]
> E inf E, [z’ — — Taly. (82
= AN o, eU(Xlt, y 17“.7N){ nlz” (@, v — a(uo))(as, v — aluo)) z]}.  (82)

We will assume that ¢(-) and p; are known. Now by using the van Trees inequality we have
for all [z| <1 and gy y € o(Xyn;t=1,...,N), that

1

E E, [z (a —alug))(a —a(up)) ¥z} > , 83
)\N{ "7[* (7t0,N 7( 0))(7t0,N 7( 0)) 7]} = I()\N)+EAN(I(7])) ( )
where
1 2
T(Ow) :/AN(:U) <d0g)‘N($)) da
dx
and
dlo TIN,.--, T 2
IN(U)Z/( 8.l 1’2[77 N’N)Jn=n> fn(@in, - enN)dyiN - dy N
with f,(z1,n,..., 2N n) the density of {Xy, N}i\il' We now derive asymptotic expressions

for I(An) and I(n).
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Using that P(X;n < y|X—1n) = }P’Z(y/atzN), where Py is the distribution function of
Zy. The log density of {XIZN}{%\Ll is

log fo{znN, ...,z N} = Z log 7fz{ } +1log fx, (TIN5 -5 Tp N ),
t=p+1
where f7 is the density function of Z;, oy n = [1 + nd(wn(% — uo))@t_LNh]lﬂ, with
2N = (1, x%—l,N’ e >$?—p,N) and fx, y is the density of &}, y. Define

Tt N

1 t
gt,N(C xt,N,%_l,N) = _5 10g[ﬂ1 + C‘Zs(wN(* — Uo

Differentiating £; n (C; 2, N, 2,1 ) Wrt. ¢ and evaluating it at 7, it is straightforward to see
that

j P(wn (% — uo))|z_y vh dlog f (>
2€t,N(77 y LE,N s &thN) = — N 3 LN p1L+ 2z gde(t) ’
OiN 2t

where z; = x v /o, n. Now let us suppose

8longp,N{X17N’ e 7Xp,N})2
on

It is well known that the derivative of the log conditional densities are a sequence of

Ap,N = En(

< oQ.

martingale differences; that is {lfqu(n; Xen,X—1N) 1t =p+1,...,N}, are martingale
differences. From this it follows that for ¢ > p, we have
E 810ngp’N(X1,Na"'aXp,N)
n 077

Therefore, the corresponding Cramér-Rao bound is

ét,N(n;Xt,vit—l,N)> =0.

Olog fx, v (XN, s XpN)

N
+ > v XN, X )
t=p+1

= LS ot ['t“v'l(mzt‘w)er

t=p+1 Tt,N dZy

Since n — 0, as N — oo, for large enough wy we have that wX/E;p]E(Zf)l/2 < 1, which implies
sup, B, (X} ) < [(p1+wy”)E (ZH'?/a pwiﬁE(Z‘L)I/Q)] . Therefore, since |z, 1 y|/0f y <
|z;—1 n|/p1 We obtain

N

v < swE( i) Y ofunuo— )12+ Ay
t=p+1
(p1 +wy’)E(Z) ot
< Z(p+1)4p1[(1_pw PEZh )] Z p{wy (ug )} + Ay
< K(Z,E(Z8),p / o) + of 2 ) -
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where Z = E(p1 + Z; dlong( )JI:Zt)2 and for a large enough wy, K(Z,E(Z3),p1) = Z(p+

2R Z4 .
1)4p1[((12p}E)(Z§) 1)/2)]2. We now bound I(Ay). It is clear that

I0w) = w?I(\)  where / {‘910gA 2) (u)du. (85)

Substituting (85) and (84) into (82) and (83) we obtain

inf sup  E[z” (g, v — aluo))(ay, y — aluo))a
Qto’NEU(Xt,N;t:L.--,N) g(u)ECﬁ(L) [ ( t07N ( ))< tO7N ( 0)) ]
1

v

K(2,E(Z3), p1) 2L [} é(x)2dx + wi/ I(\)
By letting wy = O(N'/(1+29)) the above is minimised and we obtain

inf sup  Elz"(ay, n — a(uo))(ar, v — aluo))z] > K(2,E(Z)), pr) N2/,
QtO,NGU(Xt,N§t:17'~~7N) g(u)ecﬁ(L) ) )

where C(Z,E(Z}), p1) is a constant which depends only on Z,E(Z3), p1, thus giving the

required result. OJ

A Appendix

A.1 Mixingale properties of ¢(X; )

Our object in this section is to prove Proposition 4.1. We do this by using the random

vector representation of the tvARCH process. Let

ar(w)Z¢ ax(w)Z} ... ap_1(w)Z}  ap(u)Z}
1 0 0
Aj(u) = 0 1 0 0
0 0 1 0
Adw) = (0 o ) 86)
Qp At(U,)

b, (u)T = (1, ao(u)Zf,ngl). By using the definition of the tvARCH process given in (1) we
have that the tvARCH vectors {X; n}+ satisfy the representation

t t
XN = At(N)Xt—l,N + b (— (87)

We note that (87) looks like a vector AR process, the difference is that A(4) is a ran-
dom matrix. However, similar to the vector AR case, it can be shown that the product

Hk 0 Ak( ) decays exponentially. It is this property which we use to prove Proposition
4.1.
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Let AN(t7]) = {HZ;& Atfi(%)}a A(U,t,]) = {Hz;ol Atf’i(u)}a AN(taO) = Ip+1 and
A(u,t,0) = Ip41. By expanding (87) we have
k-1 .
t —
2)

Xen = AN X oy + Y AN by (7).

)3 ~ (88)

Suppose A is a (p+ 1) x (p+ 1) dimensional random matrix, with (i, j)th element A;;.
Let [A], be a (p +1) x (p + 1) dimensional matrix where

4], = {(B1AL) i, =1,....p+1}.

We will make frequent use of the following inequalities, which can easily be derived by
repeatedly applying Holder’s and Minkowski’s inequalities. Suppose A and X are indepen-
dent random matrices and vectors, respectively, then (E|AX]|) Y < [[A]4[X]q > and if X
has only positive elements then E (\AXh ‘ X) <E (][A]lx l1 ‘ X) Now by using Subba Rao
(2004), Example 2.3 and Corollary A.2, we have

I[AN(E E)]gll < K p& and  [[[A(u,t, k)|l < Kp", (89)
where K is a finite constant.

PROOF of Proposition 4.1 We first prove (25). Let Cn(t, k) := Z;:é An(t,7) Qt,j(t;Nj),
that is

Xen = ANt k)X N +Cn (1, k) (90)
with An(t,k),Cn(t, k) € 0(Zy, ..., Zs—p11) and Xy Ny € Fi—k. In particular we have
E{o(Cn(t, k)| Fi-1)} = E{s(Cn(t, k))}. (91)
Furthermore, by using Minkowski’s inequality it can be shown that
{E(JAN (t, k) X v |9 Fomi) 19 < K|[An(t, F)]g Xk w1

The Lipschitz continuity of ¢ and (88) now imply |¢(X¢ n)—¢(Cn(t, k)| < K|An(t, k)X ik N

Therefore, by using the above we obtain

IE{o(X N Fi-r)} — E{o(Xn)}h (92)
= |Ei—x{o(Xen) — 0 (Cn(t, k)| Fii)} — E{d(Xin) — &(Cn(E, k) }Hn
< K(|[An(t, B)1X v+ E{[AN(E E) 1 Xk N1 )
< K [|[[An(t B[l X -k w1+ EC AN )Xk 1)
< K [An(t RN (1X kw1 + E[ Xk v |)
< Kp* (14X pn)1)
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since E|X;_x n|1 is uniformly bounded thus giving (25). The proof of (26) is the same as
the proof above, so we omit details. (27) follows from (25) with the triangular inequality.

To prove (28) we use (90). Since

E{p(Cn(t, k)| Fir} = B{¢(Cn(t, k) } = B{S(Cn (¢, k)| Frr—s}

we obtain as in (92)

[E{o( XN Fi—k} — E{d( X N) | Fi—k—j } 1
< KE{|[AN(t, k)1 Xk w1 | Fiei} + B{ ANt B)1 X - N |1 | Fimi—j}
< KpF (| Xk N+ [ Xk n )

which gives (28). To prove (29) we use (92). We first note that

B[O (£ B))7]Fi] 7 < Kkz ANt ol ()| < B
N\, t—k . par N\, J)1ql9%—; N ql_l_p

and by using Minkowski’s inequality and the equivalence of norms, there exists a constant
K independent of A}  such that
(E(\ X9 Foi) Y9 < {E(An (8, k)Xo n || Foi) 9+ {E(1Cn (8, B)2|Foi) 19
Now by using {E(!AN(t, k)Xt,k,N\q}ft,k)}l/q < ka\Xt,k,Nh we have
E{| X || Fooi} < {Kp"|Xmin|1 + 1[_(p}q < K| X Nl
hence we obtain (29) O

We use the corollary below to prove Lemma A.7.

Corollary A.1 Suppose Assumption 2.1 holds with r = gy and E(quo) < oo. Let f,q:
RPHL — ROHDXPHY) pe Lipschitz continuous functions, such that for all positive z € RPH,

|f(@)|abs < Ipt1 and |g(z)|aps < Ipt1, where L1 is a p+ 1 x p+ 1-dimensional matriz with

one in all the elements, and |Algps = (|[Aij| 14,5 =1,...,p+1). Then for ¢ < qo we have
1/q
[E (E{(Z2_r1 — D F(XmiN)g(Xe (W) | Frois } = B{(Z7 s — 1)f(Xt—k,N)g(Xt(u))})q]
< K{B(Z) + 1107 (Bl X—k—jv |V + (Bl X—p—j(u)| 1)), (93)
and
1/q
[E (E{(Z} 11 — D (X—r(w)g(Xe(w)| Femiej } — E{(Z7 411 — 1)f(Xt—k(U))g(Xt(u))})q]
< K{E(Z3) + 1} (Bl X—p—j ()| + (B[ Xy ()| 9)M7), (94)

for j,k >0, where p is such that (1 —n) < p < 1.
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PROOF. We give the proof of (93) only, the proof of (94) is the same. We will use the same
notation introduced in the proof of Proposition 4.1 and let C(u, t, k) = Z?;é Alu,t,5) by (u),
that is Xy (u) = A(u,t, k + j)X—k—;(u) + C(u, t, k + j).

We will use (91). Since |f(z)]aps < Ip+1 and |g(2)|aps < Ip41 we have

(ZE i1 — D (f(Xmpn)9(Xe(w)) — F(CN (k. 5)9(Clu, t. k + 7))

< |22 (AN = k) Xp—jn 1 + A, bk + )Xk (w)]1). (95)
Since A(u,t,k — 1), (22, +1)As—k—1(uv) and A(u,t — k, j) are independent matrices and
by using (89) we have
E(Z2 g1 + DAtk + || < E|[A(u,t, k- 1)] Hx

X (ZE s + DA pir (@) || [[[A, t = ks || € KE(Zf g + 1)p" 71
(96)

Considering the conditional expectation of (95), by using (96) and
Btk { (21 — DAN(E = b, ) Xi—k—j v }H < Kp?| Xy p—jv |1 we have
E[(Z k1 — D{f(Xeorn)g(Xe(w) = F(Cn(t = k,5))g(Clu, b,k + 5) } Fropa]]
P X NN E(Z iy + 1) + KE(Z{ oy + Dp" X ()
< KE(Z; + 1)pj(|Xt_k_j,N\1 + |Xt—k—j(u)|1)-

IN

Using similar arguments we obtain the bound:

(B [E[(Z 11 — DS (X em)g(Xe(w)) = FCx(E =k, D)g(Clust b+ 1)}
< KE(Z§+ Do (E(Xionmgn )Y + Xy (w)])")

leading to the result. ([l

A.2 Persistence of excitation

As we mentioned in Section 1, a crucial component in the analysis of many stochastic,
recursive algorithms is to establish persistence of excitation of the transition random matrix
in the algorithm: in our case this implies showing Theorem 4.1. Intuitively, it is clear
that the verification of this result depends on showing that the smallest eigenvalue of the
conditional expectation of of the semi-positive definite matrix X} NXt7TN /11X 1|3 is bounded
away from zero. In particular this is one of the major conditions given in Moulines et al.
(2005), Theorem 16, where conditions were given under which persistence of excitation can

be established. Their result is for a quite general class of algorithms which satisfy
Y, ={I - A4&(N}Y, ., + B,

In our case the random matrix is not a function of A, so to reduce notation we state the
theorem below for the case where A¢(\) = A;. Let M} be the space of all positive semi-

definite symmetric matrices.
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Theorem A.1 (Moulines, Priouret and Roueff) Let (2, F,P,{F : n € N}) be a filtered
space. Let {¢¢,t > 0} and {Vi,t > 0} be non-negative adaptive processes such that Vi > 1
forallt > 1. Let A:={A;:t > 0} be an adapted M; valued process. Let s be a positive

integer, and let R1 and py be positive constants. Assume that

(a) there exist 1 < 1 and B > 1 such that for all t € N,

E(Vits|F) < uVil(¢r > Ri) + BVil (¢ < Ry); (97)

(b) there exists an oy > 0 such that for all t € N;

t+s

E{min( D> A)|Fi} > arl(¢r < Ra); (98)
I=t+1

(c) there exists a A1 such that for all A € [0, A\1] and t € N; || AA¢|jup2 < 1;

(d) there exist a ¢ > 1 and C1 > 0 such that for allt € N and X € [0, \{]
t+s
I(¢r < Ra) Z E([| Al F:) < Cy.
I=t+1
Then for any p > 1 there exist Cy, o9 and po > 0 such that, for all X € [0, \] and n > 1,

we have

n
E(| TT( = X011 F0) < Coe™ M a.
i=1
We use this theorem to prove Theorem 4.1, where A; := Fy n, ¢¢ = |X;n|1 and V; :=
| X n|1. (97) is often referred to as the drift condition, and concerns the actual process
{Xi~}. Roughly speaking, under this condition if |X; n|; is large, then after some time
it should ‘drift’ back to the interval [0, R;]. On the other hand (98), places conditions on
the algorithm, in particular the random matrices {F} x};. This is when excitation occurs;
loosely this means if |X; |1 € [0, Ry] then || Hf;é([ — M)l < (1 —60X). The analysis
can then be conducted for |X; |1 in the interval [0, R;], the drift condition then is used to
extend the results over the whole real line.
Suppose X is a random variable and define E.(X) = E(X|F).

Lemma A.1 Suppose that Assumption 2.1 holds with r = 2. Then, we have
Amin (E{ X () X (w) " | Fik }) > C, (99)

and for N large enough

¢

2 b

for k> (p+1), where C is a finite constant independent of t, N and u.

Amin (E{Xt,NXt?N|Ft—k}) > (100)
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PROOF. We will prove (100). The proof of (99) is similar.
Our object is to partition &} NXt’TN as follows

XN Xy = A1+ A, (101)

where A; and Ay are positive-definite matrices, Ay € 0(Z, ..., Z;—p) and Ay € F; y. This
implies Amin{Et,k(é\ft,NXt’TN)} > Anin{E(A1)}, if & > p+ 1, which allows us to obtain
a uniform lower bound for Ayin{E:—; (X, NXgN)}. To facilitate this we represent X; y in
terms of martingale vectors.

By using (1) we have

p

t t
Xin = ‘IO(N) + Zai(ﬁ)th—i,N +(Zf - Voi y
=1
and
t
XN = @(N)XH,N + (2 = 1)oinD (102)

where D is a (p + 1)-dimensional vector with D; = 0 if i # 2 and Dy = 1 and

1 0 0 0 0 0
ao(u) ar(u) az(u) ... ap—1(u) ap(u)
o 0 1 0 0 0
(W) = o o 1 0 0
0 0 0 o 1 0
Iterating (102) (p + 1)-times we have
p
Xy = (2} -1t N{H 9 }D + {H 9 }Xt —p—1,N-
=0 7=0

Let py = E(Z7 — 1)%, O n(i) = [[\Zg©(5?) and By (i) = Oy n(i)DDTO, n(i)". Since
{(z} - 1)02 ~ }+ are martingale differences we have

p
E(X N N | Fiokn) = pay B0l v)Oun(i)DDTO, v (i)T + (103)
1=0
+Ou NP+ DE k(X pa N, 1 N)Oun(p+ 1), for k> p+1.

Since the matrices above are non-negative definite, we have that

p
Amin {E(X N XN Fi—i) } = Amin{pa > By_i(of; 5) B (i) }. (104)
=0
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We now refine g > 0o Ey_p (o} ;. n)Bt.n (i) to obtain Ay. By using (88) we have
XN Z-AN (t,7)b—;( )—I—AN(t p+1)Xp1N.

Therefore by using (1) and Xf_i,N = (X} N)i+1 we have

1 & t—j 1
Ut2—i,N = t2 Z Nt )b (—— N )}1;+1 +?{AN(taP+1)Xtﬂofl,N}i+1
—1
= Ht—i,N( )+ Giin(t), (105)

where Htfi,N(t) € U(Zt,i, .. .,Zt,p) and thi,N(t) € Fi_;. Since Htfi,N(t) and thi,N(t)
are positive this implies with (104)

Amin{ B(X N X N[ Fii)} = Amin{ Pev },

with

p

Py = pa) E(Hein(t)*) B ().
i=0

To bound this we define the corresponding terms for the stationary approximation X (u).
We set

P(u) = pus y _ E(Hyi(u,t)*)B(u, 1),
=0
where
H;_i(u,t) = Z utjbtj()}iJrl

7=0

and B(u,i) = O(u)'DDT(0(u)")T. A close inspection of the above calculation steps reveals
that

P(u) = E{Y, ()Y ()7}
with Y (u) from Assumption 2.1(iv). Therefore,
mm{P )} > inf Apin {P()} > C.
Since {a;(-)}; is B-Lipschitz we have
- 0%) ~ E(Hen () < 15
Ben(i) — B(%,i)h < % for i=0,....p—1.

[E(H—i(
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Therefore | P, ny — P(5)|| < [Ponv — P(%))h < K which leads to

NE W
¢ K
Amin{ P} = Amin {P () + [Py = P )]} > Amm{P< )} = 1P — P( =€ =55
and therefore to
K
)\min(E{XLN-XgN‘Ft,k’N}) >(C — W (106)
Thus for N large enough we have (100). (99) follows in the same way. 0

Lemma A.2 Suppose that Assumption 2.1 holds with r = 4. Then, for k > p+1, we have
for N large enough

tN tN C
mm F k 107
E it P> o 1o
and
Xt(u)Xt(u)T
Amin (B —57—~5—75) > C, 108
ERwe Y (109
where C' is a constant independent of t, N and u.
PROOF. We now prove (107). By definition
& NXtTN 2T X N\ 2
Amin{Bi—g(————=—-)} = inf E :
{ t k‘( |Xt7N‘% )} |£|: t— k‘( |Xt]\[|1)
Since
T X,
"X N)? = 5 t’N 2" X N XN |1

and sup|y|—; @T)Q,Nh < | X n|1, we obtain by using Cauchy’s inequality and (29)

96‘ TXN 5y1/2
IE‘qt—k@TXt,N)2 < { t—i( t‘l) } / {Et—k@TXt,N|Xt,N\1)2}1/2

x Ty,
< (B “V B (| X |}

g4 Xt,N
| Xe N |1

< {Ber(r 2 K X112,

Therefore by using the above and Lemma A.1 for large N we obtain

T T 212
inf Etik(ﬁ XN\ 2 (B (27X n)? S C

> mn
|z|=1 \Xt,Nh) T lzl= Eek(JXn]) T [ Xeen|t

where C is a positive constant, thus giving (107). To prove (108) we use (99) to get

E(X, (1) X (u)T) = E_oo (X (u) Xy (w)T) > C,
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and using the arguments above we have

C

() X ()"
N> Bl

Amin (B 3 0

By Lemma 4.1 sup,, E(|X;(u)|{) < oo, which leads to (108). O

Corollary A.2 Suppose Assumption 2.1 holds with r = 4. Let F(u) be defined as in (10).
Then there exists C and A1 such that for all A € [0, \1] and u € (0,1] we have

Amas{] — AF(u)} < (1 — AC). (109)

There exists a 0 < § < C and K such that for all k

{1 — )\F(u)}kH < K(1- A&)k. (110)
Furthermore

t—1 1 B

kzo)\{] —AF(u)}?* — S F(w) ! (111)

where A — 0 and \t — co0 ast — oo.

PROOF. (109) follows directly from (108). Furthermore, since (I — AF(u)) is symmetric
matrix, we have |[{I — AF(u)}*|| < |[(I — AF(w))||* < (1 — ), that is (110).
We now prove (111). We have

t—1
Y {I = AP ()} = M1 = (I = AF(u)*} "I = (I = AF(u))™}.
k=0

Since Apin{F(u)} > C, for some C > 0, we have [{I—AF(u)}?!|; < [{I=AF(u)}?|||Ip+1] —
0as A — 0, A\t — oo and t — oco. Furthermore, )\{I—(I—)\F(u))2}71 — LF(u)~'. Together
they give (111). O

Lemma A.3 Suppose that Assumption 2.1 holds with r = 4. For a sufficiently large N and
for every R > 0 there exists a sg > p+1 and Cy such that, for all s > sg andt=1,... ,N—s

we have

E{)\ <t+i1 Hoar by
min v 12
et | X [T

ﬂ)} > O I (|l < R),

where I denotes the identity function.

PROOF. The result can be proved using the methods given in Moulines et al. (2005),
Lemma 19. We outline the proof. By using Apin(A) > Anin(B) — ||[A — B|| (see Moulines
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et al. (2005), Lemma 19) we have

t+s—1 X XT
k,
Et{Amm< 3 NkN)} >

2
= Xl
t+s—1 t+s—1 X X XT
kN kN E,NAE N k,NtE N
A E E —-E ’ )
> (B )BT B O
X N X
We now evaluate an upper bound for the second term above. Let Apny = W —
s 1
X N XL
B (g w7 ) then
t+s—1 t+s—1 p+1 t4s—1
o] Z Apnl? < By Z AN <Y T Y Bi(Ak v (Bky n)ig). (112)
4,j=1 k1,ko=t
We now bound E¢((Ag, n)ij(Aky nN)ij). For ki = kg = k we obtain with (29)
E{(Ak )i} < 2B Xenli < K|X N1 (113)

Now let ki # ko. Let ¢(z) = 2Txz/|z|?, where where z = (1,z1,...,,). Since ¢ € Lip(1),
by using (28) we have for k; < ko:

(X N )i (Xhp N N )i
Ei, (AkyN)ij)| = |Epy(——25—)—E s
| 1(( 2, )17J)| ‘ 1( ’ng,Nﬁ ) t( |Xk2,N|% )|

< KPP TR(E (| Xy 1) + [ Xy v]1)- (114)

By using (29), (113) and (114) we have

IN

B { (Ay V)i (Dky )i ] B¢ { Bk, (Aky, )i (Ao, N)ig }
B { (Aky N)i i By (Ay )i ]
{Ee (A )22 {E(Epy (Aky N )ig) }1/2

kaQ*kl\Xtth < Kptmh X N1 (115)

IN N

IN

Substituting (115) into (112) we obtain

t+s—1

Bl > Awl|* = Ks|xnl, (116)
k=t

where K is a constant independent of s. Therefore by using (107) and (116) we have for N
sufficiently large

t+s—1 X, XT

kN N Cs _

Et{ Amin —— > XNt - K{s| X N1
2o Xl 2
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Therefore for any R > 0,

t+8_1X XT
k),N k.N CS 1/2 2
t{ < 2 | X N7 >} {234 ’ H(xwh < )

k=t
s/ 1/2 2
= ﬁ(cs 2~ KR)I(|Xn|1 < R).
Now choose sg and corresponding €'y such that
§1/2
Cr = 2 (Csy/* ~ KR?) > 0

Then it is clear if s > sg we have

t+s—1 Xk,NX]?N 81/2 1/ )
Ed dmin D, o ) ¢ 2 r (Cs"? = KR)I(Xinly < R) 2 C(1Xw] < R),
k=t |kaN’1 ’ ’

thus we have the result. OJ

PROOF of Theorem 4.1 We prove the result by applying Theorem A.1 to {4; =
FEn,Fi = 0(Z,Z1-1,...) : p+1 <1 < N} and verifying the conditions in Theorem
A1, Theorem 4.1 then immediately follows. Let ¢ := |X; n|1, V; := |[Xn]1 and A4; :=
Fiy= XLNXLTN/\XLN]%. Let k >p+1and 1 <s < N —k. Then by using (27) we have
E(Vits|Ft) < K(1 4 p°|X; n|1). Therefore for any Ry and s > 0 we have

K
E(Viys|Fe) < {Kp° + Ef(lxt,Nll > Ri) & w1+ KI(|X v < Ry).
Thus we have
K
EW%JE)SUﬂf+;aﬂ@%Nh>Rﬂﬂﬁwh+Kﬁf+1ﬂ@%whthﬁﬁwh

By choosing an appropriate Ry we can find a s; such that for all s > s; we have Kp° +
K/R; < 1 and thus condition (a) is satisfied. Condition (b) directly follows from Lemma
A.3. Let I,41 bea (p+1) x (p+ 1) matrix where (I,41);; =1 for 1 <4,5 < (p+1). Since

xXE XN
IFNl = 5355

Finally by using the above for any ¢ > 1 and ¢t € {N — p,...,t} we have

=1, for A < 1, we have A[|F} n|| < 1, hence condition (c) is satisfied.

r+51

> E(|FNIF) < ki(p+1)%.
1=t

Therefore condition (d) is satisfied and Theorem 4.1 follows from Theorem A.1. O
A.3 The lower order terms in the pertubation expansion

In this section we will prove the auxillary results required in Section 4.2, where we showed
that the second order terms in the pertubation expansion were a lower order than the

principle terms. The analysis of thf) 2N is based on partitioning it into two terms
72 J—
Jta;,N - txoyN +Bfo7N’
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similar to the partition in (54).

Af n is the weighted sum of {Fj, v — Fj(u)} whereas By y is the weighted sum of the
differences between the stationary approximation Fy(up) and E(Fy(up)), that is of Fy(ug) =
Fi.(up)—F(up). In this section we evaluate bounds for these two terms. We use the following

lemma.

Lemma A.4 Suppose Assumption 2.1 holds with some r > 1. Let My n and M(u) be
defined as in (30) and let Dy n be defined as in (46). Then we have

XN Xy Xy (w) Xy (u)T
= = e+ Ryn(u 117
FE Hwp o

and Myn = M(u)+ (1+ Z2)R; n(u)

where
Rn(@)] < (g =l + (%)% + 25) Do
N N NP
Further, for q < qo there exists a constant K independent of t, N and u such that
(Bl Ry w)lg)Y* < K (1 —ul + (P1)) (118
PROOF. The proof uses (22) and the method given in Dahlhaus and Subba Rao (2006),
Lemma A .4. O

We now give a bound for a general Ay y.

Lemma A.5 Suppose Assumption 2.1 holds with r = gy and let {G '} be a random process
which satisfies sup; n HGt7N|]]qEO < oo. Let Fyn, Fi(u) and F(u) be defined as in (31) and
(10), respectively. Then if |tﬁo —ug| < 1/N and q < qo we have

to—p—1

K
_ k _ /242/ 1/
E| g:o (I = AF(u0))* (Fry—h-1,8 — Fro—k—1(u0)) Grg—p,n|7*)?7 < ON AP ig\ll)(E|Gt,N|q) 9

(119)
where K is a finite constant.
PROOF. By using (110) and (117) we get the result. O

We now consider the second term Bj y. A crude way to bound E[Bj N7 is to use
Minkowski’s inequality and directly take the norm into the summand. However, with
this method we do not obtain the desired lower order. To overcome this problem we use
Burkholder type inequalities.

We now state a generalisation of Proposition B.3, in Moulines et al. (2005). The following

result can be proved by adapting the proof of Proposition B.3, in Moulines et al. (2005).
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Lemma A.6 Suppose {M;} and {F}} are random matrices and F' is a positive definite, de-
terministic matriz, with Apin(F) > 0, for some § > 0. Let Fy = o(Fy, My, Fr—1, My_1,...).

We assume for some q > 2

(i) {F;} are identically distributed with mean zero.

(it) E(M|Fe-1) = 0.

(iii) EE(E|F)[*1) /20 < Kpt~*

(iv) E|E(MFy|Fy) — E(MFy)|9) Y9 < Kp*~F if k < s < t.
(v) SUPt(E|Mt|2q)1/(2q) < 0o and (E]Ft‘Zq)l/(QQ) < 00,

Then we have

t—p—1t—p—k—2 1/q K
E DY LRI DYV AL e 12
(23S uoanprar) <X 120)
k=0 =0
where K is a finite constant.
PROOF. We note since A\pin{F'} > 6 > 0, then
(I = AF)¥|| < K(1 - \6)*. (121)
Change of variables in (120) gives
t—p—1t—p—k—2 t—1 k
> (I = AP R My =Y > (I = AF) 1 FeM;

=0 k=pi=p+1

i
o

~+
—_

= (I —\F) k1R, Z (I — A\F)E=i0;
k=p i=p+1
(using the convention S°0_ = 0). Let ¢y = (I — AF)"*1F, S8 (I — AF)¥~iM;. Then we
have

1/q

t—-1 & t—1 t—1
E[Y > (I— AR FM) < K| ED E(¢p)l+ {ED> {¢ - E(Gﬁk)’q}l/q( 22)
k=pi=p+1 k=p k=p

We first consider | S 4 » E(éx)|. Since E(FpM;) = E(M;E(Fg|F;)), under the stated as-

sumptions, and using the norm inequality, |Az| < ||A]| ||, we obtain
IE((I = AF)'"™ FM) | < K(1— M) 'E(IM;] [E(Fy|F)|) < K" "E[M;| < KpF.

Substituting the above into E(¢y) gives the bound

k
E(¢r)] < K(1-M§)F 1 Z P < KS(p)(1 — A)RL
i=p+1
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where S(p) = 1/(1 — p). Thus
|ZE o) <KZ —X)FLS(p) = 0N ). (123)

We now consider the second term on the right hand side of (122), (E| Z {qﬁk qbk)} |9)1/a,
Let ¢ = {¢r — E(é1)}. By using the generalised Burkholder 1nequahty (see Dedecker and
Doukhan (2003)) we have

=1 1/2
B gl < {%ZE\@ ”qZE\E JE S SEEY
k=p k=

We treat the two summands, on the right hand side of (124), separately. By using Holder’s

inequality, the norm inequality and (121) we have

i=p+1

& 1/q
(Elg|) = (E(I AF)RE N (I = AP M F E(Mz‘Fk)}q)

IN

k
K(1—=X8)"F N E Y (1= A M Fy| 1)
i=p+1

k
< 2K(1—AO)TFTNEIFLP)YCO@E] Y (1 - A6)FTM)P) D). (125)
i=p+1

By applying Burkhoélder’s inequality to (E| ZZ p+1( — XO)FiM;|29) /29 | we have

k k
E] Y (1 AR M P00 < {2 37 (1 - 262D (E|M[20) ) } 2,
i=p+1 i=p+1

Substituting the above into (125) gives

k—p—1
(E|gp|)Ve < 2K<1—W*’Hsgp(ErFerqu)sup<E|Mi|2q>1/ZQ{2q PP TS
¢ i=0
K
< )\1/2(1—>\5)t k=l (126)

We now consider Z;;}C(E\E(éj\fk)]q)l/q. We treat the cases M; € Fj and M; ¢ Fy
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separately, and obtain the following partition

T

t—1
D IEGIFE <
k

j=

IN
< ~ <
Il \ Il
x> >

=k
= Ap+ Bg.

+ z_: (E\(I — ARy

1 j 1/q
(E(I — AF)' TN (1 = AF) TE{(MFy — E(MiFj)]ﬂ}q>

i=p+1

i=p+1

1 k 1/q
(E(I — AF)' TN (1 = AF) TE{[MF E(MiFj)]ﬂ}q> +

i 1/q
(I — A\F) 'E{[M;F; — E(Mz‘Fj)”fk}’q>
i=k+1
(127)

Since for all random variables A, |E(A)| < (E|E(A|F|?)Y9 (if ¢ > 1) and E(M;Fj|Fy) =

M;E(F}|Fy) (for i < k), we have

-1
Ay,

IN

J=k

t—1

k

2 (I =AF)ITEL Y (L= AFY M F | Filly

i=p+1

IN

2K > (1-x8)" 7!

1/q
(I — AF) M| .
j=k

k
(EE(ijk) >

i=p+1

Now by using the Holder inequality and (E[E(F;|F)|?9)Y/ 290 < Kp/~* we have

-
|
-

A, < 2
J

k
(1= A8)' I BIE(E [ F) )2 (] Y (1= AF) M)/
i=p+1

T
=

— k
. - K
23 KoM 20 3 (1 MY EIG P )2 <
j=k i=p+1

IN

(128)
We now bound Bj:

t—1 J
B, < KY (1=X0)"771 3" (1= XY (B[B{[M;Fj — B(M; Fy)]| Fi}9)"/. (129)
j=k i=k+1

We will evaluate two different bounds for ||E{(M;F; — E(M;F}))|Fi}[|Z. We use the mini-
mum of these bounds to evaluate By. Since i > k, (E[E(A|F)||F < (E[E(A|F;)|?)"/9, under
the assumption (E[E(Fj|F;)|?9)/24 < Kp?~%, we have
(E[E{[M;F; — EQLE)|FHDYE < (BIE{[M;F; — E(M;F))]|Fi} |4
< ABE{ME|FHY < 2AE|MELF|F 1)V

2(E| M) B ) P4) 20 < K sup(B|MG 2020

IN

Using again the stated assumption (iv), we get the alternative bound

EIE{ME; — EQMLE))|FY)Y < Kpit.
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Therefore we have

(E|E{(M;F; — E(M; Fy)|Fi}[)'/¢ < K min(p? ™, p"*)

leading to
t—1 J
By < KDY (1-X)"771 > (1-x6)/ "min(p’ ", p' ) (130)
j=k i=k+1
t—1 J
< > min(p M) < K. (131)
j=k i=k+1

Substituting (128) and (130) into (127) gives

t—p—1

< K
Z (E[E(¢;|Fr)| DY < Ap+Bp <K+ ——

=k
which, by substituting (126) and (132) into (124), leads to
K K
1/ §yt—k-1 1/2 -
E| Zmrq < {2qZ iz (K + A1/2)} < (133)
Finally by using (122), (123) and (133) we get the assertion. O

We now apply the lemma above to the tvARCH online recursive algorithm.

Lemma A.7 Suppose Assumption 2.1 holds for r > 4. Let {Fy(u)}, {M¢n} and {M;(u)}
be defined as in (30) and Fy(u) = Fy(u) — E(Fy(u)). Then, we have

2/r

to—p—1to—p—k—2 K
(E Z Z {I — AF(u)}* " Fyy g1 () Mg —p—ica, " /2> < (134)
k=0 i=0
and
to—p—1to—p—k—2 2/r K
<E| > > - )\F(U)}k“Ftokl(U)Mtokil(u)W2> <3 (135)
k=0 =0

PROOF. We prove (134), the proof of (135) is the same. We will prove the result by
verifying the conditions in Lemma A.6, then (134) immediately follows. By using (108) we
have that Apin{F(u)} > 4, for some § > 0. Let My := M n, F; := Fy(u), F := F(u) and
Fi = 0(Zy, Zy—1,...). Tt is clear from the definition that the series {F}(u)}; has zero mean
and are identically distributed, also E(M;(u)|Fi—1) = Opt1xp+1. By using (25) we have

EEF@IF)N = (EEEW|F) - EE@)N)Y < Ko,
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thus condition (iii) is satisfied. Since M y = (7} — 1)0152,NXt—1,N/|Xt—1,N|%7 and Fy <I,4q
and O't27NXt,1’N/|Xt,1’N|% < I,+1, by using Corollary A.1 and supt7N(E|Xt,N|T/2)2/T < 00,
we can show that condition (iv) is satisfied.

Moreover, F; y is a bounded random matrix, hence all its moments exist. Finally, since
sup; v My n|l < K(Z2 +1)" and E(Z§") < oo we have for all k < s < ¢t < N, that
sup; n (E[M; n|") < 00, leading to condition (v). Thus all the conditions of Lemma A.6 are
satisfied and we obtain (134). O
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