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Abstract

In this paper general quadratic forms of nonstationary, α-mixing time series are con-

sidered. Under relatively weak mixing and moment assumptions, asymptotic normality of

these forms are derived. The results are applied to the weighted covariance of the Discrete

Fourier Transforms of a time series, which is an important example of a quadratic form.

In order to show asymptotic normality of the generalised quadratic form, bounds for their

moments are obtained using martingale and Near-Epoch Dependent methods.
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1 Introduction

The study of the asymptotic theory of statistics often involves quadratic forms which have the

general form

WT =
1

T

T
∑

t,τ=1

Gt,τh(Xt, Xτ ), (1)

where {Xt} is a stochastic process, h(·) is a function and {Gt,τ} are weights, which vary according

to the application. Various statistical methods depend on the asymptotic sampling distribution

of above statistic.
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In view of its importance, several authors have studied WT for the particular case h(Xt, Xτ ) =

XtXτ under various assumptions on the stochastic process {Xt}. For example, Mikosch (1990),

Götze and Tikhomirov (1999) and the references therein, analysis WT under the assumption

that {Xt} are iid random variables. Kokoszka and Taqqu (1997) and Bhansali, Giraitis, and

Kokoszka (2007) relax the independence assumption and establish asymptotic normality of WT

under the assumption that {Xt} is a realisation from stationary, linear time series. Rosenblatt

(1984) allows for nonlinear time series, by assuming that {Xt} are α-mixing. In particular, he

shows asymptotic normality of WT under the assumption that {Xt} is a strictly stationary α-

mixing time series and has absolutely summability eight order cumulants. The generalising to

mixing random variables, allow {Xt} to be a non-linear time series, but the cumulant assumptions

are quite strong. Recently, Gao and Anh (2000) relax the moment assumptions by considering

geometric mixing {Xt} and Lin (2009) considers the case {Xt} is the sum of stationary α-

mixing random variables. It should be mentioned, that there are other methods for measuring

dependence. For example, Wu and Shao (2007) show asymptotic normality when {Xt} can be

written as a function of the innovations and satisfies the assumption of physical dependence. The

study of the general quadratic form given in (1) can also arise in several applications, including

nonparametric estimators, but has received less attention. One reason for this is that techniques

used in the articles mentioned above cannot be directly applied to (1). Moreover, the underlying

assumption in all the above references is that the process {Xt} is strictly stationary.

In the analysis of nonstationary time series (which is possibly nonlinear), quadratic forms of the

above type do occur, for example estimators of the time-varying spectral density involve quadratic

forms (see, for example, Dahlhaus (2000) and Dwivedi and Subba Rao (2011)). In this paper,

our objective is to study the asymptotic theory of general quadratic forms for nonstationary

processes.

In Section 2 we show asymptotic normality of the general quadratic form under some moment

assumptions and α-mixing of the stochastic process (which includes both nonstationary and

nonlinear processes). By using Ibragimov-type inequalities (see Statulevicius and Jakimavicius

(1988)) which link cumulants to the mixing rate, we avoid direct assumptions on the summability

of the cumulants. The assumptions allow the weights Gt,τ to also depend on T , thus including the

case of spectral density estimators. To understand how quadratic forms of stationary and nonsta-

tionary processes may differ, in Section 3, we consider the sampling properties of quadratic forms

of locally stationary processes, which are a subclass of nonstationary time series (see Priestley

(1965) and Subba Rao (1970), Dahlhaus (1997), Dahlhaus and Subba Rao (2006), Subba Rao

(2006) and Zhou and Wu (2009) for examples of locally stationary time series). We extend

the classical results on cumulants of DFTs (see Brillinger (1981)) to general locally stationary

processes (note that Paparoditis (2009) considers cumulants of DFTs of time-varying MA(∞)

processes). These results are used to show that the sampling properties of certain quadratic

forms behave differently for stationary and locally stationary processes. From a statistical per-
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spective, these results are of interest, as they can be used as an alternative characterisation of

nonstationary time series. In Section 4 we derive some results on cumulants and moments of

the quadratic form. We use mixingale and near-epoch dependent methods to prove the results

in this section, these techniques may also be of independent interest. To prove the central limit

theorem we use a similar Bernstein blocking argument, and this proof can be found in Section

5. The technical details are given in the appendix.

2 The quadratic form

Let us suppose that {Xt,T ; 1 ≤ t ≤ T} is a time series which we do not assume to be stationary.

By allowing Xt,T to depend on T , the results below cover the case of triangular arrays, and in

particular allows for locally stationary time series. We will assume that for all t, E(Xt,T ) = 0

and for all t, T 0 < var(Xt,T ) < ∞. This condition excludes degenerate cases by ensuring that

{Xt,T} does not converge to a non-random sequence but always has a bounded variance. In this

paper we consider general quadratic forms of the type

QT =
1

T

T
∑

t,τ=1

Gt,τh(Xt,T , Xτ,T ), (2)

where we do not impose any conditions on the function h : R
2 → R. By allowing this amount

of generality on h(·), we need to assume that the weights Gt,τ decay to zero, in the sense that

supt,T

∑

τ |Gt,τ | < ∞. For example, if h(Xt,T , Xτ,T ) = (Xt,T + Xτ,T ), then for the variance of

QT to decay to zero as T → ∞, we require such a condition on the weights. In order to relax

this condition on the weights {Gt,τ}, a stronger condition on h(·) is required. Therefore, in

addition to the above, we will also consider quadratic forms which have the multiplicative form

h(Xt,T , Xτ,T ) = Xt,T Xτ,T :

QT,M =
1

T

T
∑

t,τ=1

Gt,τ,MXt,T Xτ,T (3)

where for some 0 < α < 1, M := M(T ) = T α, and for |t − τ | > M , then Gt,τ,M = 0.

We now state some conditions, which we use to prove asymptotic normality of QT and QT,M .

Assumption 2.1 (i) Let us suppose that {Xt,T} is an α-mixing time series such that

sup
k

sup
A∈σ(Xt+k,T ,Xt+1+k,T ,...)

B∈σ(Xk,T ,Xk−1,T ,...)

|P (A ∩ B) − P (A)P (B)| ≤ α(t),

where α(t) are the mixing coefficients which satisfy α(t) ≤ K|t|−s for some s > 0.
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(ii) (a) For QT defined in (2), we suppose |Gt,τ | ≤ C|t − τ |−δ (δ > 2) and c1
G
T
≤ var(QT ) ≤

c2
G
T

(for some 0 < c1 ≤ c2 < ∞), were G = supt

∑

τ |Gt,τ | < ∞.

(b) For QT,M defined in (3), we suppose that Gt,τ,M = 0 for |t − τ | > M and for

all T , c1
GM

T
≤ var(QT,M ) ≤ c2

GM

T
(for some 0 < c1 ≤ c2 < ∞), where GM =

supt

∑

τ |Gt,τ,M |2 and infM GM > 0.

(iii) (a) For some r > 2s/(s − 2) > 0, we have supt,τ,T E|h(Xt,T , Xτ,T )|r < ∞.

(b) For some r > 4s/(s − 6) > 0, we have supt,T E|Xt,T |r < ∞.

Before stating the asymptotic sampling properties of the the quadratic forms, some comments

on the assumptions are in order. To prove asymptotic normality of QT and QT,M we have

to treat the cases differently and use a slightly different set of conditions. This is primarily

because we need to obtain moment bounds for each of these terms (see Lemmas 4.2 and 4.3

below). The details can be found in the appendix, but to give a flavour of the methods, to

bound QT we treat {∑τ Gt,τh(Xt,T , Xτ,T )}t as a stochastic process with decaying dependence

structure and use the notion of L2-NED together with martingale methods to obtain the moment

bounds. However, in the case of QT,M , despite Assumption 2.1(i,iib) (in particular the mixing and

Gt,τ,M = 0 for |t− τ | > M) implying that the dependence in the sequence {∑τ Gt1,τ,MXt1,T Xτ,T}
decays the further apart the ts, the same methods used to bound QT , when applied to QT,M

gives sub-optimal bounds. Instead we use iterative martingale methods to obtain the optimal

moment bounds for QT,M . We observe that in the case that |Gt,τ | ≤ C|t − τ |−δ (δ > 2) and

g(Xt,T , Xτ,T ) = Xt,T Xτ,T , then Assumption 2.1(iiia) is slightly weaker than Assumption 2.1(iiib).

As the assumptions on QT,M allow
∑

τ |Gt,τ,M | → ∞ as T → ∞, we require that the fourth

order cumulants are absolutely summable, see Remark ?? below. Finally, several time series,

both stationary and nonstationary, satisfy the α-mixing conditions given in Assumption 2.1(i),

see, for example, Tjostheim (1990), Doukhan (1994), Cline and Pu (1999), Bradley (2007) and

Fryzlewicz and Subba Rao (2011).

We now derive the limiting distribution of QT and QT,M .

Theorem 2.1 Suppose Assumption 2.1(i,ii(a),iii(a)) is satisfied. Let var(QT ) = VT , then we

have V
−1/2
T

(

QT − E(QT )
) D→ N (0, 1) as T → ∞.

PROOF. In the appendix. ¤

Theorem 2.2 Suppose Assumption 2.1(i,ii(b),iii(b)) is satisfied. Let var(QT,M) = VT , then we

have V
−1/2
T

(

QT,M − E(QT,M )
) D→ N (0, 1) as T → ∞.

PROOF. In the appendix, ¤
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The above results are for quadratic forms of univariate time series. As multivariate time series

arise in several applications we now give an analogous result for multivariate time series, noting

that the proof is almost identical to the univariate case.

Corollary 2.1 Let us suppose that {X t,T} is a d-dimensional vector time series, which is mixing

sup
k

sup
A∈σ(Xt+k,T ,Xt+1+k,T ,...)

B∈σ(Xk,T ,Xk−1,T ,...)

|P (A ∩ B) − P (A)P (B)| ≤ α(t),

where α(t) are the mixing coefficients and are such that α(t) ≤ K|t|−s where s > 0, and suppose

there exists some r > 4s
s−6

, such that supt,T E(
∑d

j=1 |Xt,T,j|)r < ∞ (where |·| denotes the Euclidean

norm of a vector or matrix). Define the quadratic form

QT =
1

T

T
∑

t,τ=1

X ′
t,T Gt,τ,MXτ,T ,

where {Gt,τ,M} is a d× d matrix which satisfies Gt,τ,M = 0 (for |t− τ | > M). We assume there

exists 0 < c1 ≤ c2 < ∞ such that c1GM/T ≤ var(QT ) ≤ c2GM/T (GM = supt

∑

τ |Gt,τ,M |).
Then we have V

−1/2
T (QT − E(QT ))

D→ N (0, 1), where VT = var(QT ).

PROOF. The proof is exactly the same as the proof of Theorem 2.2, hence we omit the details.

¤

3 The weighted discrete Fourier transform covariance

In this section we consider the weighted discrete Fourier transform covariance, which is an ex-

ample of a quadratic form. The weighted DFT covariance is defined as

HT =
1

T

T
∑

k=1

H(ωk)JT (ωk)JT (ωk+r), (4)

where JT (ωk) = 1√
2πT

∑T
t=1 Xt,T exp(itωk) and ωk = 2πk

T
and H : [0, 2π] → R is a function with

bounded second derivatie. We start by considering the properites of HT under the assumption of

second order stationarity and contrast these with the case that {Xt,T} is nonstationary. Under

the assumption that {Xt,T} is a stationary time series with
∑

r |r| · |cov(X0, Xr)| < ∞, it can be

shown that

E(HT ) =

{

O( 1
T
) r 6= 0

∫ 2π

0
H(ω)f(ω)dω + O( 1

T
) r = 0

, (5)
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where f denotes the spectral density of the time series. An explicit expression for the asymptotic

variance of Tvar(HT ) can easily be obtained and by using Theorem 2.2 we can prove asymptotic

normality of HT . Thus in the case of stationarity the weighted DFT covariance for r 6= 0, does not

appear to be of interest. Indeed, frequency domain methods for linear time series models mostly

deal with r = 0, and in this case HT is called the weighted periodogram. On the other hand,

the case r 6= 0 can be very useful in the study of nonstationary processes; as HT may contain

interesting information about nonstationary properties of {Xt,T} (see, for example, Dwivedi and

Subba Rao (2011) and Subba Rao (2011)). In the remainder of this section we will focus on the

sampling properties of HT , when {Xt,T} is nonstationary.

In order to derive an asymptotic expression for the expectation and variance of HT we will place

some structure on the nonstationarity, and assume the nonstationarity changes slowly over time.

More precisely, let us suppose that {Xt,T} is a nonstationary time series, which can ‘locally’ be

approximated by a stationary time series. In order to make this definition precise, we define

a time series {Xt(u)}, which for fixed u is strictly stationary. Then {Xt,T} is called locally

stationary if it satisfies

∣

∣Xt,T − Xt(u)
∣

∣ ≤
(

| t

T
− u| + 1

T

)

Vt,

where {Vt} is a positive stationary time series and E|Vt| < ∞. The asymptotics in this case are

done in the rescaled sense. A simple example of a time series {Xt,T} which satisfies the above

is the time-varying AR process Xt,T = a( t
T
)Xt−1,T + εt where supu |a(u)| < 1. In this case,

Xt(u) = a(u)Xt−1(u) + εt and Vt = aVt−1 + |εt|, where a = supu |a(u)| (see Subba Rao (1970)

and Dahlhaus (1997)).

In order to study HT we will derive some expressions for the cumulants of the DFT. This will

extend the results on cumulants of DFTs derived in Brillinger (1981) to locally stationary time

series. We recall that Brillinger (1981) showed that if {Xt} is a stationary time series under

certain conditions on the cumulants of {Xt} and for ωjk
= 2πjk

T
the DFTs are such that

cum(JT (ωj1), . . . , JT (ωjn))

=

{

O( 1
T n/2 ) if

∑n
s=1 ωks 6= 2πr, r ∈ Z

(2π)n/2−1

T n/2−1 fn(ωj1 , . . . , ωjn−1) + O( 1
T n/2 ) otherwise

(6)

where fn(ω1, . . . , ωn−1) = 1
(2π)n−1

∑∞
t1,...,tn−1=−∞ κn(t1, . . . , tn−1) exp(i

∑n−1
j=1 tjωj), with

κn(t1, . . . , tn−1) = cum(X0, Xt1 , . . . , Xtn−1), denotes the nth order spectra of {Xt}. In the case

that {Xt} is nonstationary the above result does not hold true, however for locally stationary

processes an interesting analogous result can be obtained. In order to derive this, we need to

define the localised higher order spectra for locally stationary time series.

Definition 3.1 Define the local covariance and nth order cumulant as c(u, r) = cov(Xt(u), Xt+r(u))
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and κn(u; t2 − t1, . . . , tn − t1) = cum
(

Xt1(u), . . . , Xtn(u)
)

respectively. Using this notation we de-

fine the local spectral density f(u; ω) = 1
2π

∑∞
r=−∞ c(u; r) exp(irω) and the nth order local spectra

f(u; ω1, . . . , ωn−1) =
1

(2π)n−1

∞
∑

t1,...,tn−1=−∞
κn(u; t1, . . . , tn−1) exp(i

n−1
∑

j=1

tjωj), (7)

where ω1, . . . , ωn−1 ∈ [0, 2π].

Using the above definition we can now state the following assumptions.

Assumption 3.1 (Lipschitz conditions on the local cumulants) For a given n, there ex-

ists a sequence {κn(t1, . . . , tn−1)} such that
∑

t1,...,tn−1
(1+ |tj|)|κn(t1, . . . , tn−1)| < ∞ (for all 1 ≤ j ≤ (n−1)), and the cumulants correspond-

ing to {Xt(u)} satisfy

(i)
∣

∣cum(Xt1,T , . . . , Xtn,T ) − cum(Xt1(
t1
T

), . . . , Xtn( tn
T

))
∣

∣ ≤ T−1κn(t2 − t1, . . . , tn − t1).

(ii) For all 1 ≤ j ≤ (n − 1), uj, vj ∈ [0, 1], we have

∣

∣cum(Xt1(u1), . . . , Xtj−1
(uj−1), Xtj(vj), Xtj+1

(uj+1), . . . , Xtn(un) −
cum(Xt1(u1), . . . , Xtj−1

(uj−1), Xtj(uj), Xtj+1
(uj+1), . . . , Xtn(un)

∣

∣

≤ |uj − vj| · |κn(t2 − t1, . . . , tn − t1)|.

(iii) For all 1 ≤ j ≤ n − 1, we have supu

∑

r1,...,rn−1
(1 + |tj|)|κn(u; t1, . . . , tn−1)| < ∞.

(iv) supu,ω1,...,ωn−1
|∂2fn(u;ω1,...,ωn−1)

∂u2 | < ∞.

The above assumption appears a little unwielding, however if the nth moment exists, then it can

be shown that several locally stationary time series satisfy these assumptions (see for example,

Dahlhaus and Polonik (2006) for the time varying MA(∞) model and Dahlhaus and Subba Rao

(2006) for the time-varying ARCH process).

We will use the following lemma to derive the cumulants of the DFT of a locally stationary

process.

Lemma 3.1 Suppose Assumption 3.1 holds and define the Fourier coefficients of the local higher

order spectra as

Fn(k; ω1, . . . , ωn−1) =

∫ 1

0

fn(u; ω1, . . . , ωn−1) exp(i2πku)du. (8)
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Then we have

sup
ω1,...,ωn−1

|Fn(k; ω1, . . . , ωn−1)| ≤ C sup
u,ω1,...,ωn−1

|∂fn(u; ω1, . . . , ωn−1)

∂u
| 1

|k|2 (9)

were C is a finite constant.

PROOF. The proof follows from Assumption 3.1(iv), and is a straightforward application of

Briggs and Henson (1997), Theorem 6.2 for bounds on Fourier coefficients. ¤

Using the following lemma, we derive a generalisation of Brillinger (1981), Theorem 4.3.2, (see

(6) for a summary).

Lemma 3.2 Suppose Assumption 3.1 holds, then we have

cum(JT (ωj1), . . . , JT (ωjn)) =
(2π)(n/2)−1

T (n/2)−1
Fn

[

(j1 + . . . + jn); ωj1 , . . . , ωjn−1

]

+ O(
1

T n/2
). (10)

where ωjk
= 2πjk

T
and jk ∈ Z.

PROOF. Expanding the cumulant term we have

cum(JT (ωj1), . . . , JT (ωjn)) =
1

(2πT )n/2

T
∑

t1,...,tn=1

cum(Xt1,T , . . . , Xtn,T ) exp(it1ωj1 + . . . + itnωjn).

We now replace cum(Xt1,T , . . . , Xtn,T ) with κn( t1
T
, t2 − t1, . . . , tn − t1) and use Assumption 3.1 to

obtain

cum(JT (ωj1), . . . , JT (ωjn))

=
1

(2πT )n/2

T
∑

t1,...,tn=1

κn(
t1
T

, t2 − t1, . . . , tn − t1) exp(it1ωj1 + . . . + itnωjn) + O(
1

T n/2
).

Replacing the above summand with fn( t
T
; ωj1 , . . . , ωjn) (see (7)) we have

cum(JT (ωj1), . . . , JT (ωjn)) =
(2π)(n/2)−1

T n/2

T
∑

t=1

fn(
t

T
, ωj1 , . . . , ωjn−1) exp(it

n
∑

s=1

ωjs) + O(
1

T n/2
) (11)

and replacing the sum with the integral gives

cum(JT (ωj1), . . . , JT (ωjn))

=
(2π)(n/2)−1

T n/2−1

∫ 1

0

fn(u; ωj1 , . . . , ωjn−1) exp(iu
n
∑

s=1

js)du + O(
1

T n/2
).
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Finally, substituting (9) into the above gives (10). ¤

It is interesting to note that Paparoditis (2009), Lemma 6.2, derives a similar result to (11) for

time-varing MA(∞) processes.

Comparing the above result to the cumulants of DFTs of stationary time series in (6) leads

to some interesting conclusions. In the case that {Xt,T} is second order stationary we have

cov(JT (ωk1), JT (ωk2)) = o(1), whereas if {Xt,T} were (second order) nonstationary there is an

‘ordering’ in correlation between the DFTs. More precisely,
∣

∣cov(JT (ωk1), JT (ωk2))
∣

∣ ≤ C|k1 −
k2|−2, where C is a finite constant. Hence the correlation between the DFTs decay the further

apart the frequencies. It should be mentioned if {Xt,T} is nonstationary but not locally stationary

it is not clear whether the correlation structure between the DFTs decay the further apart the

frequencies. It is possible, that the differences in correlation of the DFT, could be a way of

discriminating locally stationary from general nonstationary behaviour.

In the lemma below we derive the mean and variance of HT under the assumption of local

stationarity. Furthermore, we show asymptotic normality, to do this we show that HT can be

rewritten as a quadratic form defined in (3):

HT =
1

T

∑

t,τ

Xt,T Xτ,T exp(−iωrτ)

(

1

2πT

T
∑

k=1

H(ωk) exp(iωk(t − τ))

)

=
1

2πT

∑

t,τ

Gt,τ,T Xt,T Xτ,T ,

where Gt,τ,T = exp(−iωr)ht−τ,M , with ht−τ,T = 1
2πT

∑T
k=1 H(ωk) exp(iωk(t − τ)). To obtain a

bound on Gt,τ,T (such that we can use Theorem 2.2) to prove asymptotic normality, we use that

since supω |H ′′(ω)| < ∞, then |ht−τ,T − h(t − τ)| = O(T−2) and |h(s)| ≤ C|s|−2, where where

h(s) =
∫

H(ω) exp(−isω)dω. Thus HT = H̃T + Op(T
−1/2−γ), where

H̃T =
1

T

T
∑

t=1

T
∑

τ=1

Xt,T Xτ,T I(
t − τ

T 1/2+γ
)h(t − τ) exp(−iωrτ) (12)

and I(x) = 1 for x ∈ [−1, 1] and zero elsewhere. Now we can apply Theorem 2.2 to obtain the

following result.

Lemma 3.3 Suppose Assumption 3.1 holds with n = 1, . . . , 4, and H(ω) has a bounded second

derivative. Then we have

E(HT ) =

∫ 1

0

∫ 2π

0

H(ω)f(u, ω) exp(−i2πru)dωdu + O(
1

T
) (13)
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and

var(
√

THT ) =
1

T

T
∑

k1,k2=1

H(ωk1)H(ωk2)

[

F2(k1 − k2, ωk1)F2(k2 − k1,−ωk1+r) +

F2(−(k1 + k2 + r),−ωk1+r)F2(k1 + k2 + r, ωk1) +
(2π)1/2

T
F4(0, ωk1 ,−ωk1+2,−ωk2)

]

. (14)

If, in addition, Assumption 2.1(i,ii(b),iii(b)) holds, then we have

V
−1/2
T

(

HT −
∫ 1

0

∫ 2π

0

H(ω)f(u, ω) exp(−i2πru)dωdu

)

D→ N (0, 1), (15)

where VT = var(HT ), and var(
√

THT ) is given in (14).

PROOF. Now by using Lemma 3.2 we have

E(HT ) =
1

T

T
∑

k=1

H(ωk)E(JT (ωk)JT (ωk+r)) =
1

T

T
∑

k=1

H(ωk)Fn(−r, ωk) + O(
1

T
).

Since H(·) has a bounded first derivative, we can exchange summands with integrals we obtain

(13). To prove (14) we expand var(HT ) using the expansion of cov(Y1Y2, Y3Y4) in terms of

cumulants and use Lemma 3.2 to get the result. To prove (15) we use the expansion in (12) and

apply Theorem 2.2. ¤

4 Some bounds on cumulants and moments

In this section we state some bounds on the sums of moments and cumulants. These results will

be used to prove Theorems 2.1 and 2.2. We mention that the techniques used in the proof of the

results may also be of independent interest.

The following two lemmas concern summability of the higher order cumulants of a stochastic

process. These results guarantee that Assumption 3.1(iii) is satisfied. We first state a bound for

the sum of cumulants based on the mixing rate. This result is motivated by Neumann (1996),

Remark 3.1. Let ‖X‖p = (E(|X|p)1/p and K denote a finite generic constant.

Lemma 4.1 Let us suppose that {Xt,T} is a α-mixing time series with rate {α(t)}. If t1 ≤ t2 ≤
. . . ≤ tk, then we have |cum(Xt1,T , . . . , Xtk,T )| ≤ Ck supt,T ‖|Xt,T‖k

r

∏k
i=2 α(ti − ti−1)

1−k/r
k−1 ,

(i) sup
t1

∞
∑

t2,...,tk=1

|cum(Xt1,T , . . . , Xtk,T )| ≤ Ck sup
t,T

‖Xt,T‖k
r

(

∑

t

α(t)
1−k/r
k−1

)k−1
< ∞, (16)

10



and for all 2 ≤ j ≤ k we have

(ii) sup
t1

∞
∑

t2,...,tk=1

(1 + |tj|)|cum(Xt1,T , . . . , Xtk,T )| ≤ Ck sup
t,T

‖Xt,T‖k
r

(

∑

t

α(t)
1−k/r
k−1

)k−1
< ∞, (17)

where Ck is a finite constant which depends only on k.

PROOF. See Appendix. ¤

Using the lemma above, the following corollary on the absolute summability of the fourth order

cumulants immediately follows. This corollary gives sufficient conditions, based on moments and

mixing rates, for Assumption 3.1 to hold.

Corollary 4.1 Suppose that {Xt,T} is a α-mixing time series which satisfies Assumption 2.1(i),

where α(t) ≤ K · |t|−s.

(i) Let us suppose that r > 4s/(s−3) and supt,T E|Xt,T |r < ∞, then we have |cov(Xt,T , Xτ,T )| ≤
C|t − τ |− (s+3)

2 and

supt1

∑∞
t2,t3,t4=−∞ |cum(Xt1,T , Xt2,T , Xt3,T , Xt4,T )| < ∞.

(ii) Let us suppose that r > 4s/(s−6) and supt,T E|Xt,T |r < ∞, then we have |cov(Xt,T , Xτ,T )| ≤
C|t − τ |− (s+6)

2 and for all 2 ≤ j ≤ 4,

supt1

∑∞
t2,t3,t4=−∞(1 + |tj|)|cum(Xt1,T , Xt2,T , Xt3,T , Xt4,T )| < ∞.

It is worth mentioning that Assumption 2.1(iia) is weaker than those in Corollary 4.1, this

is because we do not require absolute summability of the fourth order cumulants in order for

var(QT ) = O(T−1).

In order to use a blocking argument to prove Theorems 2.1 and 2.2, we need to partition the

data such that QT can be written as a sum of random variables which are non-intersecting. This

is immediately possible with QT,M but not QT , Thus we now define a close approximation of QT

which satisfies this condition. Let

Q̃T,M =
1

T

T
∑

t,τ=1

I(
t − τ

M
)Gt,τh(Xt,T , Xτ,T ) (18)

where M = T 1/2+γ for some 0 < γ < 1/2 and I is the indicator variable as defined in (12). Since

|Gt,τ | ≤ K|t − τ |−δ (δ > 2) we have

QT = Q̃T,M + Op(T
−1/2−γ), (19)

and var(
√

TQT ) = var(
√

TQ̃T,M )+O(T−γ). We will show that var(
√

TQT ) = O(1), thus QT and

the truncated Q̃T,M are asymptotically equivalent. The results concerning Q̃T,M and QT,M are

11



largely the same, the only difference are the proofs, thus to unify notation, we let QT,M := Q̃T,M

and Gt,τ,M = I( t−τ
M

)Gt,τ , and state under what conditions we obtain the each result.

We now define sub-blocks of QT,M , which will be used to prove Theorem 2.2. Let

Yt,T =
∑

τ<t

Gt,τ,Mh(Xt,T , Xτ,T ) +
∑

τ≤t

Gτ,t,Mh(Xτ,T , Xt,T ). (20)

In the case that h(Xt,T , Xτ,T ) = Xt,T Xτ,T the above is

Yt,M =
t

∑

τ=1

Ft,τ,MXt,T Xτ,T where Ft,τ,M =

{

Gt,t,M t = τ

(Gt,τ,M + Gτ,t,M ) t 6= τ
.

To use the Bernstein blocking argument we define a sub-block of ST . Let

B
(u)
T,ST

=
1

T

ST +u
∑

t=u+1

Yt,T , (21)

noting that B
(0)
T,T = QT,M . Lemma 4.1 can be used to obtain bounds for var(B

(u)
T,ST

) and other

integer moments of B
(u)
T,ST

. However, in order prove asymptotic normality under relatively weak

assumptions we will require bounds on non-integer moments of B
(u)
T,ST

, which use more subtle

arguments. The actual proof used to obtain the bounds differs, depending on whether we use

Assumption 2.1(iia,iiia) or 2.1(iib,iiib). Thus we state the results separately.

Lemma 4.2 Suppose Assumption 2.1(i,ii(a), iii(a)) holds. Let Ft = σ(Xt,T , Xt−1,T , . . .). If for

some r > q we have supt,τ,T ‖h(Xt,T , Xτ,T )‖r < ∞, then

∥

∥Yt,T − E(Yt,T |Ft−j)
∥

∥

q
≤ K

(

j−(δ−1) sup
τ

‖h(Xt,T , Xτ,T )‖q + sup
τ

‖h(Xt,T , Xτ,T )‖rj
−s( 1

q
− 1

r
)

)

. (22)

and almost surely Yt,T =
∑

j Nj,T (t − j) where Nj,T (t − j) = E(Yt,T |Ft−j) − E(Yt,T |Ft−j−1). Let

q ≥ 2 and B
(u)
T,ST

be defined as in (21). Suppose the above conditions are satisfied, then we have

∥

∥B
(u)
T,ST

∥

∥

q
≤ KT−1S

1/2
T

∞
∑

j=1

(

1

jδ−1
+

1

js( 1
q
− 1

r
)

)

. (23)

PROOF. See the appendix. ¤

Lemma 4.3 Suppose Assumption 2.1(i,ii(b),iiib) holds. Let Ft,T = σ(Xt,T , Xt−1,T , . . .) and de-

note E(Z|Fj,T ) = Ej(Z). If for some r > q we have supt,T ‖Xt,T‖r < ∞, then we obtain the

12



bound

‖Et−j(Xt,T ) − Et−j−1(Xt,T )‖q ≤ 4(21/q + 1)α(j)
1
q
− 1

r ‖Xt,T‖r, (24)

and Xt,T almost surely admits the representation Xt,T =
∑∞

j=0

(

Et−j(Xt,T ) − Et−j−1(Xt,T )
)

.

Let Mj(t− j) = Et−j(Xt,T )−Et−j−1(Xt,T ). If for some r̃/2 > r > q we have supt,T ‖Xt,T‖r̃ < ∞,

then

∥

∥Et−j1−i(Mj1(t − j1)Mj2(t − j1)) − Et−j1−i−1(Mj1(t − j1)Mj2(t − j1))
∥

∥

q

≤ K‖Xt,T‖2
r̃α(j1)

1
2r

− 1
r̃ α(j2)

1
2r

− 1
r̃ α(i)

1
q
− 1

r . (25)

Let q ≥ 2 and B
(u)
T,ST

be defined as in (21). If there exists, an r̃, such that supt,T ‖Xt,T‖r̃ < ∞,

where r̃/2 > r > q, then we have

∥

∥B
(u)
T,ST

∥

∥

q
≤ KT−1S

1/2
T

[

G
1/2
M

(

∞
∑

j=1

1

js( 1
2q

− 1
r
)

)2
+
(

∞
∑

j=1

1

js( 1
q
− 1

r
)

)(

∞
∑

j=1

1

js( 1
2r

− 1
r̃
)

)2
]

. (26)

PROOF. See the appendix. ¤

A simple application of the lemmas above is to derive bounds for the moments of the quadratic

form QT,M (since QT,M is a special case of B
(u)
T,ST

, with u = 0 and ST = T ). By using the arguments

in Lemma 5.1, below, it can be shown that for some ε > 0, we have ‖QT,M‖2+ε ≤ K/T 1/2 (under

Assumption 2.1(i,iia,iiia)) and ‖QT,M‖2+ε ≤ KG
1/2
M /T 1/2 (under Assumption 2.1(i,iib,iiib)).

5 Proof of Theorems 2.1 and 2.2

To do the analysis, we start by rewriting QT,M − E(QT,M) as

QT,M − E(QT,M ) =
1

T

T
∑

t,τ=1

Gt,τ,M

(

h(Xt,T , Xτ,T ) − E(h(Xt,T , Xτ,T )
)

=
T
∑

t=1

Yt,T ,

where Yt,T is defined in (20). To prove asymptotic normality we use a classical Bernstein blocking

argument. Here we partition {Yt,T ; t = 1, . . . , T} into the sum of small and large blocks. Let Ui,T

and Vi,T denote the big blocks and small blocks respectively, where

Ui,T =

irT +pT
∑

t=irT +1

Yt,T , Vi,T =

(i+1)rT
∑

t=irT +pT +1

Yt,T ,

13



pT >> qT >> M and rT = (pT + qT ). Let kT = T/(pT + qT ) and qT /(pT + qT ) → 0 as T → ∞.

For the purpose of proving the results below we wil assume that kT = O((log T )1/2). Using the

above notation we let QT,M − E(QT,M ) = SkT
+ RkT

, where

SkT
=

kT
∑

i=1

Ui,T and RkT
=

kT
∑

i=1

Vi,T .

Since pT >> qT , we will show that var
(

√

T
GM

RkT
) → 0. We first obtain moment bounds for

{Ui,T} and {Vi,T}. We note that under Assumption 2.1(i,iia,iiia), that GM := G ≤ K
∑∞

j=1 j−δ <

∞.

Lemma 5.1 Let us suppose Assumptions 2.1 holds. Then for some δ > 0 we have

∥

∥Ui,T

∥

∥

2+δ
= O

(p
1/2
T G

1/2
M

T

) ∥

∥Vi,T

∥

∥

2+δ
= O

(q
1/2
T G

1/2
M

T

)

. (27)

PROOF. We use Lemmas 4.2 and Lemma 4.3 to prove the result, with pT = ST and u = irT .

We first prove the result under Assumption 2.1(i,iia,iiia). By applying Lemma 4.2 for q = 2 + δ

and r > 2 + δ we have

∥

∥B
(u)
T,ST

∥

∥

2+δ
≤ K sup

t,τ,T
‖g(Xt,T , Xτ,T )‖rT

−1S
1/2
T

∞
∑

j=1

(

1

jδ−1
+

1

js( 1
2+δ

− 1
r
)

)

.

Thus the above bound is finite for r > s(2 + δ)/(s − 2 − δ). In other words, if r > 2s/(s − 2),

there exists a δ, such that
∥

∥B
(u)
T,ST

∥

∥

2+δ
= O(

q
1/2
T G

1/2
M

T
).

To apply Lemma 4.3 for q = 2 + δ, then for some r̃/2 > r > 2 + δ we have

∥

∥Ui,T

∥

∥

2+δ
≤ KT−1p

1/2
T ‖Xt,T‖r̃

(

G
1/2
M

(

∞
∑

j=1

1

js( 1
2(2+δ)

− 1
r̃
)

)2
+
(

∞
∑

j=1

1

js( 1
(2+δ)

− 1
r
)

)(

∞
∑

j=1

1

js( 1
2r

− 1
r̃
)

)2
)

.

In order to ensure that the right hand side of the above is finite, r̃ should satisfy the conditions

1

2(2 + δ)
− 1

r̃
>

1

s
,

1

2 + δ
− 1

r
>

1

s
and

1

2r
− 1

r̃
>

1

s
,

which implies

r̃ >
2(2 + δ)s

(s − 2(2 + δ)
and r̃ >

2s(2 + δ))

(s − 3(2 + δ)
. (28)

Thus by Assumption 2.1(iiib) (we recall there exists an r such that r > 4s/(s−6) and supt,T ‖Xt,T‖r <

∞), there exists a r̃ and δ > 0, such that (28) is satisfied.
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Thus for both cases, (27) holds for some δ > 0. The proof of
∥

∥Vi,T

∥

∥

2+δ
= O

( q
1/2
T G

1/2
M

T

)

is the same,

hence we omit the details. ¤

We now show that the contribution of the sum of small blocks, RkT
, is negligible with respect to

the entire sum QT,M − E(QT,M).

Lemma 5.2 Suppose Assumption 2.1 holds and qT /(pT + qT ) → 0 as T → ∞. Then we have

∣

∣cov
(

Vi1,T , Vi2,T

)
∣

∣ ≤ Cα

(

|i1 − i2|pT − M

)1− 2
2+δ

(GMqT

T 2

)

(29)

and

var

(

√

T

GM

RkT

)

≤ C
qT

(pT + qT )
→ 0, (30)

as T → ∞, where C is a finite constant.

PROOF. Define the sigma-algebras G∞
i2

= σ(Yi2rT +pT +1,T , Yi2rT +pT +2,T , . . .) and

Gi1
−∞ = σ(Y(i1+1)rT ,T , Y(i1+1)rT−1,T , . . .). To prove (29) for i2 > i1 we use Ibragimov’s inequality to

obtain

∣

∣cov
(

Vi1,T , Vi2,T

)∣

∣ ≤ C
{

sup
A∈G∞

i2

B∈Gi1
−∞

∣

∣P (A ∩ B) − P (A)P (B)
∣

∣

}1− 2
2+δ

∥

∥Vi1,T‖2
2+δ

≤ C
{

α
(

(i2 − i1 − 1)rT + pT + 1 − M
)}1− 2

2+δ
∥

∥Vi1,T‖2
2+δ

≤ Cα
(

(i2 − i1)pT − M
)1−2/(2+δ)∥

∥Vi1,T‖2
2+δ. (31)

This gives (29). To prove (30) we substitute (29) into var(RkT
) =

∑kT

i1,i2=1 cov
(

Vi1,T , Vi2,T

)

and

use that ‖Vi,T‖2+δ = O(q
1/2
T G

1/2
M /T ) to get

var(

√

T

GM

RkT
) ≤ C

qT

T

( kT
∑

i=1

1 + 2

kT
∑

i1<i2

α
(

|i1 − i2|pT − M
)1−2/(2+δ)

)

.

Now by using that the mixing rate α(t) ≤ Kt−s and kT = T/(pT + qT ) we have

var(

√

T

GM

RkT
) ≤ K

qT

pT + qT

(

1 +

kT
∑

r=1

(rpT − M)−s(1− 2
(2+δ)

)

)

≤ K
qT

pT + qT

(

1 + (pT − M)−s(1− 2
2+δ

)kT

)

.

Since kT = (log T )1/2, we have ((pT − M))−s(1− 2
2+δ

)kT < ∞, which gives (30). ¤
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Using that QT,M = ST + RT and var(QT,M ) := VT = O(GM

T
), the above result implies that

varQT,M
−1/2RT = o(1) and

V
−1/2
T (QT,M − E(QT,M)) = V

−1/2
T SkT

+ op(1). (32)

We now show normality of SkT
. We do this by replacing SkT

with S̃kT
=
∑

i Ũi,T , where Ũi,T and

Ui,T have identical distributions, but {Ũi,T} are independent random variables. Below we show

that the distributions of SkT
and S̃kT

are asymptotically equivalent.

We require the following general theorem, which gives a bound on the differences of characteristic

functions of sums mixing and independent random variables. A potentially useful aspect of this

result, is that we allow for the mixing rate to change with T .

Theorem 5.1 Suppose {Zt,T} is an α-mixing sequence which for t < τ + sT satisfies

sup
A∈σ(Zt,T ,Zt−1,T ,...),B∈σ(Zτ,T ,Zτ+1,T ,...)

∣

∣P (A ∩ B) − P (A)P (B)
∣

∣ ≤ a(|t − τ | − sT ). (33)

Let Wi,T =
∑irT +pT

t=irT +1 Zt,T , where rT = pT +qT and {W̃i,T} be independent random variables where

the marginal distributions of W̃i,T and Wi,T are the same. Then, for any x ∈ R, we have

∣

∣

∣

∣

E

(

exp(ix

kT
∑

j=1

Wj,T )

)

−
kT
∏

j=1

E

(

exp(ixW̃j,T )

)∣

∣

∣

∣

≤ CkT a(qT − sT ),

where C is a finite constant.

PROOF. By expanding E

(

exp(ix
∑kT

j=1 Wj,T )

)

−∏kT

j=1 E

(

exp(ixW̃j,T )

)

, we have

DT =

∣

∣

∣

∣

E

(

exp(ix

kT
∑

j=1

Wj,T )

)

−
kT
∏

j=1

E

(

exp(ixW̃j,T )

)∣

∣

∣

∣

≤
kT−1
∑

s=1

∣

∣

s−1
∏

r=1

E
(

exp(ixWr,T )
)∣

∣

∣

∣

∣

∣

cov

(

exp(ixWs), exp(ix

kT
∑

j=s+1

Wj)

)∣

∣

∣

∣

,

(to simplify notation we denote
∏0

r=1 Ar = 1). From the definition of Wi,T and by using Ibragi-

mov’s inequality (for bounded random variables) it is straightforward to show that

≤
kT−1
∑

s=1

sup
A∈σ(Z(s+1)rT +1,T ,Z(s+1)rT +2,T ,...)

B∈σ(ZsrT +pT ,T ,ZsrT +pT −1)

|P (A ∩ B) − P (A)P (B)|
∣

∣ ≤ CkT a(qT − sT ).

The above gives the required result. ¤
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Lemma 5.3 Suppose that Assumption 2.1 holds, and we choose pT and qT such that pT >>

qT >> M and kT = (log T )1/2, where kT = T/(pT + qT ), then the asymptotic distributions of

V
−1/2
T (QT,M − E(QT,M )) and V

−1/2
T S̃kT

are equivalent.

PROOF. From (32) we have V
−1/2
T (QT,M −E(QT,M )) = V

−1/2
T SkT

+ op(1). By using Theorem 5.1

with Zt,T := Yt,T = T−1
∑t

τ=max(t−M,1) Ft,τ,M (Xt,T Xτ,T − E(Xt,T Xτ,T )) and Wi,T := Ui,T we have

|ΦkT
(x) − Φ̃kT

(x)| ≤ kT α(qT − M),

where ΦkT
(·) and Φ̃kT

(·) are the characteristic functions of SkT
and S̃kT

. Since pT >> qT >> M

and kT = (log T )1/2, and under Assumption 2.1(i) we have that |ΦkT
(x) − Φ̃kT

(x)| → 0. Since

the characteristic functions converge, we obtain the required result. ¤

We now show asymptotic normality of V
−1/2
T S̃kT

, this result together with the above lemma will

give Theorems 2.1 and 2.2.

Lemma 5.4 Suppose Assumption 2.1 is satisfied. Then we have

V
−1/2
T S̃kT

D→ N (0, 1).

PROOF. We will use the central limit theorem for independent random variables. Due to the

independence of Ũi,T it is straightforward to show 1
T

∑kT

i=1 E(Ũ2
i,T ) → VT , hence it remains to

verify Lindeberg’s condition. By using (27) we have
∑kT

i=1 E
[

(V
−1/2
T |Ũi,T |)2+δ

]

≤ K
(

pT

T

)δ/2 → 0,

as T → ∞. Thus Lindeberg’s condition is fulfilled and we have asymptotic normality of S̃kT
. ¤.

PROOF of Theorem 2.1 To prove the result we show that QT we use that QT = QT,T 1/2+γ +

Op(T
−1/2−γ), where

QT,T 1/2+γ =
1

T

T
∑

t,τ=1

I(
t − τ

T 1/2+γ
)Gt,τ,T Xt,T Xτ,T .

Thus by (32) we have

var(QT )−1/2
(

QT − E(QT )
)

= var(QT )−1/2ST,T 1/2+γ + op(1), (34)

and var(
√

TQT ) = var(
√

TQT,T 1/2+γ )+O(T−γ). We observe that QT,T 1/2+γ satisfies representation

(3) and Assumption 2.1, thus by applying Lemma 5.4, then V
−1/2
T (QT,T 1/2+γ −E(QT ))

D→ N (0, 1).

Therefore from (34) we have V
−1/2
T (QT − E(QT ))

D→ N (0, 1), which gives the desired result. ¤

PROOF of Theorem 2.2 By using Lemma 5.3, it is straightforward to show that V
−1/2
T (QT,M−

E(QT,M)) and V
−1/2
T S̃kT

have asymptotically the same distribution. Now by using the same
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arguments as in the proof of Theorem 2.1 we obtain the result. ¤

Acknowledgements

This work has been partially supported by the NSF grant DMS-0806096. Part of this research

was done when one of the authors (Suhasini Subba Rao) was visiting the C.R.Rao Advanced

Institute for Mathematics, Statistics and Computer Science, University of Hyderabad, India.

A Appendix

A.1 Proofs of results in Section 4

PROOF of Lemma 4.1 To prove the lemma we apply a result from Statulevicius and Jakimavi-

cius (1988), Theorem 3, part (2), which states that if t1 ≤ t2 ≤ . . . ≤ tk, then for all 2 ≤ i ≤ k

we have
∣

∣cum(Xt1,T , Xt2,T , . . . , Xtk,T )
∣

∣ ≤ 3(k − 1)!2k−1α(ti − ti−1)
1− k

r supt,T ‖Xt,T‖k
r .

To prove the result the first part of the lemma, we use a method similar to the proof of Neumann

(1996), Remark 3.1. By taking the (k − 1)th root of the above for all 2 ≤ i ≤ k we have

∣

∣cum(Xt1,T , Xt2,T , . . . , Xtk,T )
∣

∣

1
k−1 ≤ C

1/(k−1)
k α(ti − ti−1)

1−k/r
k−1 sup

t,T
‖Xt,T‖

k
k−1
r ,

where Ck = 3(k − 1)!2k−1. Since the above bound holds for all i, multiplying the above over i

gives

∣

∣cum(Xt1,T , Xt2,T , . . . , Xtk,T )
∣

∣ ≤ Ck sup
t,T

‖Xt,T‖k
r

k
∏

i=2

α(ti − ti−1)
1−k/r
k−1 , (35)

thus proving the first part of the lemma.

To prove (i), we rewrite
∑∞

t2,...,tk=1 as the sum of orderings, that is
∑∞

t2,...,tk=1 = k!
∑∞

1=t2≤...≤tk
.

Now since the number of orderings is finite, we can use (i) to obtain

∞
∑

t2,...,tk=1

∣

∣cum(Xt1,T , Xt2,T , . . . , Xtk,T )
∣

∣ ≤ Ck sup
t,T

‖Xt,T‖k
r

{

∑

r

α(r)
(1−k/r)
(k−1)

}k−1
< ∞,
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which gives (16). To prove (ii) we use a similar argument to obtain

∞
∑

t2,...,tk=1

(1 + |tj|)
∣

∣cum(Xt1,T , Xt2,T , . . . , Xtk,T )
∣

∣ ≤
∑

1≤t2<...<tk<∞
(1 + |tj|)

∣

∣cum(Xt1,T , Xt2,T , . . . , Xtk,T )
∣

∣

= k!
∞
∑

r2,...,rk=1

(1 +

j
∑

i=2

|ri|)
∣

∣cum(Xt1,T , Xt2,T , . . . , Xtk,T )
∣

∣,

substituting (35) into the above gives the result. ¤

PROOF of Lemma 4.2 To prove the result we use the notion of Near Epoch Dependence.

This requires bounding

∥

∥Yt,T − E(Yt,T |Ft−j)‖q = A1 + A2

where

A1 =

∥

∥

∥

∥

∑

τ<t

Gt,τ,Mh(Xt,T , Xτ,T ) − E(
∑

τ<t

Gt,τ,Mh(Xt,T , Xτ,T )|Ft−j)

∥

∥

∥

∥

q

A2 =

∥

∥

∥

∥

∑

τ≤t

Gτ,t,Mh(Xτ,T , Xt,T ) − E(
∑

τ≤t

Gτ,t,Mh(Xτ,T , Xt,T )|Ft−j)

∥

∥

∥

∥

q

.

As the derivation of bounds on A1 and A2 are identical, we shall focus on A1. We first observe

that by using the Minkowski inequality we have

A1 =

∥

∥

∥

∥

t−1
∑

τ=1

Gt,τ,Mh(Xt,T , Xτ,T ) − E(
∑

τ<t

Gt,τ,Mh(Xt,T , Xτ,T )|Ft−j)

∥

∥

∥

∥

q

≤ I + II,

where

I =
∥

∥

t−1
∑

τ=1

Gt,τ,Mh(Xt,T , Xτ,T ) − E(
∑

τ<t

Gt,τ,Mh(Xt,T , Xτ,T )|F t
t−j/2)

∥

∥

q

II =
∥

∥E
(

E(
t−1
∑

τ=1

Gt,τ,Mh(Xt,T , Xτ,T )|F t
t−j/2)|Ft−j

)

− E
(

t−1
∑

τ=1

Gt,τ,Mh(Xt,T , Xτ,T )
)
∥

∥

q
.
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and F t
t−j/2 = σ(Xt,T , Xt−1,T , . . . , Xt−j/2,T ). To bound I we note that for t > τ and all j we have

∥

∥

t−1
∑

τ=1

Gt,τ,Mh(Xt,T , Xτ,T ) − E(
t−1
∑

τ=1

Gt,τ,Mh(Xt,T , Xτ,T )|F t
t−j)

∥

∥

q

=

∥

∥

∥

∥

∑

k=j

Gt,t−k

{

h(Xt,T , Xt−k,T ) − E(h(Xt,T , Xt−k,T )|F t
t−j)

}

∥

∥

∥

∥

q

≤
∑

k=j

|Gt,t−k|
∥

∥

{

h(Xt,T , Xt−k,T ) − E(h(Xt,T , Xt−k,T )|F t
t−j)

}

∥

∥

∥

∥

q

≤ K sup
τ,T

‖h(Xt,T , Xτ,T )‖q

∞
∑

k=j

k−δ = K sup
τ,T

‖h(Xt,T , Xτ,T )‖q(j/2)
−(δ−1).

where we use that |Gt,t−k,M | ≤ K|t−τ |δ. Furthermore, to bound II we use that E(
∑t−1

τ=1 Gt,τ,Mh(Xt,T , Xτ,T )|F t
t−j/2) ∈

F t
t−j/2 together with Ibragimov’s inequality to obtain

II ≤ K(j/2)−s( 1
q
− 1

r
)
∑

τ<t

|Gt,τ,M |‖h(Xt,T , Xτ,T )‖r

Thus altogether we have

A1 ≤ K

(

j−(δ−1) sup
t,τ,T

‖h(Xt,T , Xτ,T )‖q + sup
t,τ,T

‖h(Xt,T , Xτ,T )‖rj
−s( 1

q
− 1

r
)

)

.

A similar bound also applies to A2, thus altogether this gives

∥

∥Yt,T − E(Yt,T |Ft−j)
∥

∥

q
≤ K

(

j−(δ−1)‖h(Xt,T , Xt−j,T )‖q + ‖h(Xt,T , Xt−j,T )‖rj
−s( 1

q
− 1

r
)

)

,

and we have shown the first part of the required result.

To show the second part we note that since
∥

∥Yt,T − E(Yt,T |Ft−j)
∥

∥

q
→ 0 as T → ∞, thus we

almost surely have the representation Yt,T − E(Yt,T ) =
∑

j Nj,T (t − j), where

Nj,T (t − j) = E(Yt,T |Ft−j) − E(Yt,T |Ft−j−1).

Thus substituting the above into ‖B(u)
T,ST

‖q and using the Burkholder inequality we have

B
(u)
T,ST

=
∥

∥

ST +u
∑

t=u

∞
∑

j=0

Nj,T (t − j)
∥

∥

q
≤

∞
∑

j=0

∥

∥

ST +u
∑

t=u

Nj,T (t − j)
∥

∥

q
≤

∞
∑

j=0

( ST +u
∑

t=u

‖Nj,T (t − j)‖2
q

)1/2

≤ S
1/2
T

( ∞
∑

j=1

(j−δ+2 + j−s( 1
q
− 1

r
)+1)

)

,
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as required. ¤

PROOF of Lemma 4.3 The proof of (24) follows immediately from Ibragimov’s inequality

(Ibragimov (1962)) (see also Davidson (1994), Theorem 14.2). Using this we note that since

Xt,T = E(Xt,T |Ft,T ) and E(Xt,T |Ft−j) → 0 as j → ∞, almost surely we have

Xt,T =
∞
∑

j=0

(

Et−j(Xt,T ) − Et−j−1(Xt,T )
)

. (36)

To prove (25), we use Ibragimov’s and Chebyshev’s inequalities and (24) to obtain

∥

∥E(Mj1(t − j1)Mj2(t − j1)|Ft−j1−i) − E(Mj1(t − j1)Mj2(t − j1)|Ft−j1−i−1)
∥

∥

q

≤ 2
∥

∥E(Mj1(t − j1)Mj2(t − j1)|Ft−j1−i) − E(Mj1(t − j1)Mj2(t − j1))
∥

∥

q

≤ 4(21/q + 1)‖Mj1(t − j1)Mj2(t − j1)‖rα(i)
1
q
− 1

r

≤ 12‖Mj1(t − j1)‖2r‖Mj2(t − j1)‖2rα(i)
1
q
− 1

r

≤ 123 sup
t,T

‖Xt,T‖2
r̃α(j1)

1
2r

− 1
r̃ α(j2)

1
2r

− 1
r̃ α(i)

1
q
− 1

r ,

where r̃/2 > r > q. Now we prove (26). By substituting (36) into B
(u)
T,ST

and using the above

notation for conditional expectations we have

B
(u)
T,ST

= T−1

ST +u
∑

t=u+1

∑

τ

Ft,τ,M (Xt,T Xτ,T − E(Xt,T Xτ,T ))

= T−1

∞
∑

j1,j2=0

ST +u
∑

t=u+1

t
∑

τ=max(t−M,1)

Ft,τ,M

(

Mj1(t − j1)Mj2(τ − j2) − E(Mj1(t − j1)Mj2(τ − j2)
)

.

Partitioning the above sum into various cases and using Minkowski’s inequality gives

∥

∥B
(u)
T,ST

∥

∥

q
= T−1

∞
∑

j1,j2=0

∥

∥

ST +u
∑

t=u+1

∑

τ

Ft,τ,M

{

Mj1(t − j1)Mj2(τ − j2) − E(Mj1(t − j1)Mj2(τ − j2))
}∥

∥

q

≤ I + II + III,
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where

I = T−1

∞
∑

j1,j2=0

∥

∥

ST +u
∑

t=u+1

∑

τ<t−j1+j2

Ft,τ,MMj1(t − j1)Mj2(τ − j2)
∥

∥

q

II = T−1

∞
∑

j1,j2=0

∥

∥

∑

τ

∑

t<τ−j2+j1

Ft,τ,MMj1(t − j1)Mj2(τ − j2)
∥

∥

q

III = T−1
∥

∥

∞
∑

j1,j2=0

ST +u
∑

t=u+1

Ft,t−j1+j2,M

(

Mj1(t − j1)Mj2(t − j1) − E(Mj1(t − j1)Mt−j1+j2(t − j1))
)∥

∥

q
.

We observe that {∑τ<t−j1+j2
Ft,τ,MMj1(t−j1)Mj2(τ−j2)}t and {∑T

t<τ−j2+j1
Ft,τ,MMj1(t−j1)Mj2(τ−

j2)}τ are martingale differences. Therefore by using the Burkholder-Rosenthal inequality twice

together with Cauchy-Schwarz, for q ≥ 2 we have

I ≤ T−1

∞
∑

j1,j2=0

(

ST +u
∑

t=u+1

∥

∥

∑

τ<t−j1+j2

Ft,τ,MMj1(t − j1)Mj2(τ − j2)
∥

∥

2

q

)1/2

≤ T−1

∞
∑

j1,j2=0

(

ST +u
∑

t=u+1

∥

∥Mj1(t − j1)
∥

∥

2

2q

∥

∥

∑

τ<t−j1+j2

Ft,τ,MMj2(τ − j2)
∥

∥

2

2q

)1/2

≤ T−1

∞
∑

j1,j2=0

(

ST +u
∑

t=u+1

∥

∥Mj1(t − j1)
∥

∥

2

2q

∑

τ<t−j1+j2

|Ft,τ,M |2
∥

∥Mj2(τ − j2)
∥

∥

2

2q

)1/2
.

Using (24) we have ‖Mj(t − j)‖2q ≤ Cα(j)
1
2q

− 1
r . Substituting these bounds into I and under

Assumption 2.1(i) we have

I ≤ T−1C
(

∞
∑

j=0

α(j)
1
2q

− 1
r
)2(

ST +u
∑

t=u+1

∑

τ

|Ft,τ,M |2
)1/2 ≤ T−1S

1/2
T K

(

∞
∑

j=0

α(j)
1
2q

− 1
r
)2

sup
t

(

∑

τ

|Ft,τ,M |2
)1/2

≤ KT−1S
1/2
T G

1/2
M

(

∞
∑

j=0

α(j)
1
2q

− 1
r
)2

. (37)

Using the same methods we have

II ≤ KT−1S
1/2
T G

1/2
M

(

∞
∑

j=0

α(j)
1
2q

− 1
r
)2

. (38)

Finally we obtain a bound for III. This requires a more delicate analysis since {Mj(t −
j)Mt−(τ−j)(t − j) − E(Mj(t − j)Mt−(τ−j)(t − j))} are not necessarily martingale differences over

t. We first represent Mj(t− j1)Mj2(t− j1)−E(Mj1(t− j1)Mj2(t− j1)) as the sum of martingale

differences. Since E(Mj1(t − j1)Mj2(t − j1)|Ft−j1−i)
a.s.→ E(Mj1(t − j1)Mj2(t − j1)), as i → ∞, we
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have

Mj(t − j1)Mτ−(t−j)(t − j) − E(Mj(t − j)Mτ−(t−j)(t − j)) =
∞
∑

i=0

Aj1,j2;i(t − j1 − i),

almost surely, where

Aj1,j2;i(t − j1 − i) = E(Mj1(t − j1)Mj2(t − j1)|Ft−j1−i) − E(Mj1(t − j1)Mj2(t − j1)|Ft−j1−i−1).

Substituting this into III and using Minkowski’s inequality gives

III =
∥

∥T−1

∞
∑

j1,j2=0

u+ST
∑

t=u+1

Ft,t−j2+j2,M

(

Mj1(t − j1)Mj2(t − j1) − E(Mj1(t − j1)Mj2(t − j1))
)∥

∥

q

≤ T−1

∞
∑

j1,j2=0

∞
∑

i=0

∥

∥

u+ST
∑

t=u+1

Ft,t−j1+j2,MAj1,j2;i(t − j1 − i)
∥

∥

q
.

We observe that since Aj1,j2;i(t − j1 − i) ∈ σ(Xt−j1−i, Xt−j1−i−1, . . .) and E(Aj1,j2;i(t − j1 −
i)|σ(Xt−j−i−1, Xt−j−i−2, . . .)) = 0, then {Aj1,j2;i(t− j1− i)}t are martingale differences. Therefore

by using the Burkholder-Rosenthal and Hölder on the above yields

III ≤ T−1

∞
∑

j1,j2=0

∞
∑

i=0

(

u+ST
∑

t=u+1

|Ft,t−j1+j2,M |2
∥

∥Aj1,j2;i(t − j1 − i)
∥

∥

2

q

)1/2

Substituting (25) into III gives

III ≤ CT−1

∞
∑

j1,j2=0

∞
∑

i=0

{

u+ST
∑

t=u+1

|Ft,t−j1+j2,M |2
(

‖Xt‖2
r̃α(j1)

1
2r

− 1
r̃ α(j2)

1
2r

− 1
r̃ α(i)

1
q
− 1

r
)2}1/2

≤ T−1

∞
∑

j1,j2=0

∞
∑

i=0

α(i)
1
q
− 1

r α(j1)
1
2r

− 1
r̃ α(j2)

1
2r

− 1
r̃

{

u+ST
∑

t=u+1

sup
τ

F 2
t,τ,M

}1/2

≤ CT−1S
1/2
T

(

∞
∑

i=0

α(i)
1
q
− 1

r
)(

∞
∑

i=0

α(i)
1
2r

− 1
r̃

)2
(39)

Finally, we substitute (37), (38) and (39) into ‖B(u)
T,ST

‖q to obtain (26). ¤
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