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Abstract In genetics study, the genotypes or phenotypes

can be missing due to various reasons. In this paper, the

impact of missing genotypes is investigated for high res-

olution combined linkage and association mapping of

quantitative trait loci (QTL). We assume that the genotype

data are missing completely at random (MCAR). Two

regression models, ‘‘genotype effect model’’ and ‘‘additive

effect model’’, are proposed to model the association

between the markers and the trait locus. If the marker

genotype is not missing, the model is exactly the same as

those of our previous study, i.e., the number of genotype or

allele is used as weight to model the effect of the genotype

or allele in single marker case. If the marker genotype is

missing, the expected number of genotype or allele is used

as weight to model the effect of the genotype or allele. By

analytical formulae, we show that the ‘‘genotype effect

model’’ can be used to model the additive and dominance

effects simultaneously, and the ‘‘additive effect model’’ can

only be used to model the additive effect. Based on the two

models, F-test statistics are proposed to test association

between the QTL and markers. The non-centrality param-

eter approximations of F-test statistics are derived to

calculate power and to compare power, which show that

the power of the F-tests is reduced due to the missingness.

By simulation study, we show that the two models have

reasonable type I error rates for a dataset of moderate

sample size. However, the type I error rates can be very

slightly inflated if all individuals with missing genotypes

are removed from analysis. Hence, the proposed method

can help to get correct type I error rates although it does not

improve power. As a practical example, the method is

applied to analyze the angiotensin-1 converting enzyme

(ACE) data.

Keywords Missing genotype �
Linkage disequilibrium mapping � QTL

Introduction

In disease gene mapping, linkage analysis and linkage

disequilibrium (LD) mapping or association study can be

carried out. Linkage analysis is based on pedigree data, and

association study can be based on either population data or

pedigree data or combinations of population and pedigree

data. Linkage analysis is robust to population structure, and

is appropriate for low resolution genetic mapping to

localize trait loci to broad chromosome regions within a

few cM. In contrast to linkage analysis, association study

for genetic traits is useful in high resolution genetic map-

ping, i.e., fine disease gene mapping; however, association

study is prone to population structure and the rate of false

positives can be high. In recent years, there has been great

interest in carrying out combined linkage and association

mapping of complex genetic traits (Li et al. 2005; Xiong

and Jin 2000). The combined analysis of linkage and

association can take the advantage of the robustness of
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linkage analysis, and the high resolution of association

study. In addition, it may minimize the limits of each.

For many complex traits, such as diabetes, depression,

alcoholism and hypertension, quantitative phenotypes can

be very informative. Hence, it is of importance to develop

statistical methods for mapping of quantitative trait loci/

locus (QTL). There has been a long history in the research

of linkage mapping of QTL (Almasy and Blangero 1998;

Feingold 2002; Fulker et al. 1995; Goldgar 1990; Haseman

and Elston 1972; Pratt et al. 2000). Moreover, variance

component models have been proposed for combined

linkage and association mapping of QTL (Abecasis et al.

2000a, 2000b; Allison 2001; Almasy et al. 1999; Boer-

winkle et al. 1986; George et al. 1999; Fulker et al. 1999;

Sham et al. 2000).

Based on combinations of population and pedigree data,

we have developed variance component models for com-

bined linkage and association mapping of QTL for

complex diseases (Fan and Jung 2003; Fan et al. 2006,

2005; Fan and Xiong 2003; Jung et al. 2005). However,

there is limited research to investigate the impact of

missing data on our models. In genetics study, the geno-

types or phenotypes can be missing due to various reasons.

It is important to develop models which account for

missing data. In this article, we are going to develop

models which account for missing data, and to investigate

the impact of missing genotypes on combined linkage and

association mapping of QTL. Two regression models,

‘‘genotype effect model’’ and ‘‘additive effect model’’, are

proposed to model the association between the markers and

the trait locus when there are missing genotypes. Based on

the two models, F-test statistics or likelihood ratio test

statistics can be used to test association between the QTL

and markers. We will investigate the impact of missing

data on the models, under an assumption that the genotype

data are missing completely at random (MCAR). Simula-

tion study will be performed to evaluate the robustness of

the proposed models, and to make comparison with models

which exclude the individuals with missing genotypes from

analysis. In addition, the method will be applied to analyze

the angiotensin-1 converting enzyme data (Farrall et al.

1999; Keavney et al. 1998).

Method

Consider a quantitative trait locus Q, which is located at an

autosome. Suppose that there are two alleles Q1 and Q2 at

the trait locus with frequencies q1 and q2, respectively. In a

region of the QTL Q, suppose that one marker or multiple

markers are typed for a sample; and the sample may

include multi-generation pedigrees of any sizes and any

types of relatives, nuclear families, sib-ships and unrelated

individuals. However, the marker information may be

missing for some individuals of the sample at some

markers. That is to say, some genotype information may

not be available for some individuals. In multiple marker

case, the genotypes of an individual may be missing at

some markers and may be available at the other markers. In

this paper, we assume that the genotype data are MCAR

(Little and Rubin 2002), i.e., the missingness does not

depend on the genotype and phenotype data. In the fol-

lowing, we first present the models by one marker, and

extend to use two/multiple markers in analysis.

Log-likelihood and mapping strategy

Log-likelihood

Suppose that the data are composed of a combination of N

unrelated individuals and I independent families. The I

families can be multi-generation pedigrees, nuclear fami-

lies, sib-ships, or their combinations. In the following, we

first define log-likelihood of the data. Let us list the log-

likelihoods of the N individuals by L1,…,LN, and the log-

likelihoods of the I families by LN+1,…,LN+I. The overall

log-likelihood is L ¼
PNþI

i¼1 Li: In the i-th family, let ti be

the total number of individuals who are listed as j = 1,

2,…,ti; each individual j is preceded by all his/her ances-

tors. Let us denote the quantitative traits of i-th family by a

vector yi ¼ ðyi1; yi2; . . .; yiti
Þs: Here, the superscript s

denotes vector/matrix transpose. In addition, assume

that marker genotypes are either available or missing

for a family member. The log-likelihood is defined by

Li ¼ � ti
2

logð2pÞ � 1
2

logjRij � 1
2
ðyi � Xi/ÞsR�1

i ðyi � Xi/Þ;
under the assumption of multi-variate normality. In the log-

likelihood, Ri is the variance–covariance matrix which is

defined in the paragraph below; Xi is a model matrix

defined in Subsections below, and / is a column vector of

regression coefficients related to the model matrix.

Ri is a ti 9 ti matrix defined as

Ri ¼

1 q12 � � � q1ti
q12 1 � � � q2ti

..

. ..
.
� � � ..

.

q1ti q2ti � � � 1

0

B
B
B
@

1

C
C
C
A

r2;

where r2 ¼ r2
g þ r2

Ga þ r2
e ; r2

g is variance explained by the

putative QTL Q, r2
Ga is polygenic additive variance, and r2

e

is error variance. The genetic variance r2
g ¼ r2

ga þ r2
gd is

decomposed into additive and dominance components. As

in the traditional quantitative genetics, let a be the effect of

genotype Q1Q1, d be the effect of genotype Q1Q2, and -a

be the effect of genotype Q2Q2 (Falconer and Mackay

1996). Let aQ = a + (q2-q1)d be the average effect of

gene substitution, and dQ = 2d be the dominance
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deviation. In addition, let l = a(q1-q2) + 2dq1q2 be the

aggregate effect of the QTL on the trait mean in the pop-

ulation. It is well known that the additive variance

r2
ga ¼ 2q1q2a2

Q and the dominance variance r2
gd ¼

ðq1q2Þ2d2
Q: qjk ¼ ðpjkQr2

ga þ DjkQr2
gd þ 2Ujkr2

GaÞ=r2 is

correlation between the j-th individual and the k-th indi-

vidual of the family, where pjkQ is the proportion of alleles

shared identically by descent (IBD) at QTL Q by the j-th

and the k-th individuals, DjkQ is the probability that both

alleles at QTL Q shared by the j-th and the k-th individuals

are IBD, and Ujk is the kinship coefficient of individuals j

and k. pjkQ and DjkQ are usually estimated by marker

information (Amos 1994; Amos and Elston 1989). The

recombination fractions between the genotyped markers

and the unobserved QTL are contained in the estimations

of pjkQ and DjkQ: Hence, linkage information is modeled in

variance–covariance matrix.

For the N unrelated individuals, the log-likelihoods are Li ¼
� 1

2
logð2pr2Þ � 1

2r2 ðyi1 � Xi/Þsðyi1 � Xi/Þ; i ¼ 1; . . .;N:

Here, yi1 is the trait value of the i-th individual. It can be seen

that no linkage information is contained in the log-likeli-

hoods of the N unrelated individuals. The linkage is modeled

solely in variance–covariance matrices of the I families.

Therefore, family data can be used for linkage analysis.

In subsections below, we will show that LD information

is contained in the regression coefficients /. Thus, LD

information is contained in both population data and

family data.

Mapping strategy

The linkage analysis can usually locate the trait locus in a

broad chromosome region within a few cM or even around

15 cM. Linkage analysis is less sensitive to population

structures of subdivisions and admixtures, although its

resolution can be low. In contrast, the LD analysis has an

advantage for high resolution mapping of trait locus, but

can be prone to false positives. In practice, linkage analysis

can be performed as the first step of analysis to obtain

suggestive linkage information. With evidence of sugges-

tive linkage from linkage study, population data and family

data can be combined together for LD analysis for fine

mapping of QTL. Using this strategy to map the trait locus,

one may take advantage of both linkage analysis and LD

mapping, and be more likely to avoid the spurious

association.

Mixed effect models by one marker

In a region of the QTL Q, suppose that one marker A is

typed, which may be di-allelic or multi-allelic. Let us

denote the alleles of marker A by A1,…,Am, where m is the

number of alleles. Suppose that the marker A is in Hardy–

Weinberg equilibrium (HWE). Let the frequency of Ag be

PAg
; g ¼ 1; 2; . . .;m: Consider the j-th pedigree member of

the i-th family with trait value yij and genotype GAij. If the

genotype GAij is not missing, there are JA = m(m + 1)/2

possibilities for GAij, which can be listed as A1A1,…,AmAm,

A1A2,…,A1Am,…,Am-1Am. In practice, the genotype GAij

can be missing. Therefore, the genotype GAij can be one of

the JA genotypes if it is not missing and can be missing. If

GAij is missing, we denote it by GAij = ?; and if GAij is not

missing, we denote it by GAij = ?, i.e., the complementary

set of GAij = ?. Let us denote the probability that the

genotype GAij is missing by eA, i.e., P(GAij = ?) = eA.

Notice that P(GAij = ?) = 1-eA. In addition, let

P(GAij = AgAh|GAij = ?) or P(GAij = AgAh|GAij = ?) be

the conditional probability of genotype AgAh given

GAij = ? or GAij = ?. Since the missing mechanism is

missing completely at random, the probability is

PðGAij ¼ AgAhjGAij ¼ ?Þ ¼ PðGAij ¼ AgAhjGAij 6¼ ?Þ

¼ PðAgAhÞ ¼
P2

Ag
if g ¼ h

2PAg
PAh

if g 6¼ h

(

:

Genotype effect model

For the listed JA genotypes, let b11,…,bmm, b12,…,

b1m,…,bm-1,m be the corresponding effects on quantitative

trait. The ‘‘genotype effect model’’ can be written as

yij ¼ wijcþ
X

1� g� h�m

½1ðGAij¼AgAhÞ

þ PðGAij ¼ AgAhjGAij ¼ ?Þ1ðGAij¼?Þ�bgh þ Hij þ eij

¼ wijcþ
X

1� g� h�m

½1ðGAij¼AgAhÞ þ PðAgAhÞ1ðGAij¼?Þ�bgh

þ Hij þ eij;

ð1Þ

where

1ðGAij¼AgAhÞ ¼
1 if GAij ¼ AgAh

0 else

�

and

1ðGAij¼?Þ ¼
1 if GAij ¼ ?
0 else

�

are indicator functions of genotypes AgAh and (GAij = ?),

wij is a row vector of co-variates such as sex and age, c is

a column vector of regression coefficients of wij, Hij is

polygenic additive effect, and eij is the error term.

Assume that Hij is random normal Nð0;r2
GaÞ; and eij is

normal Nð0; r2
eÞ: In addition, c and bgh are fixed effects.

Hence, model (1) is a mixed effect model (Pinheiro and
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Bates 2000). The contribution of polygenic additive effect

to the variance–covariance matrix Ri is from the terms

which contain r2
Ga:

Now let us show that model (1) extends the ‘‘genotype

effect model’’ in Fan et al. (2006). If the genotype is not

missing and GAij = AgAh, the model (1) becomes yij =

wijc + bgh + Hij + eij, which is similar to ‘‘genotype

effect model’’ (1), Fan et al. (2006). Note that the poly-

genic additive effect Hij is not modeled in Fan et al. (2006).

Since only population data are used in Fan et al. (2006),

polygenic effect is not modeled to avoid redundancy and

the models therein are fixed effect models. In the current

paper, the polygenic effect is modeled as a random effect

and so the models are mixed effect models. Since we use

both population data and family data, the polygenic addi-

tive effect is assumed to be estimable.

If GAij = ? is missing, the model (1) is yij ¼ wijcþP
1� g� h�m PðAgAhÞbgh þ Hij þ eij; which uses the con-

ditional probability P(GAij = AgAh|GAij = ?) = P(AgAh) as

the weight to model the effect bgh of genotype AgAh. Let us

denote

x
ðghÞ
Aij ¼ 1ðGAij¼AgAhÞ þ PðAgAhÞ1ðGAij¼?Þ; ð2Þ

which can be thought as the expected number of genotype

AgAh given observed genotype GAij at marker A. The

‘‘genotype effect model’’ (1) can be re-written as yij ¼
wijcþ

P
1� g� h�m x

ðghÞ
Aij bgh þ Hij þ eij: Here, we add the

polygenic effect to the model proposed in Fan et al. (2006).

Based on ‘‘genotype effect model’’ (1), we may get the

model matrix Xi and regression coefficient vector /
as follows: / ¼ ðcs; b11; . . .; bmm; b12; . . .;b1m; . . .; bm�1;mÞs

and Xi ¼ ðXAi1; . . .;XAitiÞ
s; where XAij ¼ ðwij; x

ð11Þ
Aij ; . . .;

x
ðmmÞ
Aij ; x

ð12Þ
Aij ; . . .; x

ð1mÞ
Aij ; . . .; x

ðm�1;mÞ
Aij Þs; j ¼ 1; 2; . . .; ti:

Additive effect model

Assume that the genetic effect is additive, i.e., bgh =

ag + ah, where ag is effect of allele Ag. Then model (1)

becomes an ‘‘additive effect model’’, which can be written as

yij ¼ wijcþ
X

1� g� h�m

½1ðGAij¼AgAhÞ þ PðAgAhÞ1ðGAij¼?Þ�ðag

þ ahÞ þ Hij þ eij:

ð3Þ

If the genotype is not missing and GAij = AgAh, the

model (3) becomes yij = wijc + ag + ah + Hij + eij,

which is similar to ‘‘additive effect model’’, Fan et al.

(2006). Therefore, model (3) extends the ‘‘additive effect

model’’, Fan et al. (2006). If GAij = ? is missing, the

model (3) is

yij ¼ wijcþ
X

1� g� h�m

PðAgAhÞðag þ ahÞ þ Hij þ eij

¼ wijcþ
Xm

g¼1

PAg
ag þ

Xm

h¼1

PAh
ah þ Hij þ eij

¼ wijcþ
Xm

g¼1

2PAg
ag þ Hij þ eij:

Note that 2 PAg = 2P(GAij = AgAg|GAij = ?) +
P

h=gP

(GAij = AgAh| GAij = ?) is the expected number of alleles

Ag given GAij = ?, which is the weight to model the effect

ag of allele Ag. Let us denote

x
ðgÞ
Aij ¼ 2 � 1ðGAij¼AgAgÞ þ

X

h 6¼g

1ðGAij¼AgAhÞ þ 2PAg
1ðGAij¼?Þ; ð4Þ

which is the expected number of alleles Ag given observed

genotype GAij at marker A. From the discussion above, we

may re-write the ‘‘additive effect model’’ (3) as yij ¼
wijcþ

Pm
g¼1 x

ðgÞ
Aijag þ Hij þ eij: Again, we add the poly-

genic effect to the model proposed in Fan et al. (2006).

Based on the ‘‘additive effect model’’ (3), we may get the

model matrix Xi and regression coefficient vector / as

follows: / ¼ ðcs; a1; . . .; amÞs and Xi ¼ ðZAi1; . . .; ZAitiÞ
s;

where ZAij ¼ ðwij; x
ð1Þ
Aij ; . . .; x

ðmÞ
Aij Þ

s; j ¼ 1; 2; . . .; ti:

Property of model coefficients

For g = 1,2,…,m, let us denote DAgQ ¼ PðQ1AgÞ � q1PAg
,

which are measures of LD between QTL Q and marker A.

Here, P(Q1Ag) is the frequency of haplotype Q1Ag. In

Appendix A, the regression coefficients of ‘‘genotype

effect model’’ (1) are calculated as

bgh ¼ lþ aQ½DAgQ=PAg
þ DAhQ=PAh

�
� dQDAgQDAhQ=½PAg

PAh
�: ð5Þ

In Appendix B, we show that the regression coefficients of

‘‘additive effect model’’ (3) are given by

ag ¼ l=2þ aQDAgQ=PAg
: ð6Þ

Notice that relations (5) and (6) are exactly the same as

those of Fan et al. (2006). Assume that the additive effect

is significantly present, but the dominance effect is not

significantly present, i.e., aQ = 0 but dQ = 0. To test

association between the marker A and the QTL Q, one may

test hypotheses Ha0 : a1 ¼ � � � ¼ am versus Ha1: at least

two ag’s are not equal. On the other hand, assume that both

additive and dominance effects are significantly present at

the putative QTL Q, i.e., aQ = 0 and dQ = 0. To test

association between the marker A and the QTL Q, one

may test hypotheses Had0 : b11 ¼ � � � ¼ bmm ¼ b12 ¼ � � � ¼
b1m ¼ � � � ¼ bm�1;m versus Had1: at least two bgh are not

equal. One may test Ha0 and Had0 by likelihood ratio test
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v2-statistics. In the following, we will introduce F-test

statistics and the related properties. By large sample theory,

the F-test statistics and the likelihood ratio test statistics are

close to each other (Graybill, 1976, pp. 187–188).

F-tests and non-centrality parameter approximations

Assume that there are no covariates. Let us denote X ¼
ðXs

1; . . .;Xs
N ;X

s
Nþ1; . . .;Xs

NþIÞ
s; Y ¼ ðy11; . . .; yN1; y

s
Nþ1; . . .;

ys
NþIÞ

s; H ¼ ðH11; . . .;HN1;H
s
Nþ1; . . .;Hs

NþIÞ
s; and e ¼

ðe11; . . .; eN1; e
s
Nþ1; . . .; es

NþIÞ
s: Here, Hi ¼ ðHi1; . . .;HitiÞ

s

and ei ¼ ðei1; . . .; eiti
Þs; i ¼ N þ 1; . . .;N þ I: Then ‘‘geno-

type effect model’’ (1) or ‘‘additive effect model’’ (3) can

be expressed as Y = X/ + H + e. Let R̂i and /̂ be the

maximum likelihood estimations of Ri and /. By standard

regression theory, the coefficients can be estimated by

/̂ ¼ ½
PNþI

i¼1 Xs
i R̂
�1

i Xi��1PNþI
i¼1 Xs

i R̂
�1

i yi:

For the ‘‘genotype effect model’’ (1), denote regression

coefficient vector g ¼ ðb11; . . .; bmm; b12; . . .; b1m; . . .;

bm�1;mÞs: Let us define a (JA-1) 9 JA matrix by

T ¼

1 �1 0 0 � � � 0 0 0

1 0 �1 0 � � � 0 0 0

1 0 0 �1 � � � 0 0 0

..

. ..
. ..

. ..
.
� � � ..

. ..
. ..

.

1 0 0 0 � � � 0 �1 0

1 0 0 0 � � � 0 0 �1

0

B
B
B
B
B
B
@

1

C
C
C
C
C
C
A

ðJA�1Þ�JA

:

Then, ðTgÞs ¼ ðb11 � b22; . . .;b11 � bmm; b11 � b12; . . .;

b11 � b1m; . . .; b11 � bm�1;mÞ: Hence, the hypothesis Had0

is equivalent to Tg = (0,…,0)s. By Graybill (1976),

Chapter 6, the test statistic of a hypothesis Had0 is non-

central FðJA � 1;
PNþI

i¼1 ti � JAÞ defined by

Fm;ad ¼
ðT ĝÞs½TðXsR̂

�1
XÞ�1Ts��1ðT ĝÞ

Ys½R̂�1 � R̂
�1

XðXsR̂
�1

XÞ�1XsR̂
�1�Y

PNþI
i¼1 ti � JA

JA � 1
;

where R = diag(R1,…,RN+I) is the overall variance–covari-

ance matrix with matrices Ri on the diagonal, and R̂ is its

maximum likelihood estimation. The non-centrality parameter

of above F-statistic is km;ad ¼ ðTgÞs½TðXsR�1XÞ�1Ts��1

ðTgÞ ¼ ðTgÞs½Tð
PNþI

i¼1 Xs
i R
�1
i XiÞ�1Ts��1ðTgÞ:

Assume that the dataset is a population sample, i.e.,

I = 0. Under the assumption of large sample size N, we

show in Appendix C the following approximation

km;ad �
Nð1� eAÞ

r2
r2

gaR2
AQ þ r2

gdR4
AQ

h i
; ð7Þ

where R2
AQ is a general measure of the degree of LD

between marker A and the QTL Q defined by R2
AQ ¼Pm

g¼1

P2
s¼1 ½PðQsAgÞ � PAg

qs�2=½PAg
qs� (Hedrick 1987;

Sham et al. 2000). Notice that R2
AQ is the v2 statistic of the

m 9 2 table of haplotype frequencies of the marker A and

trait locus Q. Approximation (7) shows that the non-cen-

trality parameter km,ad is reduced by a factor of 1 - eA. If

there is no missing genotype data, i.e., eA = 0, approxi-

mation (7) is exactly the same as that of the ‘‘genotype

effect model’’ in Fan et al. (2006). In the presence of

missing data, the model developed extends our previous

work. In addition, km,ad is reduced by a factor of R2
AQ for

additive variance r2
ga and a factor of R4

AQ for dominance

variance r2
gd:

For the ‘‘additive effect model’’ (3), denote w ¼
ða1; . . .; amÞs: Let K be a (m-1) 9 m matrix defined by

K ¼

1 �1 0 0 � � � 0 0 0

1 0 �1 0 � � � 0 0 0

1 0 0 �1 � � � 0 0 0

..

. ..
. ..

. ..
.
� � � ..

. ..
. ..

.

1 0 0 0 � � � 0 �1 0

1 0 0 0 � � � 0 0 �1

0

B
B
B
B
B
B
@

1

C
C
C
C
C
C
A

ðm�1Þ�m

:

Then, (Kw)s = (a1-a2,…,a1-am). Hence, the hypothesis

Ha0 is equivalent to Kw = (0,…,0)s. By Graybill (1976),

Chapter 6, the test statistic of the hypothesis Ha0 is

non-central Fðm� 1;
PNþI

i¼1 ti � mÞ defined by

Fm;a ¼
ðKŵÞs½KðXsR̂

�1
XÞ�1Ks��1ðKŵÞ

Ys½R̂�1 � R̂
�1

XðXsR̂
�1

XÞ�1XsR̂
�1�Y

PNþI
i¼1 ti � m

m� 1
:

Here, the model matrix X is built from the ‘‘additive effect

model’’ (3). The non-centrality parameter of above

F-statistic is km;a ¼ ðKwÞs½KðXsR�1XÞ�1Ks��1ðKwÞ:
Assume that the dataset is a population sample, i.e.,

I = 0. Under an assumption of large sample size N, we

show in Appendix D the following approximation

km;a ¼
1

r2
ðKwÞs KðXsXÞ�1Ks

h i�1

ðKwÞ

�
Nð1� eAÞr2

ga

r2
R2

AQ: ð8Þ

Again, the approximation (8) shows that the non-centrality

parameter km,a is reduced by a factor of 1 - eA. If there is

no missing genotype data, i.e., eA = 0, approximation (8) is

exactly the same as that of the ‘‘additive effect model’’ in

Fan et al. (2006). Besides, km,a is reduced by a factor of

R2
AQ for additive variance. The dominance variance is not

present in km,a.

Mixed effect models by two markers

In addition to marker A, assume that a second marker B is

typed, which has n alleles denoted by B1,…,Bn. Suppose

that the marker B is also in HWE. Let the frequency of allele

Bk be PBk
; k ¼ 1; 2; . . .; n: There are JB = n(n + 1)/2
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possible genotypes, which can be listed as B1B1,…,BnBn,

B1B2,…, B1Bn,…, Bn-1Bn. Let yij be the trait value of the

j-th pedigree member of the i-th family with genotype GAij

at marker A and genotype GBij at marker B. Such as GAij

discussed above, GBij can be missing. If GBij is missing, we

denote it as GBij = ?; and if GBij is not missing, we denote it

by GBij = ?. Let us denote the probability that the genotype

GBij is missing by eB, i.e., P(GBij = ?) = eB. Notice that

P(GBij = ?) = 1 - eB. In addition, let P(GBij = BkBl|

GBij = ?) or P(GBij = BkBl|GBij = ?) be the conditional

probability of genotype BkBl given GBij = ? or GBij = ?.

Since the missing mechanism is MCAR, the probability

PðGBij ¼ BkBljGBij ¼ ?Þ ¼ PðGBij ¼ BkBljGBij 6¼ ?Þ

¼ PðBkBlÞ ¼
P2

Bk
if k ¼ l

2PBk
PBl

if k 6¼ l

�

:

Such as relations (4) to define x
ðgÞ
Aij ; let us denote the

expected number of alleles Bk given the observed genotype

GBij at marker B

x
ðkÞ
Bij ¼ 2 � 1ðGBij¼BkBkÞ þ

X

l 6¼k

1ðGBij¼BkBlÞ þ 2PBk
1ðGBij¼?Þ: ð9Þ

The ‘‘additive effect model’’ (13) of Fan et al. (2006) can

be extended to

yij ¼ wijcþ aþ
Xm�1

g¼1

x
ðgÞ
AijaAgþ

Xn�1

k¼1

x
ðkÞ
BijaBk þHijþ eij; ð10Þ

where wij and c are the same as those in model (1), and

a,aAg, and aBk are regression coefficients. To understand

that model (10) extends model (13) of Fan et al. (2006),

consider four possible cases as follows:

Case 1: both the genotypes GAij and GBij are not missing,

the model (10) is similar to (13) of Fan et al. (2006). In the

model (10), we model the polygenic effect, which is not

modeled in Fan et al. (2006).

Case 2: both the genotypes GAij = ? and GBij = ? are

missing, the model (10) becomes

yij ¼ wijcþ aþ 2
Xm�1

g¼1

PAg
aAg þ 2

Xn�1

k¼1

PBk
aBk þ Hij þ eij:

Case 3: the genotype GAij is not missing and the

genotype GBij is missing, the model (10) becomes

yij ¼ wijcþ aþ
Xm�1

g¼1

2 � 1ðGAij¼AgAgÞ þ
X

h6¼g

1ðGAij¼AgAhÞ

" #

aAg

þ 2
Xn�1

k¼1

PBk
aBk þ Hij þ eij:

Case 4: the genotype GAij is missing and the genotype

GBij is not missing, the model (10) becomes

yij ¼ wijcþ aþ 2
Xm�1

g¼1

PAg
aAg

þ
Xn�1

k¼1

2 � 1ðGBij¼BkBkÞ þ
X

l 6¼k

1ðGBij¼BkBlÞ

" #

aBk þ Hij

þ eij:

To extend the ‘‘genotype effect model’’ (14) of Fan

et al. (2006), let us denote

z
ðghÞ
Aij ¼�P2

Ah
1ðGAij¼AgAgÞþPAg

PAh
1ðGAij¼AgAhÞ�P2

Ag
1ðGAij¼AhAhÞ;

z
ðklÞ
Bij ¼�P2

Bl
1ðGBij¼BkBkÞþPBk

PBl
1ðGBij¼BkBlÞ�P2

Bk
1ðGBij¼BlBlÞ:

ð11Þ

If the genotypes GAij and GBij are not missing, the variables

x
ðgÞ
Aij ;x

ðkÞ
Bij ;z

ðghÞ
Aij and z

ðklÞ
Bij are the same as those defined in Fan

et al. (2006). If the genotype GAij or GBij is missing, x
ðgÞ
Aij or

x
ðkÞ
Bij is simply the expected number 2PAg

or 2PBk
of alleles

Ag or Bk, and z
ðghÞ
Aij or z

ðklÞ
Bij is 0. The reason that z

ðghÞ
Aij is 0 on

GAij = ? is as follows: �P2
Ah

PðGAij¼AgAgjGAij¼?Þþ
PAg

PAh
PðGAij¼AgAhjGAij¼?Þ�P2

Ag
PðGAij¼AhAhjGAij ¼

?Þ¼0; the same reasoning applies to z
ðklÞ
Bij : The ‘‘genotype

effect model’’ (14) of Fan et al. (2006) can be extended to

yij ¼ wijcþ aþ
Xm�1

g¼1

x
ðgÞ
AijaAg þ

Xn�1

k¼1

x
ðkÞ
BijaBk

þ
X

1� g\h�m

z
ðghÞ
Aij dAgh þ

X

1� k\l� n

z
ðklÞ
Bij dBkl þ Hij þ eij;

ð12Þ

where dAgh and dBkl are regression coefficients of variables

z
ðghÞ
Aij and z

ðklÞ
Bij ; respectively; other terms are the same as

those of model (10). It can be shown that model (12)

extends model (14) of Fan et al. (2006).

Denote XAij ¼ ðxð1ÞAij ; . . .; x
ðm�1Þ
Aij Þs; XBij ¼ ðxð1ÞBij ; . . .;

x
ðn�1Þ
Bij Þ

s; and X
ðijÞ
A[B ¼ ðXs

Aij;X
s
BijÞ

s: Let us denote the additive

variance–covariance matrix of the indicator variables

x
ðgÞ
Aij ; x

ðkÞ
Bij by VA ¼ CovðXðijÞA[B;X

ðijÞ
A[BÞ ¼ EðXðijÞA[BðX

ðijÞ
A[BÞ

sÞ �
EX
ðijÞ
A[BEðXðijÞA[BÞ

s: Similarly, let ZAij ¼ ðzð12Þ
Aij ; . . .; z

ð1mÞ
Aij ; z

ð23Þ
Aij ;

. . .; z
ð2mÞ
Aij ; . . .; z

ðm�1;mÞ
Aij Þs; ZBij ¼ ðzð12Þ

Bij ; . . .; z
ð1nÞ
Bij ; z

ð23Þ
Bij ; . . .;

z
ð2nÞ
Bij ; . . .; z

ðn�1;nÞ
Bij Þs; and Z

ðijÞ
A[B ¼ ðZs

Aij; Z
s
BijÞ

s: Let us denote

the dominance variance–covariance matrix of the indicator

variables z
ðghÞ
Aij ; z

ðklÞ
Bij by VD ¼ CovðZðijÞA[B; Z

ðijÞ
A[BÞ: The elements

of matrices VA and VD are provided in Appendix E.

For k = 1, 2,…, n, let us denote DBkQ ¼ PðQ1BkÞ
�q1PBk

; which are measures of LD between QTL Q and

marker B. Here, P(Q1Bk) is the frequency of haplotype

Q1Bk. In Appendix E, we show that the regression coeffi-

cients of models (10) and (12) are
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aA1

..

.

aAðm�1Þ

aB1

..

.

aBðn�1Þ

0

B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
A

¼ðVA=2Þ�1

DA1Qð1�eAÞ

..

.

DAm�1Qð1�eAÞ
DB1Qð1�eBÞ

..

.

DBn�1Qð1�eBÞ

0

B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
A

aQ;

dA12

..

.

dAðm�1Þm

dB12

..

.

dBðn�1Þn

0

B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
A

¼V�1
D

½PA2
DA1Q�PA1

DA2Q�2ð1�eAÞ

..

.

½PAm�1
DAmQ�PAm

DAm�1Q�2ð1�eAÞ
½PB2

DB1Q�PB1
DB2Q�2ð1�eBÞ

..

.

½PBn�1
DBnQ�PBn

DBn�1Q�2ð1�eBÞ

0

B
B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
C
A

dQ:

ð13Þ

Equations (13) show that the parameters of LD (i.e., DAgQ and

DBkQ) and gene effects (i.e., aQ and dQ) are contained in the

regression coefficients. Models (10) and (12) simultaneously

take care of the LD and the effects of the putative trait locus

Q. The gene substitution effect aQ is contained only in aAg,

aBk; and the dominance effect dQ is contained only in dAgh,

dBkl. Therefore, VA is called an additive variance–covariance

matrix; and VD is called a dominance variance–covariance

matrix. The model (12) orthogonally decomposes genetic

effect into summation of additive and dominance effects.

Based on equations (13), we may use models (10) and

(12) to test the association between the trait locus Q and

the two markers A and B. Assume that the additive

genetic effect is significantly present, but the dominance

genetic effect is not significantly present, i.e., aQ = 0 but

dQ = 0. To test association between the markers A & B

and the QTL Q, one may test hypotheses HABa0 : aA1 ¼
� � � ¼ aAðm�1Þ ¼ aB1 ¼ � � � ¼ aBðn�1Þ ¼ 0 versus HABa1: at

least one aAg, aBk’s is not equal to 0. On the other hand,

assume that both additive and dominance genetic effects

are significantly present at the putative QTL Q, i.e.,

aQ = 0 and dQ = 0. To test association between the

markers A & B and the QTL Q, one may test hypotheses

HABad0 : aA1 ¼ � � � ¼ aAðm�1Þ ¼ aB1 ¼ � � � ¼ aBðn�1Þ ¼ dA12

¼ � � � ¼ dA1m ¼ � � � ¼ dAðm�1Þm ¼ dB12 ¼ � � � ¼ dB1n ¼ � � �
¼ dBðn�1Þn ¼ 0 versus HABad1: at least one aAg, aBk, dAgh,

dBkl is not equal to 0. Again, one may test HABa0 and

HABad0 by likelihood ratio test v2-statistics. We will

introduce F-tests in the following.

Regression models and F-tests

Based on regression (12), one may construct an F-test

statistic FAB, ad to test the null hypothesis HABad0 in the

same way to construct Fm,ad or Fm,a (Graybill 1976,

Chapter 6). Under the null hypothesis of HABad0, FAB,ad is

central FðJA þ JB � 2;
PNþI

i¼1 ti � JA � JB þ 1Þ: Similarly,

one may construct an F-test statistic FAB,a to test the null

hypothesis HABa0 based on the ‘‘additive effect model’’

(10). Under the null hypothesis of HABa0, FAB,a is central

Fðmþ n� 2;
PNþI

i¼1 ti � m� nþ 1Þ:

Population sample and non-centrality parameter

approximations

Assume that there are no covariates, and the dataset is a

population sample, i.e., I = 0. Suppose the sample size

N is large enough that the large sample theory applies.

Denote DAQ ¼ ðDA1Q; . . .;DAm�1QÞs and DBQ ¼ ðDB1Q; . . .;

DBn�1QÞs; DAQ ¼ ½PA2
DA1Q � PA1

DA2Q�2; . . .; ½PAm�1
DAmQ

�

�PAm
DAm�1Q�2Þs and DBQ ¼ ½PB2

DB1Q � PB1
DB2Q�2; � � � ;

�

½PBn�1
DBnQ � PBn

DBn�1Q�2Þs: Under the alternative

hypothesis of HABad1, FAB,ad is non-central F(JA + JB - 2,

N - JA - JB + 1), and it can be shown that the corre-

sponding non-centrality parameter is approximated by

kABad �
N

r2

�

Ds
AQð1� eAÞ;Ds

BQð1� eBÞ
� �

� ðVA=2Þ�1
DAQð1� eAÞ

DBQð1� eBÞ

 !

r2
ga=ðq1q2Þ:

þ Ds
AQð1� eAÞ;Ds

BQð1� eBÞ
� �

V�1
D

�
DAQð1� eAÞ

DBQð1� eBÞ

 !

r2
gd=ðq2

1q2
2Þ
�

:

Under the null hypothesis of HABa0, FAB,a is central

F(m + n - 2, N - n - m + 1). Under the alternative

hypothesis of HABa1, FAB,a is non-central F(m + n - 2,

N - m - n + 1), and it can be shown that the

corresponding non-centrality parameter is approximated by

kABa �
N

r2
Ds

AQð1� eAÞ;Ds
BQð1� eBÞ

� �
ðVA=2Þ�1

�
DAQð1� eAÞ
DBQð1� eBÞ

 !

r2
ga=ðq1q2Þ:

Pedigree sample and non-centrality parameter

approximations

Consider pedigree data, and assume that there are no

covariates. For a relative pair (1,2) of individuals 1 and 2

who are non-inbred relatives, Table 1 gives the conditional

probability P(G1,G2|C) given their allele IBD sharing sta-

tus. Here, Gj is genotype of individual j, and C is one event

of (IBD = k), k = 0,1,2. For example, PðAgAg;AgAgj
IBD ¼ 0Þ ¼ P4

Ag
; PðAgAg;AgAhjIBD ¼ 0Þ ¼ 2P3

Ag
PAh

and
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PðAgAg;AhAhjIBD ¼ 0Þ ¼ P2
Ag

P2
Ah
:Utilizing the conditional

probabilities of Table 1, the conditional covariances of

variables x
ðgÞ
Aij ; x

ðkÞ
Bij ; z

ðghÞ
Aij and z

ðklÞ
Bij of a relative pair (1,2) can be

calculated and the results are listed in Table 2. Given

(IBD=0), the covariances are 0 since the two variables are

independent and so unrelated (for instance, CovðxðgÞAi1; x
ðgÞ
Ai2j

IBD ¼ 0Þ ¼ 0Þ: Other entries of Table 2 can be calculated,

accordingly. Based on Table 2, it can be seen that

CovðXði1ÞA[B;X
ði2Þ
A[BjIBD ¼ 0Þ ¼ CovðZði1ÞA[B; Z

ði2Þ
A[Bj IBD ¼ 0Þ ¼

0 and CovðXði1ÞA[B; Z
ði2Þ
A[BjIBD ¼ kÞ ¼ 0; k ¼ 0; 1; 2: In addi-

tion, we have

CovðXði1ÞA[B;X
ði2Þ
A[BjIBD ¼ 1Þ ¼ 1

2
CovðXði1ÞA[B;X

ði2Þ
A[BjIBD ¼ 2Þ;

CovðZði1ÞA[B; Z
ði2Þ
A[BjIBD ¼ 1Þ ¼ 0:

Let U12 be their kinship coefficient of individuals 1 and 2,

and D712 be the probability that both alleles shared by the

two individuals 1 and 2 are IBD at any locus (Lange 2002).

Then it can be shown that the covariance matrix of variable

vectors X
ði1Þ
A[B and Z

ði2Þ
A[B is a zero matrix, and

CovðXði1ÞA[B;X
ði2Þ
A[BÞ ¼ 2U12CovðXði1ÞA[B;X

ði2Þ
A[BjIBD ¼ 2Þ

¼ 2U12VA2;

CovðZði1ÞA[B; Z
ði2Þ
A[BÞ ¼ D712CovðZði1ÞA[B; Z

ði2Þ
A[BjIBD ¼ 2Þ

¼ D712VD2; ð14Þ

where the elements of VA2 ¼ CovðXði1ÞA[B;X
ði2Þ
A[BjIBD ¼ 2Þ

and VD2 ¼ CovðZði1ÞA[B; Z
ði2Þ
A[BjIBD ¼ 2Þ are given by the

entries of the last column of Table 2.

Nuclear family data. Consider I families each has both

parents and s offspring. The total number of individuals is

I(s + 2). Let us list the s + 2 individuals of each family as

j = 1, 2, 3, … ,s + 2, where individual 1 is the father

and individual 2 is the mother, and the offspring are listed as

j = 3, … ,s + 2. Suppose that variance–covariance matrices

Table 1 Conditional probability P(G1,G2|C) of a relative pair (1,2) given their allele IBD sharing status

Conditional probability Allele IBD sharing status C

IBD = 0 IBD = 1 IBD = 2

P(AgAg, AgAg|C) P4
Ag

P3
Ag

P2
Ag

P(AgAg, AgAh|C) 2PAh
P3

Ag
PAh

P2
Ag

0

P(AgAg, AhAh|C) P2
Ag

P2
Ah

0 0

PðAgAg;AhAh0 jCÞ 2P2
Ag

PAh
PAh0 0 0

P(AgAh, AgAh|C) 4P2
Ag

P2
Ah

PAg
P2

Ah
þ P2

Ag
PAh

2PAg
PAh

PðAgAh;AgAh0 jCÞ 4P2
Ag

PAh
PAh0 PAg

PAh
PAh0 0

PðAgAh;Ag0Ah0 jCÞ 4PAg
PAh

PAg0PAh0 0 0

P(AgAg, BkBk|C) P2
Ag

P2
Bk

PAg
PBk

PðAgBkÞ PðAgBkÞ2

P(AgAg, BkBl|C) 2P2
Ag

PBk
PBl

PAg
PBl

PðAgBkÞ þ PAg
PBk

PðAgBlÞ 2P(AgBk)P(AgBl)

P(AgAh, BkBk|C) 2PAg
PAh

P2
Bk

PAg
PBk

PðAhBkÞ þ PAh
PBk

PðAgBkÞ 2P(AgBk)P(AhBk)

P(AgAh, BkBl|C) 4PAg
PAh

PBk
PBl

PAg
PBk

PðAhBlÞ þ PAg
PBl

PðAhBkÞ
þPAh

PBk
PðAgBlÞ þ PAh

PBl
PðAgBkÞ

2P(AgBk)P(AhBl) + 2P(AgBl)P(AhBk)

Here, Gj is genotype of individual j, and C is one event of (IBD = k), k = 0,1,2. In the Table, we assume g = h, g = g0, g = h0, h = g0, h = h0,
g0 = h0, k = l

Table 2 Conditional

expectation of a relative pair

(1,2) given their allele IBD

sharing status

In the Table, we assume g = h,

g = g0, g = h0, h = g0, h = h0,
g0 = h0, k = l

Conditional expectation Allele IBD sharing status C

IBD = 0 IBD = 1 IBD = 2

CovðxðgÞAi1; x
ðgÞ
Ai2jCÞ 0 PAg

½1� PAg
�ð1� eAÞ2 2PAg

½1� PAg
�ð1� eAÞ2

CovðxðgÞAi1; x
ðhÞ
Ai2jCÞ 0 �PAg

PAh
ð1� eAÞ2 �2PAg

PAh
ð1� eAÞ2

CovðzðghÞ
Ai1 ; z

ðghÞ
Ai2 jCÞ 0 0 P2

Ag
P2

Ah
ðPAg

þ PAh
Þ2ð1� eAÞ2

CovðzðghÞ
Ai1 ; z

ðgh0Þ
Ai2 jCÞ 0 0 ½PAg

PAh
PAh0 ð1� eAÞ�2

CovðzðghÞ
Ai1 ; z

ðg0h0Þ
Ai2 jCÞ 0 0 0

CovðxðgÞAi1; z
ðghÞ
Ai2 jCÞ 0 0 0

CovðxðgÞAi1; z
ðg0h0Þ
Ai2 jCÞ 0 0 0

CovðxðgÞAi1; x
ðkÞ
Bi2jCÞ 0 ð1� eAÞð1� eBÞDAgBk

2ð1� eAÞð1� eBÞDAgBk

CovðxðgÞAi1; z
ðklÞ
Bi2 jCÞ 0 0 0

CovðzðghÞ
Ai1 ; z

ðklÞ
Bi2 jCÞ 0 0 E½zðghÞ

Ai1 z
ðklÞ
Bi1 � ¼ E½zðghÞ

Ai2 z
ðklÞ
Bi2 �
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of the I families are the same, i.e., R1 = … = RI. Denote

R�1
i ¼ 1

r2 ðchjÞðsþ2Þ�ðsþ2Þ; and let b ¼ ðc13 þ � � � þ c1;sþ2Þ þ
ðc23 þ � � � þ c2;sþ2Þ þ

Psþ2
h¼3

Psþ2
j¼hþ1 chj: If the number of

families I is large enough, we show in Appendix F that the

non-centrality parameter of statistic FAB,ad is approximated by

kABad �
2Ir2

ga

q1q2r2
Ds

AQð1� eAÞ;Ds
BQð1� eBÞ

� �

� V�1
A

Xsþ2

k¼1

ckkVA þ bVA2

 !

V�1
A

DAQð1� eAÞ
DBQð1� eBÞ

� �

þ
Ir2

gd

ðq1q2Þ2r2
Ds

AQð1� eAÞ;Ds
BQð1� eBÞ

� �

� V�1
D

Xsþ2

k¼1

ckkVD þ
Xsþ2

k¼3

Xsþ2

l¼kþ1

cklVD2=2

 !

� V�1
D

DAQð1� eAÞ
DBQð1� eBÞ

� �

: ð15Þ

Similarly, the non-centrality parameter of statistic FAB,a is

approximated by

kABa �
2Ir2

ga

q1q2r2
Ds

AQð1� eAÞ;Ds
BQð1� eBÞ

� �

� V�1
A

Xsþ2

k¼1

ckkVA þ bVA2

 !

V�1
A

DAQð1� eAÞ
DBQð1� eBÞ

� �

:

Multi-generation pedigree data. Consider I families given

in graph A or graph B of Fig. 1 (Fig. 1 in Abecasis et al.

2000B; Fan et al. 2005). For each individual in Fig. 1, an ID

is assigned. For the grand parents of graph B, both pheno-

types and genotypes are unavailable and so no IDs are

assigned. The total number of individuals is tI, where t = 11

for graph A and t = 18 for graph B of Fig. 1, respectively.

Again, assume that variance–covariance matrices of the I

families are the same, i.e., R1 = … = RI. Denote R�1
i ¼

1
r2 ðchjÞt�t: If the number of families I is large enough, we can

show in the same way as Appendix F that the non-centrality

parameter of statistic FAB,ad is approximated by

kABad �
2Ir2

ga

q1q2r2
Ds

AQð1� eAÞ;Ds
BQð1� eBÞ

� �

�V�1
A

Xt

k¼1

ckkVAþb1VA2

 !

V�1
A

DAQð1� eAÞ
DBQð1� eBÞ

� �

þ
Ir2

gd

ðq1q2Þ2r2
Ds

AQð1� eAÞ;Ds
BQð1� eBÞ

� �

�V�1
D

Xt

k¼1

ckkVDþb2VD2=2

 !

V�1
D

DAQð1� eAÞ
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� �

;

ð16Þ

where b1 and b2 are provided in Appendix G. The non-

centrality parameter of FAB,a is approximated by

kABa �
2Ir2

ga

q1q2r2
Ds

AQð1� eAÞ;Ds
BQð1� eBÞ

� �

� V�1
A

Xt

k¼1

ckkVA þ b1VA2

 !

V�1
A

DAQð1� eAÞ
DBQð1� eBÞ

� �

:

Results

Type I error rates

Simulation studies are performed to evaluate the robustness

of the proposed models. We evaluate a marker A which is

di-allelic, tri-allelic and quadri-allelic, i.e., m = 2, 3 and 4.

For di-allelic marker, equal allele frequencies are assumed,

i.e., PA1
¼ PA2

¼ 0:5; for tri-allelic marker, the allele fre-

quencies are given by PA1
¼ PA2

¼ 0:3 and PA3
¼ 0:4; and

for quadri-allelic marker, equal allele frequencies are

assumed, i.e., PA1
¼ � � � ¼ PA4

¼ 0:25: Five test cases are

considered in type I error rate calculation. Table 3 presents

parameters of four test cases. Trait values are constructed by

normal distribution with mean 100 and total variance

r2 = 1 except for test case of Admixture. Here r2 ¼
r2

ga þ r2
Ga þ r2

e is the summation of the additive major gene

effect r2
ga; the variance of polygenic effect r2

Ga; and the

error variance r2
e : In the test cases of Null, Familiality, and

Admixture, no major gene effect is assumed, i.e., r2
ga ¼ 0: In

the test cases of Linkage and Composite, major gene effect

is assumed, and recombination fraction hAQ = 0; in the

meantime, linkage equilibrium is assumed between QTL Q

and the marker A. In the test case of Admixture, population

admixture is generated by mixing families equally drawn

from one of the two sub-populations C and D. In both sub-

populations C and D, no major gene effect or familial effect

is assumed, i.e., r2
ga ¼ r2

Ga ¼ 0: However, the trait mean of

sub-population C is fixed as 1 and the variance is fixed as 1.

The trait mean of sub-population D is fixed as 0 and the

variance is fixed as 1. Therefore, the total variance in the

mixing population is r2 = 1.25. The admixture contributed

to (1-0)2/[4 9 1.25] = 0.20 of the total variance.

To calculate the type I error rates of Table 4, 1,000

datasets are simulated for each test case. Each dataset

contains 50 pedigrees of either graph A or graph B of

Fig. 1, respectively. Using the datasets, we fit the model (3)

and test the null hypothesis Ha0: a1 = … = am. Since the

QTL Q is in linkage equilibrium with marker A, an

empirical test statistic which is larger than the cutting point

at a 0.05 significance level is treated as a false positive.

Based on likelihood ratio test, type I error rates are cal-

culated as the proportions of the 1,000 simulation datasets

which give significant result at the 0.05 significant level.

The results of type error rates are presented in Table 4. The

results of Table 4 show that the type I error rates are
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around the nominal level 0.05. Hence, the model is rea-

sonably robust. In all the four missing rate cases

(eA = 0.05, 0.10, 0.15, 0.20), the type I error rates are

reasonable. Hence, the missingness does not affect the

robustness of the model.

In the Table 5, we show the type I error rates using tri-

nuclear families. Each tri-nuclear family contains 3 people,

parents and an offspring. Again, 1,000 datasets are simu-

lated for each test case. Each dataset contains 50 tri-nuclear

pedigrees. Two types of calculation are performed: (1)

imputing genotypes which are missing by the proposed

method, and keeping every individual in the analysis; (2)

removing all individuals from analysis whose genotypes

are missing. It can be seen that the proposed method can

help to get correct type I error rates, by imputing genotypes

which are missing, since the type I error rates are around

the nominal level 0.05. In the previous approach, an indi-

vidual is deleted from analysis once his/her genotype is

missing; it may inflate type I error rates by the results of

Table 5, since the type I error rates are around 0.06. In the

column of eA = 0 of Table 5, no individual is removed

since there is no missing genotypes; hence, the type I error

rates are the same for the two types of calculation.

Power comparison

Let us denote the heritability by h2, which is defined as

h2 ¼ r2
ga=r

2 (Falconer and Mackay 1996). To compare

power, we plot power curves of two cases using the related

non-centrality parameter approximation: a dominant mode

of inheritance, a = 1, d = 1, and a recessive mode of

(A)

(B)

Fig. 1 Multi-generation

pedigrees used in power

calculations and comparison,

which are taken from Fig. 1 of

Abecasis et al. (2000B) or Fan

et al. (2005). The number in the

box or circle is individual ID

Table 3 The parameters of the simulated genetic cases

Test cases r2
Ga r2

Ga r2
e r2 hA Q q1 DAgQ; g ¼ 1; . . .;m

Null 0 0 1.0 1.0 0.5 Not Applied Not Applied

Familiality 0 0.5 0.5 1.0 0.5 Not Applied Not Applied

Linkage 0.5 0 0.5 1.0 0 0.5 0

Composite 0.2 0.3 0.5 1.0 0 0.5 0

The total variance is fixed as r2 ¼ r2
ga þ r2

Ga þ r2
e ¼ 1; and r2

gd ¼ 0: Admixture: no major gene effect or familial effect r2
g ¼ r2

Ga ¼ 0; but with

population admixture (see text for explanation)
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inheritance, a = 1, d = -0.5. Figures 2 and 3 show power

curves of population samples at 0.01: Fig. 2 is based on

models (1) and (3) using one marker A; Fig. 3 is based on

models (10) and (12) using two markers A and B. The

power curves of Fig. 2 are plotted against the heritability

h2; for graphs I and II, the marker A has three equal

Table 4 Type I error rates (%)

at a 0.05 significance level

based on likelihood ratio tests.

No. of alleles Pedigree type Test case Error rates

eA = 0.05 eA = 0.10 eA = 0.15 eA = 0.20

Di-allele

m = 2

Small 3-generation

pedigree (A)

Null 4.2 4.9 4.9 4.6

Familiality 3.8 4.3 5.2 4.2

Admixture 4.2 4.5 4.4 4.5

Linkage 5.7 4.8 5.0 5.3

Composite 5.2 4.6 4.9 5.0

Large 3-generation
pedigree (B)

Null 4.1 4.3 4.0 4.0

Familiality 5.4 5.6 5.0 4.7

Admixture 5.4 4.8 4.6 3.5

Linkage 4.5 4.4 4.7 4.4

Composite 5.3 5.1 4.8 5.0

Tri-allele

m = 3

Small 3-generation

pedigree (A)

Null 4.8 3.9 4.5 3.7

Familiality 5.1 5.1 5.4 5.4

Admixture 4.0 3.7 4.2 4.4

Linkage 5.6 3.9 5.0 5.8

Composite 4.5 4.6 5.0 4.9

Large 3-generation

pedigree (B)

Null 4.8 5.0 5.8 5.0

Familiality 5.0 4.8 5.7 5.6

Admixture 3.8 5.4 5.5 5.8

Linkage 5.4 4.9 5.2 5.1

Composite 5.9 5.6 5.6 5.1

Quadri-allele
m = 4

Small 3-generation
pedigree (A)

Null 4.9 4.8 5.4 4.6

Familiality 4.6 5.2 4.6 5.4

Admixture 4.4 3.7 4.4 4.4

Linkage 5.4 5.3 5.7 5.2

Composite 5.4 5.4 5.4 4.8

Large 3-generation

pedigree (B)

Null 4.3 4.6 5.6 5.2

Familiality 4.3 3.9 4.5 4.6

Admixture 4.8 5.2 4.3 5.4

Linkage 5.6 5.8 4.9 4.8

Composite 5.1 5.2 5.4 4.3

Table 5 Type I error rates (%) at a 0.05 significance level of 50 tri-nuclear families based on likelihood ratio tests

No. of alleles Method of treating missing genotypes Test case Error rates

eA = 0 eA = 0.05 eA = 0.10 eA = 0.15 eA = 0.20

Quadri-allele
m = 4

Imputing all genotypes which are missing,
and keeping everyone in analysis

Null 4.8 4.4 5.3 4.1 4.9

Familiality 5.6 5.0 5.6 5.3 5.3

Admixture 5.6 5.6 5.2 5.1 5.1

Linkage 5.3 5.7 5.2 5.1 5.2

Composite 5.3 5.0 5.5 5.5 4.9

Removing all individuals whose genotypes

are missing

Null 4.8 6.1 6.4 5.6 6.0

Familiality 5.6 6.2 5.7 5.9 5.8

Admixture 5.6 6.2 5.7 5.8 6.0

Linkage 5.3 5.7 6.0 6.0 6.2

Composite 5.3 5.3 5.7 6.0 5.8
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frequency alleles; for graphs III and IV, the marker A has

four frequency alleles; and the related parameters are given

in the legend of the figure. Two features can be noted from

Fig. 2: (1) the power based on ‘‘genotype effect model’’ (1)

is generally lower than that of the ‘‘additive effect model’’

(3); (2) the power is reasonably high when the heritability

h2 is larger than 0.15. The power curves of Fig. 3 are

plotted against the LD measure DA1Q; for graphs I and II,

there are no missing genotypes, i.e., eA = eB = 0.0; for

graphs III and IV, there are missing genotypes, and eA =

eB = 0.25. It is obvious that missing genotypes lead to

power decreasing, since the non-centrality parameter

approximations are reduced.

The power curves of Figs. 4–6 are based on pedigree

data: Fig. 4 is based on nuclear families in which each

family consists of two parents and two children; Fig. 5 is

based on 45 small 3-generation pedigrees (Graph I, Fig. 1);

and Fig. 6 is based on 30 large 3-generation pedigrees

(Graph II, Fig. 1). Such as the population data, the three

figures show that missing genotypes lead to power

decreasing. In addition, the power based on the ‘‘genotype

effect model’’ (12) is generally lower than that of the

‘‘additive effect model’’ (10).

Example

The proposed method is applied to analyze angiotensin-1

converting enzyme data (Farrall et al. 1999; Keavney et al.

1998). The data consist of 83 extended families with

between 4 and 18 members. Circulating ACE levels were

measured for 405 individuals. Ten bi-allelic

0.0 0.1 0.2 0.3 0.4 0.5

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

I. Dominant mode of inheritance, 3−allele

Heritability h^2

P
ow

er

F_{A,a}
F_{A,ad}

0.0 0.1 0.2 0.3 0.4 0.5

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

II. Recessive mode of inheritance, 3−allele

Heritability h^2

P
ow

er

0.0 0.1 0.2 0.3 0.4 0.5

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

III. Dominant mode of inheritance, 4−allele

Heritability h^2

P
ow

er

F_{A,a}
F_{A,ad}

0.0 0.1 0.2 0.3 0.4 0.5

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

IV. Recessive mode of inheritance, 4−allele 

Heritability h^2

P
ow

er

F_{A,a}
F_{A,ad}

F_{A,a}
F_{A,ad}

Fig. 2 Power curves of

population sample at 0.01 level

based on models (1) and (3),

where N ¼ 250; eA ¼ 0:1;
q1 ¼ 0:5;r2

Ga ¼ 0:10: For

graphs I and II, the marker A has

three alleles and PAi
¼ 1=3;

i ¼ 1; 2; 3;DA1Q ¼ 0:12;
DA2Q ¼ DA3Q ¼ �0:06; for

graphs III and IV, the marker A
has four alleles, PAi

¼ 0:25;
i ¼ 1; � � � ; 4;DA1Q ¼ �DA2Q

¼ DA3Q ¼ �DA4Q ¼ 0:08; for

dominant mode of inheritance

of graphs I and III, a = 1,

d = 1; for recessive mode of

inheritance of graphs II and IV,

a = 1, d = -0.5
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polymorphisms in the ACE gene were genotyped. There is

missing genotype information at markers. Although we can

not rigorously show that the missingness is missing com-

pletely at random, it is roughly correct since there is no

systematic pattern in the missingness; actually, either

founder’s or non-founder’s genotypes or both can be

missing in a pedigree. In addition, the missingness is dif-

ferent from marker to marker, i.e., genotypes of an

individual at some markers are missing, and are not

missing at other markers. In our previous study, all indi-

viduals with missing genotypes are deleted, and so the total

number of individuals is different from marker to marker

(Fan et al. 2005; refer to column 2 of Table 6). For

instance, there are 4 individuals whose genotype informa-

tion is missing at marker I/D and the total number N = 401

in our previous study; at marker G2350A, on the other

hand, there are more missing genotype data, and N = 368.

In this paper, all 405 individuals are used in the analysis

using the proposed variance component models for each

marker.

Before fitting the models, multi-point IBD at each

marker are calculated by Merlin (Abecasis et al. 2002).

Variance component linkage analysis shows that additive

variance is significantly larger than 0, but dominant vari-

ance is not significantly larger than 0 (Abecasis et al.

2000B). Hence, dominant effects can be excluded from

regression equation, and the total variance is modeled as

r2 ¼ r2
ga þ r2

Ga þ r2
e : Table 6 shows LD analysis of the

ACE gene by individual marker. After fitting the pro-

posed models in this article, lod is calculated by LRT/(2 ln

10), where LRT = 2(L1 - L0), L1 is the log-likelihood

under yij ¼ aþ x
ð1Þ
AijaA þ Hij þ eij which is equivalent to

model (3), and L0 is the log-likelihood under yij

= a + Hij + eij.
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Fig. 3 Power curves of

population sample at 0.01 level

based on models (10) and (12),

where N ¼ 200;m ¼ 2;
n ¼ 3; q1 ¼ q2 ¼ PA1

¼ PA2

¼ 0:5;PBi
¼ 1=3;

i ¼ 1; 2; 3;DB1Q ¼ DB2Q

¼ 0:06;DA1B1
¼ DA1B2

¼ 0:05; r2
Ga ¼ 0:10; h2 ¼ 0:15:

For graphs I and II,

eA = eB = 0.0; for graphs III

and IV, eA = eB = 0.25; for

dominant mode of inheritance

of graphs I and III, a = 1,

d = 1; for recessive mode of

inheritance of graphs II and IV,

a = 1, d = -0.5
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The lod scores calculated by the proposed method in this

article are similar to those in our previous study for most

markers (column 4 and column 5, Table 6). Hence, whe-

ther the individuals with missing genotypes are removed

from the analysis or not does not influence the conclusion

we reached. The results of Table 6 confirm the previous

finding that the association is strongest around the

G2215A, I/D, G2350A and 4656(CT)3/2 polymorphisms

(Abecasis et al. 2000b). Therefore, these markers are likely

in complete LD with the trait alleles. The Lod scores cal-

culated by the proposed method at three markers, T-1237C,

G2215A and G2350A, show big decreases compared with

those of our previous study. This is most likely due to the

fluctuations from the missingness. In our previous study,

we found that allele I at marker I/D is almost always

present with allele A at marker G2350A, and allele D at

marker I/D is almost always present with allele G at marker

G2350A (Fan et al. 2005). The two markers are almost in

complete LD with each other. However, the lod scores of

these two markers are different from each other, which is

most likely because there are more missing genotypes at

marker G2350A.

Discussion

In searching for common genes of complex traits, large

samples are needed that are likely to come only from

combining family and population based data. In addition,

sophisticated methods are needed to analyze these combi-

nations. The statistical and mathematical methods and

models must account for missing data, and must account

for environmental covariates which are certain to play a

role in complex diseases. In this article, we have extended
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Fig. 4 Power curves of 200

nuclear families at 0.01 level

based on models (10) and (12),

where m ¼ n ¼ 2;
q1 ¼ PA1

¼ PB1
¼ 0:5;

DA1B1
¼ 0:05;DB1Q ¼ 0:06;

r2
Ga ¼ 0:10; h2 ¼ 0:15: Here,

each nuclear family has two

children. For graphs I and II,

eA = eB = 0; for graphs III and

IV, eA = eB = 0.25; for

dominant mode of inheritance

of graphs I and III, a = 1,

d = 1; for recessive mode of

inheritance of graphs II and IV,

a = 1, d = -0.5
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our previous variance component models for combined

linkage and association mapping of QTL in the presence of

missing genotypes. Under an assumption of MCAR, two

regression models, ‘‘genotype effect model’’ and ‘‘additive

effect model’’, are proposed to model the association

between the markers and the trait locus. Based on the two

models, F-test statistics are proposed to test association

between the QTL and markers. The non-centrality param-

eter approximations of F-test statistics are derived to make

power calculation and comparison, which show that the

power of the F-tests is reduced due to the missingness. In

the Table 4, Fan et al. (2005), we showed that the non-

centrality parameter approximations compare well to what

is produced via simulation, under a circumstance of no

missing data and di-allelic markers. Under the assumption

that the genotype data are MCAR, we perform some sim-

ulations to confirm the accuracy of the non-centrality

parameter approximations (data not shown). Moreover,

simulation studies are performed to calculate the type I

error rates to evaluate the robustness of the proposed

models. It is found the type I error rates are reasonable. The

method is applied to analyze the European angiotensin-1

converting enzyme data.

In this paper, the genotypes are assumed to be MCAR.

This assumption is roughly true for some study, such as the

angiotensin-1 converting enzyme data. For certain studies,

the missingness can be systematic, e.g., some or all of the

founder genotypes can be missing (Wang and Elston 2005).

It is unclear how this will affect the proposed models, if the

assumption of MCAR is not valid. In many situations, the

assumption of MCAR is unlikely to be met. Hence, the

utility of the proposed method in a practical situation can

be limited although it may improve robustness. The issue

of how to properly account for missing data to improve
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Fig. 5 Power curves of 45

small 3-generation pedigrees

(Graph A, Fig. 1) at 0.01 level

based on models (10) and (12),

where m ¼ n ¼ 2;
q1 ¼ PA1

¼ PB1
¼ 0:5;

DB1Q ¼ 0:08;DA1B1
¼ 0:05;

r2
Ga ¼ 0:10; h2 ¼ 0:15: For

graphs I and II, eA = eB = 0.0;

for graphs III and IV,

eA = eB = 0.25; for dominant

mode of inheritance of graphs I

and III, a = 1, d = 1; for

recessive mode of inheritance of

graphs II and IV, a = 1,

d = -0.5
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Fig. 6 Power curves of 30 large

3-generation pedigrees (Graph

B, Fig. 1) at 0.01 level based on

models (10) and (12), where

m ¼ n ¼ 2; q1 ¼ PA1
¼

PB1
¼ 0:5;DB1Q ¼ 0:06;

DA1B1
¼ 0:05;r2

Ga ¼ 0:10;
h2 ¼ 0:15: For graphs I and II,

eA = eB = 0.0; for graphs III

and IV, eA = eB = 0.25; for

dominant mode of inheritance

of graphs I and III, a = 1,

d = 1; for recessive mode of

inheritance of graphs II and IV,

a = 1, d = -0.5

Table 6 Linkage

disequilibrium analysis of the

European ACE data by

individual marker

The AbAw’s lod is taken from

Table 4 of Abecasis et al.

(2000B). The lod without
missing is taken from Table 5,

column 4, Fan et al. (2005),

which is calculated by deleting

all individuals when their

genotypes are missing. The lod
with missing is calculated based

on the model developed in this

paper. * There is error in

Table 5, column 4, Fan et al.

(2005)

Marker A Previous results Lod with

missing # of

individuals=405# Of

individuals

AbAw’s

lod

Lod without

missing

T-5491C 395* 9.86 13.91 13.34

A-5466C 392 9.04 14.06 14.25

T-3892C 400 12.49 18.27 17.58

A-240T 401 10.81 13.35 13.66

T-93C 392 10.93 13.00 13.13

T-1237C 377 11.52 20.59 17.94

G2215A 372 14.91 27.01 24.78

I/D 401 15.76 27.37 27.59

G2350A 368* 14.40 28.01 26.13

4656(CT)3/2 390 14.22 27.93 27.16
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power while maintaining correct type I error rates in

genetic studies is paramount. For instance, consider a tri-

nuclear family. Assume that the two parents’ genotypes are

12 and 11, and the genotype of the offspring is missing. It

is easy to see that the genotype of the offspring can be 11

or 21 with a probability 0.5 for each genotype. Hence, the

right imputing method is to assign a weight of 0.5 for each

of these two genotypes. Besides, other genotypes such as

22 should be assigned a weight of 0. In short, information

of genotypes of family members can be used to infer the

missing genotype of another family member. In this way, it

is very likely that the power can be improved. However, it

won’t be easy to get neat non-centrality parameter

approximations as the ones we have in the paper under an

assumption of MCAR. Instead, simulation study is a pos-

sible method for the investigation. Due to the length of this

paper, we leave this issue to be investigated in the future

study.

The proposed models can be used to analyze either

single marker or multiple genotype data. However, the

models can only be used to analyze one phenotype. As the

ability to generate more genetics data, both for phenotypes

and for genotypes, increases, statistical methods are

required to evaluate multiple phenotypes and multiple

genotypes simultaneously. That is, more research is nec-

essary to extend existing theoretical methods to analyze

multivariate phenotypes of complex diseases.
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Appendix A

Multiplying both sides of the ‘‘genotype effect model’’ (1)

by 1ðGAij¼AgAhÞ and taking expectation lead to

Eðyij1ðGAij¼AgAhÞÞ
¼ wijcE½1ðGAij¼AgAhÞ� þ E½1ðGAij¼AgAhÞ�bgh

¼
ð1� eAÞ½wijcþ bgg�P2

Ag
if g ¼ h

ð1� eAÞ½wijcþ bgh� � 2PAg
PAh

if g 6¼ h

(

:

ð17Þ

Let GQij be genotype of the j-th individual of the i-th family

at the trait locus Q. A true random effect model describing

the trait value is yij = wij c + gij + Hij + eij, where

gij ¼
a GQij ¼ Q1Q1

d GQij ¼ Q1Q2

�a GQij ¼ Q2Q2

8
<

:
:

Since the missing mechanism is missing completely at

random, we have

PðGQij¼Q1Q1;GAij¼AgAgjGAij 6¼ ?Þ¼ ½PðQ1AgÞ�2;
PðGQij¼Q1Q2;GAij¼AgAgjGAij 6¼ ?Þ¼ 2PðQ1AgÞPðQ2AgÞ;
PðGQij¼Q2Q2;GAij¼AgAgjGAij 6¼ ?Þ¼ ½PðQ2AgÞ�2:

Utilizing relations PðQ1AgÞ¼�DAgQþPAg
q1 and PðQ2AgÞ¼

�DAgQþPAg
q2; we have

Eðyij1ðGAij¼AgAgÞÞ
¼ wijcE½1ðGAij¼AgAgÞ� þ E½gij1ðGAij¼AgAgÞ�
¼ wijcPðAgAgjGAij 6¼ ?ÞPðGAij 6¼ ?Þ
þ E½gij1ðGAij¼AgAgÞjGAij 6¼ ?�PðGAij 6¼ ?Þ
¼ ð1� eAÞ

�
wijcP2

Ag
þ a½PðQ1AgÞ�2

þ d � 2PðQ1AgÞPðQ2AgÞ � a½PðQ2Ag�2
	

¼ ð1� eAÞ wijcP2
Ag
þ lP2

Ag
þ 2DAgQaQPAg

� dQD2
AgQ

h i
:

ð18Þ

Equating Eqs. 17 and 18, we show the Eq. 5 when g = h.

Now assume that g = h. Since the missing mechanism is

missing completely at random, we have

PðGQij¼Q1Q1;GAij¼AgAhjGAij 6¼?Þ¼2PðQ1AgÞPðQ1AhÞ;
PðGQij¼Q1Q2;GAij¼AgAhjGAij 6¼?Þ¼2PðQ1AgÞPðQ2AhÞ

þ2PðQ1AhÞPðQ2AgÞ;
PðGQij¼Q2Q2;GAij¼AgAhjGAij 6¼?Þ¼2PðQ2AgÞPðQ2AhÞ:

Utilizing relations PðQ1AgÞ¼DAgQþPAg
q1; PðQ2AgÞ¼

�DAgQþPAg
q2; PðQ1AhÞ¼DAhQþPAh

q1;PðQ2AhÞ¼�DAhQ

þPAh
q2; we have

Eðyij1ðGAij¼AgAhÞÞ

¼ wijcE½1ðGAij¼AgAhÞ� þ E½g1ðGAij¼AgAhÞ�

¼ wijcPðAgAhjGAij 6¼ ?ÞPðGAij 6¼ ?Þ
þ E½g1ðGAij¼AgAhÞjGAij 6¼ ?�PðGAij 6¼ ?Þ

¼ ð1� eAÞ
�
wijc � 2PAg

PAh
þ 2a



PðQ1AgÞPðQ1AhÞ

� PðQ2AgÞPðQ2AhÞ
�
þ d


2PðQ1AgÞPðQ2AhÞ

þ 2PðQ2AgÞPðQ1AhÞ
�	

¼ ð1� eAÞ
�
2PAg

PAh
wijcþ 2PAg

PAh
l

þ 2aQ DAgQPAh
þ DAhQPAg


 �
� 2dQDAgQDAhQ

	
: ð19Þ

Equating Eqs. 17 and 18, we show the Eq. 5 when g = h.

Appendix B

In relations (17), replacing bgh by ag + ah and taking

summation lead to

332 Behav Genet (2008) 38:316–336

123



Eðyij1ðGAij 6¼?ÞÞ ¼
X

1� g� h�m

Eðyij1ðGAij¼AgAhÞÞ

¼ ð1� eAÞ
Xm

g¼1

Xm

h¼1

wijcþ ag þ ah


 �
PAg

PAh

¼ ð1� eAÞ wijcþ 2
Xm

g¼1

agPAg

 !

:

Since the missing mechanism is missing completely at ran-

dom, one has E(yij1(G_Aij = ?)) = E(yij|GAij = ?)(1 - eA)

= (1-eA)Eyij = (1 - eA)(wijc + l). Thus,
Pm

g¼1 agPAg
¼

l=2:

Again, replacing bgh by ag + ah in relations (17) and

taking summation with respect to h lead to

E yij1ðGAij¼AgAgÞ þ
1

2

X

h 6¼g

yij1ðGAij¼AgAhÞ

" #

¼ ð1� eAÞ
Xm

h¼1

wijcþ ag þ ah


 �
PAg

PAh

¼ ð1� eAÞPAg
wijcþ ag þ

Xm

h¼1

ahPAh

 !

¼ ð1� eAÞPAg
wijcþ ag þ l=2

 �

: ð20Þ

Notice
Pm

g¼1 DAgQ ¼ 0: Taking summation of relations

(18) and (19) leads to

E yij1ðGAij¼AgAgÞ þ
1

2

X

h 6¼g

yij1ðGAij¼AgAhÞ

" #

¼ ð1� eAÞPAg
wijcþ lþ DAgQaQ=PAg

� 	
: ð21Þ

Equating the right-hand terms of relations (20) and (21)

leads to (6).

Appendix C

Assume that there are no covariates, and the dataset is a

population sample. Then the model matrix of ‘‘genotype effect

model’’ (1) is Xi ¼ Xs
Ai1 ¼ ðx

ð11Þ
Ai1 ; . . .; x

ðmmÞ
Ai1 ; x

ð12Þ
Ai1 ; . . .; x

ð1mÞ
Ai1 ;

. . .; x
ðm�1;mÞ
Ai1 Þ; i ¼ 1; . . .;N:To show non-centrality parameter

approximation (7), we first notice the following relation

E½Xs
1X1� ¼ ð1� eAÞdiagðP2

A1
;vsÞþ eA

P2
A1

v

� �

ðP2
A1
;vsÞ; ð22Þ

where v is a column vector given by vs ¼ P2
A2
; . . .;

�

P2
Am
; 2PA1

PA2
; . . .; 2PA1

PAm
; . . .; 2PAm�1

PAm
Þ: In addition,

diagðP2
A1
; vsÞ is a diagonal matrix, whose elements on

the diagonal are given by the elements of ðP2
A1
; vsÞ: We

may verify (22) by E½ðxðghÞ
A11 Þ

2� ¼ E1ðGA11¼AgAhÞ
þ PðAgAhÞ2

E1ðGA11¼?Þ ¼ PðAgAhÞð1� eAÞ þ PðAgAhÞ2eA; and for

ðg; hÞ 6¼ ðk; lÞ; E½xðghÞ
A11 x

ðklÞ
A11� ¼ PðAgAhÞPðAkAlÞE1ðGA11¼?Þ ¼

PðAgAhÞPðAkAlÞeA:

Let us denote u ¼ P�2
A2
; . . .;P�2

Am
; ½2PA1

PA2
��2; . . .; ½2PA1

�

PAm
��2; � � � ; ½2PAm�1

PAm
��2Þ: Applying the large number

law and a fact of inverse matrix ðM þ absÞ�1 ¼ M�1

�ðM�1aÞðbsM�1Þ=ð1þ bsM�1aÞ; we can calculate the

following approximation

TðXsXÞ�1Ts � T NE Xs
1X1


 �� 	�1
Ts

¼ N�1 � T
�

ð1� eAÞdiagðP2
A1
;vsÞ

þ eA
P2

A1

v

� �

ðP2
A1
;vsÞ

��1

Ts

¼ ½ð1� eAÞN��1

� T diagðP�2
A1
;usÞ � eA

1

1

..

.

1

0

B
B
B
B
@

1

C
C
C
C
A
ð1;1; . . .;1Þ

2

6
6
6
6
4

3

7
7
7
7
5

Ts

¼ ½ð1� eAÞN��1 � TdiagðP�2
A1
;usÞTs:

Utilizing above relation, we may show non-centrality

parameter approximation (7) in the same way as Appendix

III, Fan et al. (2006).

Appendix D

Assume that there are no covariates, and the dataset is a

population sample. Then the model matrix of ‘‘additive

effect model’’ (3) is Xi ¼ Zs
Ai1 ¼ ðx

ð1Þ
Ai1; . . .; x

ðmÞ
Ai1 Þ; i ¼

1; . . .;N: To show non-centrality parameter approximation

(8), we first notice the following relation

E½ZA11Zs
A11�

¼ 2ð1� eAÞ diagðPA1
; � � � ;PAm

Þ þ

PA1

..

.

PAm

0

B
B
@

1

C
C
AðPA1

; � � � ;PAm
Þ

2

6
6
4

3

7
7
5

þ 4eA

PA1

..

.

PAm

0

B
B
@

1

C
C
AðPA1

; � � � ;PAm
Þ;

which can be verified by E½ðxðgÞA11Þ
2� ¼ 4E1ðGA11¼AgAgÞþP

h6¼g E1ðGA11¼ AgAhÞ þ 4P2
Ag

E1ðGA11¼?Þ ¼ 2ð1� eAÞPAg
½1þ

PAg
�þ 4P2

Ag
eA; and for h 6¼ g; E½xðgÞA11x

ðhÞ
A11� ¼ ð1� eAÞ �

2PAg
PAh
þ 4PAg

PAh
eA: Let X ¼ ðZA11; . . .;ZAN1Þs: Applying
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the large number law and a fact of inverse matrix ðMþ
absÞ�1 ¼M�1� ðM�1aÞðbsM�1Þ=ð1þ bsM�1aÞ; we can

calculate the following approximation

KðXsXÞ�1Ks

� K NE ZA11Zs
A11


 �� 	�1
Ks

¼ N�1 � K
"

2ð1� eAÞdiagðPA1
; . . .;PAm

Þ þ 2ð1þ eAÞ

�
PA1

..

.

PAM

0

B
B
@

1

C
C
AðPA1

; . . .;PAm
Þ
#�1

Ks

¼ ½2ð1� eAÞN��1

� K
"

diagðP�1
A1
; . . .;P�1

Am
Þ � ð1þ eAÞ

�

1

1

..

.

1

0

B
B
B
@

1

C
C
C
A
ð1; 1; . . .; 1Þ=2

#

Ks

¼ ½2ð1� eAÞN��1 � KdiagðP�1
A1
; . . .;P�1

Am
ÞKs:

Utilizing above relation, we may show non-centrality

parameter approximation (8) in the same way as Appendix

IV, Fan et al. (2006).

Appendix E

For g = 1,2,…,m, k = 1,…,n, let us denote DAgBk
¼

PðAgBkÞ � PAg
PBk

;which are measures of LD between

markers A and B. Here, P(AgBk) is frequency of haplotype

AgBk. It can be shown that for g = h, k = l, h = h0,
l = l0, (g,h) = (g0,h0), (k,l) = (k0,l0)

The quantities in (23) imply that the elements of VA are

given by

Cov x
ðgÞ
Aij ; x

ðhÞ
Aij

� �
¼ �2PAg

PAh
ð1� eAÞ;

Var x
ðgÞ
Aij

� �
¼ 2PAg

ð1� PAg
Þð1� eAÞ;

Cov x
ðgÞ
Aij ; x

ðkÞ
Bij

� �
¼ 2DAgBk

ð1� eAÞð1� eBÞ;

Cov x
ðkÞ
Bij ; x

ðlÞ
Bij

� �
¼ �2PBk

PBl
ð1� eBÞ;

Var x
ðkÞ
Bij

� �
¼ 2PBk

ð1� PBk
Þð1� eBÞ:

Since E Z
ðijÞ
A[B is a vector of 0s by the quantities in (23), it

can be shown that VD ¼ Cov Z
ðijÞ
A[B; Z

ðijÞ
A[B

� �
¼ E Z

ðijÞ
A[B

�

ðZðijÞA[BÞ
sÞ: Moreover, the quantities in (23) imply that the

covariance matrix Cov X
ðijÞ
A[B; Z

ðijÞ
A[B

� �
is a 0 matrix. In

addition, the covariances between the trait value yij and

variables x
ðgÞ
Aij ; x

ðkÞ
Bij ; z

ðghÞ
Aij and z

ðklÞ
Bij are

Cov yij; x
ðgÞ
Aij

� �
¼ 2aQð1� eAÞDAgQ;

Cov yij; x
ðkÞ
Bij

� �
¼ 2aQð1� eBÞDBkQ;

Cov yij; z
ðghÞ
Aij

� �
¼ E yijz

ðghÞ
Aij

h i
;Covðyij; z

ðklÞ
Bij Þ ¼ E yijz

ðklÞ
Bij

h i
:

Taking variance–covariance between yij and x
ðgÞ
Aij ;

x
ðkÞ
Bij ; z

ðghÞ
Aij ; z

ðklÞ
Bij based on relation (12), we may get the

regression coefficients (13) of models (10) and (12).

E x
ðgÞ
Aij ¼ 2PAg

;EðxðgÞAij Þ
2 ¼ ð1� eAÞð2P2

Ag
þ 2PAg

Þ þ 4P2
Ag

eA;E½xðgÞAij x
ðhÞ
Aij � ¼ 2PAg

PAh
ð1� eAÞ þ 4PAg

PAh
eA;

E x
ðkÞ
Bij ¼ 2PBk

;EðxðkÞBijÞ
2 ¼ ð1� eBÞð2P2

Bk
þ 2PBk

Þ þ 4P2
Bk

eB;E½xðkÞBijx
ðlÞ
Bij� ¼ 2PBk

PBl
ð1� eBÞ þ 4PBk

PBl
eB;

E z
ðghÞ
Aij ¼ 0;EðzðghÞ

Aij Þ
2 ¼ ð1� eAÞP2

Ag
P2

Ah
½PAg
þ PAh

�2;E z
ðklÞ
Bij ¼ 0;EðzðklÞ

Bij Þ
2 ¼ ð1� eBÞP2

Bk
P2

Bl
½PBk
þ PBl

�2;
E½xðgÞAij z

ðghÞ
Aij � ¼ E½xðgÞAij z

ðhh0Þ
Aij � ¼ E½xðkÞBijz

ðklÞ
Bij � ¼ E½xðkÞBijz

ðll0Þ
Bij � ¼ E½xðgÞAij z

ðklÞ
Bij � ¼ E½xðkÞBijz

ðghÞ
Aij � ¼ 0;

E½xðgÞAij x
ðkÞ
Bij � ¼ 2DAgBk

ð1� eAÞð1� eBÞ þ 4PAg
PBk

;E½zðghÞ
Aij z

ðgh0Þ
Aij � ¼ ðPAg

PAh
PA0

h
Þ2ð1� eAÞ;

E½zðghÞ
Aij z

ðg0h0Þ
Aij � ¼ 0;E½zðklÞ

Bij z
ðkl0Þ
Bij � ¼ ðPBk

PBl
PB0

l
Þ2ð1� eBÞ;E½zðklÞ

Bij z
ðk0l0Þ
Bij � ¼ 0;

E½zðghÞ
Aij z

ðklÞ
Bij � ¼ PAh

PBl
DAgBk

� PBk
DAgBl


 �
� PAg

PBl
DAhBk

� PBk
DAhBl

ð Þ
� 	2ð1� eAÞð1� eBÞ;

E½yijx
ðgÞ
Aij � ¼ 2PAg

ðwijcþ lÞ þ 2aQDAgQð1� eAÞ;E½yijx
ðkÞ
Bij � ¼ 2PBk

ðwijcþ lÞ þ 2aQDBkQð1� eBÞ;
E½yijz

ðghÞ
Aij � ¼ dQ PAg

DAhQ � PAh
DAgQ

� 	2ð1� eAÞ;E½yijz
ðklÞ
Bij � ¼ dQ PBk

DBlQ � PBl
DBkQ½ �2ð1� eBÞ:

ð23Þ
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Appendix F

Notice R�1
i ¼ 1

r2 ðchjÞðsþ2Þ�ðsþ2Þ: Let Xi be the model matrix

of family i = 1, 2, …, I. Then

Denote c ¼
Psþ2

k¼1

Psþ2
l¼1 ckl: Applying large number law

leads to an approximation as

where Oi, i = 1,2,3,4 are zero vectors or matrices, and

E X
ð11Þ
A[B

� �
¼ ð2PA1

; . . .; 2PAm�1
; 2PB1

; . . .; 2PBn�1
Þs:

Let

S ¼
0 1 0 � � � 0

0 0 1 � � � 0

0 0 0 � � � 1

0

B
@

1

C
A

be the test matrix corresponding to hypothesis HABad0,

and / ¼ða; aA1; . . .; aAðm�1Þ; aB1; . . .; aBðm�1Þ; dA12; . . .;

dAðm�1Þm; dB12; . . .; dBðn�1ÞnÞs be the column vector of

regression coefficient of ‘‘genotype effect model’’

(12). Utilizing regression coefficients (13), we may

show (15) by plugging approximation (24) into kABad ¼
ðS/Þs ½Sð

PI
i¼1 Xs

i R
�1
i XiÞ�1Ss��1ðS/Þ: One may want

to notice that we may use Theorem 8.5.11, Harville

(1997), to calculate the inverse of the right-hand matrix

of (24).

Appendix G

For pedigrees in graph A of Fig. 1, the constants b1 and b2

of kAB,ad in (16) are given by

b1 ¼ ½c15 þ ðc17 þ � � � þ c1;11Þ=2�
þ ½c25 þ ðc27 þ � � � þ c2;11Þ=2�
þ ½c36 þ ðc37 þ � � � þ c3;11Þ=2�
þ ½c46 þ ðc47 þ � � � þ c4;11Þ=2�
þ ðc57 þ � � � þ c5;11Þ þ ðc67 þ � � � þ c6;11Þ

þ
X11

k¼7

X11

l¼kþ1

ckl;

b2 ¼
X11

k¼7

X11

l¼kþ1

ckl=2:

For pedigrees in graph B of Fig. 1, constants b1 and b2 are

given by

Xi ¼

1 x
ð1Þ
Ai1 � � � x

ðm�1Þ
Ai1 x

ð1Þ
Bi1 � � � x

ðn�1Þ
Bi1 z

ð12Þ
Ai1 � � � z

ðm�1;mÞ
Ai1 z

ð12Þ
Bi1 � � � z

ðn�1;nÞ
Bi1

1 x
ð1Þ
Ai2 � � � x

ðm�1Þ
Ai2 x

ð1Þ
Bi2 � � � x

ðn�1Þ
Bi2 z

ð12Þ
Ai2 � � � z

ðm�1;mÞ
Ai2 z

ð12Þ
Bi2 � � � z

ðn�1;nÞ
Bi2

..

. ..
.

� � � ..
. ..

.
� � � ..

. ..
.

� � � ..
. ..

.
� � � ..

.

1 x
ð1Þ
Ai;sþ2 � � � x

ðm�1Þ
Ai;sþ2 x

ð1Þ
Bi;sþ2 � � � x

ðn�1Þ
Bi;sþ2 z

ð12Þ
Ai;sþ2 � � � z

ðm�1;mÞ
Ai;sþ2 z

ð12Þ
Bi;sþ2 � � � z

ðn�1;nÞ
Bi;sþ2

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

:

PI
i¼1 Xs

i R
�1
i Xi=I �

1
r2

c c½EðXð11Þ
A[BÞ�

s O1

cEðXð11Þ
A[BÞ

Psþ2
k¼1 ckkVA þ bVA2 þ cEðXð11Þ

A[BÞ½EðX
ð11Þ
A[BÞ�

s O2

O3 O4

Psþ2
k¼1 ckkVD þ

Psþ2
k¼3

Psþ2
l¼kþ1 cklVD2=2

0

B
B
B
B
B
@

1

C
C
C
C
C
A

;

ð24Þ

Behav Genet (2008) 38:316–336 335

123



b1 ¼ c1;12 þ ½c2;12 þ ðc2;13 þ � � � þ c2;16Þ=2�
þ ½c3;12 þ � � � þ c3;16�=2

þ ½c4;12 þ � � � þ c4;16�=2

þ ½c5;12=2þ ðc5;13 þ � � � þ c5;16Þ�
þ ½ðc6;13 þ � � � þ c6;16Þ þ ðc6;17 þ c6;18Þ=2�
þ ½c7;13 þ � � � þ c7;18�=2

þ ½ðc8;13 þ � � � þ c8;16Þ=2þ ðc8;17 þ c8;18Þ�
þ ðc9;17 þ c9;18Þ þ ðc10;17 þ c10;18Þ=2

þ ðc11;17 þ c11;18Þ=2þ ðc12;13 þ � � � þ c12;16Þ=4

þ ðc13;14 þ c13;15 þ c13;16Þ
þ ðc14;15 þ c14;16Þ þ c15;16 þ ½c13;17 þ � � � þ c16;17�=4

þ ½c13;18 þ � � � þ c16;18�=4þ c17;18;

b2 ¼ ½ðc13;14 þ c13;15 þ c13;16Þ þ ðc14;15 þ c14;16Þ
þ c15;16�=2þ c17;18=2:
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