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Summary

For complex diseases, the relationship between genotypes/environment-factors and phenotype is usu-
ally complex and nonlinear. The entropy-based approach of information theory is likely to be very useful
to identify and to interpret the gene-gene and gene-environment interactions/correlations of complex
diseases. In this paper, we develop entropy-based approaches to detect and to characterize gene-gene
and gene-environment interactions/correlations of complex diseases. Such as variance partitioning and
ANOVA of linear statistical models, we develop entropy decomposition approaches for model selection,
i.e, to select important genetic and environmental factors which interactively /nonlinearly influence the
development of complex diseases. For 2-way interactions and correlations, an information gain (IG)
approach is proposed using mutual information. The information gain in the presence of disease is
defined as a one-dimensional variable through mutual information and entropy function of two genetic
markers or one marker and an environmental factor. Based on the one-dimensional information gain, a
test statistic Trq is constructed and is showed to be x2-distributed with 1 degree of freedom. For 3-way
and higher order interactions, an interaction information gain (IIG) based approach is proposed; and
for 3-way and higher order correlations, a total correlation information gain (TCIG) based approach is
proposed. Such as the 2-way case, the IIG and TCIG are defined as one-dimensional variables. The
related test statistics T7;q and Treorg are constructed to test 3-way or higher order interactions and
correlations, respectively. One advantage of the proposed method is that it collapses high-dimensional
genetic data into a single dimension, and this makes it possible to build test statistics for sparse data to
detect and to characterize gene-gene and gene-environment interactions/correlations. Compared with
the naive x? test statistics which usually have high degrees of freedom, the proposed information gain
tests can have higher or similar power; in addition, the naive x? tests are not always implementable
due to sparse nature of genetic data. The proposed information gain tests are reasonably robust and
conservative. We apply the methods to analyze bladder cancer data to investigate the complex inter-
actions between DNA repair gene SNPs, smoking status, and bladder cancer susceptibility. We use the
bladder cancer data to show a forward selection procedure for the final model selection.

Key Words: gene-gene and gene-environment interactions/correlations, entropy, mutual informa-

tion, interaction information, total correlation information.



1 Introduction

Complex diseases are consequences of mutual interactions among genetic variants and environmental
factors. Although there has been much effort to dissect complex traits, the identification and char-
acterization of susceptibility genes of common complex human diseases remains a great challenge for
human geneticists. It is challenging both conceptually and technically. Conceptually, it is not always
clear how to define the interactions. There are two arguments about gene-gene and gene-environment
interactions: (1) statistical interaction, (2) biological interaction.

In traditional statistical models, i.e., linear models and generalized linear models such as logistic
regressions, the genetic and environmental effects are decomposed into main linear effects and interaction
effects.! The statistical interactions of genetic variants and environmental effects are deviation from the
main linear effects. In the absence of the main linear effects, the statistical interactions does not make
sense. Moreover, the traditional statistical models may not work for high dimension sparse data. For
instance, logistic regression models which include interaction terms may fail to converge as reported
in Andrew et al. (2006)? for bladder cancer data possibly due to small number of individuals in some
cells. One advantage of using traditional statistical models to analyze genetic data is that the related
theory is very mature and the user-friendly softwares are available. For instance, variance partitioning
and ANOVA are standard procedure in SAS for data analysis and model selection.

Biological interaction, on the other hand, happens at the cellular level in an individual and it is
the results of physical interactions of biomolecules such as DNA, RNA and proteins.?>® The biological
gene-gene and gene-environment interaction is the interdependence of genetic and environmental factors
that may cause complex diseases. The relationship between genotypes/environement-factors and disease
phenotypes is usually complex and is nonlinear for complex diseases. Thus, biological interaction makes
sense and it is valid in describing the complicated relation between genetic/environmental factors and
disease phenotypes. In the absence of main effects, the biological gene-gene and gene-environment
interactions may exist and can be significant and important.® However, the related theory to detect
and to characterize the biological gene-gene and gene-environment interactions is not well-developed.
There is a need to develop powerful methods and user-friendly softwares to identify and to interpret

the complex genetic architecture and nonlinear biological interactions of complex traits.



In recent years, there has been great enthusiasm to detect and to characterize gene-gene and gene-
environment interactions of complex diseases using genome data.®” 1% By using multiple genetic markers
and environmental factors in analysis, it is usually a high-dimensional problem. For instance, assume
we have two single nucleotide polymorphism (SNP) markers. Each of the two SNP has 3 genotypes,
and then there are 9 genotype combinations if we consider the two SNPs simultaneously. If we add one
environmental factor which has 2 categories, e.g., smoking vs non-smoking, there are 2x9 = 18 genotype-
environment combinations if we consider the two SNPs and the environmental factor simultaneously.
Hence, one needs to handle the high-dimensional data.

In the multifactor dimensionality reduction (MDR) procedure, high dimensional genetic data are
collapsed into a single dimensional variable and this makes it possible to analyze high-dimensional sparse
genetic data.''"!” One may want to notice that MDR is a non-parametric procedure and it makes no
assumption of linear relationship between the phenotypes and the genetic/environmental factors. Since
there was no alternative and powerful procedure, Andrew et al. (2006)? ran logistic regression models
to test three way interaction to replicate the findings of MDR. Unfortunately, the logistic regression
models failed to converge due to the sparse nature of bladder cancer data. Thus, it is not only interesting
but also necessary and important to develop novel statistical methods to detect and to characterize the
complex biological gene-gene and gene-environment interactions of complex traits.

Technically, traditional statistical approaches may not be useful because of the complexity and non-
linearity between complex traits and genetic/environement-factors. The traditional statistical models
can not properly fit the nonlinear relationship between genotypes/environment-factors and disease phe-
notypes in the absence of main effects, and it may not be necessarily able and useful to model biological
interactions. For the bladder cancer data of Andrew et al. (2006)2, the main effects of genetic poly-
morphisms were not observed and it is unclear if logistic regressions may fit the data well. The failure
of convergence may be due to invalidness of the logistic regression model itself.

It is well-known that information theory based on entropy function is widely used to study nonlinear
problems and complex system. The entropy function is a nonlinear transformation of interested vari-
ables. The entropy is commonly used in information theory to measure the uncertainty of random vari-

ables. The entropy-based approach is likely to be very useful to study the nonlinear relationship between



genotypes/environment-factors and phenotypes and to interpret the gene-gene and gene-environment
interactions of complex diseases. 2% In this article, we develop entropy-based approaches to detect and
to characterize gene-gene and gene-environment interactions of complex diseases. We start with the
definition of entropy for genetic markers and environmental factors. Then, we introduce 2-way mutual
information and information gain (IG) to describe gene-gene and gene-environment interactions, and
we construct test statistics to detect the 2-way interactions.

One idea of this article is to reduce high dimensional data to be a one-dimensional variable, and
then to construct a y2-distribution statistic to test gene-gene interaction of complex diseases. We
considered two di-allelic markers A and B in a case-control design. Correspondingly, there are 9
genotype combinations for the two markers. By using the information gain function, we reduce the
9-dimensional data to be a one-dimensional variable to construct the information gain based test Tjq.
The method can be applied to test 2-way gene-environment interaction. To test interaction between a
di-allelic marker and an environmental factor, we may reformulate the problem. For instance, if one di-
allelic marker and a two-category environmental factor (e.g., smoking and non-smoking) are concerned,
then 6-dimensional data instead of 9-dimensional data need to be reduced to a one-dimensional variable
via information gain to construct the test statistics.

To generalize the 2-way methods to handle 3-way and multiple K-way cases, we need to distinguish
two different concepts in information theory: interaction information and total correlation information
(TCI). In 2-way case, the two concepts are the same. However, they are different in 3-way and multiple
K-way cases. Roughly, the interaction information among multiple factors is the amount of information
that is common to all the factors. The total correlation information, however, describes the total amount
of dependence among all the factors. The 3-way total correlation information can be decomposed into
a summation of all 2-way mutual information and the 3-way interaction information. Similarly, the
K-way total correlation information can be decomposed into a summation of all lower and same order
k-way interaction information, k < K.?3

We generalize the 2-way methods to detect and to characterize 3-way and multiple K-way gene-
gene/gene-environment interactions and correlations. For 3-way and multiple K-way interactions, the

3-way and K-way interaction information is proposed to extend the 2-way mutual information; and



for 3-way and multiple K-way correlations, total correlation information is used. Correspondingly, the
interaction information gain (IIG) and total correlation information gain (TCIG) can be defined as
one-dimensional variables for case-control data. Thus, high-dimensional genetic data are collapsed as
one-dimension variables via the information gains. Using the one-dimensional variables, test statistics
are constructed which are y?-distributed. Compared with the naive x? test statistics which usually have
high degrees of freedom, the proposed information gain tests are easy to implement and the naive x?
tests are not always implementable due to sparse nature of high dimension genetic data.

Simulation study is performed to evaluate the robustness of the test statistics by type I error rate
calculations. In addition, power analysis is carried out to show the usefulness of the proposed methods.
The method is applied to bladder cancer data to explore gene-gene and gene-environment interactions
and correlations of SNPs and smoking status with the disease.? We use the bladder cancer data to show
a forward selection procedure for the final model selection, and the procedure can be applied to the

study of other complex traits.

2 Methods

Entropy, defined by Shannon in 19482, is a measure of the uncertainty of a random variable/system.
The entropy H(X) of a discrete random variable X is defined by??

H(X) = —Elflog P(X)] = =3 p(z)logp(z), (1)

zeX

where p(z) = P(X = z),x € X, is the probability mass function of the random variable X, and X
is a finite or enumerable infinite set such as {1,2,---,n} or {1,2,---}. The log is to the base 2. By
definition, 0log0 = 0. The higher the entropy H(X), the less reliable we may predict the outcome
about the variable X. The concept of the Shannon entropy was used to select interesting combinations
of polymorphisms for evaluating and for visualizing the information gain to detect gene-gene and gene-

environment interactions?328,

2.1 Genotype and Environment Based Entropy

For case-control data, let us denote the disease status by D, i.e., D = 0 means normal and D = 1 means

affected. For the purpose of explanation, consider two di-allelic markers A and B such as SNP data and
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an environment exposure E. Let us denote the two alleles of marker A by A and a; and denote the two
alleles of marker B by B and b, respectively. At the marker A, there are three genotypes AA, Aa, aa;
similarly, there are three genotypes BB, Bb,bb at the marker B. For the environmental factor E, let
us code it as F = 0,1,2 (e.g., non-smoking, < 35 pack-years, > 35 pack-years). For the convenience
of presentation, let us code the genotypes at marker A by G4 by counting the number of allele A and
similarly code the genotypes at marker B by Gp, i.e.,

2 AA 2 BB
Ga = {1 Aa and Gp = {1 Bb . (2)

0 aa 0 bb
Notice that markers A and B and the environmental factor F are treated as attribute in literature. 2426
In practice, environmental factor can be replaced by a genetic marker, and then the explanation needs
to change, accordingly. Using the entropy definition (1), we may define the entropy H(A) of marker A

in the general population and the conditional entropy H(A|D) in the disease population as

H(A) = —iP(GA:i) log P(GA = i),
H(A|D) = — ij(GA —i|D = 1)log P(G, = i|D = 1). (3)

Under the Hardy-Weinberg equilibrium, we may calculate that P(G4 = 0) = P2 P(G4 = 1) =
2P,P,, P(G4 = 2) = P3%, where Py and P, are allele frequencies of marker A. In this paper, how-
ever, we don’t need to assume the Hardy-Weinberg equilibrium. Similarly, we may define the entropy
H(B) of marker B in the general population and the conditional entropy H(B|D) in the disease popu-
lation. For the environmental factor E, its entropy H(F) in the general population and its conditional
entropy H(FE|D) in the disease population can be defined, accordingly.

Combining both markers A and B, we may define the entropy H(A, B) in the general population

and the conditional entropy H(A, B|D) in the disease population as

2 2
H(A,B) = =Y Y P(Ga=1i,Gp=j)logP(Gs=1,Gp =j),
2:0]:0
2
H(A,B|D) = —ZZPGA—Z Gp=7j|D =1)log P(G4 =1i,Gp = j|D = 1). (4)
=0 57=0

Combining marker A and environmental factor E, we may define the entropy H (A, F) in the general

population and the conditional entropy H(A, F|D) in the disease population as
2 2

H(AE) = =Y Y P(Ga=1,E=c¢€)logP(Gs=1,FE =e),

1=0 e=0



2 2
H(AE|D) = —ZZP(GA =i, E=e|lD=1)logP(Gy=1i,E=e|D=1). (5)
=0 e=0
The entropy H(B, E) in the general population and the conditional entropy H (B, E|D) in the disease
population can be defined, accordingly. Combining both markers A and B and environmental fac-

tor F, we may define the entropy H(A, B, E) in the general population and the conditional entropy

H(A, B, E|D) in the disease population as

2 2
H(A,B,E) = =Y Y > P(Ga=i,Gpg=j,E=¢)logP(Ga=1i,Gp=j,E=¢e),
=0 j=0e=0
2 2 2
H(A,B,E|D) = YN P(Ga=i,Gp=j,E=¢e|D=1)log P(Gs =i,Gp = j,E=e|D =1).

0e=

o

i

0j

(6)
2.2 2-Way Mutual Information and Information Gain

In the general population, the mutual information of markers A and B is defined as?!?2

I(A,B) = H(A)+ H(B)— H(A,B)
_ L. . P(Ga=1,Gp = j)
— ;;}P(GA@GB )logP(G DGy =) (7)

I(A, B) measures the dependency or correlation between A and B. For any two markers A and B,
I(A,B) > 0 and I(A,B) = 0 if and only if G4 and G are independent [i.e., P(G4 = i,Gp = j) =
P(Ga=1)P(Gp = j), p28 of Cover and Thomas (2006)2?].

Such as Venn diagram in set theory, Figure 1 a) shows an I-diagram of H(A), H(B) and I(A, B) for
two markers A and B in information theory.?*31:33 In Figure 1 a), the black region corresponds to the
magnitude of the I(A, B), the magnitude of H(A) corresponds to the left rectangle and the magnitude
of H(B) corresponds to the right one, and each of the two rectangles includes the black region as the

common part. In the disease population, the mutual information of markers A and B is defined as
I(A,B|D) = H(A|D)+ H(B|D)— H(A, B|D)

2 2
= Y > P(Ga=1i,Gp=j|D=1)log

i=0 j=0

P(Ga=1i,Gp=j|D=1) .
PGi=iD=1)P(Gs=jiD=1)

I(A, B|D) measures the interaction between markers A and B given the disease. For any two markers
A and B, I(A,B|D) > 0 and I(A, B|D) = 0 if and only if G4 and Gp are conditional independent
given the disease (i.e., P(G4 =1,Gg = j|D =1) = P(Ga =1i|D =1)P(Gp = j|D = 1)).



Following a few previous studies, the information gain of markers A and B in the presence of disease

D can be defined as the difference?* 272
IG(AB| D) = I(A B|D)—I(A,B). ()

If the disease and the two markers are independent (i.e., P(G4 =i,Gp = j|D =1) = P(Ga =1i,Gp =
7)), I(A, B|D) = I(A, B) and so their difference or information gain /G(AB | D) is equal to 0. Hence,
we may test the gene-gene interaction between the disease and the two markers A and B by testing if
the difference is zero. Based on this rationale, we may build test statistics for practical application.
For marker A and environmental factor £, the mutual information I(A, E') in the general population
and the conditional mutual information I(A, F|D) in the disease population can be defined along the
lines above. Similarly, we may define the mutual information /(B, E') in the general population and the
conditional mutual information (B, E|D) in the disease population for marker B and environmental
factor E. The information gain of marker A and environmental factor F in the presence of disease
D can be defined as the difference IG(AE | D) = I(A,E|D) — I(A, E). If the marker A and the
environmental factor E are independent of the disease status D, then there is no information gain, i.e.,
IG(AE | D) = 0. Similarly, if the marker B and the environmental factor E are independent of the

disease status D, then there is no information gain, i.e., IG(BE | D) = I(B, E|D) — I(B, E) = 0.
2.3 3-Way Interaction Information and Total Correlation Information

The information gains IG(AB | D),IG(AE | D) and IG(BE | D) represent 2-way interaction gain
of two attributes given the disease. If we consider the three attributes A, B and E simultaneously, we
may define 3-way interaction information gain and total correlation information as follows.?*33 In the

general population, the 3-way interaction information of markers A and B and environmental factor £

is defined as (Cover and Thomas 200622, p49).
[(A,B,E) = —H(A)— H(B)— H(E)+ H(A, B) + H(A, E) + H(B, E) — H(A, B, E).

The 3-way interaction information (A, B, E') contains interactions that can not be explained by the
2-way mutual information I(A, B), I(A, E), and (B, E). It represents the gain or loss of information by

adding one attribute to a pair of attributes. Hence, the 3-way interaction information among attributes



A, B and FE can be understood as the amount of information that is common to all the attributes, but
not present in any subset. The interaction information may be negative or positive.

Figure 1 b) shows an I-diagram of H(A), H(B), H(FE), and I(A, B, E) for two markers A and B
and an environment factor £.?%3133 In Figure 1 b), the black region corresponds to the magnitude of
the I(A, B, E), and we add a rectangle to represent the magnitude of H(E) compared with Figure 1
a). If one attribute is independent of the other two which are dependent, the interaction information
I(A, B, E) will be 0. For instance, if the genetic markers A and B are independent of the environment
factor £ but A and B are dependent or in linkage disequilibrium, the interaction information (A, B, E)
will be zero. To show this, notice that P(Ga = i,Gp = j,E =€) = P(G4 = i,Gg = j)P(E = e)
implies P(Ga =i, E =¢) = P(Ga =i)P(E =¢) and P(Gp = j,E =¢) = P(Gp = j)P(E = ¢), and
then it can be seen I(A, B, E') = 0. Certainly, if all the three attributes are independent, the interaction
information I(A, B, F) is equal to 0. Hence, I(A, B, E) is an interaction among all three attributes.

The total correlation information is defined as the difference of joint entropy H(A, B, E) and the
three individual entropies H(A), H(B) and H(FE), i.e.,

TCI(A,B,E) = H(A)+ H(B)+ H(E)— H(A,B,E)

— I(A,B)+I(AE)+ I(B,E) + I(A, B, E). (10)

The total correlation information describes the total amount of dependence among the three attributes
A, B and E. It is always positive, or zero if and only if all the three attributes are independent, i.e.,
PGy =i,Gg = j,E =¢) = P(Ga = 1)P(Gg = j)P(E = e). It will not be zero even if only a
pair of attributes are dependent. For instance, if the genetic markers A and B are independent of the
environment factor £ but A and B are dependent or in linkage disequilibrium, the total correlation
information TCI(A, B, E') will be non-zero. Figure 1 ¢) shows an I-diagram of H(A), H(B), H(F), and
TCI(A, B, E) for two markers A and B and an environment factor E.2%31:33

The second equality of relation (10) shows that the total correlation information T'CI(A, B, E) is
equal to the summation of all 2-way mutual information (A, B), [(A, E), I(B, E), and 3-way interaction
information (A, B, E'). Thus, the 2-way mutual information and the 3-way interaction information can
be seen as a decomposition of a 3-way dependency into a sum of 2-way and 3-way interactions.?® The

existence of 3-way correlations indicate the existence of some 2-way or 3-way interactions. On the other
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hand, the existence of 2-way or 3-way interactions can lead to 3-way correlations.
In the disease population, the 3-way interaction information I(A, B, F|D) and total correlation

information TCI(A, B, E|D) of markers A and B and environmental factor E are defined as

[(A,B,E|D) = —H(A|D)— H(B|D)— H(E|D)
+H(A, B|D) + H(A,E|D) + H(B,E|D) — H(A, B, E|D),

TCI(A,B,E|D) = H(A|D)+ H(B|D)+ H(E|D) — H(A, B, E|D).

The interaction information gain //G(ABE | D) and total correlation information gain TCIG(ABE |
D) of markers A and B and the environmental factor E in the presence of disease D can be defined as

the differences 242729

IIG(ABE | D) = I(A,B,E|D) - I(A,B,E),

TCIG(ABE | D) = TCI(A,B,E|D)—TCI(A,B,E). (11)

If the disease is independent of the two markers and the environmental factor E, I(A, B, E|D) =
I(A, B, F) and so their difference or information gain I/G(ABE | D) is equal to 0; similarly, we have
TCI(A,B,E|D) = TCI(A, B, E) and so their difference TCIG(ABE | D) is equal to 0. Hence, we
may test the gene-gene and gene-environment interactions/correlations between the disease and two
markers A and B and the environmental factor E by testing if the differences are zero. Based on this

rationale, we may build test statistics for practical application.

2.4 K-Way Interaction Information and Total Correlation Information

Suppose that we are interested in interactions/correlations between the disease and an arbitrary number
K of attributes A = (Ay, -+, Ak), which can be genetic markers or environmental factors. For simplic-
ity, we assume that each A; can take three values 0, 1, 2. For a vector of realization @ = (ay, - - -, ax) of
A= (Ay,- -, Ak), denote the joint probabilities as P; = P(Ay = a1, -+, Ax = ax) = Py,..qa) in the gen-
eral population and Qz = P(A; = ay, -+, Ax = ax | D = 1) = Qq,...a) in the disease population. Based
on the joint probabilities, we may define the entropies H(A) = H(Ay,---,Ax) = — > 5 Pzlog P; and
H(A|D) = H(Ay,-+,Ax | D) = —3¥5Qalog Q.



For a subset S = (A4;,, Aiy, -+, Ai) € A= (A1, As, -+, Ak), we may define the related entropies
H(S) and H(S | D), accordingly. Here C means that S is a subset of A and it can be equal to
A = (A1, As,- -+, Ak). For a realization § of S = (4;,, Ay, -+, A;,), the marginal probabilities are
denoted as Py and Q5. For individual attributes Ay, - - -, Ag, the marginal probabilities and entropies are
denoted as Py, ..., -+, P o, H(A1), -+, H(AK), Qay s+ Qo oage, H(AL | D), - -+, and H(Agk | D).

For a subset S, let us denote |S| = |(A;,, Aiy, -+, Ai,)| = n, i.e., the number of attributes of S. The

K-way interaction information can be defined as??:32:33
I(A) = I(A, Ay, Ag) = — Z (—1)|A|*“S|H(S),
SCA
I(A|D) = I(A;, Ay, Ax | D) = = > (-)A-¥lH(S | D).
SCA

The K-way interaction information gain is defined as IIG(A | D) = I(A| D) — I(A).
In the general population, the K-way total correlation information is defined as the difference of the

23,30,31 :

summation of individual entropies H(A;),- -, H(Ak) and the joint entropy H(.A), ie.,

TCI(A) = H(A)+---+ H(Ag) — H(Ay, -+, Ag)

= > 1) (12)

SCA,|S[>2

The total correlation information TC'I(A) is the total amount of dependence among all the attributes
A = (Ay,--+,Ak). As the second equality in relation (12) shows, the total correlation information
TCI(A) is equal to the summation of all interaction information I(S) including 2-way mutual informa-
tion, S C A. Thus, the interaction information can be seen as a decomposition of a K-way dependency
into a sum of k-way interactions, k < K.?3 The existence of K-way correlations indicate the existence
of some k-way interactions, £ < K. On the other hand, the existence of low order k-way interactions
can lead to high order K-way correlations.

In the disease population, the K-way total correlation information is defined as the difference of the

summation of individual entropies H(A; | D), -+, H(Ak | D)) and the joint entropy H(A | D)), i.e.,
TCI(A| D) = HA |D)+---+H(Ax | D) — H(Ay, -+, Ag | D).

The K-way total correlation information gain is defined as TCIG(A | D) = TCI(A| D)—-TCI(A). If

the disease is independent of the attributes, the interaction information gain I1G(A | D) is equal to 0
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and similarly, the total correlation information gain TCIG(A | D) is equal to 0. The test statistics can

be built accordingly to test the interaction between the disease and the attributes A = (Ay, As, -+, Ak).

2.5 Test Statistics Based on the 2-Way Mutual Information Gain

Based on the discussion in the Subsection 2.2 about mutual information and information gain, we
may construct test statistics to detect gene-gene and gene-environment interaction. In the following
presentation, we only discuss the construction of test statistic to detect gene-gene interaction between
markers A and B. The procedure can be accordingly applied to construct test statistic to detect
gene-environment interaction between marker A (or B) and environment-factor E.

Consider a case-control design with M controls from an unaffected population and N cases from
an affected population. Assume each individual in the sample is typed at both markers A and B.
Let us denote by Xj;; the count of controls whose genotypes are (G4 = i,Gp = j); and similarly
denote by Y;; the count of cases whose genotypes are (G4 = i,Gg = j),i,7 = 0,1,2. The test
statistics can be built based on the column vectors X = (X0, Xo1, Xo2, X10, X11, X12, X20, Xo1)™ and
Y = (Yoo, You, Yo2, Yio, Y11, Y12, Yoo, Yo1)7. Hereafter, the superscript 7 denote the transpose of a vec-
tor/matrix. In addition, Xss is not included in X, and Y39 is not included in Y to remove the redundancy.
Before defining our test statistics, let us introduce some notations.

In the general population, denote the joint genotype probabilities for markers A and B by F;; =
P(Ga = i,Gp = j); and for the disease population, denote the joint conditional genotype prob-
abilities for markers A and B by Q;; = P(Ga = ,Gp = j|D = 1). It is easy to see that P
sums to 1 and @);; does so, respectively; and so the redundancy of parameters exists. Let us denote

P = (Poo, Po1, Poz, Pro, Pi1, Pia, Pag, Po1)7, and @ = (Qoo, Qo1, Qo2, @10, @11, @12, @20, @21)". The col-

X ) follows a multinomial distribution (M , ( o >), and the column counting
XQQ P22

;/ ) follows a multinomial distribution (N , ( QQ )) The mean vector of X is M P, and the
22 22

mean vector of Y is N@Q, respectively. The variance-covariance matrix of X is M|[diag (P) — PP"], and

umn counting vector (

vector (

the variance-covariance matrix of Y is N[diag (Q) — QQ7], respectively. In the following, let us denote
Y =diag (P) — PP" and ¥p = diag (Q) — QQ".
The sample mean X = X/M serves as the estimate of P; and sample mean Y = Y/N serves as

the estimate of ). Assume that the sample sizes M and N are large enough that the large sample
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theory applies. By the multivariate central limit theorem of large sample theory, v M [Y — P} tends
to a multivariate normal distribution with a zero mean vector and variance-covariance matrix >; and
VN [7 — Q} tends also to a multivariate normal distribution with a zero mean vector and variance-
covariance matrix Yp (Lehmann 198334, Theorem 5.1.8, p343).

Now, let us define

= Pyl o= il
fz] ng P.j7 Gij Qz] 0og Qi‘Q-j’
where F)z = Z 1]7 ~ Zj?QZ = Z] OQZ] and Qj = 212 ()QZJ Let f = I(A,B) =

Yoo fij and g = I(A, B\D) = Y7 0350 9ij- Then, the information gain can be expressed as
2 2 2 2
GAB|D) = g—f = Zzgzj _ZZfij-
=0 j=0 i=0 j=0

For functions f and g, denote their partial derivatives as g—P and which are column vectors. The

elements of gTJ; and ngg are given in the Appendix A as

of _ Py . Pn
0P,  °PB.P, °PR.Py
ag QZ] QQZ
= lo —lo ) 13
00, ~ 0.0, 0.0, (13)

Denote A = [S5]"S 25 /M + [24]75p 55 /N

We denote the estimate of P;; as pij = X;;/M, and the estimate of @);; as Qij =Y,;/N. Similarly,
we denote the estimates of other parameters as P = ?:0 Pij, etc. Then, the estimates f , A, and g of
f, A, and g can be calculated by P and QU, accordingly.

By large sample theory, v/M ( f — f) tends to a normal distribution with zero mean and variance

[8f]72 of .

55 similarly, vV N(§ — g) tends to a normal distribution with zero mean and variance [89 "Spoe

Daq
(Lehmann 19833!, Theorem 2.5.3, p112). Notice that f = I(A, B) = I(A, B|D) = g under the null
hypothesis of independence of the disease and the two markers A and B; and so §— f = (g—g)—( f—f )

tends to a normal distribution with zero mean and variance A. With these discussions in mind, the

statistical tests to test the dependence of markers A and B and the disease can be constructed by

Tic = (9—f)?/A,
T - (P-Q) (54 52) (P-Q) (14)



The test Ty is based on the information gain IG(AB | D), the test T is a naive y?-distributed
statistic which is based on the 2 by 8 contingency table to compare the counts of case and controls
for genotype combinations of markers A and B. Under the null hypothesis that the two markers are
independent of the disease, the test Tjg is centrally x3-distributed with 1 degree of freedom and the
test T is centrally x2-distributed with 8 degrees of freedom. Under the alternative hypothesis that
the disease and the two markers are not independent, the test T;¢ is non-centrally y3-distributed with
a non-centrality parameter A\;¢ = (g — f)?/A and the test T is non-centrally x2-distributed with a
non-centrality parameter A\p = (P — Q)" (% + EWD)_l (P—-Q).

The statistics Tjg and T are overall test statistics to test the dependence of markers A and B
and the disease. In case that the markers are associated with the disease (i.e., the markers are not
independent of the disease), we need to know which genotypes are associated with the disease. For

genotype (G4 =1i,Gp = j), we may test if it is associated with the disease by either of the two tests as

follows
(gz fz )
TE,ij = Y AZ] ! 5
» 3 \2
T, = ( Qw) (15)
Var( — Qi)

where Aij is the estimate of A;;, and @(Pij — Ql-j) is the estimate of Var(]sij — Qza) which are given by

Afi; 17 1 0fij 8gi; 1T 99:j
L‘?P] X5p 4 {agQ] ZD@QQ
M N ’
Pi;(1 - Py) n Qi (1 — Qi)
M N '

Ay

Var( Qw) =

The test T;; simply compares the difference f’ij — Qij of the proportions of cases and controls with
genotype (G4 = i,Gp = j), and the test Tj;; is based on the difference fm . If genotype (G4 =
i,Gp = j) is strongly associated with the disease, the differences Pij — Qij and fij — gij tend to be
different from 0 and significant result is likely to be found by the test T;; and/or test Tg ;.

Under the null hypothesis that the disease and the genotype (G4 = i,Gp = j) are independent,
the test Tx,; and T;; are centrally xi-distributed with 1 degree of freedom. Under the alternative
hypothesis that the disease and the genotype (G4 = i,Gp = j) are not independent, the test T ;;

and Tj; are non-centrally y3-distributed with non-centrality parameters Ap;; = (gi; — fi;)?/\i; and
Nij = (P — Qy)?/ Var(P, i QU) respectively.
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2.6 Test Statistics Based on the 3-Way Interaction Information Gain and
Total Correlation Information Gain

Again, consider a case-control design with M controls from an unaffected population and N cases from
an affected population. Let us denote by Xjj. the count of controls whose genotypes are (G4 =i, Gp =
J, B = e); and similarly denote by Y;j. the count of cases whose genotypes are (G4 = 1,Gp = j, E =
e),i,j,e = 0,1,2. The test statistics can be built based on two column vectors X and Y, where X
includes all Xjj. except X0, and Y includes all Y;;. except Ya29 to remove the redundancy.

In the general population, denote the joint genotype probabilities for markers A and B and envi-
ronmental factor £ by Pj;e = P(G4 = i,Gp = j,E = e). In the disease population, denote the joint
conditional genotype probabilities by Q;;e = P(Ga = i,Gp = j, E = e|D = 1). Let us denote column
vector P which includes all Pjj. except Pa, and we denote column vector ) which includes all @;je

X ) follows a multinomial distribution (M ,( P >),
X222 Paas

Y ) follows a multinomial (N ,( @ )) distribution. The mean
Y22 (222

vector of X = X/M is P, and the mean vector of Y = Y/N is @, respectively. The variance-covariance

except (Jooo. The column counting vector (

and the column counting vector (

matrix of X is MY, and the variance-covariance matrix of Y is NXp, where ¥ = diag (P) — PP7
and Xp = diag (Q) — QQ7. Assume that the sample sizes M and N are large enough that the large
sample theory applies. By the multivariate central limit theorem of large sample theory, v M {Y — P]
tends to a multivariate normal distribution with a zero mean vector and variance-covariance matrix
>, and VN [7 — Q} tends also to a multivariate normal distribution with a zero mean vector and
variance-covariance matrix X p (Lehmann 19833, Theorem 5.1.8, p343).

Denote P;.. = E?:o Zgzo Pije, Pj. = Z?:o 2320 Pije, P.c = Z?:o E?:o Pje; similarly, we may define
Qi.., Q5. and Q... Now, let us define

Qije
QiQsQ
Let f = TCI(A,B,E) = Y7, Z?:o S22 o fije and g = TCI(A, B,E|D) = ?ZOZ 022 Gije- Then,

-Pz”e
fije = Pyelog—=——— giic = Qijelog
J J Pzpjpe J J

the total correlation information gain can be expressed as

TCIG(ABE | D) = Z Z > Gije =202 fije:

For functions f and g, denote their partial derivatives as g%, and dg which are column vectors. The
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elements of g—}é and g—é’? are given in the Supplementary Materials Appendix A as

OF  _ yog B g, P
I Pije & P..P;P. 8 Py Py Py’
dg Qije Q222
= lo J —lo . 16
0Qije g QiQj.Q.c & Q2..Q.2.Q.2 (16)

Denote A = [ZE]"S0L /M + [5517%p 05 /N.
To build a 3-way interaction information gain based test statistic, let us denote P;;. = Zz:o Pije, Pje =

0 Pije, Pie = ] o Pije; similarly, we may define @Q);;., Q.je and Q... Now, let us define

-Pije-Pi--Pj~P~~e
Pij~-P-je-Pi-e ’

QijeQi.Q.5.Q..c
Qij-Q~jeQi~e ’

Let h = I(A,B,E) = X7, Z?:o >2 ohije and ¢ = I(A,B,E|D) = Y7, Z?:o 2 o lije- Then, the

hz’je = Pl'jelog gije = Qijelog

3-way interaction information gain of markers A and B and environmental factor £ can be expressed

as
2 2 2 2 2 2
IIG(ABE | D) = g—h - ZZZEW —ZZZhije.
i=07=0 0 1=0 j=0e=0
For functions h and ¢, denote their partial derivatives as g—lf; and ‘% which are column vectors. The

elements of g—ll_f, and % are given in the Supplementary Materials Appendix B as

ah P)ijePi~-P.j.P.e PQQQPQ..P.Q.P..Q
= Jog LTl o, |
OPije Pij.PiePje Poy. Py.o Py
66 . QijeQi~~Q~j~Q~e Q222Q2..Q.2.Q..2

(17)

= lo —1lo
9Q1;. & Qi Qe Qe & 02202202

Denote I' = [Z5]"S 08 /M + [55"2p 55 /N.

We denote the estimate of Pj;. as ]%je = X,je/M, and the estimate of Q;je as @z’je = Yjje/N.
Similarly, we denote the estimates of other parameters as P. = E?;o Y2, ]5“6, etc. Then, the estimates
f, g, iL, é, A, and T of f,yg,h, ¢, A, and I can be calculated by ﬁ’ije and Qije, accordingly. The statistical
tests to test the correlations and interactions of markers A and B and environmental factor £ with the

disease can be constructed by

Trcie = (g—f)Q/fX,

Tne = (h—10)>2T. (18)
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The test Trere is based on the total correlation information gain TCIG(ABE | D), and it can be
used to test the 3-way correlations. The test 774, on the other hand, is based on 3-way interaction
information gain II/G(ABE | D), and it can be used to test the 3-way interactions. Under the null
hypothesis that the two markers A and B and the environmental factor F are independent of the disease,
the test statistics Trcre and Trrg are centrally y3-distributed. Under the alternative hypothesis that
the two markers and the environmental factor are not independent of the disease, the test statistics
Trcrg and Trpe are non-centrally y3-distributed with non-centrality parameters Arcre = (g — f)?/A

and A;;¢ = (h — ) /T, respectively.

2.7 Test Statistics Based on the K-Way Interaction Information Gain and
Total Correlation Information Gain

Given a case-control sample with M controls and N cases, we are going to construct test statistics to
test K-way interaction of K attributes Ay, ---, Ag. Hereafter, |5] is the number of elements in a vector

§. Such as 2-way and 3-way cases, let us denote

2 2
TCIG(A‘ D) = g — f = Z e Z [galmaK - fa1~-~aK]7

a1=0 ar=0

Qal---aK
HgC(ﬂlv“aaK) Qs”’

|5]=1
P,

a1--aK

Y
ch(al,---,aK) Pg

I51=1

Jai-axr = Qal---aKlog

farax = Pajay log

where [[sciy, ) Qs = Qayey Q. aye 15 the product of all individual marginal probabilities of
|5]=1
Aq,--+, Ag in the disease population such as those in 2-way and 3-way cases, and [[sc(ay,ax) Py =
|5]=1
P, ...+ P. .. 4. is the product of all individual marginal probabilities of A;,---, Ax in the general

population. For functions f and g, denote their partial derivatives as g—{, and % which are column

vectors. The elements of g—j; and g—% are given as
0 P, . Ps..
7f = lOg LK — log #,
OP,, . .ay Pyoo P Py...---P..o
9] ara
99 log Cor-wax — log (22 : (19)
0Qur—an Qo Qoo 2 Qo Qs
which can be proved along the vein of relation (16) in Supplementary Materials Appendix C. Denote
A = [%]TZ%/M + [%]TZD%/N, where P is a column vector which includes all P,,..., except
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Py 5 and ¥ = diag (P) — PP7, and @ is a column vector which includes all Qg ...q) except @Qa..2 and
Yp = diag (@) — QQ".

Similarly, let us denote

2 2
[IG(A ‘ D) = Z Z al-ag a1 aK]
Qa1 aK " SC(a1>7\':|7aK) . Qs
ay,,a 3lmo =
ealma;{ Qal aK - = 2

J
o) Qs
‘(alv'“vaK)\g‘mod(Q)zl

Pa1~~~aK H §C(ay,ap) P§’

|(a17"'7aK)\§‘mod(2):O

Payay Py, ..ax log iz ,
H §C(ay,ag) s
‘(alv“'vO‘K>\§|mod(2):l
where [(a1, -+, ax) \ Slmodi2y = 0 means that the subset (a;,---,ax) \ § contains an even number of
) ) (2) 9 )
elements, and |(a1, -+, ax ) \S|mod2y = 1 means that the subset (aq, - -, ax)\ 5 contains an odd number of
) ) ) (2) ) )
elements. Moreover, the product [T sc(ay,-ag) (Q)z does not contain Qg ... 4, since §C (a1, -+, ax)
[(a1,a g )\8lmod(2) =0
means that §'is a real subset of (ay,---,ak) [i.e., §# (a1, -, ax)], and so for the other products. For
functions ¢ and h, denote their partial derivatives as g}; and ag which are column vectors. The elements
oh ot .
of 5% and 50 are given as
Pyiag I sc@yagy  Ps Py oIl sce» Ps
oh (@158 \Flymod(2) =0 12,2\ Sl (2) =0
—— = log @ — log & ,
aPal---aK H §C(a1,ak) P§ H §C(2,,2) P§
l(@1s 0 g\ od(2) =1 12,7+ 2)\5 ot (2) =1
0 Qayag [T sc@ay Qs Q221  sce2 7
8 - log I(a1,,a g NG o (2) =0 log 12,2\, 0(2) =0 (20)
_— = - 9
aQal...aK H 5C(ay,ag) Qg‘ H 5C(2,--+,2) s
\(alw“waK)\g\mod(z):l \(27'“»2>\§|m0d(2):1

which can be proved along the vein of relation (17) in Supplementary Materials Appendix C. Denote I' =
[Qn]"S 8% /M + [ 25 ]TZ ot 5g/IN. To test the K-way interactions and correlations between the disease and
the attributes A;,- -+, Ag, the x2-distributed test statistics can be constructed as Trerg = (§— f)2/A

and Ty = (iL — 2)2/f, respectively. Here f, g, h, 0, A and I are estimates of f, g, h,¢, A and .
2.8 Association Test Statistics based on 1-way Entropy Loss

Suppose that one is interested in testing association between an attribute and the disease in a case-
control study. The entropy of the attribute can be used as the basis to construct test statistics. The
attribute here can be a single marker or an environment factor; in addition, if two or more markers are in

strong linkage disequilibrium and their haplotype data are available, one may treat the haplotype data
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as an attribute. For the convenience of presentation, we use marker A as the attribute in the following.
It is well-known that the entropy maximizes when a system reaches it equilibrium state. In one locus
case, an equilibrium state refers to the Hardy-Weinberg equilibrium. In the general population, the
entropy H(A) may reach the maximum since an assumption of Hardy-Weinberg equilibrium is likely
to be true. In the disease population, the assumption of Hardy-Weinberg equilibrium may not be true
and the conditional entropy H(A|D) may decrease. The entropy loss of marker A in the presence of

disease D can be defined as follows:
EL(A| D) = H(A)— H(A|D). (21)

If the disease and marker A are independent, H(A|D) = H(A) and so their difference or entropy loss
EL(A | D) is equal to 0. Hence, we may test the association between marker A and disease by testing
if the difference is zero. Based on this rationale, we may build test statistics for practical application.
In the general population, denote the genotype probabilities for marker A by P, = P(G4 = i); and
in the disease population, denote the conditional genotype probabilities for marker A by Q; = P(G4 =

i|D =1). Let us denote P = (P, P1)7, and Q = (Qo, Q1)". The entropy loss can be expressed as

FL(A|D) = H(A) - HAID) = Y PlogP,— Y Q/los Qs
=0 =0

For entropy functions H(A) and H(A|D), denote their partial derivatives as agl(f nd 8H83‘D) which

(A) 1 PHAID)

are column vectors. It is easy to show that the elements of o are given by

aP 2Q
OH(A)
o log P; — log P,
OH(A|D
)~ l0g @y - log Qe (22

For a case-control design with M controls and N cases, let us denote by X; the count of controls
whose genotypes are (G4 = i); and similarly, denote by Y; the count of cases whose genotypes are
(Ga=1),1,=0,1,2. We denote the estimate of P; as P = X;/M, and the estimate of Q); as Ql =Y;/N.
Then, the estimates H(A),Q, and H(A|D) of H(A),Q, and H(A|D) can be calculated by P, and Q;,

accordingly. Denote 2 = {ag}(DA)rEaH /M + {w} 5 p 2L A|D /N, where ¥ = diag (P) — PP7

and YXp = diag (Q) — QQ7. The entropy loss based statistics to test the dependence of marker A and

the disease can be constructed by
A A 2 A
Tw, = (H(A)—H(AID)) /.
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Under the null hypothesis, Tgy, is centrally y?-distributed. Under the alternative hypothesis, Txy is

non-centrally y2distributed with a non-centrality parameter Ag, = (H(A) — H(A|D))* /<.

3 Results

In this section, we apply the methods to the bladder cancer data of Andrew et al. (2006) to search
for interactions of the disease and the genetic/smoking factors. Then, we investigate the robustness
of the proposed test statistics by type I error rate calculation using the joint genotype frequencies of
the bladder cancer data. We perform power analysis using the analytical non-centrality parameters of

2-way tests under a few interaction models taken from literature. %3

3.1 Application to Bladder Cancer Data

We apply the proposed methods to the bladder cancer data of Andrew et al. (2006),? and the results
are presented in Table 1. The dataset consists of 355 cases and 559 controls, and the genotype data
of 7 SNPs are available, i.e., BER pathway: APE1 148, XRCC1 399, and XRCC1 194; DSB pathway:
XRCC3 241; and NER pathway: XPC PAT, XPD 751, and XPD 312. In addition to the bladder cancer
status, the following information of each individual is also available: gender, age, and smoking variable
Pack_years (e.g., non-smoking, < 35 pack-years, > 35 pack-years).

In the MDR analysis of Andrew et al. (2006),% the combination of XPD 751 and XPD 312 was
the best two-factor model, which was confirmed by the interaction dendrogram and logistic regression
analysis; the three-factor model added Pack-years of smoking to XPD 751 and XPD 312 for the most
accurate model, which however was not confirmed by the interaction dendrogram and logistic regression
analysis (the logistic regression model failed to converge).

For 2-way interaction, we confirm the result of Andrew et al. (2006).? The combination of XPD
751 and XPD 312 is the only significant one by our 2-way mutual information gain test statistic 174
(Tie = 51.62, p-value = 6.75e-13), and none of the rest two-factor combinations provides significant
result by T74. By adding each of the rest 5 SNPs and Pack_years, the 3-way total correlation information
gain test statistic Trorg provides significant result (p-value < 2.67e-9); however, the 3-way interaction
information gain test statistic T7;4 provides significant result for none of the three-factor combinations

of XPD 751 and XPD 312 and one of the rest 5 SNPs and Pack_years (p-value > 0.23).
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The only significant result of 3-way interaction information gain test statistic Tr;¢ at 5% significance
level is from the combination of XRCC1 399, XRCC1 194, XRCC3 241 (Tj;¢ = 4.25, p-value = 0.04).
However, the result is hardly significant under an adjustment of multiple tests such as Bonferroni
procedure. Therefore, there is no 3-way interaction combination based on our analysis. The very
significant results of 3-way total correlation information gain test statistic Trcrg of Table 1 are most

likely due to the 2-way combination of XPD 751 and XPD 312.

3.2 Type I Error Rates

Using the joint SNP genotype frequencies of bladder cancer data,? we perform simulation to evalu-
ate the type I error rates of 2-way information gain based test statistic 77 and 3-way test statistics
Trre and Trerg, and the results are presented in Table 2. Each entry of the empirical type I error
rates in Table 2 is calculated by 100,000 simulations, i.e., we simulate 100,000 random samples of
N = M = 100, 150, 200, 250, 300, 400, 500, 600, 700 cases and controls, respectively. In each sample,
M controls and N cases are generated under multinomial distributions (M, P) and (NN, (Q), respec-
tively. Here P = (@ is the joint genotype frequencies estimated by the bladder cancer data. For
instance, the joint genotype frequencies of the combination of Xpd 751 and Xpd 312 is P = @ =
(156,42, 15,60, 193, 19, 5, 33,36)7 /(156+42+15+60+1934+19+5+33+36) = (156,42, 15,60, 193, 19, 5, 33,
36)7 /559, which is used to generate simulation data to calculate the empirical type I error rates of the
2-way test statistic Tig.

We assume P = () in our simulation to calculate the type I error rates, i.e., the disease status D is
independent of genetic/environmental factors. For each sample, an empirical test value is calculated.
The empirical type I error rates at nominal levels a = 0.01 and a = 0.05 are reported in Table 2, which
are the proportions of the test values of the 100,000 samples that exceed 99-th and 95-th percentiles of
the x2-distribution, respectively. Because the disease status D is independent of genetic/environmental
factors, the empirical type I error rates reported in Table 2 can be thought as false positives.

For each combination of genotype frequencies, 9 empirical type I error rates are calculated for sample
sizes N = M = 100, 150, 200, 250, 300, 400, 500, 600, 700, respectively. We calculate the type I error rates
of 2-way test statistic T7¢ based on the joint SNP genotype frequencies of the combination of Xpd 751

and Xpd 312 of bladder cancer data, which provide the only very significant result of T;s (Table 1).
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For the 3-way test statistic Trora, we add one of the other five SNPs or Pack_years in addition to Xpd
751 and Xpd 312 to calculate the joint SNP genotype frequencies and to calculate the empirical type
[ error rates. This leads to six combinations of three factors/attributes, i.e., Xpd 751 and Xpd 312
plus one SNP or Pack_years. One may want to notice these six combinations provide very significant
results of total correlation between the bladder cancer and the three factors/attributes (Table 1). The
results of Table 2 show that the empirical type I error rates of 2-way test statistic T;¢ and 3-way test
statistic Trc¢ are around the nominal level a = 0.01 or a = 0.05 when the sample sizes M = N > 300.
Therefore, the test statistics T and Treorg are reasonably conservative and robust. The very significant
results of T7¢ and Trorg in Table 1 are most likely from the strong interaction between the bladder
cancer and two SNPs Xpd 751 and Xpd 312.

In our simulation to calculate the entries of Table 2, the null hypothesis of T is that the disease
status D is independent of genetic markers A = Xpd 751 and B = Xpd 312, i.e., Q;; = P(G4a =1,Gp =
Jj|D =1) = P(G4 =1,Gp = j) = P, but the genotype of SNP A is not independent of the genotype
of SNP B. The null hypothesis of Troy is that Qe = P(Ga =i,Gp = j,E =e|D =1) = P(Ga =
i,Gp = j,E = e) = P, i.e., the disease status D is independent of genetic/environmental factors,
but the pair-wise dependence and three-way dependence of genetic/environmental factors are allowed.
Actually, the genotypes of the SNP pair of Xpd 751 and Xpd 312 are strongly dependent of each other
(Pearson x? = 256.83, p-value = 0.0000). In addition, Xpd 751 and Xpd 312 are in strong linkage
disequilibrium.? Therefore, the simulated data are generated under the null hypothesis of either T} or
Treora since the two SNPs, Xpd 751 and Xpd 312, are correlated to each other. The empirical type I
error rates of tests Trg and Trorg reported in Table 2 are around the nominal levels, and the two tests
are reasonably robust.

To calculate the empirical type I error rates of the interaction information gain based test statistic
Tr1c, we screen the three SNP combinations which are significantly correlated to each other. Consider

three SNPs A, B, and C'. By significantly correlated to each other for the three SNPs, we mean all the

four null hypotheses,

H1:P(GA,GB,G0) = P(GA,GB)P(Gc),

HQ . P(GA,GB,Gc) = P(GA)P(GB,GC),
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H3 . P(GA,GB,Gc) = P(GB)P(GA,Gc),

Hy: P(Ga,Gp,Gc) = P(Ga)P(Gp)P(Ge),

all unlikely to be true. We use the Pearson x? test to screen the three SNP combinations. In Table D.1
of the Supplementary Materials Appendix Appendix D , we present these three attribute combinations
of SNPs. Utilizing the joint genotype frequencies of the three SNP combinations in Table D.1 of the
Supplementary Materials, we perform simulation to calculate the empirical type I error rates for the
3-way test statistic T7;q. Since each of the three SNP combinations is selected based on the existence
of significant correlations of the three SNPs, the simulated data are likely to be generated under the
null hypothesis of Tyq, i.e., I(A, B,C|D) = I(A, B,C). The empirical type I error rates of the 3—way
test statistic T7;g reported in Table 2 are generally slight lower than the nominal levels. Hence, the
test Trrq is conservative and robust. Basically, the test T7;¢ is more conservative than the test Trorq
since the test T is constructed to detect the 3-way or higher order interactions and the test Trorq
is constructed to detect the correlations. The existence of 2-way or 3-way interactions implies 3-way
correlations, but 3-way correlations are not necessarily due to 3-way interactions.

In Table E.1 of the Supplementary Materials Appendix E , we present the type I error rates of

1-way entropy loss test statistic Try. The test statistic Ty, is reasonably robust and conservative.

3.3 Power Comparison

After evaluating the robustness of the test statistic T;¢ by type I error rate calculation in subsection
3.2, we perform power calculation for the information gain based test T;¢ and the naive test T. We
mainly concern with the performance of the test statistic Tj¢ when the interaction is nonlinear, and
the main effect may be absent. To achieve the goal, six models of two-locus penetrance functions and
allele frequencies are taken from Moore et al. (2002)3°, Figures 5-10, and the penetrance functions and
allele frequencies are presented in Table 3. Similarly, four models are taken from Ritchie et al. (2003)!2,
Figure 2, and the related parameters are presented in Table 4.

To make a comparison, we calculate the theoretical power curves of both test statistics 77 and T
based on their non-centrality parameters Ar,, and Ay, and the results are plotted in Figures 2 and 3,

respectively. Generally, the power of information gain based test T has similar power as naive test T’
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or higher power than 7". For models 2 and 4-6 in Table 3 and model 1-2 in Table 4, the power curves
of T are higher than that of T'; for other models, the power is similar. Hence, the information gain

based test Tjq is advantageous over the naive test T in terms of power comparison.

4 Discussion

In this paper, we propose information gain based test statistics to detect and to characterize gene-
gene and gene-environment interactions/correlations of complex diseases. For 2-way interaction, an
information gain based approach is proposed using mutual information. The information gain in the
presence of disease is defined as a one-dimensional variable through mutual information and entropy
function of genetic markers, i.e., IG(AB | D) = I(A, B|D) — I(A, B). Based on the one-dimensional
information gain, a test statistic Ty is constructed and is showed to be y3-distributed with 1 degree of
freedom. As equation (14) shows, the information gain based test T7¢ does not involve matrix inverse
calculation which facilitates the implementation in practical applications because it is based on the
normalization of a one-dimensional random variable § — f = I(A, B|D) — I(A, B). On the other hand,
the calculation of the naive test T" involves matrix inverse calculation and it is almost impossible to use
it for sparse data as in our simulation calculation of empirical type I error rates. One way is to calculate
the generalized inverse of matrix to implement the naive test T', and then its degrees of freedom changes
from dataset to dataset. By power comparison, we clearly showed that the naive test 7' does not have
an advantage over the information gain test Tj¢.

In Wu et al. (2009),?® a mutual information based approach was proposed to construct a statistic to
test 2-way gene-environment interaction by using a multi-dimensional vector. Under the null hypothesis
of independence of the genetic marker and the environmental factor, the test statistic was showed to
be a y3-distributed variable with 2 degrees of freedom.?® Some of the theoretical justification in our
discussion such as mutual information is similar to that of Wu et al. (2009).%® However, our way
to construct the test statistic Trg is different. In addition, our test statistic Trg is x3-distributed
with 1 degree of freedom no matter under the null hypothesis of independence of disease status and
genetic/environmental factors or under the alternative hypothesis. Under the null hypothesis, T} is

centrally Y?-distributed; under the alternative hypothesis, the Tyg is non-centrally x?-distributed.
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The methods are generalized to test 3-way or high order K-way interactions and correlations of ge-
netic markers and environmental factors. Two approaches are proposed: (1) an interaction information
gain (IIG) based approach and a total correlation information gain (TCIG) based approach. Such as
the 2-way case, the interaction information gain and total correlation information gain are defined as
one-dimensional variables. The related X%—distributed test statistics T;¢ and Trorq are constructed
to test 3-way or higher order interactions and total correlations, respectively. The test statistic 1T7;q
is based on interaction information gain and it can test 3-way or higher order interactions; the test
statistic Treora, however, is based on total correlation information gain and it can test 3-way or higher
order correlations. One may want to notice that correlation can be treated as the interaction in 2-way
case, but they are not the same for 3-way or high order K-way cases.

The proposed method is applied to bladder cancer data of Andrew et al. (2006).? We are able
to confirm the significant result of 2-way interaction/correlation combination of XPD 751 and XPD
312 in Andrew et al. (2006).? However, we find that there is no significant result of 3-way interac-
tion combinations for the bladder cancer data after adjusting for multiple tests. In the meantime,
significant 3-way correlations are found for the bladder cancer data which are basically from the 2-way
interaction/correlation combination of XPD 751 and XPD 312.

In practice, one may use forward procedure to detect the interactions using test statistics T7¢ and
Trre. That is, one may test 2-way interactions by Tjq first. In the presence of 2-way interactions,
one may search for evidence of 3-way and higher order interactions by Tr;g. If there are multiple
genetic markers, the proposed method can be used to construct genet network to interpret the relation
among the markers and environmental factors with the disease. Our analysis of the bladder cancer
data provides an example of the forward procedure to detect the interactions. Similarly, one may use
test statistics T7q and Trere to detect the correlations, but the high order correlations may be actually
from low order interactions/correlations.

One advantage of the proposed method is that it collapses high-dimensional genetic and environment
data into a single dimension, and this makes it possible to build test statistic for high-dimensional
sparse data to detect and to characterize gene-gene and gene-environment interactions and correlations.

For instance, there are 27 genotype combinations if we consider 3 di-allelic markers. By using 3-way
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interaction information gain and total correlation information gain of the three markers, we may reduce
the 27-dimensional data to be one-dimensional variables to construct the three-way information gain
based test statistics. The principle applies to high order K-way interactions and correlations.

To our knowledge, there is no much research about gene-gene and gene-environment interactions
using entropy-based approaches, although investigators are paying more and more attention to the re-

h. 1819272831 Tt ig a new and an interesting area which deserves more attention and investigation.

searc
In this article, we make no assumption about population history. It is unclear which kind of impact
would appear in the presence of population structure, genotyping error, phenocopy, and genetic het-
erogeneity. It would be interesting and important to systematically investigate the issues in the future
study. So far, we focus on qualitative trait of complex trait, i.e., either with disease or no disease. It
would be interesting to extend the method for quantitative traits. Besides, new methods and models

need to be developed to analyze other data type such as sibling and nuclear family.3%3” These can be

exciting areas for future investigation.

Appendix A  Proof of Relation (13)

A.1 The Subscripts 77 Do Not Contain 2

Notice
9 foo 0 T Poo T FPoo Py Poo
0Py 0Pg LSBT 8 Bp, LT R Pl %¢
Ofor = J _P lo Por_] = —&10 e
9Py 9Py | %y Py | B, 8¢
Of0 = g -P log Pio_] = —ﬂloge
0Py OPy L' 7° PP, P, ’
dfu 0 T Poo ]
8 Poo aPy, | % P P,
In addition, we have
0 fo2 o T Poa 7 [ FPoa POQ]
- Pyl A
9P aPy, | %% B P, RN e
Ofrz = 4 _P lo Pz ] = Elo e
0P 0P U 25 PPy T Py 0
0/ = 0 _P log Pao_] = [PQO — PQO] log e
0Py 0Py | 7° PPy ] P, P, ’
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Ofx 4 {P lo Py } = ﬁlo e.
9 Poo 9Py | 2% By P, B, 8
Moreover, we have
0 fa2 0 Py Py Py Py
- Pyl — 1 14+ -2 1 22| joge.
OPy 0Py { 22108 PJ ¢ P P, [ Tp, TP, 08
Therefore, we have
0 2 2 Oy P, P.
f ZZ f] log 00 —log 22
0Py 25 0Py PP PP
Similarly, we have for 7,5 = 0,1
OF  _ jog L oy P2
oP; gPP S PPy
A.2 The Subscripts 75 Contain One 2
Notice
0foo = 4 -P lo Foo_] = —@lo e
9P 9Py L % By Py P, 8¢
0 for o T Py 7
— Py 1 —
0Py 0Py e R P, T
0o = 4 _P lo Foz_] = @10 e
9Py Py L 2% pp,l T P, BC
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OPn 0Pyl P PP T
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Therefore, we have

of = lo Po lo P
0Py *PPy U PRPy
Similarly, we have for 7,5 = 0,1
of 5 Pao
=1 —1
0Py~ *PPy PPy
: P.

or  _ log —2— —log —22—.
0P, Py.P; Py Py
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Table 1: Results of the 2-way test statistic T and the 3-way test statistics Tj;q and Trerg of the
bladder cancer data of Andrew et al (2006)2. * - the most significant result of Tyg; # - the second most
significant result of Tj¢; T - the only significant result of 3-way interaction information gain test statistic

Tr16 at 5% significance level.

No. of Factors SNPs Test P-value
2-way Xpd_ 751, Xpd_312* Tic =51.62 | 6.75e-13
interaction XRCC1.194, XPC PAT?# Tiq = 2.47 0.12
Xpd.751, Xpd_312, APE1 148 Trorg = 44.54 | 2.49e-11
Triq =0.19 0.66
Xpd_ 751, Xpd_312, XPC PAT Trorg = 43.87 | 3.51e-11
Trig=0.12 0.73
3-way Xpd_ 751, Xpd_312, Pack_years Treorg = 40.93 | 1.58e-10
interaction Trra =0.11 0.74
and Xpd_ 751, Xpd_312, XRCC3_241 Troig = 40.20 | 2.29e-10
3—Way T[[G =0.12 0.73
correlation Xpd_ 751, Xpd_312, XRCC1_.399 Trorg = 39.90 | 2.68e-10
Triq = 1.46 0.23
Xpd_ 751, Xpd_312, XRCC1_.194 Troig = 35.41 | 2.67e-9
Triq = 0.30 0.58
Xpd_ 751, XRCC1_.194, XRCC3_241 Trcig = 5.67 0.02
Tric = 1.80 0.18
XRCC1.399, XRCC1.194, XRCC3.241 | Trorq = 3.67 0.06
Tric = 4.25 0.047
XPC PAT, XRCC1.194, Pack_years Trcig = 3.97 0.05
T =0.21 0.65
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Table 3: Six models of two-locus penetrance functions and allele frequencies taken from Moore et al.

(2002)3°, Figures 5-10.

(a) Model 1, Py = P =0.5

AA
Aa
aa

BB

Bb

bb

0.083

0.076

0.964

0.056

0.508

0.085

0.977

0.098

0.062

(d) Model 4, Py = Pg =0.5

AA
Aa

aa

Table 4: Four models of two-locus penetrance functions and allele frequencies taken from Ritchie et al.

BB

Bb

bb

0.967

0.139

0.799

0.057

0.655

0.627

0.974

0.544

0.019

(2003)'%) Figure 2.

(b) Model 2, P4 = Pz = 0.5

AA
Aa
aa

BB

Bb

bb

0.094

0.905

0.097

0.967

0.097

0.937

0.027

0.990

0.080

(e) Model 5, Py = P =0.5

AA
Aa

aa

BB

Bb

bb

0.017

0.451

0.711

0.520

0.571

0.039

0.640

0.053

0.949

(a) Model 1, Py = Pg = 0.25

(C) Model 3, PA = PB =0.5

AA
Aa
aa

BB

Bb

bb

0.967

0.314

0.137

0.313

0.312

0.742

0.129

0.779

0.075

(f) Model 6, P4 = Pg =0.5

AA
Aa

aa

BB

Bb

bb

0.954

0.256

0.360

0.010

0.731

0.300

0.801

0.093

0.808

(b) Model 2, Py = Pg = 0.25

BB Bb bb
AA | .08 | .07 | .05
Aa | .10 | 0 | .10
aa | .03 ] .10 | .04

(c) Model 3, Py = P =0.1

AA
Aa
aa

BB Bb bb
07 1.05 .02
05 .09 | .01
.02 1.011].03

BB Bb bb
AA| 0 | .01 .09
Aa | .04 | .01 | .08
aa | .07 | .09 | .03

(d) Model 4, Py = Py = 0.1

BB Bb bb
AA | .09 | .001 | .02
Aa | .08 | .07 | .005
aa | .003 | .007 | .02
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a) I-diagram of H(A), H(B), and I(A, B)

~——H(B)
H(A)——
|
I(A, B)
b) I-diagram of H(A), H(B), H(E), and I(A, B, E)
~——H(B)
H(A) ——
HE) I(A, B, E)
¢) I-diagram of H(A), H(B), H(E), and TCI(A, B, E)
~——H(B)
H(A) ——
TCI(A, B, E)

Figure 1: a) The I-diagram of entropies H(A), H(B), and 2-way mutual information (A, B); b) The
I-diagram of entropies H(A), H(B), H(FE), and 3-way interaction information I(A, B, E); ¢) The I-
diagram of entropies H(A), H(B), H(FE), and 3-way total correlation information TCI(A, B, E).
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(a) Power curves of model 1

o
S 4
Q]
o
©
5 c 7 — Power curve of T_IG
2 — - Power curve of T
<) /
e <
3 4
N
o
S ]
° T T T T T T T
20 40 60 80 100 120 140
Sample size M =N
(c) Power curves of model 3
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Figure 2: The power curves of test statistics T;¢ and T

models of Table 3.
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(b) Power curves of model 2
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(d) Power curves of model 4
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(f) Power curves of model 6
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at a significance level o = 0.01 for the six



(a) Power curves of model 1 (b) Power curves of model 2
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Figure 3: The power curves of test statistics Tjg and T at a significance level o = 0.01 for the four
models of Table 4.
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Supplementary Materials

Appendix A Proof of Relations (16)
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A.3 The Subscripts 7je¢ Contain Two 2
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_ PoooPo..Po.P.o Pooo Py Py Py
= log — log
Poo. Po.oPoa Poy. Py.o Py

Similarly, we can show relations (17) when the subscripts ije contain one 2.
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B.3 The Subscripts ije Contain Two 2

Notice

In addition, we have

Oh10o
OPy2
Ohio1
OP12;
Oh1p2
OP12;
Oh110
0P
Ohi11
OP12;
Oh112
OP12;
Oh120
0P
Ohi21
OP12;
Oh12:
OP12;

= log

ahOOO

OPi22
Ohoot
OP12)
Ohooz
OPi29
Oho1o
OPi22
Ohon1
OP122
Oho12
OPi29
Ohoao
OPi22
Ohoa
OPi22
Ohoaz
OPi29

0

0

0

0

0

0

0

0

0
O P22

aP122

aP122 L

6P122 L

OPigs |

aP122 L

6P122 L

aF)122

8P122 L

6P122 L

Piool
9Py | 100 10g

Pio 1
9P | 101 10

Piosl
9Py | 102 10g

Pyl
9Py | 110 log

Pl
9Py | 111 10g

Piis1
0P | 112 10g

Pyl
9Py | 120 log

P 1
9Py | 121 10g

Piay log

P12-P1-2P-22

11

POO()P()..P().P.O_
Pyoo lo = 0,
O T P PooPon
[ Pyo1 Po..Po. P
Pyo1 lo = 0,
O Py Po1 Por |
[ Pypo Py..Po. P
Pz 1 =0
002508 Poo. oo Py | ’
[ Po10Fo.. P1.P.g]
Pyiol =0
0 P PooPre |
[ Poi1 Po. PP
Poiilo = 0, B.7
S T P Por Py | (B1)
[ Py19oFPy..P1.P.oT
Pyial =0
012708 Po1.Py.oPyg | ’
[ Py Fo..Pa. P
Pyoo 1 =0
O Py PooPa |
[ Poo1 Py Pa. Py
Pyor lo = 0,
S P Por Py |
[ Py Py..Py. P51
Pyas 1 = 0.
022708 T PraPas |
PiooP1.Po.P.o]l  Pioo 1
- Og67
Plo.Pl.()P.()() J Pl..
Pio1P..Po.P.1] P 1
- Og 9
PlO-P1~1-P~01 J Pl..
PoaP1..Po.P.5] _ [P102 B P102} 1
Po.PoPg2 | P Py 7
PP P1.P.y] _ Py log
P11~P1~0P~10 i P1.A ’
P P.P1.Pq] P
- fal o A loge, (B.8)
Py PPy | P
P112P1..P.1.-P..2_ - _P112 P112_ 1
——— = = |—/— — —|loge,
P11 PoPys | L P Py
PioggP1. Py Po]l [P0 Prao] 1
—— = = |—=— — —=]loge,
P13 ProPa | L Py Pry. |
P121P1..P.2.-P..1- -P121 P121- 1
e = 25— S loge,
Pio. P11 Poy | L Py ISt
PiyoPy..Py.P.o]
P13 P1oPas |
Pias Py P
+ (14 — — log e,
P Pu  Pal ¢



and

Ohao . 0
OP122 0P |
Ohao o 0
aP122 aP)122 L
Ohag2 . 0
aP122 8P122 L
Ohaig . 0
OP122 0P |
athl o 8
aP122 aPlZQ L
a}1212 - a
aP122 aP122 L
Ohag o 0
aP122 aP122 L
ah221 o a
8P122 aPlQQ L
a}1222 o a
aP122 aP122
= —log

By relations (B.7), (B.8) and (B.9), we have

Similarly, we have

oh
0 Pras

Oh

0Po22
oh

O Pagy
oh

0Py
oh

0P
oh

a]3221

_P200 log Pooo Po..Po.P.y] _ _P200 log
Pyy.Py.gPop | P.. ’
-P log Poo1 P..Po. Pyl P log
201 = —— )
’ PPy Py | P,.
r PogaPy..Py. P57 { Pyyo onz}
Pyyo lo = |——— 4+ —| loge,
2208 Py PyaPoy | Py Pyl ®
_P log PooP2.P1.Po)l P log
210 = ——F )
Py1.Py.yPyo | P..
[ P11 Py PP Pony
Pyl = —=-] B.9
211 108 Por Pyt Pry | Py, oge, ( )
I Po1oP. P1.P.5] [ Poio P57
Pyslo = |———+ —| loge,
2208 T PyaPy | Py Pyl ®
[ PoogPo.. Py Py Py Pao]
Py lo = |—— 4+ ——|loge,
20098 7Dy, PyoPay | Py Pyl ®
[ Pyo1 Py Py P17 Pror Poop]
Py lo = |-———+ = loge,
208 T Py Py | Py Ppl®
Pooo Py Py P57
Pyool
228 TP, Pya Py |
Py Py Ps. P. P. P. P.
22202 Lo bz [_1 _m e Do loge.
Py Py.o Py P.. Py Pao

2 2 2 gy

220 o

i=0 j=0 e=0 0P

1 PragP. Py Py o Pyoo Py Py Py
Py Pr.oPoy Py . Py.o Py

Pogo Po.. Pa. Py

PQQQPQ..PQ.P.Q

log

POQ-PO-QPZQ P22-P2-2P22 ’
Py P Py. Py Pyyy Py Py Py
o PoaPos % PuPraPam
20-42.24.02 22-42.214.22
Py1oP5. PPy Pyyo Py P Py
e =5 P, " p b p.
21-42.24.12 22.42.24.22
PQQOPQ..PQ.P.Q PQQQPQ..P.Q.P..Q
log = h Pa 5 p b op.
22-42.04 .20 22.-42.24.22
Pyo1 Py Py Py Pyyy Py Py Py
log — log
P22~P2~1P~21 P22-P2-2p-22
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Appendix C

Notice
oh B 22: ZZ: Ohay.ax
8P0...0 a1=0 ar—=0 8P0...0
2 2 a

5C(0,-,0) Py
10,00\ 5T et(2)=0

§c(0,---,0) Pg‘
100,00\ 811,04(2) =1

Py, ..ax log

— log

Proof of Relations (19) and (20)

Pal"'aK H §C(a1,-",aK) Pg
|(a11"‘raK)\§‘mod(2):0

H §C(ay,ak) P§

‘(alv"'vaK)\g‘mod(Z):l

Py.o Il

SC(2,,2) Py
|20 2\ (2) =0

§C(2,-++,2) Pg
[(2,2)\81,004(2) =1

H §C(ay,ag) Pé‘

Sy 7
+ Ce Pa a
a1=0 ap =0 ' " aPO"'O
It can be showed that
2 2
0
oY Poaxmo— |log 11
a1=0 ag=0 * aPO"'O §C(ay,ag)

[(ag,,ap)\5|=i

Therefore, we have

1 [(a1,a g )\Flmod(2)=0

0og
H 5C(ay,ap) Pg

‘(alv"'ﬁa‘K>\§|'mod(2):1

§C(ay,Hag) Pg
‘(al""vaK)\gl'mod(m =0

2 2
. P 1
alz::() aKXZ:O " 8P0 0

Thus, the equation (C.1) implies

Pooll  sco0  Ps
oh 10, NSl a2y =0
— log @)
8P0...0 H §C(0,-++,0) P§

10,0\ 0 (2) =1

Similarly, we may show the relations (19) and (20).
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g
H §C(a1,afk) PE’

[(a1,a g)\8lmod(2)=1

11 Ps

§C<¢11:"'a‘IK>
|(”flv"‘vaK)\§‘mod(2):0

log H Py

§C(ay,Hap)
[(ag,a g\l mod(2)=1

PZ---Q H 3C(2,-+,2) Pg‘
1252\ 81004 (2) =0

I[I  sce2 Py

[(25-2)\8l104(2) =1

— log



Appendix D Three SNP Combinations Used to Calculate
the Type I Error Rates of Test Statistic 17;¢

In Table D.1, we present the three SNP combinations used to calculate the empirical type I error rates of
test statistic T7;. The three SNPs in each combination are strongly correlated to each other. Consider
a combination of three SNPs A, B, and C'. By significantly correlated to each other for the three SNPs,

we mean all the four null hypotheses,

H1 IP(GA,GB,Gc) = P(GA,GB)P(Gc),
H2 . P(GA,GB,Gc) = P(GA)P<GB,G0),
H3 . P(GA,GB,Gc) == P(GB)P(GA,Gc),

H,: P(Ga,Gp,Ge) = P(Ga4)P(Gp)P(Ge),

all unlikely to be true. We use the Pearson y? test to screen the three SNP combinations. The empirical

type I error rates are reported in Table 2.
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Appendix E  Extra Type I Error Rates

In Table E.1, we presented the type I error rates of 1-way entropy loss test statistic Tgy. The test was

reasonably robust.

Table E.1: Type I error rates of 1-way test statistic Tz at a nominal level & = 0.01. One di-allelic
marker A is used in the simulation. Each of the entries was based on 100, 000 simulations.

Frequency Sample Sizes M = N
Py 100 150 200 250 300 400 500 600 700
0.1 0.01632 | 0.01428 | 0.01410 | 0.01318 | 0.01271 | 0.01226 | 0.01115 | 0.01124 | 0.01116
0.2 0.01932 | 0.01430 | 0.01280 | 0.01243 | 0.01171 | 0.01137 | 0.01105 | 0.01063 | 0.01073
0.3 0.01479 | 0.01315 | 0.01232 | 0.01083 | 0.01135 | 0.01061 | 0.01007 | 0.01060 | 0.01072
0.4 0.00856 | 0.00797 | 0.00912 | 0.00858 | 0.00963 | 0.00920 | 0.00945 | 0.00967 | 0.00967
0.5 0.00366 | 0.00487 | 0.00609 | 0.00684 | 0.00713 | 0.00765 | 0.00825 | 0.00874 | 0.00853
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