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Abstract

There is a large and increasing literature in methods of estimation for spatial data with
binary responses. The goal of this article is to describe some of these methods for the
autologistic spatial model, and to discuss computational issues associated with them. The
main way we do this is via illustration using a spatial epidemiology data set involving liver
cancer. We first demonstrate why Maximum Likelihood is not currently feasible as a method
of estimation in the spatial setting with binary data using the autologistic model. We then
discuss alternative methods, including Pseudo Likelihood, Generalized Pseudo Likelihood,
and Monte Carlo Maximum Likelihood estimators. We describe their asymptotic efficiencies
and the computational effort required to compute them. These three methods are applied

to the data set and compared in a simulation experiment.
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1 INTRODUCTION

There is a large and increasing literature in methods of estimation for spatial data with
binary responses. The goal of this article is to describe some of these methods for the
autologistic spatial model, and to discuss computational issues associated with them. The
main way we do this is via illustration using a spatial epidemiology data set involving liver
cancer. We first demonstrate why Maximum Likelihood is not currently feasible as a method
of estimation in the spatial setting with binary data using the autologistic model. We then
discuss alternative methods, including Pseudo Likelihood, Generalized Pseudo Likelihood,
and Monte Carlo Maximum Likelihood estimators. We describe their asymptotic efficiencies
and the computational effort required to compute them.

Many of the uses of the autologistic spatial model involve spatial epidemiology appli-
cations. One celebrated example of spatial epidemiology is John Snow’s (1855) study of
the London cholera epidemic. United States cancer mortality maps have been compiled by
Riggan et al. (1987) for use in “developing and examining hypotheses about the influence of
various environmental factors” (p. xi) and for investigating possible associations of cancer
with “unusual demographic, environmental, industrial characteristics, or employment pat-
terns (p. xii). Consider cancer of the liver and gallbladder (including bile ducts) for white
males during the decade from 1950-1959, see Figure 1. There is some apparent geographic
clustering. The question is whether this is a significant feature of the data, statistically and
otherwise.

This paper is organized as follows. Section 2 describes maximum likelihood estimation for
the autologistic spatial model, especially the difficulty in computing the estimator for large
samples. We conclude that at present, there is no simple way to compute the likelihood
function itself, and hence to make likelihood inference. Section 3 describes three alternatives
to maximum likelihood: Pseudolikelihood, Generalize Pseudolikelihood and Monte-Carlo
Maximum Likelihood. As we describe each method, we illustrate their application using the

liver cancer data set, as well as in a simulation study. Section 4 has concluding remarks.



2 MAXIMUM LIKELIHOOD

In this section we demonstrate why maximum likelihood cannot be applied in the usual way
for the autologistic model for binary spatial data. As will be seen, this is true even for
moderately sized data sets, and the principle holds for many other spatial data structures.

Let {Z; : i € D} denote our observed data, where D denotes the set of indices where we
observe our data and let |D| denotes the total number of observations. For each location i,
N(i) denotes a set of “neighbors”. This is defined explicitly in each particular setting and
typically depends on distance. The observations may be continuous or discrete. We focus
on binary outcomes, although the issues addressed apply more generally.

Let D denote the set of indices in Figure 1, which has 2003 locations so that |D| = 2003.
For each location i let the neighborhood N (i) denote the four nearest-neighbor indices of i.
Code Z; = +1 if the cancer mortality rate is “high” at site ¢, and code Z; = —1 if the rate
is “low”. This was done using the quantiles of the observed rates from the maps in Riggan
et al. and classifies approximately 27% of all counties as having a high rate.

Assume the data were generated by an autologistic model (Besag, 1974),
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so that the conditional distribution of Z; depends on all other observations only through

the sum of its four nearest neighbors. The parameter o determines the overall proportion
of high mortality rates while the parameter [ determines the strength of clustering in the
data. Of course, 3 = 0 corresponds to no clustering or no dependence of a county’s rate
with neighboring county rates.

Given this model, the goal becomes to estimate the parameters J and « and draw in-
ferences on these parameters. Due to its asymptotic optimality in a variety of settings it is
natural to attempt to fit and assess accuracy using maximum likelihood. It can be shown
(e.g., Cressie, 1993) that the joint likelihood of the data is

exp{a Yiep Zi + (B/2) Xiep Zi(Xjene) %)}
Stz XD Y e p 2k + (B/2) Ziep 26 (Zoeny 20)}

where »°, . denotes the sum over all 2Pl possible realizations. For our data set the

L(a, §) =
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denominator has summands. Thus for a larger number of covariates, or for count or



continuous responses this problem becomes even worse. This example shows why it is not,
in general, practical to carry out maximum likelihood estimation in the spatial setting by
direct enumeration.

The failure in the attempt to apply maximum likelihood by direct enumeration leads to
the search for alternative methods of estimation. A natural approach is to try to approximate
the normalizing constant in the denominator of the likelihood. Let {zi(l)},i =1,...,2003, be
an independent random sample of variables from the Bernoulli distribution. Then each ZZ(I)
is equal to 1 with probability 0.5 and -1 with probability 0.5. We can generate B data sets
in this fashion and use

B
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This approximation is consistent for the normalizing constant as B approaches co. Noting
that maximum likelihood estimators do not depend on any constant multiple suggests using
P explaYien z,(gb) + B> iep z,ib)(zgeN(k) zéb))} in place of the denominator of L(«, [3).

In this data set ;e p Z; = —923 and ;e p Zi(Xjenq) Zj) = 2326 so we seek to maximize:

B
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Initially, this procedure appears reasonable, but it does not work well in practice. To appre-
ciate why, note that each sum > ,cp z,gb) ,b=1,..., B is approximately normally distributed
with mean 0 and variance |D|. Thus, the probability that we observe a value —923 or
smaller is approximately P[Z < —923/2003!/2] ~ 0. Hence, even for large values of B, e.g.,
B = 1,000,000, it’s likely that no term in the denominator sums > .cp z,(gb) is comparable
in magnitude to —923 and thus we are very likely to obtain &« = —oo . Arguing similarly
with regards to § we see that « = —oo and 3 = oo will maximize this approximation to the
likelihood with very high probability.

The problem is that we have not sampled from any outcomes that are similar to our

observed outcome. Thus, it seems natural to consider B stratified outcomes corresponding
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to a broad range of possible outcomes. Consider the following outcomes: 1) approximately
half the observations have a high rate and half have a low cancer rate, 2) all observations have
a low rate and 3) all observations have a high rate. These roughly correspond to Y,cp Z; =0
and Yrep 2(0)(XCrenw 2¢(0))=0, Xicp Zi = —2003 and ;e p Zi{ Xpen) 2¢(b)} = 8012, and
Yiep Zi = 2003 and Y;ep Zi{Xpenw) 2¢(b)} = 8012, respectively. Considering just these
three cases we see that one of these three terms will completely dominate the numerator and
thus @ = 0 and # = 0 will maximize the corresponding approximate likelihood. Thus, this
procedure also does not work very well.

We see that we need to weight each of the B stratified outcomes by w,, the ap-
proximate probability of observing this outcome. This procedure works in principle but
leads to impractical arithmetic. For example, the denominator summand corresponding
to Yiep Z; = 2003 has a very large influence in estimation of « (as discussed in the
previous paragraph) but has a weight corresponding to the probability of a z-score of
(2003 — 0)/(2003)'/2 = (2003)"/2 = 44.8. The product of the weight and the term is well
behaved in theory, but there appears to be no practical way to carry out this computation.

This discussion shows that there is apparently no simple way to carry out maximum
likelihood estimation for the autologistic model for spatial data. While it may be possible
to do this, no current method can circumvent the computational difficulties that we have
discussed. In the next section we describe three feasible alternatives to maximum likelihood

estimation.

3 ALTERNATIVES TO MAXIMUM LIKELIHOOD

3.1 Coding and Pseudo Likelihood

Besag (1974), noted that P(Z; = z|Z; : j # 1) and P(Zy = z|Z; : j # k) are conditionally
independent if ¢ ¢ N(k) and k& ¢ N(i). For the cancer data with 4 nearest neighbors
this corresponds to d(i,k) > 1. This means that the data grid can be “coded” into two
groups of observations such that within each group individual components are conditionally

independent. Thus, the usual likelihood theory for data in each group applies. This gives



two sets of estimates which can be combined (by averaging) to form one estimator.

Instead of combining the coding estimators it appears reasonable to simply pool all
components together to form a single likelihood. The resulting “pseudo likelihood” (Besag,
1975) is

exp{Zi(a+ B jena) Zi)}
PL = .
(@) 116_1[) exp(a+ B Y enw Zj) +exp(—a — B ene) Z))

The corresponding maximum pseudo likelihood estimators (MPLE) are the parameter values

that maximize PL(«, ). The large sample consistency and asymptotic normality of MPLE’s
have been demonstrated by, e.g., Geman and Graffigne (1986), Comets (1992) and Guyon
and Kiinsch (1992), and the method has been applied in a variety of settings.

For the cancer of the liver and gallbladder data set the MPLE’s are @ = —0.3224 and
3 = 0.1056. The log{PL(c, §)} surface is given in Figure 2. The parameter values indicate

an overall majority of low rate counties (@ < 0) and that there is some indication of clumping

or positive correlation between neighboring counties ( B > 0).

The fundamental statistical question is whether the value B = 0.1056 indicates a signifi-
cant tendency for high cancer rate counties to cluster together (4 > 0). In order to answer
this question we require an estimate of the standard error of B

Standard errors for the PL usually have no closed form solution so it is a nontrivial
problem to estimate them. Roughly, there are model free and model based resampling
approaches. The model free approach uses block resampling to preserve the correlation
structure, while the model based approach resamples from the estimated model. There is a
large literature in model free resampling/subsampling for temporally or spatially correlated
data; see, for example, Hall (1988), Kiinsch (1989), Liu and Singh (1992), Lahiri (1991),
Politis and Romano (1994), Sherman and Carlstein (1994) and Heagerty and Lumley (2000).
The model based approach is asymptotically more efficient under the correct model than the
model free approach but is less efficient when the model is not correctly specified. Further,
very large data sets may be necessary to realize the increased efficiency of the model based
approach, see, e.g., Sherman (1998) for details in the case of correlated time series data.

As an example of the model free approach, the counties in the cancer data set are split

up into ten, partially overlapping, subshapes Dy, k = 1,...,10. Each subshape is identical

5



in size (|Dg| = 141) and similar in shape to the original data domain. The estimates of
model parameters are found on each subshape, yielding “replicate” statistics @* and Bk,

k =1,...,10. Then, for example, the estimate of Var(j3) is

| Dy

S
|D|Z

where 3 = 332, 3’“ /10. This is simply the empirical variance of the standardized replicates,
Bk’ , k =1,...,10. The variability of & is estimated analogously. The square roots of these
quantities give the resulting estimates of s.e.(@) = .044 and s.e. (ﬁ) = .026. See Sherman
and Carlstein (1994) for further details and large sample justification of this method.

A model based approach to variance estimation generates simulated data sets from the
estimated model (2.1), computes the estimate from each and then computes the sample
variance of the estimates. The creation of the simulated data sets can be accomplished using
the Gibbs Sampler. Specifically, we want to generate B simulated data sets from model
(2.1) using the estimated parameters from PL. Then we use the sample variance of the B
parameter estimates to estimate the variability of the PL estimators.

We need a starting point from which to generate the simulated data sets. Consider
independent binary variables from [—1,1] at each location and let u(® = {u 1,...|D|}
denote this initial state.

We update each observation u; according to (2.1) and the values of its four nearest
neighbors. After updating each location we have the “data” u") = {ul(-l)}, say. Let u® =
{ugk)} denote the observations after k steps of the Gibbs sampler. We may not want to simply
take all the u®)’s as realizations from the model for two reasons. First, we started from an
independent field whose distribution is not close to the desired joint distribution. Thus, we
may want to wait before accepting a given u®) as the first pseudo realization. Further, at
the k and k + 1 steps the observations {u*} and {uf™} may be heavily correlated. These
considerations lead to defining our Monte Carlo sample to be: z® = ul@*) b =1, .. B,
where d and ~ are integers. We see that there are 3 choices of tuning parameters to be made

in implementing the Gibbs Sampler:
e The number of Gibbs sampler steps until we accept the b = 1 simulated data set (the
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“burn in” d);

e The number of Gibbs sampler steps taken between accepted simulated data sets b and

b+ 1 (the “spacing” )
e The total number of simulated data sets (B).

The total number of Gibbs steps is n = d + B~.

In general, the variance estimates depend on these three choices. Note, in particular,
that the choices of v and B are closely related for fixed n. Increasing the spacing leads
to more independent simulated data sets, but decreases the number of simulated data sets.
Table 1 gives the standard errors for a variety of choices of burn ins, spacing, and numbers
of simulated data sets. The estimates agree reasonably well across all choices of the three
tuning parameters. Summarizing, we obtain s.e.(@) ~ .036 and that the s.e.(3) ~ .019.
Thus, using either the model based or the model free estimates of variability we conclude

that the observed geographic clustering is indeed significant. This conclusion is corroborated

by the results of a goodness-of-fit analysis as in Section 7.1 of Besag (1974).

The PL estimators can be obtained using standard software for logistic regression with
response variables Z; and corresponding covariate 3 ;cn(;y Z;- This is an attractive property
of these estimators. We stress, however, that the reported standard errors will be wrong as

they erroneously assume independence between terms in the PL.

3.2  Generalized Pseudo Likelihood (GPL)

As discussed, it is relatively easy to find the maximizer of the PL. However, the PL is not
the true likelihood of the data and thus the estimators may not be efficient relative to the
best possible. However, when 5 = 0, PL is asymptotically equivalent to ML. (e.g., Cressie
(1993)). Thus, we expect that if the correlation between observations is relatively weak (i.e.,
(3 small), then the PL method should give relatively efficient estimates.

For example, in the autologistic model with @ = 0, Huang and Ogata (2002) show
via simulation that EPL has efficiencies of .967, .928, .805, and .563 relative to maximum

likelihood for g = .1, .2, .3, .4 for data on a 64 x 64 grid. Thus if the true § ~ .1 in the cancer



data set there is no great loss in using the computationally efficient PL estimator. We note
that 5 > .44 corresponds to very strong (long range) correlation, see, e.g., Pickard (1987).

Due to the low efficiencies of PL for heavily correlated observations, Huang and Ogata
propose Generalized Pseudo-Likelihood (GPL). They observe that the maximum likelihood
estimators can be computed for data sets of sizes less than 9 — 15 say, since the denominator
in (2.2) has between 29 = 512 and 25 = 32, 768 terms. The proposal is to form the product
of joint likelihoods over small subsets of the dataset. We take each of these subsets to be of
the same size. Specifically, let g(i) denote a set of points adjacent to (and including) point
i and let Z,uy = {Z; : k € g(i)} denote the observed values in this group of points. Denote
the complement sites to those in g(i) by Z9%). Then GPL(w, () is (for constant |g(i)| = g)
[Len f(Zg(i)|Zg(i)), where in our nearest neighbor model

eXp{O./ ZkEg(i) Zk; + ﬁ Zkeg(i) Zk(ZjGN(k) ZJ)}

f(Zy0)| 2°9) = :
90 > oibeg(i) EXPLA Xheg(i) 2k + B Xkeg) 2 (Xjenwm) 25)}

Note that when g(i) = {i} the GPL reduces to the PL. Thus GPL can be seen as a
compromise between the PL and ML in terms of computational intensity. Huang and Ogata
show that this is also true in terms of efficiency of estimation. It is natural to expect that
the efficiency of GPL should increase as the number of elements in Zg(i), |Zg(i)|, increases.
This turns out to be the case to some extent. For example, when 3 = .3 in the autologistic
model, the efficiencies are .805, .913, .973, .967 when \Zg(i)] =1, 5,9, and 13, respectively.
Efficiences are estimated via simulation. Approximate MLE’s are computed for the square
grids under a “periodic boundary” assumption which we discuss shortly.

We considered three estimation schemes in the cancer data set: ]Zg(i)] = 5 corresponds
to a point together with its 4 nearest neighbors at distance one, |Zg(i)| = 9 includes the
diagonals at distances 2'/2, while |Zg(i)| = 13 includes the points at distance 2. The resulting
estimators are given in Table 2. The estimators are similar to those from PL.

We have discussed the efficiency advantages of GPL estimation but there is one sense in
which it may decrease efficiency. In spatial models the user typically confronts edge effects.
The edge effect refers to spatial locations that do not have fully observed neighbors. For
example, for observations on an n xn grid there are 4n —4 edge sites: 4n—8 have 3 neighbors

and 4 sites have only 2 neighbors. The issue is how to treat these sites that have incomplete
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information as (2.1) is not defined.

The issue is subtle: the efficiency of GPL slightly decreased when |Zg(i)| increased from
9 to 13 in Huang and Ogata’s experiment. This often happens and may well be due to edge
effects, as we now explain. One possibility is to condition on the edge sites. Thus, they
appear as neighbors to internal sites, but do not otherwise appear in the likelihood. For
the cancer data, the original data set has 2285 observations but only |D| = 2003 of those
have all four neighbors. This is equivalent to using .877 of the data (directly) in the PL.
For GPL, conditioning gives that the g5 GPL has 1747 terms f(Zg(i)|Zg(i)) in the product
[Lieo f(Zg(i)\Zg(i)) while g9 has 1677 terms and g3 has 1545 terms. This loss is partially due
to the irregularly shaped domain but we have seen the same phenomenon occurs for data
arranged in an n X n square.

Another possibility, used by Huang and Ogata, is to assume a “periodic boundary”
condition which amounts to wrapping an n X n square on a torus. This allows for use of
(2.1) for all locations, but in practice makes, for example, locations (1, j) and (n, j) neighbors,
which is not very appealing. Note that the efficiency of GPL slightly decreased when ]Zg(i)\
increased from 9 to 13 in Huang and Ogata’s experiment. This suggests that this method
does not entirely account for edge effects. Further, it is not clear how to wrap an irregularly
shaped domain onto a torus.

A third possibility is to integrate out the “missing” neighbors from the conditional distri-
bution (2.1). This should have reasonable numerical properties, but the resulting conditional
probability will not be of the form (2.1). At present, there is no simple solution to the prob-

lem of edge effects.

3.3 Monte Carlo Maximum Likelihood

In Section 2 we saw that there is no simple method to approximate the joint likelihood of the
observations. Several authors, however, have used Monte Carlo methods to approximate the
Maximum Likelihood estimator. Such MCMC stochastic algorithms have been proposed by,
e.g., Younes (1991), Moyeed and Baddeley (1991), Geyer and Thompson (1992), and Sey-
mour and Ji (1996), Gu and Zhu (2001). We consider the Monte Carlo Maximum Likelihood



approach (MCML) of Geyer and Thompson.
The basic approach is a slight modification on the likelihood approximation approach in

Section 2 that failed due to unstable arithmetic. They consider

dn( IZGXP (@ —ag ZZ +1{(8 =B /Q}sz Z Zng)) ;

keD keD teN(k)

where oy and (3 are initial values for the parameters, and z](-b), j =1,...,]|D| is the b re-
alization, b = 1, ..., B of data from the autologistic model with parameters aq, 3y. These
realizations can be obtained by an application of the Gibbs Sampler with conditional distri-
butions given by (2.1) as described in Section 3.1.

Then log{L(a, 8)}+log{G(aw, )} = @ Xicp Zi+(8/2) Xicp Zi(Xjena) Zi)—log{d(a, 8)}
where G(ap, o) is the denominator of L(ay, Fy) in equation (2.2) and d(«, 8) = G(«, 5)/G (o, Bo)-
The term d,(«, 3) approaches d(«, ) as B — oo. The term log{G(ao, 3p)} is taken to be a
constant and thus the maximizer of a Y ;cp Z; + (8/2) Xiep Zi(Xjena) Z;) — log{dn(a, B)}
approaches the MLE as B — oo. In practice, we find the parameters that maximize
>l expl(a — Oéo)u1b + {(8 = Bo)/2}ugp] where uip = Yicp Zy;(b) — Yiep Zi and ugp =
>ieD zl-(b)(ZJGN( ) 2 ) Yiep Zi(Xjen(iy Z;)- This yields the same parameter estimates and
is more computationally stable.

To see the connection between this approach and the one that failed in Section 2 simply
take ag = [y = 0 and we see that d,(a, ) is then equal to equation (2.3). Thus, the
approximant in (2.3) is a special case of the MCML approach. This shows that although
dy(a, f) — d(a, ) as B — oo it may do so very slowly. Good initial values for the parameters
are very important for reasonable convergence. Natural candidates are the MPL or one of
the MGPL estimators.

Using the PL estimators as the initial values we computed the MCML estimators of
model parameters in the cancer data set using a variety of choices of number of Gibbs steps,
burn in, and spacing. The resulting estimators and standard errors based on a single Markov
chain of length 10, 000 are given in Table 3. All standard errors are computed from the Fisher

Information from the Monte Carlo Likelihood.

First we note that the estimators are relatively in agreement across all choices of numbers
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of simulations, burn in, and spacings. For example, all estimates of @ and B are within
approximately 1% of one another. Thus, in this example 2,000 simulations is already more
than adequate. This is likely due to the strength of correlation in the data. If the true
correlation is stronger (large (3), then results based on a large number of simulations, a
reasonably large burn in, and possibly larger spacing will be superior. We examine the effect
of the choices of spacing and number of simulations in our simulation results. The Monte
Carlo Likelihood is given in Figure 3 (for n = 10,000, d = 1,000, v = 5).

Assuming that the longest chain gives the most accurate results, we find that @ ~ —0.304
with an estimated SE of ~ .0345 and that B ~ (0.117 with an estimated SE of ~ 0.0185. This
suggests that the MCML approach gives estimators that differ from the PL estimators by
about 6% for o and about 10% for (3. The PL estimates are closer to the MCML estimates
than are the GPL estimates, but all estimates are within 1.5 standard deviations of each
other.

The model based standard errors based on the PL estimators and the MCML estimators
are even closer than the parameter estimates, differing by about 3%. There is a slight
indication that the MCML estimators are more efficient than the PL estimators (assuming
the estimated SE’s are correct). On the other hand, the MCML approach is much more
computationally intensive than MPL. In this specific example, we suspect that there is no
great efficiency increase by using MCML over MPL. This is because the correlation as given
by ( is significantly larger than 0, but is small enough so that observations separated by
relatively short distances become approximately independent. This suggests that in our
setting, it may not be worth the extra computational burden to carry out MCML. On the
other hand, if one chooses a model-based method in PL estimation to estimate standard

errors, we have seen that similar Gibbs sampling is necessary.

3.4 Simulation Study

To compare the PL., GPL, and MCML estimators for more strongly correlated observations
we performed the following simulation study. We considered observations generated from

model (2.1) for the values of 5 = 0.33 and 0.50. In both cases we took o = 0.0. The goal
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is to see the effect of the strength of correlation (as given by /) on the different methods of
estimation. The estimation methods were: 1) PL, 2-4) GPL with g5, g9, ¢13, (GPL5, GPL9,
and GPL13) and 5-6) MCML with 5,000 simulations, burn in=100 and spacing either 2
or 5, 7)-8) MCML with 20,000 simulations, burn in=100 and spacing either 10 or 20 and
9-10) MCML with 200, 000 simulations and spacing either 20 or 100. The resulting average
parameter estimates and standard deviations from 100 simulated data sets are given in Table
4.

Considering the § = 0.33 case we see that all estimators are approximately unbiased for
a, but there is some indication of a small negative bias in estimation of 3. These biases
are more significant for the PL. and GPL methods than for MCML. However, the largest
bias from GPL9 accounts for only approximately 12.5% of MSE. In comparing variability
we see that the GPL estimates are the least variable and the MCML estimates are the most
variable. Thus, although theory suggests that the MCML approximate the (efficient) MLE,
careful monitoring of the Markov chain is necessary to get the best performance from the
MCML approach. See, e.g., Huffer and Wu (1998) who employ a method to update the
initial parameter estimates («v, 3y) as the Markov Chain evolves.

The 8 = 0.5 case corresponds to very strong correlation. Nevertheless, the PL and GPL
estimators behave in a qualitatively similar manner to the g = 0.33 case with small negative
biases having a negligible contribution to the overall MSE. There is a slight indication,
again, that the GPL estimators are slightly less variable than PL. For MCML estimation the
parameter estimates of both o and ( behave very badly for all choices of tuning constants
when the number of Gibbs steps is 20,000 or less. Comparing GT1 to GT2 we see that by
increasing the spacing while keeping the number of simulations fixed results can improve or
deteriorate. When the spacing increases from 2 to 5 the estimates of o become less variable
while those of 3 become more variable. When both spacing and number of simulation
increase (compare GT1 and GT3) both parameter estimates become more stable, as was to be
expected. Nevertheless, even for 20,000 simulations with a spacing of 20, MCMC estimates
have approximately 40 — 60 times the standard error of the simple PL method. When
the number of Gibbs steps is 200,000 we see that MCML behaves better, but parameter

estimates are still more variable than either PL or GPL.
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4 CONCLUSIONS

We have discussed estimation in the autologistic binary spatial model. Spatial models are
naturally defined via conditional distributions, but for models that are defined conditionally
there is an intractable normalizing constant in the joint likelihood that makes straightforward
maximum likelihood estimation impractical. We have shown that at present there is no
known simple way to approximate this normalizing constant. This leads to the need for
alternative methods of estimation.

The Pseudo Likelihood (PL), Generalized Pseudo Likelihood (GPL), and Monte Carlo
Maximum Likelihood (MCML) estimation techniques were discussed and applied to a binary
spatial data set on cancer of the liver. We compared these methods of estimation in a
simulation study and find that the more computationally intensive MCML method works
well for weakly correlated spatial processes, but poorly for strongly correlated ones. The
MCML method requires careful monitoring to get satisfactory results in the strong correlation
setting while the PLL and GPL methods are more “automatic”. In theory, the PL estimator
has low efficiency relative to the ML estimator in the strong correlation setting. However,
we see in Table 1 that PL is more efficient than the MCML method that attempts to
approximate the MLE, at least for the number of MCML simulations we have used. Thus,
large simulation experiments and/or careful monitoring of the Markov Chain is necessary to
realize the benefits of the MCML approach.

For a given data set, however, the MCML approach gives standard errors of all parameter
estimates together with the parameter estimates (and an estimated likelihood function).
The PL and GPL methods do not automatically give standard errors, so nonparametric
(model free) or parametric bootstrap methods (model based) that account for correlation
are necessary. We have illustrated both methods of standard error estimation in the analysis
of the cancer data set.

Although we have focused exclusively on binary data qualitatively similar results hold for
other spatial data structures when the model is derived by conditioning. If we observe count
data where each observation takes on one of K possible values, then arguing similarly to

Section 2 the denominator term in Equation 2.2 has K!P! terms. Non-Gaussian continuous
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variables lead to a |D| variable integration. Thus, simple and direct Maximum Likelihood
estimation is not feasible in these cases for large data sets either. This further demonstrates
the need for alternative methods of estimation. The PL, GPL and MCML methods naturally

apply to these other data structures.
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nsim  burn-in space st.error(@)  st.error(f)
2000 100 2 0.0360 0.0192
2000 100 ) 0.0356 0.0193
2000 500 2 0.0361 0.0198
2000 500 ) 0.0365 0.0200
5000 100 2 0.0365 0.0193
5000 100 ) 0.0355 0.0190
5000 500 2 0.0366 0.0195
5000 500 ) 0.0358 0.0193
8000 500 2 0.0360 0.0190
8000 500 ) 0.0355 0.0187
8000 1000 2 0.0360 0.0190
8000 1000 ) 0.0354 0.0186
10000 500 2 0.0362 0.0191
10000 500 ) 0.0355 0.0186
10000 1000 2 0.0362 0.0191
10000 1000 ) 0.0354 0.0185
8000 100 10 0.0357 0.0193
8000 100 20 0.0352 0.0190
8000 100 100 0.0359 0.0164
8000 500 10 0.0358 0.0194
8000 500 20 0.0352 0.0191
8000 500 100 0.0362 0.0165
10000 100 10 0.0356 0.0192
10000 100 20 0.0353 0.0187
10000 100 100 0.0358 0.0165
10000 500 10 0.0357 0.0193
10000 500 20 0.0353 0.0188
10000 500 100 0.0360 0.0165

Table 1: Parametric bootstrap SE’s errors of Pseudo-Likelihood parameters for the cancer
data set. The standard errors are given by st.error(@) and st.error(3)). The total number of
Gibbs sampler steps is “nsim”, “burn-in” denotes the number of Gibbs sampler steps until
we accept the first simulated data set, and “space” is the number of Gibbs sampler steps

-~

taken between accepted simulated data sets.




Number
scheme of terms Qa 3
913 1545  -0.3405 0.0962
9o 1677 -0.3326  0.1000
gs 1747 -0.3321 0.1011

Table 2: Parameter Estimates from Generalized Pseudo-Likelihood for the cancer data set.
“scheme” denotes the size of sets, “Number of terms” is the number of terms in the Gener-
alized Pseudo-Likelihood (product).



-~

n B burn in space a st.error(Q) 3 st.error(f)
2000 951 100 2 -0.3032 0.0347 0.1175 0.0183
2000 381 100 ) -0.3040 0.0351 0.1173 0.0191
2000 751 500 2 -0.3032 0.0348 0.1171 0.0178
2000 301 500 5 -0.3047 0.0346 0.1166 0.0185
5000 2451 100 2 -0.3048 0.0336 0.1166 0.0182
5000 981 100 5 -0.3048 0.0357 0.1170 0.0189
5000 2251 500 2 -0.3049 0.0336 0.1164 0.0180
5000 901 500 ) -0.3051 0.0355 0.1168 0.0187
8000 3751 500 2 -0.3042 0.0336 0.1171 0.0182
8000 1501 500 5 -0.3038 0.0347 0.1176 0.0188
8000 3501 1000 2 -0.3044 0.0335 0.1169 0.0182
8000 1401 1000 b} -0.3038 0.0348 0.1176 0.0188
10000 4751 500 2 -0.3040 0.0340 0.1172 0.0184
10000 1901 500 5 -0.3034 0.0348 0.1178 0.0191
10000 4501 1000 2 -0.3041 0.0340 0.1171 0.0185
10000 1801 1000 ) -0.3034 0.0349 0.1178 0.0191

Table 3: Results from MCML estimation for the cancer data set: the estimates are & and B

-~

and their standard errors are st.error(@) and st.error(3)). The total number of Gibbs sampler
steps is n, B denotes the number of simulated data sets, the number of Gibbs sampler steps
until we accept the first simulated data set is “burn in”, the number of Gibbs sampler steps
taken between accepted simulated data sets is “space”.



a=0.0,3=0.33
method a st.error(@) 6] st.error(3)

ps 0.0005 0.0102 0.3285 0.0188
gpsd 0.0001 0.0093 0.3285 0.0182
gps9 0.0001 0.0105 0.3263 0.0184
gpsl3  0.0004 0.0098 0.3285 0.0186
GT1  -0.0008 0.0203 0.3313 0.0336
GT2  -0.0013 0.0222 0.3301 0.0378
GT3  -0.0006 0.0164 0.3306 0.0283
GT4  -0.0006 0.0170 0.3307 0.0284
GT5h 0.0026 0.0172 0.3279 0.0279
GT6 0.0029 0.0168 0.3285 0.0267

a=003=05
method a st.error(@) 3 st.error(3)

ps 0.0004 0.0437 0.4995 0.0298
gpsd 0.0020 0.0409 0.4997 0.0294
gps9 0.0032 0.0405 0.4984 0.0291
gps1l3  0.0013 0.0417 0.4997 0.0295
GT1  -0.9638 8.3054 0.6466 2.5123
GT2  -0.1444 2.1908 0.5315 3.5444
GT3  -0.0278 1.7123 0.4657 0.6187
GT4  -0.0718 1.8505 0.3145 1.9751
GT5  -0.0015 0.0490 0.4902 0.0419
GT6  -0.0003 0.0489 0.4887 0.0474

Table 4: Simulation results: The number of simulated data sets is 100; the spacing between
each is 500 Gibbs steps. “ps” is the pseudolikelihood estimate, “gpsb” is generalized pseu-
dolikelihood estimate with the number of sites in the set is |g(i) = 5|, “gps9” is generalized
pseudolikelihood estimate with |g(i) = 9|, “gps13” is generalized pseudolikelihood estimate
with |g(z) = 13|, “GT1” refers to MCML with n = 5,000 Gibbs steps, burn in of d = 100 and
spacing of v = 2; “GT2” refers to MCML with n = 5,000, d = 100 and v = 5; “GT3” refers
to MCML with n = 20,000, d = 100 and v = 10; “GT4” refers to MCML with n = 20, 000,
d =100 and v = 20; “GT5” refers to MCML with n = 200,000, d = 100 and v = 20; “GT6”
refers to MCML with n = 200, 000, d = 100 and v = 100.



Figure Captions

Figure 1: Mortality map for cancer of the liver and gallbladder(including bile ducts) for
white males during the decade from 1950-1959. Asterisks denote high rate counties and

periods denote low rate counties.
Figure 2: The Pseudologlikelihood surface for the fitted model to the cancer data set.

Figure 3: The Monte Carlo Maximum loglikelihood surface for the fitted model to the cancer
data set.
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