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1. INTRODUCTION

Consider the problem of constructing a confidence interval for an unknown real-valued “tar-
get parameter” 6, using n observations from a stationary random sequence. From the data
{X1,Xs,..., X} a statistic s, := s,(X1,X2,..., X,,) is computed as a point-estimator of §. In
order to parlay this point-estimator into a confidence interval for 0, the user typically needs knowl-
edge about the sampling distribution of s,,, or, as a practical approximation, knowledge about the
asymptotic distribution (F') of a standardized transform of s,,, say, a, (s, —6), where a,, > 0. The
user’s level of knowledge [or assumptions] about F' and a,, will naturally influence the choice of
method for confidence interval construction.

In the ideal case, F' and a, are both completely known. Then the usual pivot yields the

nominal two-sided equi-tailed $(100)% confidence interval

L}(F,ay) = [sp = F~H(1+B)/2)/an, sn—F (1~ 5)/2)/an],

which has correct asymptotic coverage probability § € (0,1). In practice, however, this idealized
situation rarely occurs. Even in the familiar scenario where F' is Normal and a,, is of the order
n'/2, there is still typically an unknown scale parameter o which must be estimated. More serious

obstacles also frequently arise:

(i) The statistic s,, may be complicated (e.g., a robustified or adaptively defined statistic, like
Switzer’s adaptive trimmed-mean [see Efron (1982), Example 5.2]), so that a theoretical derivation

of F'is analytically intractable.

(ii) The observations might be serially dependent, so their joint probability structure must be
accounted for in deriving F'; this in turn may require knowledge or assumptions about the underlying
serial dependence mechanism, and estimation of its concomitant parameters (e.g., in an assumed
AR(p) model, the noise distribution as well as the p autoregressive coefficients all could be relevant

in deriving F).

When difficulties such as these render F' unavailable, it may be possible to construct an “estimated”
confidence interval via the jackknife histogram (Wu (1990)), the bootstrap (Efron (1979)), or the

subsampling method of Politis and Romano (1994) [referenced as PR in the sequel]. The jackknife
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histogram is justified only when the X;’s are i.i.d. and the statistic is asymptotically Normal with
a, = n'/2. The bootstrap has been justified in a wide variety of situations, including asymptotically
Normal (Bickel and Freedman (1981), Singh (1981)) and non-Normal statistics (Athreya (1987),
Bretagnolle (1983), Swanepoel (1986)), and allowing for serially dependent X;’s (Basawa et al.
(1989), Bose (1988), Kiinsch (1989), Rajarshi (1990)); but the construction and theoretical justifi-
cation of bootstrap confidence intervals generally requires that the user have knowledge about the
standardizing sequence a,, for the specific statistic s,, at hand. PR’s method again yields a broadly
applicable [estimated] confidence interval I2(F, a,) — provided that a,, is known as a function of

n.

1.1 What Happens If The Standardizing Sequence a,, Is Unknown?

Specifically, a, may involve unknown parameters, or, a,, may not even be known in functional
form. Consider the following two classes of examples, which will be referred to repeatedly in the
sequel.

Example 1: When s, is the usual sample mean (X,) of i.i.d. observations, then F is necessarily
an a-stable distribution (0 < a < 2) and a,, = n(®=D/*n(n), where h(-) is a “slowly varying”
function (i.e., h(cz)/h(z) — 1 as © — oo for each fixed ¢ > 0). The familiar case of a = 2,
F=Normal, h(n) = constant, is just one out of a wide spectrum of possibilities including skewed
F and h(n) — oo or h(n) — 0 [see Ibragimov and Linnik (1971), Chapter 2, for a complete
analysis|. Inference for the center or location (0) when o < 2 is closely tied to the classical study
of robustness in the presence of heavy-tailed data; in this context, it has long been recognized that,
in applications, a,, is likely to be unknown (e.g., Fama and Roll (1968)). There are estimates of
a available (e.g., Hall (1982)) for use in this particular situation, although direct estimation of
unknown h(n) seems not to be dealt with in the literature. Moreover, none of the other existing
methods intended for omnibus confidence interval construction (e.g., bootstrap) can handle, in an

automatic way, this rather fundamental example with « and h(n) unknown.

Example 2: Suppose that s,, is a U-statistic computed from i.i.d. observations [see Serfling (1980),
Chapter 5]. When the U-statistic is “non-degenerate”, then a,, = n'/? and F is a Normal distribu-
tion. But when the U-statistic is “degenerate”, then a,, = n and F is the distribution of a weighted

sum of x? random variables. The degenerate case is not an obscure theoretical anomaly: Several
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common goodness-of-fit statistics are degenerate U-statistics; and, moreover, a single U-statistic
(sn) can behave as either degenerate or non-degenerate according to quite subtle changes in the

underlying distribution of the data [see Section 4.2].

More generally, unknown a,, will typically arise in conjunction with obstacle (i) [discussed
above]: When theoretical derivation of F' is intractable, then, realistically, the proper standardiza-
tion sequence {a,} will also often be unavailable to the user. Note that determination of the proper
{a,} is an inherently theoretical problem requiring situation-specific analysis of the particular s,
at hand. As an illustration of this dilemma, consider PR’s Example 2.1.1: The example involves a
somewhat complicated statistic s,, and parameter 6, but no progress can be made towards construct-
ing their subsampling-based confidence interval without invoking an earlier theoretical derivation
of a,, = nt/3.

Bertail, Politis, and Romano (1995) [referenced as BPR in the sequel] have recognized that
this issue of unknown a,, is crucial to the applicability of confidence interval construction methods;
they argue convincingly for the need to develop methods which avoid explicit knowledge of a,,. In
the special case where it is known that a,, = n” (r > 0), BPR provide consistent estimators (7) of
the unknown 7, which are then “plugged-in” yielding an interval of the form I (} ,n"). Although

their interval achieves asymptotically the correct coverage probability, it does leave several issues

unresolved:

(I) For precisely the same reasons that motivate BPR’s method, it is a fortiori desirable to have
omnibus confidence intervals applicable in the general case where a,, may not be n”. In particular, to
fully treat even the basic statistic X,, [Example 1, above], one must allow h(n) to be a nonconstant
slowly varying function. BPR dismiss as infeasible the task of estimating the slowly varying function
— perhaps foreshadowing the principle that a truly omnibus interval should bypass any attempt at

direct estimation of general unknown a.,.

(IT) Even when the assumption a,, = n" holds, plug-in estimation of 7 in I/ (F ,n") introduces an
additional source of sampling variability into the interval. Also, implementation of BPR’s rate
estimate 7 requires the choice of several auxiliary “tuning parameters” (their I, J, {b;},{t;}).

These practical difficulties can again be avoided if direct estimation of a,, is not attempted.



1.2 Omnibus Confidence Intervals

An “omnibus” procedure should apply to a general statistic in a general setting, so that each
new scenario (e.g., a new statistic s,,, a new standardizing sequence a,,, or a new serial dependence
mechanism) does not require the development of a new methodology. The potential utility of such
procedures motivated the jackknife and the bootstrap; Efron (1982, p.28) finds the “charm” of
these procedures in that “they can be applied to complicated situations where parametric modeling
and/or theoretical analysis is hopeless”.

It is, however, essential to distinguish between ad hoc application versus rigorous justification
of proposed procedures. This distinction is brought sharply into focus by Young’s (1994) review
paper on the bootstrap, where it is stated that “establishing validity of bootstrap in a particular
setting may be a highly nontrivial exercise” (p.386), and “in many settings there is still much
theoretical analysis of bootstrap required before we can be confident of its value” (p.391). “The
danger”, according to Young (p.385), “is that the practitioner may well be attracted to use of
the bootstrap...in precisely those circumstances where the bootstrap is most likely to fail and
where least is known”. Indeed, situations involving non-standard [or unknown| a,, are prominent
illustrations of how attempts at “automatic” implementation of the naive bootstrap can fail (see,
e.g., Young (1994) and BPR). Although the bootstrap can achieve second-order accuracy in certain
cases, the pursuit of omnibus confidence intervals gives primacy to broad validity [of first-order
properties] with minimal user knowledge/assumptions. This is the philosophy of BPR, who “opt
for a minimalist approach”; “the spirit” of their work “is to obtain valid results under the weakest
assumptions possible”. The present paper continues in the same spirit.

The omnibus confidence interval presented in Section 2 does achieve first-order accuracy (see
Theorem) and does so without imposing assumptions on the specific functional form of a, and
without attempting to explicitly estimate the unknown a,,. Because the unknown a,, is allowed to be
completely general, this new confidence interval is more broadly applicable than previously existing
methods [cf. (I) above]. Also, there is no need to estimate any unknown nuisance parameters (like
r) in a,, so the new method is simple to implement and avoids the practical difficulties discussed

n (IT) (above).



1.3 The Role of Serial Dependence

The presence of any serial dependence in the data { X1, X, ..., X, } will typically exacerbate the
analytical difficulty of determining F' and a,, [see obstacle (ii) above]. In this context “the rewards
may be higher, but the problems are trickier...”, as noted by Young (1994, p.389). The qualitative
behavior encountered in Examples 1 and 2 (above) persists when the data are serially dependent
[see, e.g., Ibragimov and Linnik (1971), Chapter 18, and Carlstein (1988)]. To handle possible
serial dependence in an omnibus spirit, the proposed confidence interval employs “subseries” of
data, which automatically retain the correct dependence structure without user knowledge of the
underlying dependence mechanism (e.g., ARMA(p, ¢)). The only assumption regarding the strength

of dependence is a mild model-free “mixing” condition.

1.4 The Cost

Any method which achieves such broad applicability (i.e., general statistics s,; unknown a,;
serially dependent data; minimal regularity conditions; simple implementation) must come at some
cost. The cost here is that the proposed omnibus confidence interval does not have optimal width,
compared to what could be obtained using parametric or theoretical knowledge (e.g., I2(F,ay)).

Asymptotically, the width of the proposed interval does shrink to zero (see Theorem).

1.5 Outline of the Article

Section 2 explicitly defines the omnibus confidence interval and presents its theoretical prop-
erties [asymptotic validity and width shrinkage]. A natural tradeoff between accuracy (i.e., actual
coverage probability relative to nominal) and interval-width is explored in Section 3. Simulations
(Section 4) illustrate the finite-sample performance of omnibus confidence intervals in two nontriv-
ial situations: the sample mean of heavy-tailed observations, with nonconstant h(n) in a,, (Section
4.1); and a simple statistic s, (-) [computed on serially dependent data] which can behave either as

approximately Normal or as drastically non-Normal (Section 4.2).

2. OMNIBUS CONFIDENCE INTERVALS: DEFINITIONS AND PROPERTIES

A “general statistic” is determined by a sequence of completely known functions {s,,(-) : m >

1}, 5m(-) : (RH™ — R, where d > 1 is the dimension of X;. In principle, a general statistic s,,(-)

allows for an arbitrarily complicated function of the data.
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Introduce the following notation for a “subseries” of | consecutive observations:
X; = (X1, Xigos s Xit),

so that the observed data-set is X2 and the collection of all available subseries is {X} : 0 < i < n—I}.
The associated “replicates” of the statistic are denoted by s! := s;(X}) [in the notation of Section

— 0 ]

0]. By employing subseries replicates s, the correct serial dependence structure is
automatically retained without any knowledge or assumptions about the underlying dependence
mechanism. Effective use of subseries replicates has been made in other resampling methods, e.g.,

BPR, Carlstein (1986), and PR.
As an empirical analog of the unknown P{s; — 6 < y}, calculate the distribution:

n—I

Gia(y) =) 1{sj—s, <y}/(n—1+1), y€R.
=0

The proposed omnibus confidence interval for 0 is then simply:

If (G 1) =[50 — G ML+ B)/2),0 — G (1 - B)/2)],

where the t'" quantile (0 < t < 1) of any distribution function G(-) is formally defined as G~1(t) :=

inf{y : G(y) > t}. This interval is two-sided and equi-tailed with nominal coverage probability 3,
but other versions (e.g., non-equi-tailed, one-sided) can be similarly constructed using the regions
A, (t) [see Appendix A.1].

The interval I l’B (Gin, 1) is directly computable from the available data, and does not require
the user to specify the asymptotic distribution F', the standardization coefficient a.,, nor the serial
dependence mechanism generating the data sequence. In order to establish the asymptotic proper-
ties of the interval, a few minimal regularity conditions (R.1 through R.3) will be introduced and

discussed in the next subsection.

2.1 Notation and Conditions

In the asymptotic context (n — o), subseries length depends on sample size, i.e., [ = I(n).
The strength of serial dependence in {X; : —0o < i < oo} is measured by the standard model-free

“mixing coefficient”:



a(m) :=sup{|P(ANB) - P(A)P(B)|: Ac F(...X_1,X0),B € F( X, Xrnt1,--) }»

as defined by Rosenblatt (1956). Denote y := sup{y : F'(y) = 0} and y; := inf{y : F(y) = 1}, as
in BPR.
In order to establish the asymptotic properties of the omnibus confidence interval, consider

the following minimal regularity conditions:

(R.1) limy— oo Plan (s, — 0) <y} = F(y), y € R, where a, — oo and F(y) is continuous in y
and strictly increasing on (yo,y1)-

(R.2) I — o0, l/n — 0, and a;/a, — 0.

(R.3) limy—ooa(m) = 0.

It is natural to have a,, — oo in R.1 whenever s,, is a consistent estimator of 8. The existence of
an asymptotic distribution F(y) in R.1 is “almost a sine qua non” for the scenario presently being
studied (BPR). The continuity and strict increase in R.1 are also needed by BPR to validate their
method (which applies only in the special case a,, = n"). When constructing empirical distributions
(like Gy ,) from subseries replicates (s?), it is standard to require R.2 and R.3 (see, e.g., PR and
BPR). Increasing subseries length (I — 0o) guarantees that the distributional behavior of replicates

(s]

) approaches the asymptotic behavior (characterized by F'). The condition [/n — 0 provides a
sufficiently large number of replicates for constructing G ,. Whenever a, = n"h(n) [r > 0,h(-)
slowly varying] and I = [n”] (0 < v < 1), then a;/a, — 0 is immediately satisfied; this broad class
of a,,’s includes the BPR set-up as a particular case, but also includes Example 1 (the sample mean)
with nonconstant h(n). When constructing the proposed interval in a situation where a,, = n"h(n),
r and h(-) need not be known (cf., PR) nor do they need to be estimated (cf., BPR). Intuitively,
the mixing condition R.3 says that replicates separated by a large time-lag behave approximately

as if they were independent; note that R.3 is an especially mild mixing condition, as no rate of

decay is imposed on af-).



2.2 Main Result

The following Theorem justifies the use of the proposed omnibus confidence intervals.

Theorem:

If R.1 through R.3 hold, then as n — oc:

P{O eI’ (Grp, )} — and  width[I}(Gyn,1)] = 0.
The proof [see Appendix A.1] leans heavily on the theory developed by PR and BPR.

3. THE EFFECT OF SUBSERIES LENGTH (/)

The proposed omnibus confidence interval I l’8 (Gi,n, 1) has desirable coverage and width prop-
erties, as established in the above Theorem, for any subseries length [ in the broad class allowed
by R.2. But, for fixed finite sample size n, the particular choice of [ will influence the coverage and
width behavior of the interval. The inherent tradeoffs in this relationship are illustrated via exact

calculations, in the following example.

3.1 Example 1, Revisited

Here we obtain exact computable expressions for coverage probability error and expected
interval-width, for arbitrary sample size (n), subseries length (I), and nominal confidence coefficient
(6), in the following situation: Let {X;} be iid. with P{X; = 1} = 1/2 = P{X;, = —1}, and
consider the sample mean s,, (X1, X, ..., X;,) = Do, X;/m as a point-estimator of § = E{X;} = 0.

For this example it will be more convenient to define

G = X a-s<n/(])

1<iy <ig...<1<n

where i := (i1, 12, ...,4;) and 3} := s;(X;,, Xi,, ..., X, ), rather than our G;,(y) [in the case of i.i.d.
observations, G ,,(y) is a reasonable alternative to Gj,,(y), cf. PR]. Then the explicit expressions

for coverage probability error (CPE) and expected interval-width (EIW) are:

CPE(n,l,5) = P{0 € I?(Gi.n,1)} — B = CPE*(n,1,(1+ 3)/2) — CPE*(n,1,(1 — §)/2),
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where CPE*(n,l,y) =

n—I

;Z (i) (n;l)Q_nl[U(l-i-l/n) +ol/n— M(n,lu+wv,7) < 1/2} —

v=0

and EIW (n,l,[3) :=

E{width[I] (G, )]} =Y <Z) [M(n, Liu, (14 3)/2) — M(n,l,u, (1 - ﬁ)/2)} /127

where in both expressions
w
M(n,l, z,7) = min{w: Z <i> <T;:f> Z’y(?)}
t=maz{0,l—n+z}

The derivations of these expressions are indicated in Appendix A.2.

Figure 1 shows the behavior of both CPE and EIW as a function of [, for fixed sample size
n = 100 and nominal coverage 8 = .90. As [ increases, EIW shrinks but CPE grows. Intuitively,
larger [ yields replicates of the point-estimator (5}) that are based on more data (I) and hence tend
to be closer to their target-parameter (6), so the confidence interval which they induce is narrower.

On the other hand, larger | produces fewer “independent” non-overlapping replicates (essentially

-1

1 (t)) are less accurate. Another factor contributing

n/l), so the resulting empirical quantiles (G
to error (for large 1) is the non-negligible joint distributional structure of §¢ with s,: When &
comprises a substantial subset of s,,, then the random variation of (5! — s,,) (in G, (y)) is a less
appropriate empirical analog of (s; —)’s distribution, e.g., Var{fj - X, }/Var{X; -0} =1-1/n
[suggesting that I l'g (Gl,n, 1) has a tendency towards undercoverage for large [ (cf. Simulations 4.1
and 4.2, below)].

In the absence of a formal paradigm for balancing EIW versus CPFE, it nevertheless looks
reasonable in Figure 1 to choose I between 10 (n'/?) and 20 (=~ n?/3). For this range of [, there is
only minor CPFE (5% or less), and EIW has already dropped dramatically (by about 60%). If [
increases beyond 35, then C'PE becomes large enough to interfere with the interpretability of the

confidence interval, and the accompanying reduction in FIW is only gradual.

4. NUMERICAL EXPERIMENTS

The Theorem (in Section 2) shows that the omnibus confidence interval asymptotically attains

the correct coverage probability with interval-width shrinking to zero. This section examines the
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finite-sample performance of 1 lﬁ (Gin,1) in two situations where constructing accurate confidence
intervals is far from trivial. The first simulation involves the sample mean computed from heavy-
tailed data, and the second studies a simple U-statistic [computed from serially dependent data)
which can behave either as approximately Normal or as drastically non-Normal according to subtle

changes in the distribution of the observations.

4.1 Example 1, Revisited: The Sample Mean Computed From Heavy-Tailed Data

The data {X1, Xo,...,X,,} arise as a random sample from a heavy-tailed distribution with
unknown mean . The statistic s,, = X,, is used to construct an omnibus confidence interval
I lﬁ (Gin,1) on 6, with nominal coverage 8 = .90. This procedure is repeated 1000 times for each
combination of n € {200,1000,5000} and I(n) € {n'/2,n?/3} yielding the following empirical

coverages and average interval-widths:

Sample Size n Subseries Length I(n)  Coverage Average Interval-Width
200 14 (n'/?) .890 10.00

200 34 (n?/3) 804 5.17

1000 32 (n'/?) 901 6.15

1000 100 (n?/3) 857 4.33

5000 71 (n'/?) 890 4.30

5000 292 (n?/3) 894 3.04

For I(n) = n'/?, the empirical coverage is within “simulation error” of the nominal cover-
age at every n [note that the standard error associated with the simulated empirical coverage is
approximately .01]. For I(n) = n?/3, the empirical coverage approaches the nominal coverage as
n increases. For each fixed choice of the function [(n), the average interval-width shrinks as n
increases. For fixed n, larger [ tends to produce narrower intervals but worse coverage error —

echoing the tradeoffs illustrated in Section 3.1.

In this Example, computation of omnibus confidence intervals from observed data was ac-
complished without employing the specific underlying marginal density p(z) of X;, and without

employing the asymptotic sampling distribution F' or the corresponding standardizing sequence
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{a,}. This freedom from p(x), F, {a,} is precisely the motivating strength of the omnibus confi-
dence interval. In that light, it is now interesting to sketch the relevant theoretical analysis of the

situation considered in this Example. First of all, the marginal density of X;:

_ [ al2log(z)) —1]/|z?, if 2| > 3,
p(@) = {02, if |z] <3,

where ¢; ~ 1.96007 and cp ~ .086913. This density has finite mean 6 = 0, but has infinite variance.
Nevertheless, p(-) is in the “domain of attraction” of the Normal distribution, i.e., F=Normal,
provided that {a,} is properly chosen; this follows from Ibragimov and Linnik (1971), Theorem

2.6.2, and from the fact that

Q(z) := P{X; >z} + P{X; < —z}
= (1 — 2¢92)1{0 < = < 3} + 2c10 %log 21{x > 3} = hg(z)/2®, x>0,

where hq(+) is slowly varying. Finally, the proper {a,} here is not n'/? x constant (by Theorem
2.6.6 of Tbragimov and Linnik (1971)); rather, a,, = n'/2h(n) where h(n) can be characterized via

equations 2.6.12 and 2.6.15 of Ibragimov and Linnik (1971):

lim nQ(aml/Q/h(n)) =0 for all x > 0, and

lim h%(n) / 1{|z| < en'’?/h(n)}z?p(x)dz = 1 for some € > 0.

n—oo

4.2 Example 2, Revisited: The Sample Variance Of Serially Dependent Data

The data arise as n consecutive observations from a stationary time-series with unknown
marginal variance 0. The statistic s, = > " (X; — X,,)?/(m — 1) (the usual sample variance) is
used to construct an omnibus confidence interval I lﬁ (Gin, 1) on 6, with nominal coverage (3 = .90.
(The statistic s,, is a reasonable estimator because, e.g., E{s,,} — 6 for any stationary time-
series such that Y .o, Cov{X;, X;} converges.) This procedure is repeated 1000 times for each

combination of n € {200,1000,5000} and I(n) € {n'/?,n?/3}; the entire simulation experiment
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was carried out on time-series {X;}, and then again on a different time-series {X;}, yielding the

following empirical coverages and average interval-widths:

Sample Size n Subseries Length I(n)  Coverage Average Interval-Width
{X;} data:

200 14 (n'/?) 884 1500
200 34 (n?/3) 824 .0601
1000 32 (n'/2) 885 .0680
1000 100 (n?/3) 873 0217
5000 71 (n'/?) 892 .0309
5000 292 (n?/3) 895 0075
{X,} data:

200 14 (n'/?) 801 251
200 34 (n?/3) 761 161
1000 32 (n'/?) 878 .190
1000 100 (n?/3) 838 105
5000 71 (n'/?) .890 133
5000 292 (n?/3) 871 .065

Certain patterns emerge in both the {X;} data and the {X;} data: For each fixed choice of the
function I(n), empirical coverage improves and interval-width shrinks as n increases; and for fixed
n, larger [ tends to produce narrower intervals but worse coverage error (again echoing the tradeoffs
illustrated in Section 3.1). These patterns are essentially the same as those found in Simulation
4.1 (above), even though the present simulation involves serially dependent data and involves a
statistic whose asymptotic behavior is quite different (see below). Note that, for fixed (n,l), the

{X,} intervals are much narrower than the {X;} intervals.

In this Example, computation of omnibus confidence intervals from observed data was ac-
complished without employing the specific underlying serial dependence mechanism, and without
employing the statistic’s asymptotic sampling distribution or the corresponding standardizing se-

quence. The relevant theoretical analysis would have been as follows: First of all, the underlying
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mechanism generating the data was an AR(1) process Z; = pZ;_1 +&; with p = .5 and {¢;} an i.i.d.
sequence of standard Normal random variables; {X;} and {X,} were then threshold variables with
X; =1{Z; > 0} and X; = 1{Z; > 1} (such variables arise, e.g., as the outcomes in Binary Choice
Models, see, e.g., Judge et al. (1985), Chapter 18). The target parameter is § = .25 for the {X;}
data, while it is § = .156 for the {X;} data. Asymptotic theory shows that for the {X;} data, the

proper standardization is a,, = n and then F' is the distribution with density

B 81/ 2exp((4y — 1)/272)

2N
fly) = TR )i —co<y<1/4, 7°~2307,

[see Carlstein (1988), Example 4] illustrated in Figure 2; while for the { X;} data, the standardization
is @, = n'/? and F' =Normal [see Ibragimov and Linnik (1971), Theorem 18.5.4]. Thus, even though
the same statistic s,,(-) was used on both data types ({X;} and {X;}), there is a drastic difference
between (a,, F, 0) versus (an, F, 5) The omnibus confidence interval automatically adapts to
these differences — even in the presence of unknown serial dependence. In particular, the relatively

narrower intervals in the {X;} case reflect the relatively faster rate of convergence (a, = n).
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APPENDIX: Proof and Derivation

A.1: Proof of the Theorem

For ¢t € (0,1), define A, (t) := [s; — Gl_i (t),00). By PR’s Corollary 3.2, and BPR’s Lemma 1
and equation (12):

G () = FH(t)/ay + 1 (t) /au,

where r,,(t) £ 0 as n — oo. Therefore,
P{0 € A,(t)} = Plai(s; — 0) —rpn(t) S F ' (1)} "= F(F(1) = ¢.

The above convergence follows from R.1 (recalling also that | — oo (R.2)) together with Slutsky’s
Theorem. Applying this argument for ¢t = (1 + ()/2, and similarly for ¢ = (1 — 3)/2, yields the
nominal asymptotic coverage probability .

Notice that:

width[I (G, V] = [FH((1+ B)/2) = F~(1 = 8)/2) + 7a((1+ 8)/2) = ra((1 = 8)/2)] far > 0

as n — oo because a; — OQ.

A.2: Derivation of CPE and EIW in Section 3.1

Let {j1,72, -, Jm} € {1,2,...,n} and define C(j1, j2, ..., jm ) to be the number of observed X;’s
equal to “1” among {X,,,X,,,...,X,, }; also denote C,, := C(1,2,...,m). Then, counting shows
that

Sl(Xi17Xi27 ...,Xil) — Sp = Q(C(il,ig, ,Zl)/l — Cn/n)

Consider the summation in Glm(y), for fixed y and fixed {X;}: The summands vary only
as C(iy,12,...,1;) varies, and C(iy,1is2,...,9;) takes the distinct values ¢ (say) between max{0,! —
n + C,} and min{l,C,,} (inclusive) with corresponding frequencies (Ct") ("l_f;"). Thus, Gy (y) =
im0,y W21 = Cu/m) <y} () (5)/(7) and

Gil) =2minfw: Y (C;) (”l‘_f“) > 7<?>}/l ~ Cufr).
t=maz{0,l—n+Cn}
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Now define
CPE*(n,1,7) := P{s; — G (7) <0} —v = P{C, = IG; }()/2 < 1/2} —

the expression for CPE* given in Section 3.1 uses the representation C,, = C; + C;, where C; ~
Binomial(l,1/2) and C; ~ Binomial(n — [, 1/2) are independent. The expression for ETW uses the

Binomial(n, 1/2) distribution of C,, and the above formula for G;ﬁ()
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FIGURE 1:

Coverage Probability Error and Expected Half-Width of Omnibus Confidence Interval

(Section 3.1, Example)
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FIGURE 2:

Asymptotic Density f(-), in Section 4.2
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