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In this paper, bivariate/multivariate variance component models are proposed for high-resolution combined linkage and
association mapping of quantitative trait loci (QTL), based on combinations of pedigree and population data. Suppose that a
quantitative trait locus is located in a chromosome region that exerts pleiotropic effects on multiple quantitative traits. In the
region, multiple markers such as single nucleotide polymorphisms are typed. Two regression models, ‘‘genotype effect
model’’ and ‘‘additive effect model’’, are proposed to model the association between the markers and the trait locus. The
linkage information, i.e., recombination fractions between the QTL and the markers, is modeled in the variance and
covariance matrix. By analytical formulae, we show that the ‘‘genotype effect model’’ can be used to model the additive and
dominant effects simultaneously; the ‘‘additive effect model’’ only takes care of additive effect. Based on the two models, F-
test statistics are proposed to test association between the QTL and markers. By analytical power analysis, we show that
bivariate models can be more powerful than univariate models. For moderate-sized samples, the proposed models lead to
correct type I error rates; and so the models are reasonably robust. As a practical example, the method is applied to analyze
the genetic inheritance of rheumatoid arthritis for the data of The North American Rheumatoid Arthritis Consortium,
Problem 2, Genetic Analysis Workshop 15, which confirms the advantage of the proposed bivariate models. Genet.
Epidemiol. 32:396–412, 2008. r 2008 Wiley-Liss, Inc.
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INTRODUCTION

In almost all genetics studies, investigators collect data
of multiple phenotypes. However, many studies only
analyze one phenotype at a time. When several pheno-
types are analyzed separately, potential problems arises.
For instance, if two phenotypes are correlated to each
other, it is not right to treat them as independent variables
and analyze them separately [Allison et al., 1998; Amos
et al., 2001; Evans, 2002; Kraft and de Andrade, 2003].
Moreover, separate analysis of several phenotypes can
make the interpretation of results complicated. For related
multiple traits, genetic analysis should be carried out by
multivariate methods [Almasy et al., 1997; Blangero and
Konigsberg, 1991; Lange, 2002]. In the human genome,
gene clusters are sometimes found in a tightly linked
chromosome region, like the leukocyte antigens and the
beta-hemoglubins. It is important to know if a single gene
or mutation has many different consequences in an
individual, i.e., pleiotropy.

In this paper, we propose bivariate/multivariate
variance component models for combined linkage and
association mapping of quantitative trait loci/locus (QTL),
which generalizes our previous univariate model [Fan
and Xiong, 2003; Jung et al., 2005]. For the convenience

of presentation, a bivariate analysis framework is utilized
to analyze two quantitative traits, which may be general-
ized to a multivariate analysis of multiple traits.
In addition, we present the model using two markers,
and the markers can be di-allelic such as single nucleotide
polymorphisms (SNPs), or can be multi-allelic such
as a micro-satellites. For each of the multiple phenotypes,
the mean component and variance/covariance structure
can be constructed as our previous work [Fan et al., 2005].
In addition, we construct the correlations among the
multiple phenotypes using the framework presented in
Chapter 8, Lange [2002]. In this way, the mean vectors and
variance-covariance matrix of multiple phenotypes are
fully characterized.

To construct the mean components of the model, two
regression models (i.e., ‘‘genotype effect model’’ and
‘‘additive effect model’’) are proposed to model the
association between the markers and the trait locus. The
linkage information, i.e., recombination fractions between
the QTL and the markers, is modeled in the variance and
covariance matrix. On building the models, theoretical
analysis is presented to show that the models are valid in
combined linkage and association mapping of QTL. By
analytical formulae, we show that measures of linkage
disequilibrium (LD) between the trait locus and the
markers, i.e., the association between the traits and the
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markers, are contained in the regression coefficients.
Based on the two models, F-test statistics are proposed to
test association between the QTL and markers. The non-
centrality parameter approximations of F-test statistics are
derived to make power calculation and comparison.

To show the robustness of the proposed models, type I
error rates are calculated based on nuclear families and
multi-generation pedigrees. The method is applied to
analyze the genetic inheritance of rheumatoid arthritis for
the data of The North American Rheumatoid Arthritis
Consortium, Problem 2, Genetic Analysis Workshop
(GAW) 15. A computer program in C11, named
Combined Linkage and Association Mapping of QTL, is
written to implement the proposed models, which is
available on request from the authors.

METHODS

Consider a quantitative trait locus Q, which is located at
an autosome. Suppose that there are two alleles Q1 and Q2

at the trait locus with frequencies q1 and q2, respectively.
Assume that the QTL exerts pleiotropic effects on multiple
quantitative traits. For the convenience of presentation, we
assume that the QTL affects two quantitative traits. In a
region of the QTL Q, suppose that multiple markers
are typed. For simplicity, we use two marker A and B in
our analysis, but the models and methods can be
easily generalized to use multiple markers. Suppose
that the markers A and B are in Hardy-Weinberg
equilibrium. Let us denote the alleles of marker A by
A1; . . . ;Am, where m is the number of alleles. Let the
frequency of Ag be PAg ; g ¼ 1; 2; . . . ;m. There are JA ¼

mðmþ 1Þ=2 possible genotypes, which can be listed as
A1A1; . . . ;AmAm;A1A2; . . . ; A1Am; . . . ;Am�1Am. Assume
that the marker B has n alleles denoted by B1; . . . ;Bn. Let
the frequency of allele Bk be PBk

; k ¼ 1; 2; . . . ; n. There are

JB ¼ nðnþ 1Þ=2 possible genotypes, which can be listed as
B1B1; . . . ;BnBn;B1B2; . . . ;B1Bn; . . . ;Bn�1Bn.

POPULATION MODELS

Let y1 and y2 be two quantitative trait values
of an individual with genotype GA at marker A and
genotype GB at marker B. Following Fan et al. [2006],
consider the following ‘‘genotype effect model’’ under
normality:

yi ¼wigi þ ai þ
Xm�1

g¼1

x
ðgÞ
A aAig

þ
Xn�1

k¼1

xðkÞB aBik þ
X

1�goh�m

z
ðghÞ
A dAigh

þ
X

1�kol�n

zðklÞ
B dBikl þHi þ ei;

ð1Þ

where wi is a row vector of co-variates such as sex and age
for the i-trait, gi is a column vector of regression
coefficients of wi, Hi is polygenic effect, and ei is error
term. Assume that Hi is normal Nð0;s2

GiÞ, ei is normal
Nð0;s2

eiÞ, and Hi is independent of ei. Here s2
Gai is polygenic

additive variance and s2
ei is error variance. The dummy

variables x
ðgÞ
A ; z

ðghÞ
A ; xðkÞB and zðklÞ

B are defined by

x
ðgÞ
A ¼

2 if GA ¼ AgAg;

1 if GA ¼ AgAh; h 6¼ g;

0 else;

8><
>:

z
ðghÞ
A ¼

�P2
Ah

if GA ¼ AgAg;

PAg PAh
if GA ¼ AgAh;

�P2
Ag

if GA ¼ AhAh;

0 else

8>>>><
>>>>:

xðkÞB ¼

2 if GB ¼ BkBk;

1 if GB ¼ BkBl; l 6¼ k;

0 else;

8><
>:

zðklÞ
B ¼

�P2
Bl

if GB ¼ BkBk;

PBk
PBl

if GB ¼ BkBl;

�P2
Bk

if GB ¼ BlBl;

0 else

8>>>><
>>>>:

ð2Þ

and ai, aAig, aBik, dAigh, dBikl are regression coefficients of the
dummy variables. In addition to the co-variate effects,
there are JA1JB�1 parameters ai, aAig, aBik, dAigh, dBikl in
model (1). Model (1) takes both additive and dominance
effects into account [Fan et al., 2006]. If only the additive
effect is modeled, model (1) can be modified to

yi ¼ wigi þ ai þ
Xm�1

g¼1

x
ðgÞ
A aAig þ

Xn�1

k¼1

xðkÞB aBik þHi þ ei: ð3Þ

In addition to the co-variate effects, there are m1n�1
parameters ai; aAig; g ¼ 1; . . . ;m� 1; aBik; k ¼ 1; . . . ; n� 1 in
model (3). Model (13) only takes the additive effect into
account; and we call it an ‘‘additive effect model’’ [Fan
et al., 2006]. If both markers A and B are di-allelic such as
SNPs, i.e., m 5 n 5 2, models (1) and (3), respectively,
simplify to

yi ¼wigi þ ai þ xð1ÞA aAi1 þ xð1ÞB aBi1

þ zð12Þ
A dAi12 þ zð12Þ

B dBi12 þHi þ ei;
ð4Þ

yi ¼wigi þ ai þ xð1ÞA aAi1 þ xð1ÞB aBi1

þHi þ ei;
ð5Þ

which extend the models of Fan and Xiong [2002]

Denote XA¼ðx
ð1Þ
A ; . . . ; x

ðm�1Þ
A Þ

t;XB¼ðx
ð1Þ
B ; . . . ; x

ðn�1Þ
B Þ

t, and
XA[B ¼ ðXt

A;X
t
BÞ

t. Here the superscript t denotes the
transpose of a vector or a matrix. Let us denote the
additive variance-covariance matrix of the indicator

variables x
ðgÞ
A ; x

ðkÞ
B by VA¼CovðXA[B;XA[BÞ¼ EðXA[BXt

A[BÞ

�EXA[BðEXt
A[BÞ. Similarly, let ZA¼ðz

ð12Þ
A ; . . . ; zð1mÞ

A ; zð23Þ
A ; . . . ;

zð2mÞ
A ; . . . ; zððm�1ÞmÞ

A Þ
t, ZB¼ ðzð12Þ

B ; . . . ; zð1nÞ
B ; zð23Þ

B ; . . . ; zð2nÞ
B ; . . . ;

zððn�1ÞnÞ
B Þ

t, and ZA[B ¼ ðZt
A;Z

t
BÞ

t. Let us denote the
dominance variance-covariance matrix of the indicator

variables z
ðghÞ
A ; zðklÞ

B by VD ¼ CovðZA[B;ZA[BÞ. The elements
of matrices VA and VD are provided in Appendix E, Fan
et al. [2006]. For readers’ convenience, we summarize VA

and VD in Appendix A.
For g ¼ 1; 2; . . . ;m, let us denote DAgQ ¼

PðQ1AgÞ � q1PAg , which are measures of LD between
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QTL Q and marker A. Here P(Q1Ag) is the frequency of
haplotype Q1Ag. For k ¼ 1; 2; . . . ; n, let us denote
DBkQ ¼ PðQ1BkÞ � q1PBk

, which are measures of LD be-

tween QTL Q and marker B. Here P(Q1Bk) is the frequency

of haplotype Q1Bk. For the ith trait, let mðiÞjl be the genotypic

value of genotype QjQl; i; j; l ¼ 1; 2 and so m12 ¼ m21.

Denote ai ¼ mðiÞ11 � ðm
ðiÞ
11 þ mðiÞ22Þ=2 and di¼m

ðiÞ
12 � ðm

ðiÞ
11 þ mðiÞ22Þ=2.

The average effect of gene substitution is aQi ¼

ai þ ðq2 � q1Þdi, and dominance deviation is dQi ¼ 2di in
view of traditional quantitative genetics [Falconer and
Mackay, 1996]. Similar to Appendix E, Fan et al. [2006], we
can show that the regression coefficients of models (1) and
(3) are given by

aAi1

..

.

aAiðm�1Þ

aBi1

..

.

aBiðn�1Þ

0
BBBBBBBBBB@

1
CCCCCCCCCCA
¼ ðVA=2Þ�1

DA1Q

..

.

DAm�1Q

DB1Q

..

.

DBn�1Q

0
BBBBBBBBBBB@

1
CCCCCCCCCCCA
aQi;

dAi12

..

.

dAiðm�1Þm

dBi12

..

.

dBiðn�1Þn

0
BBBBBBBB@

1
CCCCCCCCA
¼ V�1

D

½PA2
DA1Q � PA1

DA2Q�
2

..

.

½PAm�1
DAmQ � PAmDAm�1Q�

2

½PB2
DB1Q � PB1

DB2Q�
2

..

.

½PBn�1
DBnQ � PBn DBn�1Q�

2

0
BBBBBBBBB@

1
CCCCCCCCCA
dQi: ð6Þ

If both markers A and B are di-allelic, equations (6) are
given by

aAi1

aBi1

� �
¼

PA1
PA2

DA1B1

DA1B1
PB1

PB2

 !�1
DA1Q

DB1Q

 !
aQi;

dAi12

dBi12

� �
¼

P2
A1

P2
A2

D2
A1B1

D2
A1B1

P2
B1

P2
B2

 !�1
D2

A1Q

D2
B1Q

 !
dQi;

ð7Þ

which are proved in Fan and Xiong [2002]. If multiple di-
allelic markers are used in the analysis, Jung et al. [2005]
provide an extension of (7). Equations (6) and (7) show
that the parameters of LD (i.e., DAgQ and DBkQ) and gene

effect (i.e., aQi and dQi) are contained in the regression
coefficients. Models (1) and (3) simultaneously take care of
the LD and the effects of the putative trait locus Q. The
gene substitution effect aQi is contained only in aAig, aBik;
and the dominance effect dQi is contained only in dAigh,
dBikl. Therefore, VA is called additive variance-covariance
matrix; and VD is called dominance variance-covariance
matrix. Model (1) orthogonally decomposes genetic effect
into summation of additive and dominance effects.

For the ith trait, it is well known that the additive
variance s2

gai ¼ 2q1q2a2
Qi and the dominance variance

s2
gdi ¼ ðq1q2Þ

2d2
Qi. Let s2

i ¼ s2
gai þ s2

gdi þ s2
Gai þ s2

ei be the

total variance of trait yi. In addition, let sga12 and sgd12 be
additive and dominance cross covariances of y1 and y2,
respectively; and let sGa12 and se12 be polygenic covariance
and random error covariance of y1 and y2, respectively. The
covariance of y1 and y2 is s12 ¼ Covðy1; y2Þ ¼ sga12 þ

sgd12 þ sGa12 þ se12 ¼ s21, where sga12 ¼ 2q1q2aQ1aQ2 and

sgd12 ¼ ðq1q2Þ
2dQ1dQ2.

FAMILIAL VARIANCE COMPONENT MODELS

Let Y1 ¼ ðy11; . . . ; y1tÞ
t and Y2 ¼ ðy21; . . . ; y2tÞ

t be their
measured values on the t members of a non-inbred
pedigree [Lange and Boehnke, 1983]. Here Y1 is the
column vector of trait values of the first trait of the t
family members, and Y2 is the column vector of trait
values of the second trait. Under normality, regressions (1)
and (3) can still be used to model the trait values. The
notations need to be modified, accordingly, as follows. For
instance, model (1) can be modified as:

yij ¼wijgi þ ai þ
Xm�1

g¼1

x
ðgÞ
Aj aAig

þ
Xn�1

k¼1

xðkÞBj aBik þ
X

1�goh�m

z
ðghÞ
Aj dAigh

þ
X

1�kol�n

zðklÞ
Bj dBikl þHij þ eij;

ð8Þ

where wij is a row vector of co-variates such as sex and age
for the i-trait of the jth pedigree member, Hij is polygenic
effect, and eij is error term. Assume that Hij is normal
Nð0;s2

GiÞ; i ¼ 1; 2, eij is normal Nð0;s2
eiÞ; i ¼ 1; 2, and Hij is

independent of eij. The dummy variables x
ðgÞ
Aj ; z

ðghÞ
Aj ; x

ðkÞ
Bj and

zðklÞ
Bj are defined such as (2) according to the marker

genotypes GAj at marker A and GBj at marker B of the jth
pedigree member, e.g.,

x
ðgÞ
Aj ¼

2 if GAj ¼ AgAg

1 if GAj ¼ AgAh; h 6¼ g
0 else

8<
: :

If only the additive effect is modeled, model (8) can be
modified to

yij ¼wijgi þ ai þ
Xm�1

g¼1

x
ðgÞ
Aj aAig

þ
Xn�1

k¼1

xðkÞBj aBik þHij þ eij:

ð9Þ

The regression coefficients of models (8) and (9) are given
by (6), which can be proved as Appendix E, Fan et al.
[2006].

Let pQjk be the proportion of alleles shared identical by
descent (IBD) at QTL Q by the jth and the kth individuals,
and let DQjk be the probability that both alleles at QTL Q
shared by the jth and the kth individuals are IBD. The trait
variances and co-variances are given by

Covðy1j; y1kÞ ¼pQjks
2
ga1 þ DQjks

2
gd1

þ 2Fjks
2
Ga1 þ 1ðj¼kÞs

2
e1;

Covðy2j; y2kÞ ¼pQjks
2
ga2 þ DQjks

2
gd2

þ 2Fjks
2
Ga1 þ 1ðj¼kÞs

2
e2;

Covðy1j; y2kÞ ¼pQjksga12 þ DQjksgd12

þ 2FjksGa12 þ 1ðj¼kÞse12

¼Covðy2j; y1kÞ;

ð10Þ
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where Fjk is the kinship coefficient of individuals j and k
[Lange, 2002]. Let �Q ¼ ðpQjkÞt�t be a symmetric t� t
matrix with pQjk as the entry in row j and column k; let
DQ ¼ ðDQjkÞt�t be a symmetric t� t matrix with DQjk as the
entry in row j and column k; let F ¼ ðFjkÞt�t be a symmetric
t� t matrix with Fjk as the entry in row j and column k;
and let It be t� t identity matrix. In partitioned matrix and
Kronecker product notation, these covariances can be
collectively expressed as [Harville, 1997]

Var
Y1

Y2

 !
¼s2

ga1

�Q 0

0 0

� �
þ sga12

0 �Q

�Q 0

� �

þ s2
ga2

0 0

0 �Q

� �
þ s2

Ga1

2F 0

0 0

� �

þ sGa12

0 2F

2F 0

� �
þ s2

Ga2

0 0

0 2F

� �

þ s2
gd1

DQ 0

0 0

� �
þ sgd12

0 DQ

DQ 0

� �

þ s2
gd2

0 0

0 DQ

� �
þ s2

e1

It 0

0 0

� �

þ se12

0 It

It 0

� �
þ s2

e1

0 0

0 It

� �

¼
s2

ga1 sga12

sga12 s2
ga2

 !
��Q þ

s2
gd1 sgd12

sgd12 s2
gd2

 !

� DQ þ
s2

Ga1 sGa12

sGa12 s2
Ga2

 !
� F

þ
s2

e1 se12

se12 s2
e2

 !
� It:

ð11Þ

The log-likelihood of Y1 and Y2 can be written as

L ¼� t logð2pÞ �
1

2
log det Var

Y1

Y2

� �� �

�
1

2

Y1 � EY1

Y2 � EY2

� �t

Var
Y1

Y2

� �� ��1 Y1 � EY1

Y2 � EY2

� �
;

ð12Þ

where EY1 ¼ ðEy11; . . . ;Ey1tÞ
t and EY2 ¼ ðEy21; . . . ;Ey2tÞ

t

are mean vectors of trait values. For instance, Eyij ¼ wijgiþ

aiþ
Pm�1

g¼1 x
ðgÞ
Aj aAigþ

P
n�1
k¼1 xðkÞBj aBik þ

P
1�goh�m z

ðghÞ
Aj dAigh þP

_1�kol�n zðklÞ
Bj dBikl if model (8) is used in analysis.

PARAMETER ESTIMATION

Assume that the data are a combination of N unrelated
individuals and I independent pedigrees. The I pedigrees
can be multi-generation pedigrees of any sizes and any
types of relatives, nuclear families, sibships or their
combinations. For each pedigree, the log-likelihood can
be written as (12). Assume that the pedigrees are
unrelated, then the total log-likelihood is the summation
of the individual log-likelihoods. Let O ¼ ðs2

ga1;sga12; s2
ga2;

s2
gd1; sgd12; s2

gd2;s
2
Ga1;sGa12; s2

Ga2;s
2
e1;se12;s2

e2Þ
t be the

column vector of parameters of the variance-covariance
matrix. Similarly, denote the regression coeffi-
cients as ai;A[B ¼ ðaAi1; . . . ; aAiðm�1Þ; aBi1; . . . ; aBiðn�1ÞÞ

t and

di;A[B ¼ ðdAi12; . . . ; dAiðm�1Þm; dBi12; . . . ; dBiðn�1ÞnÞ
t: Denote

�i ¼

gi

ai

ai;A[B

di;A[B

0
BB@

1
CCA and � ¼

�1

�2

� �
:

Standard methods, such as Newton-Raphson or Fisher
scoring methods, can be used to estimate the parameters.

For the sth pedigree or individual, let Y1s and Y2s be the
column vectors of the trait values of the two traits. In
addition, let Us be the model matrix of regression (1) or (8) for
the pedigree or individual. Then Us can be decomposed into
Us ¼ ðWs;Xt

s;A[B;Z
t
s;A[BÞ, where Ws is the sub-matrix corre-

sponding to regression coefficients gi and ai, Xt
s;A[B is the

sub-matrix corresponding to regression coefficients ai;A[B,
and Zt

s;A[B is the sub-matrix corresponding to regression
coefficients di;A[B. Then regression (1) or (8) can be expressed

by
Y1s

Y2s

� �
¼

Us 0
0 Us

� �
�1

�2

� �
þ

e1

e2

� �
, where O is zero

matrix, and e1 and e2 are column vectors of error terms.
Consider the overall log-likelihood L ¼

PNþI
s¼1 Ls, where

Ls; s ¼ 1; . . . ;N are the log-likelihood functions of N
individuals, and Ls; s ¼ N þ 1; . . . ;N þ I are log-likelihood
functions of pedigrees as (12). Let Ss be the variance-
covariance of Y1s and Y2s in the form (11) of sth pedigree or
individual, and let �̂s be the estimate of Ss. The regression
coefficients U can be estimated by

�̂ ¼
�̂1

�̂2

 !
¼

XNþI

s¼1

Ut
s O

O Ut
s

� �
�̂
�1

s

Us O

O Us

� �" #�1

�
XNþI

s¼1

Ut
s O

O Ut
s

� �
�̂
�1

s

Y1s

Y2s

� �
:

In practice, some of the parameters (e.g., variance
parameters s2

gd1 and s2
gd2, and covariance parameter

sgd12) may not be estimable and identifiable due to the
redundancy. One may need to specify the model carefully
for specific types of data. Let us denote

Ci ¼

gi

ai

ai;A[B

0
@

1
A and C ¼

C1

C2

� �
:

Let Vs ¼ ðWs;Xt
s;A[BÞ be the model matrix of regression (3)

or (9). Then regression (3) or (9) can be expressed by
Y1s

Y2s

� �
¼

Vs 0
0 Vs

� �
C1

C2

� �
þ

e1

e2

� �
: The regression coef-

ficients C can be estimated by

Ĉ ¼
Ĉ1

Ĉ2

 !
¼

XNþI

s¼1

Vt
s O

O Vt
s

� �
�̂
�1

s

Vs O

O Vs

� �" #�1

�
XNþI

s¼1

Vt
s O

O Vt
s

� �
�̂
�1

s

Y1s

Y2s

� �
:

ASSOCIATION STUDY AND NON-CENTRAL-
ITY PARAMETER APPROXIMATIONS OF
F-TESTS

Evidence of association can be tested by the likelihood

ratio test (LRT) procedure or F-test using the estimates �̂s

and �̂. For LRT procedure, let Lad be the log-likelihood
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under the alternative hypothesis of HABad;1 and L0 be log-
likelihood under the null hypothesis HABad;0. The LRT
statistic 2½Lad � L0� is asymptotically distributed as w2 with
the degrees of freedom 2(JA1JB�2). As there are m1n�2
measures of LD, DA1Q; . . . ;DAm�1Q;DB1Q; . . . ;DBn�1Q due

to
Pm

g¼1 DAgQ ¼ 0 and
Pn

k¼1 DBkQ ¼ 0, the number of

coefficients aAig, aBik, dAigh, dBikl, i 5 1,2 having significant
results should be less than m1n�2.

For F-test procedure, the linear regression model theory
is used to test genetic effect and LD coefficients [Graybill,
1976] and to evaluate the power of the F-test statistics. The
approximations of the non-centrality parameters can be
derived for power analysis. Let the total trait values as

Y ¼

Y11

Y21

..

.

Y1;NþI

Y2;NþI

0
BBBBB@

1
CCCCCA;

and let us denote the total model matrix

U ¼

U1 O
O U1

..

. ..
.

UNþI O
O UNþI

0
BBBBB@

1
CCCCCA:

Then we can write the model as Y 5 UU1e. Let total
variance-covariance matrix be � ¼ diagð�1; . . . ;�NþIÞ. In
the sth pedigree, assume that there are ns pedigree

members. The total sample size is 2ðN þ
PNþI

s¼Nþ1 nsÞ.

Define a test matrix by H ¼
O IJ O O
O O O IJ

� �
, J 5 JA1

JB�2, where O are a zero matrices/vectors and IJ is J� J
identity matrix. To test the null hypothesis HABad;0, the
F-test statistic based on regression (1) or (8) is

FAB;ad ¼
ðH�̂Þt½HðUt�̂

�1
UÞ�1Ht��1ðH�̂Þ

Yt½�̂
�1
� �̂

�1
UðUt�̂

�1
UÞ�1Ut�̂

�1
�Y

�
2ðN þ

PNþI
s¼Nþ1 nsÞ � 2ðJA þ JB � 1Þ

2ðJA þ JB � 2Þ
;

ð13Þ

with a non-central Fð2ðJA þ JB � 2Þ; 2ðN þ
PNþI

s¼Nþ1 nsÞ

�2ðJA þ JB � 1Þ;ladÞ distribution under the alternative
hypothesis. Here lad is the non-centrality parameter
given by

lad ¼ðH�Þ
t H

XNþI

s¼1

Ut
s O

O Ut
s

� �
��1

s

Us O

O Us

� �" #�1

Ht

2
4

3
5
�1

� ðH�Þ:

To test the additive genetic effect, the null hypothesis is
HABa;0 : aAi1 ¼ � � � ¼ aAiðm�1Þ ¼ aBi1 ¼ � � � ¼ aBiðn�1Þ ¼ 0;

i ¼ 1; 2. The test matrix is H1 ¼
O Ik O O
O O O Ik

� �
;

k ¼ mþ n� 2, where O are zero matrices/vectors and Ik

is k� k identity matrix. In the same manner as FAB;ad, one
may construct an F-statistic FAB;a to test HABa;0 based on
model (3) or (9), with degrees of freedom of ð2ðmþ n� 2Þ;

2ðN þ
PNþI

s¼Nþ1 nsÞ �2ðmþ n� 1ÞÞ. The corresponding

non-centrality parameter of FAB;a is

la ¼ðH1CÞ
t H1

XNþI

s¼1

Vt
s O

O Vt
s

� �
��1

s

Vs O

O Vs

� �" #�1

Ht
1

2
4

3
5
�1

� ðH1CÞ:

Assume that there are no co-variates. In Appendix B,
approximations of non-centrality parameters are provided
for population data. For nuclear family data, Appendices C
and D provide approximations of non-centrality para-
meters. In Appendix E, we consider a combination of N
unrelated individuals, I1 trio families (each has a single
child and both parents), and I2 nuclear families of size 4
(each has two siblings and both parents). Assume that N, I1,
and I2 are large enough that large sample theory applies.
Appendix E provides approximations of non-centrality
parameters of F-test statistics for the combination.

MAPPING STRATEGY

It is well known that association studies are prone to
false positive due to population admixture or stratifica-
tion, although their resolution can be high. Linkage
analysis is robust to population structure, although its
resolution can be low. The proposed models based on
combinations of population and pedigree data can take
advantage of robustness of linkage analysis and high
resolution of an association study, and overcome the limits
of each. In practice, linkage test based on pedigree data can
be performed first to detect a broad region of a trait locus.
An LRT can be constructed to test the null hypothesis of no
linkage by considering a reduced variance component
model with the ith trait of the jth pedigree member based
on yij ¼ wijgi þ aiþ gij þHij þ eij, which does not model the
association information [Amos, 1994]. Here gij is unob-
served major gene effect, and the other notations are
similar to above description. This prior linkage analysis
can usually localize the trait locus in a chromosome region
that ranges from a few cM to 20 cM.

With the prior linkage information, one may fit the
models proposed in this article by using both pedigree and
population data based on a dense genetic map for high
resolution joint linkage study and LD mapping; i.e., fine
disease gene mapping. Assume that significant evidence
of linkage is found to be s2

ga140;s2
ga240, which implies

aQ1 6¼ 0; aQ2 6¼ 0. Then the association test between two
markers and the putative QTL can be carried out as
following: HABa;0 : aAi1 ¼ � � � ¼ aAiðm�1Þ ¼ aBi1 ¼ � � � ¼

aBiðn�1Þ ¼ 0; i ¼ 1; 2 versus HABa;1: at least one of aAig, aBik’s
is not equal to 0. This is equivalent to HAB;a0 : DA1Q ¼

� � � ¼ DAm�1Q ¼ DB1Q ¼ � � � ¼ DBn�1Q ¼ 0. Assume that the
significant evidence of linkage is found to be
s2

ga140;s2
ga240; s2

gd140;s2
gd240. The association test

is HABad;0 : aAi1 ¼ � � � ¼ aAiðm�1Þ ¼ aBi1 ¼ � � � ¼ aBiðn�1Þ ¼

dAi12 ¼ � � � ¼ dAi1m ¼ � � � ¼ dAiðm�1Þm ¼ dBi12 ¼ � � � ¼ dBi1n ¼

� � � ¼ dBiðn�1Þn ¼ 0 versus HABad;1: at least one of aAig, aBik,
dAigh, dBijk is not equal to 0. The significant variables, such
as xAij and xBij, can be identified. Keeping the significant
variables in the final model, one may calculate the LRT of
the final model against a model which assumes neither
linkage nor association between the trait values and
markers, to test linkage and association simultaneously;
or one may calculate the F-test or LRT of the final model
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against a model which assumes linkage but no association,
to test the association in the presence of prior linkage.

The proposed model explains linkage information in
variance-covariance matrix and LD information in the mean
coefficients. In the Appendices, we show that the non-
centrality parameters of F-test statistics are functions of
additive and dominance variances, and we may get high

power if linkage signal of QTL is large. Simultaneously
using both linkage and LD information in our models has
two advantages: (1) it is more likely to avoid spurious
association of a separate LD mapping; (2) it increases the
resolution of a separate linkage mapping. Using this strategy
in study design, researchers may increase the power to
localize the genetic location and to detect important genetic
determinants of the traits of complex diseases.

RESULTS

AN EXAMPLE

The proposed method is applied to analyze
two quantitative phenotypes, i.e., rheumatoid factor (RF)
IgM and anti-cyclic citrullinated peptide (anti-CCP) for
the data of The North American Rheumatoid Arthritis
Consortium, which is provided by Genetic Analysis
Workshop 15 (GAW 15), Problem 2. The data contain
642 Caucasian families [Amos et al., 2006]. As the two
traits are unlikely to be normal, we transform the traits
with an inverse Gaussian transformation of the
ranks, which are approximately normal. By fitting additive
effect models of univariate and bivariates, we obtain
the following results:

The above significant results for chromosomes 2 and 4
are found at the same marker for both RF and anti-CCP in
univariate analysis. Hence, the two traits can be influenced
by the genetic variants at the same locus. In addition, the
two traits are strongly correlated to each other (P value
o0.0001 of t-test 22.0 of testing slope 5 0 of simple linear
regression of the ranks of the two traits from running
Statistical Analysis Software (SAS); the Pearson correlation
coefficient 5 0.501). This provides a motivation to pursue a
bivariate analysis. It can be seen that the Lod scores of
bivariate analysis are higher than those of separate
univariate analysis. Hence, it is advantageous in perform-
ing bivariate analysis.

TYPE I ERROR RATES

To investigate the robustness of the proposed models,
we calculate type I error rates for four cases named Null,
Familiality, Linkage and Composite. The related parameter
values are presented as follows ðs2

i ¼ s2
gai þ s2

Gai
þs2

ei; i ¼ 1; 2Þ:

For the case of Null, no genetic effect is assumed to
affect the traits. For the case of Familiality, polygenic effects
are assumed, but no major locus effects are assumed. For

the case of Linkage, major locus effects are assumed, but no
polygenic effects are assumed. For the case of Composite,
both major locus effects and polygenic effects are
assumed. For each test case, five types of pedigrees are
simulated to calculate the type I error rates: the multi-
generation pedigree in Figure 1, nuclear families with two
to five kids. For each combination of test case and pedigree
type, 10,000 datasets are simulated; and for each data set,
60 or 120 pedigrees are simulated. We evaluate a marker A
which is di-allelic and tri-allelic, i.e., m 5 2,3. For di-allelic
marker, equal allele frequencies are assumed, i.e.,
PA1
¼ PA2

¼ 0:5; for tri-allelic marker, the allele frequen-
cies are given by PA1

¼ PA2
¼ 0:3 and PA3

¼ 0:4. For each

Location of genetic variant

Chromsome SNP Position
Lod of univariate

of anti-CCP
Lod of univariate

of RF IgM
Lod of bivariate of

anti-CCP and RF IgM

2 rs2685263 539873 3.73 3.65 7.48
4 rs1024461 106121591 3.27 4.50 7.31

Test cases h2
1 ¼ s2

ga1=s
2
1 h2

2 ¼ s2
ga2=s

2
2 s2

Ga1=s
2
1 s2

Ga2=s
2
2 s2

1 s2
2 yAQ q1 DAgQ

Null 0 0 0 0 15 10 Not applied Not applied Not applied
Familiality 0 0 0.5 0.3 15 10 Not applied Not applied Not applied
Linkage 0.15 0.1 0 0 15 10 0.01 0.5 0
Composite 0.15 0.1 0.15 0.1 15 10 0.01 0.5 0

Fig. 1. Multi-generation pedigree used in type I error calcula-

tion, which are taken from Figure 1 of Abecasis et al. [2000] or
Fan et al. [2005]. The number in the box or circle is individual

ID.
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of the 10,000 data sets, we fit the following model

yij ¼ ai þ
Xm�1

g¼1

x
ðgÞ
Aj aAig þ eij;

under an assumption of se12 ¼ 0. The vector of parameters
of the variance-covariance matrix is O ¼ ðs2

ga1;sga12;
s2

ga2;s
2
e1;s

2
e2Þ

t, and so there are five variance-covariance
parameters and test the null hypothesis Ha0 : aAi1 ¼

� � � ¼ aAiðm�1Þ ¼ 0; i ¼ 1; 2. As the QTL Q is in linkage
equilibrium with marker A or simply no major gene locus
Q, an empirical test statistic which is larger than the

cutting point at a 0.05 or 0.01 significance level is treated as
a false positive. Based on the LRT, type I error rates are
calculated as the proportions of the 10,000 simulation data
sets which give significant result at the 0.05 or 0.01
significant level. The results of type I error rates are
presented in Table I. When each data set contains 60
pedigrees, the results of Table I show that the type I error
rates are around the nominal level 0.05 or 0.01 for all cases,
except for the case of two-kid nuclear family for a tri-allelic
marker, m 5 3. Hence, the model is reasonably robust. For
the case of two-kid nuclear family for a tri-allelic marker,
the type I error rates tend to be higher than the nominal

TABLE I. Type I error rates (%) at 0.01 and 0.05 significance levels based on likelihood ratio tests

Error rates

No. of pedigrees No. of alleles Pedigree type Test case a5 0.01 a5 0.05

60 pedigrees of each data set Di-allele m 5 2 Multi-generation pedigree Figure 1 Null 0.74 4.81
Familiality 0.81 4.08
Linkage 1.02 4.91
Composite 1.01 4.93

Five-kid nuclear family Null 0.94 5.13
Familiality 0.94 4.61
Linkage 1.07 5.17
Composite 0.93 4.71

Four-kid nuclear family Null 1.03 4.51
Familiality 0.81 4.20
Linkage 1.10 5.56
Composite 1.08 5.37

Three-kid nuclear family Null 0.72 4.62
Familiality 0.91 4.91
Linkage 0.86 4.92
Composite 0.97 5.41

Two-kid nuclear family Null 0.92 4.83
Familiality 1.01 5.36
Linkage 0.99 5.45
Composite 1.23 5.80

Tri-allele m 5 3 Multi-generation pedigree in Figure 1 Null 0.86 4.69
Familiality 0.81 4.61
Linkage 0.95 5.22
Composite 0.98 4.75

Five-kid nuclear family Null 0.77 4.62
Familiality 0.85 4.40
Linkage 0.89 5.46
Composite 0.81 4.75

Four-kid nuclear family Null 0.80 4.80
Familiality 1.02 4.52
Linkage 1.07 5.47
Composite 1.09 5.52

Three-kid nuclear family Null 0.84 5.05
Familiality 0.93 4.94
Linkage 0.87 5.20
Composite 0.91 5.04

Two-kid nuclear family Null 1.01 4.81
Familiality 1.18 5.42
Linkage 1.33 5.86
Composite 1.16 6.17

120 pedigrees of each dataset Tri-allele m 5 3 Two-kid nuclear family Null 0.89 4.75
Familiality 0.97 5.00
Linkage 1.08 5.25
Composite 1.06 5.13
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levels. This is most likely due to moderate sample size of
60 nuclear families of four people each, and relatively
large number of parameters of 2� 315 5 11, where there
are 2� 3 regression coefficients and five variance-covar-
iance parameters. To further explore the issue, we increase
the sample size by doubling the number of pedigrees to
120 two-kid nuclear families in the simulated data set.
From the results on the bottom of Table I, we can see that
the type I error rates are around the nominal level 0.05 or
0.01, when each data set contains 120 two-kid nuclear
families.

POWER COMPARISON

To make power comparison, we consider the situation in
which nuclear family and population data are combined.

The sizes of unrelated individuals, trio families and
nuclear family of size 4 are 40, 30, and 20, respectively.
In our previous work, the power comparison of one
marker versus two markers, as well as di-allelic marker
versus multi-allelic marker, was extensively performed
[Fan et al., 2005, 2006; Jung et al., 2005]. In this paper, we
focus on power comparison of two quantitative trait
values versus one trait value. In addition, we consider
two di-allelic markers A and B with equal allele frequen-
cies for simplification. Two modes of inheritance are
considered; a dominant mode of inheritance a1 5 d1 5 1.0,
a2 5 d2 5 1.0 and a recessive mode of inheritance a1 5 1.0,
d1 5�0.5, a2 5 1.0, d2 5�0.5. Moreover, let h2

1 ¼ s2
ga1=s

2
1,

h2
2 ¼ s2

ga2=s
2
2 be the heritability of Y1 and Y2, respectively.

Figure 2 shows power curves of test statistics F2var;a and
F2var;ad using both traits Y1 and Y2, and test statistics F1var;a
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Fig. 2. Power curves against measure DA1Q of linkage disequilibrium at 0.01 level, where q1 ¼ 0:5; r2
Ga1 ¼ r2

Ga2 ¼ rG12 ¼ re12 ¼ 0. For

F2var;a and F2var;ad, both traits Y1 and Y2 are used for a combined analysis. For F1var;a and F1var;ad, only one trait Y1 is used in analysis. F2var;a

and F1var;a are based on the additive effect model, and F1var;ad and F2var;ad are based on the genotype effect model. For all graphs, a

combination of nuclear families and population data are used (the number of population individuals 5 60, the number of trio

families 5 30, and the number of nuclear families each with two kids 5 20). Two di-allelic markers A and B with equal frequencies are

used in the analysis. In addition, h2
1 ¼ h2

2 ¼ 0:2. In dominant (Dom) mode of inheritance of graphs I and III, a1 ¼ 1; d1 ¼ 1, a2 ¼ 1;d2 ¼ 1
for the two traits; in recessive (Rec) mode of inheritance of graphs II and IV, a1 ¼ 1; d1 ¼ �0:5, a2 ¼ 1;d2 ¼ �0:5 for the two traits. Here,

we assume l
ðiÞ
11 ¼ ai ¼ �l

ðiÞ
22 and l

ðiÞ
12 ¼ mðiÞ21 ¼ di.
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and F1var;ad using the first trait Y1 only. Here F2var;a and
F1var;a are based on additive effect model, and F1var;ad and
F2var;ad are based on genotype effect model. The powers are
calculated across the measure DAQ ¼ DA1Q of LD at 0.01
significance level. It can be seen that the power of test
statistics using both traits is higher than that of test
statistics using a single trait. Hence, it is advantageous to
perform a unified multivariate analysis of multiple traits,
instead of separate univariate analysis. In addition,
additive effect models provides higher power than the
genotype effect model, and this is consistent with the
results of our previous univariate analysis (it is most likely
due to that the dominance effect cannot compensate for
the increasing degrees of freedom in the test statistics of
genotype effect model). In Graphs I and II of Figure 2, we
assume that there is no LD between markers A and B, and
no LD between marker A and trait locus Q, i.e.,
DA1B1

¼ DB1Q ¼ 0. Hence, the power curves reach mini-
mum at DA1Q ¼ 0, and the curves are symmetric in Graphs
I and II. In Graphs III and IV of Figure 2, we assume a more

realistic situation of DA1B1
¼ 0:05;DB1Q ¼ 0:08. Then, the

curves are not symmetric any more, and the minimum
powers are higher than 0.

Figure 3 shows power curves against heritability h2
1 of

the first trait: in Graphs I and II, the heritability of the
second trait is fixed at h2

2 ¼ 0:1; in Graphs III and IV,
h2

2 ¼ 0:2. Similar to Figure 2, we can easily see from the
four graphs of Figure 3 that the power of bivariate test
statistic F2var;a (or F2var;ad) is higher than that of univariate
test statistic F1var;a (or F1var;ad). When heritability h2

2 ¼ 0:1,
the test statistic F2var;a (or F2var;ad) may have some power
even when h2

1 is small, while test statistic F1var;a (or F1var;ad)
may be powerful only when h2

1 is large. As expected, the
power increases as the heritability h2

1 does.
Figure 4 shows power curves against trait allele

frequency q1. Figure 5 shows power curves against marker
allele frequency PA1

. The powers across frequency of allele
Q1 in Figure 4 have a similar pattern as those across allele
frequency PA1

in Figure 5: the powers increase as q1

increases in Figure 4, and the powers increase as PA1
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Fig. 3. Power curves against heritability h2
1 of the first trait at 0.01 level. In the graphs, the measures of linkage disequilibrium are given

by DA1B1
¼ 0:08;DA1Q ¼ DB1Q ¼ 0:1. The other parameters are the same as those of Figure 2.
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increases in Figure 5. In addition, two quantitative trait test
statistics give higher power than a single quantitative trait
test as that in Figures 2 and 3.

DISCUSSION

In this article, variance component models are devel-
oped for bivariate/multi-variate combined linkage and
association mapping of QTL. By analytical power analysis
and practical example, we show that bivariate models can
be more powerful than univariate models. For moderate-
sized samples, the proposed models lead to correct type I
error rates; and so the models are reasonably robust. In the
paper, we focus on bivariate models. Theoretically, it is
straightforward to generalize the models for multivariate
analysis. However, one may want to notice a potential
problem in estimating the parameters: the number of
parameters can increase rapidly if multiple traits are
considered, and then it would be not easy to estimate the
parameters accurately and the robustness of the models

can be problematic. Hence, trait selection can be important
when a lot of traits are available, such as the expression
phenotypes from microarray analysis, Problem 1
of GAW 15.

In the genetics literature, multivariate linkage models
have been developed by various research groups [Amos
et al., 1990; Arya et al., 2003; Jiang and Zeng, 1995].
To our knowledge, there has not been much research
on multivariate combined linkage and association map-
ping of QTL. Thus, the proposed methods fill some
of the gaps. In the paper, only one scenario is considered:
one quantitative trait locus Q exerts pleiotropic effects
on multiple quantitative traits. Other scenarios can be
interesting for future research: (1) the different traits are
influenced by separate tightly linked loci and (2) the
different traits are influenced by unlinked loci which may
be located on different chromosomes, but the different
traits interact with each other. Each of these two scenarios
represents an important research topic, and deserves more
in-depth investigation. Actually, the proposed regression
models can still be used to describe the traits if the
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Fig. 4. Power curves against trait allele frequency q1 at 0.01 level. The parameters are given by DA1B1
¼ 0:08;DA1Q ¼ ðminðPA1

;q1Þ �

PA1
q1Þ= 2;DB1Q ¼ ðminðPB1

; q1Þ � PB1
q1Þ=2. The other parameters are the same as those of Figure 2.
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different traits are influenced by separate tightly linked
loci, but the properties of the models need more
investigation.

If genetic traits are influenced by multiple epistatic
quantitative trait loci, it is interesting and important to
detect gene-gene interactions. There have been a lot of
research on gene-gene interactions of quantitative traits
[Bensen et al., 2003; Cheverud, 2000; Cheverud and
Routman, 1995, 1996; Kraft et al., 2003; Ulgen et al.,
2003]. However, almost all the research on gene-gene
interactions focus on population data. Moreover, no
marker information is used in these studies. It would be
exciting to develop models to use marker information to
detect gene-gene interactions based on combinations of
population data and pedigree data. Actually, variance
component models can be developed to detect association
between markers and the QTL, the gene-gene and gene-
environment interactions. The research would take ad-
vantage of dense markers of the human genome research.
Further investigations are necessary for the issues. As a
final point, we assume that there is no missing genotype
data in this paper. In the presence of genotyping error and

missing data, more research is needed to investigate their
influence on the proposed models and methods [Ritchie
et al., 2003].
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APPENDIX A

For g ¼ 1; 2; . . . ;m; k ¼ 1; . . . ; n, let us denote DAgBk
¼ PðAgBkÞ � PAgPBk

, which are measures of LD between two markers A
and B. Here PðAgBkÞ is frequency of haplotype AgBk. Denote

EAA ¼

2PA1
ðPA1
þ 1Þ � � � 2PA1

PAa�1

..

.
� � � ..

.

2PA1
PAa�1

� � � 2PAa�1
ðPAa�1

þ 1Þ

0
BB@

1
CCA;

EAB ¼

2DA1B1
þ 4PA1

PB1
� � � 2DA1Bb�1

þ 4PA1
PBb�1

..

.
� � � ..

.

2DAa�1B1
þ 4PAa�1

PB1
� � � 2DAa�1Bb�1

þ 4PAa�1
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0
BB@

1
CCA;

EBB ¼

2PB1
ðPB1
þ 1Þ � � � 2PB1

PBb�1

..

.
� � � ..

.

2PBb�1Bb
� � � 2PBb�1

ðPBb�1
þ 1Þ

0
BB@

1
CCA:

From the results of Appendix E, Fan et al. [2006], we may show EðXA[BXt
A[BÞ ¼

EAA EAB

Et
AB EBB:

� �
. Notice ExAi ¼ 2PAi

and
ExBk ¼ 2PBk

. Therefore, we have

VA ¼ 2

PA1
ð1� PA1

Þ �PA1
PA2

� � � �PA1
PAm�1
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For the dominance variance-covariance matrix VD, it can be shown that VD ¼ CovðZA[B;ZA[BÞ ¼ E ðZA[BZt
A[BÞ; where

E½ðz
ðghÞ
A Þ

2
� ¼ P2

Ag
P2

Ah
ðPAg þ PAh

Þ
2;

E½z
ðghÞ
A z

ðgh0Þ
A � ¼ ½PAg PAh

PAh0
�2;

E½z
ðghÞ
A z

ðg0h0Þ
A � ¼ 0;

E½ðzðklÞ
B Þ

2
� ¼ P2

Bk
P2

Bl
ðPBk
þ PBl

Þ
2;

E½zðklÞ
B zðkl0Þ

A � ¼ ½PBk
PBl

PBl0
�2;

E½zðklÞ
B zðk

0l0Þ
A � ¼ 0;

E½z
ðghÞ
A zðklÞ

B � ¼ ½PAh
ðPBl

DAgBk
� PBk

DAgBl
Þ � PAg ðPBl

DAhBk
� PBk

DAhBl
Þ�2:

APPENDIX B

To get an approximation of non-centrality parameter lad for population data, assume that there are N unrelated individuals.
Here we assume that N is large enough that large sample theory applies. For each individual, the variance-covariance

matrix is � ¼
s2

1 s12

s12 s2
2

� �
, whose inverse is ��1 ¼

a b
b c

� �
, where a ¼ s2

2=ðs
2
1s

2
2 � s2

12Þ; b ¼ �s12=ðs2
1s

2
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12Þ; c ¼

s2
1=ðs

2
1s

2
2 � s2

12Þ: Therefore, the non-centrality parameter is

lad ¼ðH�Þ
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Notice that there are no co-variates. Hence, Us ¼ ð1;Xt
s;A[B;Z

t
s;A[BÞ. By the results in Appendix A, large number law leads to

the following approximation:

XN
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s Us
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Therefore, the non-centrality parameter can be approximated as lad � NðH�Þt ��1 �
VA O
O VD

� �� �
ðH�Þ. Let us denote

DAQ ¼ ðDA1Q; . . . ;DAm�1QÞ
t and DBQ ¼ ðDB1Q; . . . ;DBn�1QÞ
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t. The relations (6) imply that
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Finally, the non-centrality parameter lad can be approximated by

lad �N½að2aQ1Þ
2
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Similarly, one may show the following approximation:
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APPENDIX C

Consider pedigree data with notations introduced in the Section of Method, and assume that there are no co-variates. For a
relative pair (1,2) of individuals 1 and 2 who are non-inbred relatives, Table II gives the conditional probability PðG1;G2jCÞ
given their allele IBD sharing status. Here, Gj is genotype of individual j, and C is one event of ðIBD ¼ kÞ; k ¼ 0; 1; 2. For
example, PðAgAg;AgAgjIBD ¼ 0Þ ¼ P4

Ag
, PðAgAg;AgAhjIBD ¼ 0Þ ¼ 2P3

Ag
PAh

and PðAgAg;AhAhjIBD ¼ 0Þ ¼ P2
Ag

P2
Ah

. Utilizing

the conditional probabilities of Table II, the conditional covariances of variables x
ðgÞ
Aj ; x

ðkÞ
Bj ; z

ðghÞ
Aj and zðklÞ

Bj of a relative pair j ¼ 1; 2

can be calculated and the results are listed in Table III. Given (IBD 5 0), the covariances are 0 as the two variables are

independent and so unrelated (e.g., Covðx
ðgÞ
A1; x

ðgÞ
A2jIBD ¼ 0Þ ¼ 0). Other entries of Table III can be calculated, accordingly.

Denote XAj ¼ ðx
ð1Þ
Aj ; � � � ; x

ðm�1Þ
Aj Þ

t, XBj ¼ ðx
ð1Þ
Bj ; . . . ; x

ðn�1Þ
Bj Þ

t, and X
ðjÞ
A[B ¼ ðX

t
Aj;X

t
BjÞ

t; j ¼ 1; 2. Similarly, let

ZAj ¼ ðz
ð12Þ
Aj ; . . . ; z

ð1mÞ
Aj ; zð23Þ

Aj ; . . . ; z
ð2mÞ
Aj ; . . . ; zðm�1;mÞ

Aj Þ
t, ZBj ¼ ðz

ð12Þ
Bj ; . . . ; z

ð1nÞ
Bj ; z

ð23Þ
Bj ; . . . ; z

ð2nÞ
Bj ; . . . ; z

ðn�1;nÞ
Bj Þ

t, and Z
ðjÞ
A[B ¼ ðZ

t
Aj;Z

t
BjÞ

t.

Based on the results of Table III, it can be seen that CovðXð1ÞA[B;X
ð2Þ
A[BjIBD ¼ 0Þ ¼ CovðZð1ÞA[B;Z

ð2Þ
A[BjIBD ¼ 0Þ ¼ 0 and

CovðXð1ÞA[B;Z
ð2Þ
A[BjIBD ¼ kÞ ¼ 0; k ¼ 0; 1; 2. In addition, we have CovðXð1ÞA[B; Xð2ÞA[BjIBD ¼ 1Þ ¼ 1

2CovðXð1ÞA[B;

Xð2ÞA[BjIBD ¼ 2Þ ¼ VA=2, CovðZð1ÞA[B;Z
ð2Þ
A[BjIBD ¼ 1Þ ¼ 0, and CovðZð1ÞA[B;Z

ð2Þ
A[BjIBD ¼ 2Þ ¼ VD. Recall that F12 is kinship

coefficient of individuals 1 and 2, and let D712 be the probability that both alleles shared by the two individuals 1 and 2

are IBD at any locus [Lange, 2002]. Then it can be shown that the covariance matrix of variable vectors Xð1ÞA[B and Zð2ÞA[B is a
zero matrix, and

CovðXð1ÞA[B;X
ð2Þ
A[BÞ ¼ 2F12CovðXð1ÞA[B;X

ð2Þ
A[BjIBD ¼ 2Þ ¼ 2F12VA;

CovðZð1ÞA[B;Z
ð2Þ
A[BÞ ¼ D712CovðZð1ÞA[B;Z

ð2Þ
A[BjIBD ¼ 2Þ ¼ D712VD: ðA1Þ

APPENDIX D

Again, assume that there are no co-variates. Consider I nuclear families, and assume that each nuclear family has both
parents and K offspring. The total number of individuals is I(K12). Let us list the K12 individuals of each family as
j 5 1,2,3,y,K12, where individual 1 is the father and individual 2 is the mother, and the offspring are listed as j 5 3,y,K12.
Suppose that variance-covariance matrices of the I families are the same, i.e., �1 ¼ � � � ¼ �I ¼ �. Let us write variance-

covariance matrix as � ¼ ð
�11 �12

�t
12 �22

Þ, where �11 ¼ VarðY1sÞ and �22 ¼ VarðY2sÞ are symmetric matrices, and �12 ¼

CovðY1s;Y2sÞ is covariance matrix of Y1s and Y2s. Then ��1
s ¼

��1
11 0
0 0

� �
þ
���1

11 �12

IKþ2

� �
ð�22 �

�t
12�
�1
11 �12Þ

�1
ð�ð��1

11 �12Þ
t; IKþ2Þ [Harville, 1997, p. 99]. Let ��1

s be
A B
Bt C

� �
, where

A¼��1
11 ��
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�1
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t, B¼��1
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�1. The non-centrality

409Combined Linkage and Association Mapping of QTL

Genet. Epidemiol.



parameter lad of F-test FAB;ad is given by
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Let A ¼ ðAklÞðKþ2Þ�ðKþ2Þ, and let DA ¼ ðA13 þ � � � þ A1;Kþ2Þþ ðA23 þ � � � þ A2;Kþ2Þ þ
PKþ2

h¼3

PKþ2
j¼hþ1 Ahj. Denote SA ¼PKþ2

k¼1

PKþ2
l¼1 Akl and trðAÞ ¼
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k¼1 Akk. Notice that there is no co-variates. Large number law leads to
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TABLE II. Conditional probability PðG1;G2jCÞ of a relative pair (1,2) given their allele IBD sharing status

Allele IBD sharing status C

Conditional probability IBD 5 0 IBD 5 1 IBD 5 2

PðAgAg;AgAgjCÞ P4
Ag

P3
Ag

P2
Ag

PðAgAg;AgAhjCÞ 2PAh
P3

Ag
PAh

P2
Ag

0
PðAgAg;AhAhjCÞ P2

Ag
P2

Ah
0 0

PðAgAg;AhAh0 jCÞ 2P2
Ag

PAh
PAh0

0 0
PðAgAh;AgAhjCÞ 4P2

Ag
P2

Ah
PAg P2

Ah
þ P2

Ag
PAh

2PAg PAh
PðAgAh;AgAh0 jCÞ 4P2

Ag
PAh

PAh0
PAg PAh

PAh0
0

PðAgAh;Ag0Ah0 jCÞ 4PAg PAh
PAg0

PAh0
0 0

PðAgAg;BkBkjCÞ P2
Ag

P2
Bk

PAg PBk
PðAgBkÞ PðAgBkÞ

2

PðAgAg;BkBljCÞ 2P2
Ag

PBk
PBl

PAg PBl
PðAgBkÞ þ PAg PBk

PðAgBlÞ 2PðAgBkÞPðAgBlÞ

PðAgAh;BkBkjCÞ 2PAg PAh
P2

Bk
PAg PBk

PðAhBkÞ þ PAh
PBk

PðAgBkÞ 2PðAgBkÞPðAhBkÞ

PðAgAh;BkBljCÞ 4PAg PAh
PBk

PBl
PAg PBk

PðAhBlÞ þ PAg PBl
PðAhBkÞ þ PAh

PBk
PðAgBlÞ þ PAh

PBl
PðAgBkÞ 2PðAgBkÞPðAhBlÞ

Here, Gj is genotype of individual j, and C is one event of ðIBD ¼ kÞ; k ¼ 0; 1; 2. In the Table, we assume
g 6¼ h; g 6¼ g0; g 6¼ h0; h 6¼ g0; h 6¼ h0; g0 6¼ h0; k 6¼ l.

TABLE III. Conditional expectation of a relative pair (1,2) given their allele IBD sharing status

Allele IBD sharing status C

Conditional expectation IBD 5 0 IBD 5 1 IBD 5 2

Covðx
ðgÞ
A1; x

ðgÞ
A2jCÞ 0 PAg ½1� PAg � 2PAg ½1� PAg �

Covðx
ðgÞ
A1; x

ðhÞ
A2jCÞ 0 �PAg PAh

�2PAg PAh
Covðz

ðghÞ
A1 ; z

ðghÞ
A2 jCÞ 0 0 P2

Ag
P2

Ah
ðPAg þ PAh

Þ
2

Covðz
ðghÞ
A1 ; z

ðgh0 Þ
A2 jCÞ 0 0 ½PAg PAh

PAh0
�2

Covðz
ðghÞ
A1 ; z

ðg0h0Þ
A2 jCÞ 0 0 0

Covðx
ðgÞ
A1; z

ðghÞ
A2 jCÞ 0 0 0

Covðx
ðgÞ
A1; z

ðg0h0Þ
A2 jCÞ 0 0 0

Covðx
ðgÞ
A1; x

ðkÞ
B2jCÞ 0 DAgBk

2DAgBk
Covðx

ðgÞ
A1; z

ðklÞ
B2 jCÞ 0 0 0

Covðz
ðghÞ
A1 ; z

ðklÞ
B2 jCÞ 0 0 E½z

ðghÞ
A1 zðklÞ

B1 � ¼ E½z
ðghÞ
A2 zðklÞ

B2 �

In the Table, we assume g 6¼ h; g 6¼ g0; g 6¼ h0; h 6¼ g0; h 6¼ h0; g0 6¼ h0; k 6¼ l.
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where O are zero vectors or matrices, and EðXð1ÞA[BÞ ¼ ð2PA1
; . . . ; 2PAm�1

; 2PB1
; . . . ; 2PBn�1

Þ
t. Similarly, let B ¼ ðBklÞðKþ2Þ�ðKþ2Þ,

and let DB ¼ ðB13 þ � � � þ B1;Kþ2Þþ ðB23 þ � � � þ B2;Kþ2Þ þ
PKþ2

h¼3

PKþ2
j¼hþ1 Bhj. Denote SB ¼

PKþ2
k¼1

PKþ2
l¼1 Bkl and trðBÞ ¼

PKþ2
k¼1 Bkk.

Large number law leads to

XI

s¼1

Ut
s BUs � I

SB SB½EXð1ÞA[B�
t O

SBEXð1ÞA[B ðtrðBÞ þDBÞVA þ ðSB � 2B12ÞEXð1ÞA[B½EXð1ÞA[B�
t O

O O trðBÞVD þ �
Kþ2
k¼3 �

Kþ2
l¼kþ1BklVD=2

0
B@

1
CA: ðA4Þ

Let C ¼ ðCklÞðKþ2Þ�ðKþ2Þ, and let DC ¼ ðC13 þ � � � þ C1;Kþ2Þþ ðC23 þ � � � þ C2;Kþ2Þ þ
PKþ2

h¼3

PKþ2
j¼hþ1 Chj. Denote SC ¼

PKþ2
k¼1

PKþ2
l¼1 Ckl

and trðCÞ ¼
PKþ2

k¼1 Ckk. Large number law leads to

XI

s¼1

Ut
s CUs � I

SC SC½EXð1ÞA[B�
t O

SCEXð1ÞA[B ðtrðCÞ þDCÞVA þ ðSC � 2C12ÞEXð1ÞA[B½EXð1ÞA[B�
t O

O O trðCÞVD þ �
Kþ2
k¼3 �

Kþ2
l¼kþ1CklVD=2

0
B@

1
CA: ðA5Þ

Assume that the number of families I is large enough that large sample theory applies. The non-centrality parameter lad of
statistic FAB;ad can be calculated by plugging approximations (A3)–(A5) into (A2).

Similarly, the non-centrality parameter la of F-test FAB;a is given by

la ¼ðH1CÞ
t H1

XI

s¼1

Vt
s O

O Vt
s

� �
A B

Bt C

� �
Vs O

O Vs

� �" #�1

Ht
1

2
4

3
5
�1

ðH1CÞ

¼ðH1CÞ
t H1

XI

s¼1

Vt
s AVs Vt

s BVs

Vt
s BtVs Vt

s CVs

� � !�1

Ht
1

2
4

3
5
�1

ðH1CÞ;

where H1C ¼
a1;A[B

a2;A[B

� �
. Again, large number law leads to the following approximations:

XI

s¼1

Vt
s AVs � I

SA SA½EXð1ÞA[B�
t

SAEXð1ÞA[B ðtrðAÞ þDAÞVA þ ðSA � 2A12ÞEXð1ÞA[B½X
ð1Þ
A[B�

t

 !
;

XI

s¼1

Vt
s BVs � I

SB SB½EXð1ÞA[B�
t

SBEXð1ÞA[B ðtrðBÞ þDBÞVB þ ðSB � 2B12ÞEXð1ÞA[B½X
ð1Þ
A[B�

t

 !
;

XI

s¼1

Vt
s CVs � I

SC SC½EXð1ÞA[B�
t

SCEXð1ÞA[B ðtrðCÞ þDCÞVC þ ðSC � 2C12ÞEXð1ÞA[B½X
ð1Þ
A[B�

t

 !
:

APPENDIX E

Consider a combination of N unrelated individuals, I1 trio families, and I2 nuclear families of size 4. Let us assume that the

variance-covariance matrices of the I1 trio families are equal to �Nþ1 ¼ � � � ¼ �NþI1
¼

A1 B1

Bt
1 C1

� ��1

and assume that the

variance-covariance matrices of the I2 nuclear families of size 4 are equal to �NþI1þ1 ¼ � � � ¼ �NþI1þI2
¼

A2 B2

Bt
2 C2

� ��1

.

Define

K0 ¼
XN

s¼1

Ut
s O

O Ut
s

� �
��1

s

Us O

O Us

� �

¼
XN

s¼1

Ut
s O

O Ut
s

� �
s2

1 s12

s12 s2
2

 !�1
Us O

O Us

� �

�N
s2

1 s12

s12 s2
2

 !�1

�

1 EXt
A[B O

EXA[B EðXA[BXt
A[BÞ O

O O VD

0
B@

1
CA;
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K1 ¼
XNþI1

s¼Nþ1

Ut
s O

O Ut
s

� �
��1

s

Us O

O Us

� �

¼
XNþI1

s¼Nþ1

Ut
s O

O Ut
s

� �
A1 B1

Bt
1 C1

� �
Us O

O Us

� �

¼
XNþI1

s¼Nþ1

Ut
s A1Us Ut

s B1Us

Ut
s Bt

1Us Ut
s C1Us

� �
;

K2 ¼
XNþI1þI2

s¼NþI1þ1

Ut
s O

O Ut
s

� �
��1

s

Us O

O Us

� �

¼
XNþI1þI2

s¼NþI1þ1

Ut
s O

O Ut
s

� �
A2 B2

Bt
2 C2

� �
Us O

O Us

� �

¼
XNþI1þI2

s¼NþI1þ1

Ut
s A2Us Ut

s B2Us

Ut
s Bt

2Us Ut
s C2Us

� �
:

Then the non-centrality parameter lad can be calculated by

lad ¼ðH�Þ
t H

XNþI1þI2

s¼1

Ut
s O

O Ut
s

� �
��1

s

Us O

O Us

� �" #�1

Ht

2
4

3
5
�1

ðH�Þ

¼ðH�Þt½HðK0 þ K1 þ K2Þ
�1Ht��1ðH�Þ

:

Notice that similar approximations as (A3)–(A5) can be utilized to calculate K1 and K2. The non-centrality parameter la of
test statistic FAB;a can be calculated, accordingly.

412 Jung et al.

Genet. Epidemiol.


