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In this paper, bivariate/multivariate variance component models are proposed for high-resolution combined linkage and
association mapping of quantitative trait loci (QTL), based on combinations of pedigree and population data. Suppose that a
quantitative trait locus is located in a chromosome region that exerts pleiotropic effects on multiple quantitative traits. In the
region, multiple markers such as single nucleotide polymorphisms are typed. Two regression models, “genotype effect
model” and “additive effect model”, are proposed to model the association between the markers and the trait locus. The
linkage information, i.e., recombination fractions between the QTL and the markers, is modeled in the variance and
covariance matrix. By analytical formulae, we show that the “genotype effect model” can be used to model the additive and
dominant effects simultaneously; the “additive effect model” only takes care of additive effect. Based on the two models, F-
test statistics are proposed to test association between the QTL and markers. By analytical power analysis, we show that
bivariate models can be more powerful than univariate models. For moderate-sized samples, the proposed models lead to
correct type I error rates; and so the models are reasonably robust. As a practical example, the method is applied to analyze
the genetic inheritance of rheumatoid arthritis for the data of The North American Rheumatoid Arthritis Consortium,
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INTRODUCTION

In almost all genetics studies, investigators collect data
of multiple phenotypes. However, many studies only
analyze one phenotype at a time. When several pheno-
types are analyzed separately, potential problems arises.
For instance, if two phenotypes are correlated to each
other, it is not right to treat them as independent variables
and analyze them separately [Allison et al., 1998; Amos
et al., 2001; Evans, 2002; Kraft and de Andrade, 2003].
Moreover, separate analysis of several phenotypes can
make the interpretation of results complicated. For related
multiple traits, genetic analysis should be carried out by
multivariate methods [Almasy et al., 1997; Blangero and
Konigsberg, 1991; Lange, 2002]. In the human genome,
gene clusters are sometimes found in a tightly linked
chromosome region, like the leukocyte antigens and the
beta-hemoglubins. It is important to know if a single gene
or mutation has many different consequences in an
individual, i.e., pleiotropy.

In this paper, we propose Dbivariate/multivariate
variance component models for combined linkage and
association mapping of quantitative trait loci/locus (QTL),
which generalizes our previous univariate model [Fan
and Xiong, 2003; Jung et al., 2005]. For the convenience
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of presentation, a bivariate analysis framework is utilized
to analyze two quantitative traits, which may be general-
ized to a multivariate analysis of multiple traits.
In addition, we present the model using two markers,
and the markers can be di-allelic such as single nucleotide
polymorphisms (SNPs), or can be multi-allelic such
as a micro-satellites. For each of the multiple phenotypes,
the mean component and variance/covariance structure
can be constructed as our previous work [Fan et al., 2005].
In addition, we construct the correlations among the
multiple phenotypes using the framework presented in
Chapter 8, Lange [2002]. In this way, the mean vectors and
variance-covariance matrix of multiple phenotypes are
fully characterized.

To construct the mean components of the model, two
regression models (i.e., “genotype effect model” and
“additive effect model”) are proposed to model the
association between the markers and the trait locus. The
linkage information, i.e., recombination fractions between
the QTL and the markers, is modeled in the variance and
covariance matrix. On building the models, theoretical
analysis is presented to show that the models are valid in
combined linkage and association mapping of QTL. By
analytical formulae, we show that measures of linkage
disequilibrium (LD) between the trait locus and the
markers, i.e., the association between the traits and the
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markers, are contained in the regression coefficients.
Based on the two models, F-test statistics are proposed to
test association between the QTL and markers. The non-
centrality parameter approximations of F-test statistics are
derived to make power calculation and comparison.

To show the robustness of the proposed models, type I
error rates are calculated based on nuclear families and
multi-generation pedigrees. The method is applied to
analyze the genetic inheritance of rheumatoid arthritis for
the data of The North American Rheumatoid Arthritis
Consortium, Problem 2, Genetic Analysis Workshop
(GAW) 15. A computer program in C++, named
Combined Linkage and Association Mapping of QTL, is
written to implement the proposed models, which is
available on request from the authors.

METHODS

Consider a quantitative trait locus Q, which is located at
an autosome. Suppose that there are two alleles Q; and Q,
at the trait locus with frequencies g; and g, respectively.
Assume that the QTL exerts pleiotropic effects on multiple
quantitative traits. For the convenience of presentation, we
assume that the QTL affects two quantitative traits. In a
region of the QTL Q, suppose that multiple markers
are typed. For simplicity, we use two marker A and B in
our analysis, but the models and methods can be
easily generalized to use multiple markers. Suppose
that the markers A and B are in Hardy-Weinberg
equilibrium. Let us denote the alleles of marker A by
Aq,...,A;, where m is the number of alleles. Let the
frequency of A, be PAg,g =1,2,...,m. There are J4 =
m(m + 1)/2 possible genotypes, which can be listed as
A1A1,. ..,AmAm,A1A2,..., AlAm,...,Am,lAm. Assume
that the marker B has n alleles denoted by By, ..., B,. Let
the frequency of allele By be PBk,k =1,2,...,n. There are
Jg = n(n + 1)/2 possible genotypes, which can be listed as
BiBs,...,B,B,,B1Ba,...,B1By,. .., By_1By.

POPULATION MODELS

Let y; and y, be two quantitative trait values
of an individual with genotype G, at marker A and
genotype Gg at marker B. Following Fan et al. [2006],
consider the following “genotype effect model” under
normality:

m—1
Yi =w;y; + o + Z Xff)O(Aig

g=1

n—1

h

S s Y A O
k=1 1<g<h<m

+ > 24 Spi + Hi + ei,

I<k<l<n

where w; is a row vector of co-variates such as sex and age
for the i-trait, y; is a column vector of regression
coefficients of w;, H; is polygenic effect, and e; is error
term. Assume that H; is normal N(O0, Géi), e; is normal
N(0,6%), and H; is independent of ¢;. Here 62, is polygenic
additive variance and 2 is error variance. The dummy

variables x([f) , z(;fh) , xg‘) and zg") are defined by
2 if G4 = AJA,,
=L i Ga= Ak #g,
0 else,
—Pih if G4 = AJA,,
o) PagPa, if G4 = AA;,
zp =

—Pzzqg if Ga = AyAy,

0 else

. (2
2 if GB = BkBk,
=21 ifGp=BBl £k,
0 else,

~P}  if Gy =BiBy,
« ) PsPs, if G = BBy,
—P}  ifGg=BB,
0 else

and o;, %aig, %Biks O aign, Opixs are regression coefficients of the
dummy variables. In addition to the co-variate effects,
there are J,+Jp—1 parameters o;, %, ik, Oaign, Opixi iN
model (1). Model (1) takes both additive and dominance
effects into account [Fan et al., 2006]. If only the additive
effect is modeled, model (1) can be modified to

m—1 n—1
k
Yi=wyi+ o+ Y ot + > xopi + Hi+e. (3)
g=1 k=1

In addition to the co-variate effects, there are m+n—1
parameters o, 0aie,8 = 1,...,m —Lopg,k=1,...,n—1 in
model (3). Model (13) only takes the additive effect into
account; and we call it an “additive effect model” [Fan
et al., 2006]. If both markers A and B are di-allelic such as
SNPs, ie, m=n=2, models (1) and (3), respectively,
simplify to

1 1
Yi =wiy; + o + XEA)OﬂAil + x%)uBil

4)
+ Zgz)@mz + 2028512 + Hi + e,
Yi =wiy; + o + XE:)@AH + xﬁ;”ocsﬂ
)
+ Hi +ei,
which extend the models of Fan and Xiong [2002]
Denote X4 =(xf;), . ,xgn_l))T,XB =(xg), .. ,xg'_l))r, and

Xaup = (X}, X;)". Here the superscript t denotes the
transpose of a vector or a matrix. Let us denote the
additive variance-covariance matrix of the indicator

variables %, x% by Va=Cov(Xaus, Xaup)= E(XausXip)
—EXaup(EXY ). Similarly, let Zy=(z4,...,24™, 2%, ...,
zf"'),...,zf;mfl)m))ﬂ Zp= (23312),...,zg"),z§323),...,zg"),...,
Z(B("_l)”))’, and Zap = (Z%Z%). Let us denote the
dominance variance-covariance matrix of the indicator

variables szh) ,zgd) by Vp = Cov(Zaug, Zaug). The elements
of matrices V4 and Vp, are provided in Appendix E, Fan
et al. [2006]. For readers’ convenience, we summarize Vj
and Vp in Appendix A.

For ¢=12,...,m, let us denote DAXQ =
P(Q14¢) — q1PAg, which are measures of LD between
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QTL Q and marker A. Here P(QlA o) is the frequency of
haplotype Q;A,. For k=1,2,...,n let us denote
Dg, o = P(Qi1By) —q1P3k, which are measures of LD be-
tween QTL Q and marker B. Here P(QBy) is the frequency
of haplotype Q;By. For the ith trait, let u(’) be the genotypic
value of genotype Q;Qi,j,l=1,2 and SO i1 = Uoi.
Denote a; = uﬁ? (uﬂ + ,u(’) /2 and d; ,u(l) (') + ug) /2.
The average effect of gene substltutlon is ogi =
a; + (92 — q1)di, and dominance deviation is dg; = 2d; in
view of traditional quantitative genetics [Falconer and
Mackay, 1996]. Similar to Appendix E, Fan et al. [2006], we
can show that the regression coefficients of models (1) and
(3) are given by

OLAi1 Dajo
LAi(m—1) 1| Payq0
= (VA 2) AQi»
0lBi1 / Dsyq “
OLBi(nfl) DBn_lQ
dai12 [Pa,Dajg — Pay DAZQ]Z
6Ai(m—l)m _ 11 [PAm71 DAmQ - PAWIDAmle]Z S, ;. (6)

dpi2 - P [Ps,Ds,0 — P, Dpyol”

BBi(n—1n [P, ,Dp,0 — Ps,Ds,_,0F
If both markers A and B are di-allelic, equations (6) are
given by

-1
(%«il) _ [ PayPa, Das Da,o .
Ol Dap, P Pg, Ds,q o

8,4,‘12 P1241 Pz%}z D12413] D1241Q
(5 ) = 2 2 12 2 8qi,
Bi12 DAlBl PBIPBZ DBlQ
which are proved in Fan and Xiong [2002]. If multiple di-
allelic markers are used in the analysis, Jung et al. [2005]
provide an extension of (7). Equations (6) and (7) show
that the parameters of LD (i.e., Do and Dp, ) and gene
effect (i.e.,, ag; and §p;) are contained in the regression
coefficients. Models (1) and (3) simultaneously take care of
the LD and the effects of the putative trait locus Q. The
gene substitution effect ag; is contained only in oss, oBi;
and the dominance effect 3g; is contained only in &4,
Opixi. Therefore, V, is called additive variance-covariance
matrix; and Vp is called dominance variance-covariance
matrix. Model (1) orthogonally decomposes genetic effect
into summation of additive and dominance effects.
For the ith trait, it is well known that the additive

variance Ggm 2q1920%; and the dominance variance
2 _

O = (1192)°8%;. Let o? = Ozei + Opgi + OGq + Oy be the
total variance of trait y;. In addition, let 6g12 and og12 be
additive and dominance cross covariances of y; and s,
respectively; and let 65412 and .12 be polygenic covariance
and random error covariance of y; and y,, respectively. The
covariance of y; and y, is o12 = Cov(y1,y2) = Gea2 +

@)
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Ogi12 + OGa12 ;F G2 = O21, Where G2 = 2q1420g10q2 and
Ogi12 = (9192) 00102

FAMILIAL VARIANCE COMPONENT MODELS

Let Y1 = (y11,...,y10)" and Yz = (Yo1,...,Y2)" be their
measured values on the f members of a non-inbred
pedigree [Lange and Boehnke, 1983]. Here Y; is the
column vector of trait values of the first trait of the ¢
family members, and Y, is the column vector of trait
values of the second trait. Under normality, regressions (1)
and (3) can still be used to model the trait values. The
notations need to be modified, accordingly, as follows. For
instance, model (1) can be modified as:

m—1
)
Yij =wijYi + % + Z xffj Qi

g=1
h
+ Z XB] Apik + Z Z([fj )BAigh (8)
1<g<h=<m
()
+ > ZBj)SBikl + Hjj + ey,

1<k<l<n

where wj; is a row vector of co-variates such as sex and age
for the i-trait of the jth pedigree member, H;; is polygenic
effect, and e; is error term. Assume that H;; is normal
N(0,0%),i=1,2, ¢; is normal N(0,62),i = 1,2, and Hj; is
independent of e;;. The dummy variables xff),z([%h), x(B];) nd
zg;]) are defined such as (2) according to the marker
genotypes G,; at marker A and Gg; at marker B of the jth
pedigree member, e.g.,

2 ifGyj = AgA,

©®) _ ;
XA] 1 IfGA]'ZAgA/Z,h;ﬁg.
0 else

If only the additive effect is modeled, model (8) can be
modified to

Yij =wijy; + o + Z xA] AAig
1
u ©)
n—1 v
+ ; x;j)ugik + Hjj + ej.

The regression coefficients of models (8) and (9) are given
by (6), which can be proved as Appendix E, Fan et al.
[2006].

Let ngjx be the proportion of alleles shared identical by
descent (IBD) at QTL Q by the jth and the kth individuals,
and let Agj be the probability that both alleles at QTL Q
shared by the jth and the kth individuals are IBD. The trait
variances and co-variances are given by

Cov(y1, Y1k) =MQjkCa + Agjk O
+ 2050 + 1= 0o,
Cov(yyzj, Yak) =MQi Ty + AgikOgsn
=+ Z(kaGZGal + 1(]‘:]()632, (10)
Cov(y1j, Yar) =mQjxCga12 + AgikOgar2
+ 20466212 + 1(j=k)Ce12
=Cov(y2j, y1x)
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where @y is the kinship coefficient of individuals j and k
[Lange, 2002]. Let Ilg = (ngi);x; be a symmetric fxt
matrix with ngj as the entry in row j and column k; let
Ag = (Agjk)ix; be a symmetric ¢ x t matrix with Agj as the
entry in row j and column k; let ® = (®y),,; be a symmetric
t x t matrix with ®; as the entry in row j and column k;
and let I; be t x t identity matrix. In partitioned matrix and
Kronecker product notation, these covariances can be
collectively expressed as [Harville, 1997]

Yi My 0 0 I
Var< ) =G§u] ( Q ) + GgalZ( Q)
Y, 0 0 g 0
, (0 0 , (20 0
+ GgﬂZ 0 HQ + OGa1 0 0
0 20\ , (0 0
+ GGa12 2w 0 + OGa2 0 20
Ag 0 0 Ag
+G§dl<0 0)+ng12(AQ 0 )
0 0 I 0
2 2 t
+ng2<0 AQ)+GEI(O 0)
ren(l e 2
oe
2\ oo 0 I
_ Géﬂ Ggnl2 ® Ty + G;ﬂ Ogd12
Gga12 0§a2 Ggd12 0§d2

2
O oG
®Ag+ | & )0
OGa12 Ogp

2
(e} (o)
1 e12
+ ¢ ® I;.
Gel2 032

The log-likelihood of Y7 and Y, can be written as

(I

1 Y,
L =—tlog(2m) — Elog det|Var v
2

(o) PG Ci2En)
= Var s
2 Yz — EYZ Yz YZ - EYZ

where EY7 = (Eyi1,...,Ey1)" and EY; = (Eyor, ..., Eya)’
are mean Vectors of trait values. For instance, Eyij = wiiYrt
O(1+Zq 1] XA] O(Azg‘i'zk 1 xg(])ocBik + Zl§g<h§m Z‘(,éz]h)SAigh +

> 1<k<i<n zB]. 5sz1 if model (8) is used in analysis.

(12)

PARAMETER ESTIMATION

Assume that the data are a combination of N unrelated
individuals and I independent pedigrees. The I pedigrees
can be multi-generation pedigrees of any sizes and any
types of relatives, nuclear families, sibships or their
combinations. For each pedigree, the log-likelihood can
be written as (12). Assume that the pedigrees are
unrelated, then the total log-likelihood is the summation
of the 1nd1v1dua1 log-likelihoods. Let Q = (Ggﬂ ,Ggalz, o2 5
ngv Ogd12, ngz’GGa1’GGﬂ127 Gzcazsofvsclbc »)" be the
column vector of parameters of the variance-covariance
matrix. Similarly, denote the regression coeffi-
cients as O, AUB = (O(A,], <o OlAIm—1)5 XBils - - -5 O(Bi(n,l))r and

3i.auB = (8ai12, - - - » SAim—1ym> OBi12, - - - » OBi(u—1)n)"- Denote

Yi
o 1
Y = and Y = .
! % AUB ( T, )
i, auB

Standard methods, such as Newton-Raphson or Fisher
scoring methods, can be used to estimate the parameters.

For the sth pedigree or individual, let Y35 and Yo, be the
column vectors of the trait values of the two traits. In
addition, let U be the model matrix of regression (1) or (8) for
the pedigree or individual Then U; can be decomposed into

= (Ws, X§ aup»> Zi aup), where W is the sub-matrix corre-
spondmg to regression coefficients y; and oy, X{ 4 p is the
sub-matrix corresponding to regression coefficients o; aug,
and Z{ , p is the sub-matrix corresponding to regression

coefficients 8; aup. Then regression (1) or (8) can be expressed

by (Qi) = (Lés 0 )(?;) + (Z), where O is zero
matrix, and & and &, are column vectors of error terms.

Consider the overall log-likelihood L = )", +1 Ls, where
Li,s=1,...,N are the log-likelihood functions of N
individuals, and L;,s =N +1,...,N +1 are log-likelihood
functions of pedigrees as (12). Let X; be the variance-
covariance of Y7, and Y», in the form (11) of sth pedigree or
individual, and let ¥ be the estimate of X.. The regression
coefficients Y can be estimated by

Fo(r) _ Nz(u O)z(” O) _
1, —~\o u)™ \o u
N+I Uur O\ . Yl

s ) ° ).
X;(o U> : (st)

In practice, some of the parameters (e.g., variance
parameters o7, and o2, and covariance parameter
Og4i12) May not be estimable and identifiable due to the

redundancy. One may need to specify the model carefully
for specific types of data. Let us denote

Yi ¥
‘Pi=( ‘ou ) and lP:(\P;)

i, AUB

Let Vs = (W, X{ 4.5) be the model matrix of regression (3)
or (9). Then regression (3) or (9) can be expressed by

Yls _ VS 0 \I"l €1 . -
(YZS) = ( 0 Vs) (‘Pz) + (82). The regression coef:

ficients ¥ can be estimated by
. 1 N+I Vi O\ ._ Vs o)
+<(3)-[50 D5 2
¥, \0 Vi o Vs
5 Ai’ 0 5 Yie\
O Vi) ° \ Y

ASSOCIATION STUDY AND NON-CENTRAL-
ITY PARAMETER APPROXIMATIONS OF
F-TESTS

Evidence of association can be tested by the likelihood
ratio test (LRT) procedure or F-test using the estimates X
and Y. For LRT procedure, let L,; be the log-likelihood

-1
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under the alternative hypothesis of Hapag1 and Ly be log-
likelihood under the null hypothesis Hapuio. The LRT
statistic 2[L,y — Lo] is asymptotically distributed as x> with
the degrees of freedom 2(J,+Jg—2). As there are m+n—2
measures of LD, Da,q>--->Da,,_10:DBy0s---> DB, 10 due
to Zg;l Dpgo =0 and > k=1 Do =0, the number of
coefficients otajq, Opik, O aign, Opini, 1 = 1,2 having significant
results should be less than m+n—2.

For F-test procedure, the linear regression model theory
is used to test genetic effect and LD coefficients [Graybill,
1976] and to evaluate the power of the F-test statistics. The
approximations of the non-centrality parameters can be
derived for power analysis. Let the total trait values as

Yo
YN+

Yonr

and let us denote the total model matrix

(98] (0]
(0] U,
u=| :
Uny O
O  Unyr
Then we can write the model as Y =UY+e. Let total
variance-covariance matrix be X = diag(Zi,...,Xn41). In
the sth pedigree, assume that there are n, pedigree
members. The total sample size is 2(N+Z§\];§§ 41 1s)-

. . (O I O O _
Define a test matrix by H—(O 0 o I])’]_]A+

Jg—2, where O are a zero matrices/vectors and Ij is | x |
identity matrix. To test the null hypothesis Hapu0, the
F-test statistic based on regression (1) or (8) is

HY)HUSE U HT I HY)

FaBad = — 7= P DR |
Y[ -2 uWuE uy'uE |y (13)
2N + SN0 1) —2(Ja+ 5 — 1)
2(Ja+J5—2) ’

with a non-central F(2(Ja + J5 — 2),2(N + SN0, 15)
—2(Ja +Jg — 1), Asy) distribution under the alternative
hypothesis. Here 1,; is the non-centrality parameter

given by
-1
N+I us 0] u o) -1
H X bl I H
(o )=o)

s=1
x (HY).
To test the additive genetic effect, the null hypothesis is

Mag =(HY)*

Hapap : 0ait = -+ = Qlaign-1) = Opi1 = -~ = opien-1) = 0,
. L O I, OO
i=1,2. The test matrix is H; = (O O 0 I )’

k=m+n—2, where O are zero matrices/vectors and I
is k x k identity matrix. In the same manner as F4p,4, one
may construct an F-statistic Fap, to test Hagp,o based on
model (3) or (9), with degrees of freedom of (2(m + n — 2),

2(N + zﬁfjﬂ ns) —2(m+mn—1)). The corresponding
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non-centrality parameter of Fap, is

N+I \7%43Ne) _ Vs le)
Z s ) 1
o vi)™ \o v

s=1

Ao =(H1 )" | Hy Hj

x (H'P).

Assume that there are no co-variates. In Appendix B,
approximations of non-centrality parameters are provided
for population data. For nuclear family data, Appendices C
and D provide approximations of non-centrality para-
meters. In Appendix E, we consider a combination of N
unrelated individuals, I; trio families (each has a single
child and both parents), and I, nuclear families of size 4
(each has two siblings and both parents). Assume that N, I,
and I, are large enough that large sample theory applies.
Appendix E provides approximations of non-centrality
parameters of F-test statistics for the combination.

MAPPING STRATEGY

It is well known that association studies are prone to
false positive due to population admixture or stratifica-
tion, although their resolution can be high. Linkage
analysis is robust to population structure, although its
resolution can be low. The proposed models based on
combinations of population and pedigree data can take
advantage of robustness of linkage analysis and high
resolution of an association study, and overcome the limits
of each. In practice, linkage test based on pedigree data can
be performed first to detect a broad region of a trait locus.
An LRT can be constructed to test the null hypothesis of no
linkage by considering a reduced variance component
model with the ith trait of the jth pedigree member based
on y;j = wjy; + o+ gij + Hjj + e;7, which does not model the
association information [Amos, 1994]. Here g;; is unob-
served major gene effect, and the other notations are
similar to above description. This prior linkage analysis
can usually localize the trait locus in a chromosome region
that ranges from a few cM to 20 cM.

With the prior linkage information, one may fit the
models proposed in this article by using both pedigree and
population data based on a dense genetic map for high
resolution joint linkage study and LD mapping; i.e., fine
disease gene mapping. Assume that significant evidence
of linkage is found to be o7, >0, 0%,, >0, which implies
a1 # 0,002 # 0. Then the association test between two
markers and the putative QTL can be carried out as
following: Hppao : 04l = -+ = Oaign—1) = Ogi1 = -+ =
agi-1) = 0,1 = 1,2 versus Hyp,1: at least one of o4, 0pix’s
is not equal to 0. This is equivalent to Hapgo : Dajg =
10 = 0. Assume that the
significant evidence of linkage is found to be

2 2 2 2 iati
Ogn > 0,05, >0, 655 >0,00,,>0. The association test

is  Hapap : 0ai1 =+ = OAim—1) = OBl = -+ = UBj(u—1) =
Sait2 = -+ = Oaitm = - -+ = SAim—1ym = OBi12 = - - - = Opi1y =

-+ = 3Bj(n—1yn = 0 versus Hapyq: at least one of as;y, dpik
S ighs Oijk is not equal to 0. The significant variables, such
as x,;; and xg;j, can be identified. Keeping the significant
variables in the final model, one may calculate the LRT of
the final model against a model which assumes neither
linkage nor association between the trait values and
markers, to test linkage and association simultaneously;
or one may calculate the F-test or LRT of the final model

--=Dy, ,0=Dpo=--=Ds



Combined Linkage and Association Mapping of QTL 401

against a model which assumes linkage but no association,
to test the association in the presence of prior linkage.

The proposed model explains linkage information in
variance-covariance matrix and LD information in the mean
coefficients. In the Appendices, we show that the non-
centrality parameters of F-test statistics are functions of
additive and dominance variances, and we may get high

TYPE I ERROR RATES

To investigate the robustness of the proposed models,
we calculate type I error rates for four cases named Null,
Familiality, Linkage and Composite. The related parameter
values are presented as follows (o} = o}, + Oy
+G§i,i =1,2):

Location of genetic variant

Lod of univariate

Lod of univariate Lod of bivariate of

Chromsome SNP Position of anti-CCP of RF IgM anti-CCP and RF IgM
2 rs2685263 539873 3.65 748
4 rs1024461 106121591 4.50 7.31

power if linkage signal of QTL is large. Simultaneously
using both linkage and LD information in our models has
two advantages: (1) it is more likely to avoid spurious
association of a separate LD mapping; (2) it increases the
resolution of a separate linkage mapping. Using this strategy
in study design, researchers may increase the power to
localize the genetic location and to detect important genetic
determinants of the traits of complex diseases.

RESULTS

AN EXAMPLE

The proposed method 1is applied to analyze
two quantitative phenotypes, i.e., rheumatoid factor (RF)
IgM and anti-cyclic citrullinated peptide (anti-CCP) for
the data of The North American Rheumatoid Arthritis
Consortium, which is provided by Genetic Analysis
Workshop 15 (GAW 15), Problem 2. The data contain
642 Caucasian families [Amos et al.,, 2006]. As the two
traits are unlikely to be normal, we transform the traits
with an inverse Gaussian transformation of the
ranks, which are approximately normal. By fitting additive
effect models of univariate and bivariates, we obtain
the following results:

©

wt

@3
T@
dNORORONO

Fig. 1. Multi-generation pedigree used in type I error calcula-
tion, which are taken from Figure 1 of Abecasis et al. [2000] or
Fan et al. [2005]. The number in the box or circle is individual
ID.

For the case of Null, no genetic effect is assumed to
affect the traits. For the case of Familiality, polygenic effects
are assumed, but no major locus effects are assumed. For

Testcases =0l [0} B=oy/o} ok, /0l Rl o oF  Oag " Dago

Null 0 0 0 0 15 10 Not applied Not applied Not applied
Familiality 0 0 0.5 0.3 15 10 Not applied Not applied Not applied
Linkage 0.15 0.1 0 0 15 10 0.01 0.5 0
Composite 0.15 0.1 0.15 0.1 15 10 0.01 0.5 0

The above significant results for chromosomes 2 and 4
are found at the same marker for both RF and anti-CCP in
univariate analysis. Hence, the two traits can be influenced
by the genetic variants at the same locus. In addition, the
two traits are strongly correlated to each other (P value
<0.0001 of t-test 22.0 of testing slope =0 of simple linear
regression of the ranks of the two traits from running
Statistical Analysis Software (SAS); the Pearson correlation
coefficient = 0.501). This provides a motivation to pursue a
bivariate analysis. It can be seen that the Lod scores of
bivariate analysis are higher than those of separate
univariate analysis. Hence, it is advantageous in perform-
ing bivariate analysis.

the case of Linkage, major locus effects are assumed, but no
polygenic effects are assumed. For the case of Composite,
both major locus effects and polygenic effects are
assumed. For each test case, five types of pedigrees are
simulated to calculate the type I error rates: the multi-
generation pedigree in Figure 1, nuclear families with two
to five kids. For each combination of test case and pedigree
type, 10,000 datasets are simulated; and for each data set,
60 or 120 pedigrees are simulated. We evaluate a marker A
which is di-allelic and tri-allelic, i.e., m = 2,3. For di-allelic
marker, equal allele frequencies are assumed, i.e.,
Py =Pu, =05 for tri-allelic marker, the allele frequen-
cies are given by PA1 = PA2 = 0.3 and PA3 = 0.4. For each
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of the 10,000 data sets, we fit the following model

m—1
Vij = o + E x,(f;OtAig + eij,

g=1
under an assumption of c,1, = 0. The vector of parameters
of the variance-covariance matrix is Q= (6§n19 Oga12,
G225 021, 0z)", and so there are five variance-covariance
parameters and test the null hypothesis Hy : oain =
<o =oaim-1) = 0,i =1,2. As the QTL Q is in linkage
equilibrium with marker A or simply no major gene locus
Q, an empirical test statistic which is larger than the

cutting point at a 0.05 or 0.01 significance level is treated as
a false positive. Based on the LRT, type I error rates are
calculated as the proportions of the 10,000 simulation data
sets which give significant result at the 0.05 or 0.01
significant level. The results of type I error rates are
presented in Table I. When each data set contains 60
pedigrees, the results of Table I show that the type I error
rates are around the nominal level 0.05 or 0.01 for all cases,
except for the case of two-kid nuclear family for a tri-allelic
marker, m = 3. Hence, the model is reasonably robust. For
the case of two-kid nuclear family for a tri-allelic marker,
the type I error rates tend to be higher than the nominal

TABLE I. Type I error rates (%) at 0.01 and 0.05 significance levels based on likelihood ratio tests

Error rates

No. of pedigrees No. of alleles Pedigree type Test case a=0.01 o =0.05
60 pedigrees of each data set Di-allele m =2 Multi-generation pedigree Figure 1 Null 0.74 4.81
Familiality 0.81 4.08
Linkage 1.02 491
Composite 1.01 4.93
Five-kid nuclear family Null 0.94 5.13
Familiality 0.94 4.61
Linkage 1.07 5.17
Composite 0.93 4.71
Four-kid nuclear family Null 1.03 4.51
Familiality 0.81 4.20
Linkage 1.10 5.56
Composite 1.08 5.37
Three-kid nuclear family Null 0.72 4.62
Familiality 0.91 4.91
Linkage 0.86 4.92
Composite 0.97 5.41
Two-kid nuclear family Null 0.92 4.83
Familiality 1.01 5.36
Linkage 0.99 5.45
Composite 1.23 5.80
Tri-allele m =3 Multi-generation pedigree in Figure 1 Null 0.86 4.69
Familiality 0.81 4.61
Linkage 0.95 5.22
Composite 0.98 4.75
Five-kid nuclear family Null 0.77 4.62
Familiality 0.85 4.40
Linkage 0.89 5.46
Composite 0.81 4.75
Four-kid nuclear family Null 0.80 4.80
Familiality 1.02 4.52
Linkage 1.07 5.47
Composite 1.09 5.52
Three-kid nuclear family Null 0.84 5.05
Familiality 0.93 4.94
Linkage 0.87 5.20
Composite 0.91 5.04
Two-kid nuclear family Null 1.01 4.81
Familiality 1.18 5.42
Linkage 1.33 5.86
Composite 1.16 6.17
120 pedigrees of each dataset Tri-allele m =3 Two-kid nuclear family Null 0.89 4.75
Familiality 0.97 5.00
Linkage 1.08 5.25
Composite 1.06 5.13
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levels. This is most likely due to moderate sample size of
60 nuclear families of four people each, and relatively
large number of parameters of 2 x 3+5 =11, where there
are 2 x 3 regression coefficients and five variance-covar-
iance parameters. To further explore the issue, we increase
the sample size by doubling the number of pedigrees to
120 two-kid nuclear families in the simulated data set.
From the results on the bottom of Table I, we can see that
the type I error rates are around the nominal level 0.05 or
0.01, when each data set contains 120 two-kid nuclear
families.

POWER COMPARISON

To make power comparison, we consider the situation in
which nuclear family and population data are combined.

I. Dom Inheritance,D_A1B1=0.0,D_B1Q=0.0
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The sizes of unrelated individuals, trio families and
nuclear family of size 4 are 40, 30, and 20, respectively.
In our previous work, the power comparison of one
marker versus two markers, as well as di-allelic marker
versus multi-allelic marker, was extensively performed
[Fan et al., 2005, 2006; Jung et al., 2005]. In this paper, we
focus on power comparison of two quantitative trait
values versus one trait value. In addition, we consider
two di-allelic markers A and B with equal allele frequen-
cies for simplification. Two modes of inheritance are
considered; a dominant mode of inheritance a;, =d; = 1.0,
a, =d,=1.0 and a recessive mode of inheritance a; = 1.0,
dy=-05, a,=1.0, d, = —0.5. Moreover, let i? = oéal/c%,
h5 = 03,5/ be the heritability of Y; and Y5, respectively.

Figure 2 shows power curves of test statistics Foyar, and
Favarad using both traits Y; and Y5, and test statistics Fivarg

Il. Rec Inheritance,D_A1B1=0.0,D_B1Q=0.0
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Fig. 2. Power curves against measure DAlQ of linkage disequilibrium at 0.01 level, where q; = 0.5, azcul = o'zcuz = 6612 = 6,12 = 0. For
Favara and Foya; a4, both traits Y; and Y, are used for a combined analysis. For Fiyarq and Fiyar a4, only one trait Y is used in analysis. Fayara
and Fiyar, are based on the additive effect model, and Fiyarqs and Fayarqq are based on the genotype effect model. For all graphs, a
combination of nuclear families and population data are used (the number of population individuals =60, the number of trio
families = 30, and the number of nuclear families each with two kids = 20). Two di-allelic markers A and B with equal frequencies are
used in the analysis. In addition, h% = h§ = 0.2. In dominant (Dom) mode of inheritance of graphsIandIll, a; =1,di =1, a0 =1,d, =1

for the two traits; in recessive (Rec) mode of inheritance of graphs Il and IV, a; = 1,d; = —0.5, a = 1,d, = —0.5 for the two traits. Here,
we assume u{) = a; = —u}) and uf) = 1) = d;.

Genet. Epidemiol.



404

and Fiyarqs using the first trait Y; only. Here Fjyar, and
Fivara are based on additive effect model, and Fiyarqas and
Fovarad are based on genotype effect model. The powers are
calculated across the measure Dsg = Da,q of LD at 0.01
significance level. It can be seen that the power of test
statistics using both traits is higher than that of test
statistics using a single trait. Hence, it is advantageous to
perform a unified multivariate analysis of multiple traits,
instead of separate univariate analysis. In addition,
additive effect models provides higher power than the
genotype effect model, and this is consistent with the
results of our previous univariate analysis (it is most likely
due to that the dominance effect cannot compensate for
the increasing degrees of freedom in the test statistics of
genotype effect model). In Graphs I and II of Figure 2, we
assume that there is no LD between markers A and B, and
no LD between marker A and trait locus Q, i.e.,
Da,g, = Dp,o = 0. Hence, the power curves reach mini-
mum at Dy, o = 0, and the curves are symmetric in Graphs
Iand II. In Graphs III and IV of Figure 2, we assume a more
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realistic situation of Dy,p, = 0.05,Dp,q = 0.08. Then, the
curves are not symmetric any more, and the minimum
powers are higher than 0.

Figure 3 shows power curves against heritability h? of
the first trait: in Graphs I and II, the heritability of the
second trait is fixed at h% =0.1; in Graphs III and IV,
h3 = 0.2. Similar to Figure 2, we can easily see from the
four graphs of Figure 3 that the power of bivariate test
statistic Fovara (OF Fovaraq) is higher than that of univariate
test statistic Fiyars (OF Fivarad). When heritability 73 = 0.1,
the test statistic Fovarq (0T Foyaras) may have some power
even when /12 is small, while test statistic Fiyars (OT F1yarad)
may be powerful only when /? is large. As expected, the
power increases as the heritability i3 does.

Figure 4 shows power curves against trait allele
frequency g,. Figure 5 shows power curves against marker
allele frequency Py4,. The powers across frequency of allele
Qs in Figure 4 have a similar pattern as those across allele
frequency P,, in Figure 5: the powers increase as q;
increases in Figure 4, and the powers increase as PA1
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Fig. 3. Power curves against heritability h? of the first trait at 0.01 level. In the graphs, the measures of linkage disequilibrium are given
by Da,p, =0.08,Ds,q = Dp g = 0.1. The other parameters are the same as those of Figure 2.
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Fig. 4. Power curves against trait allele frequency g; at 0.01 level. The parameters are given by Da,p, = 0.08,D4,q = (min(Pa,,q1) —
Pa, q1)/ 2,Dp,q = (min(Pg,,q1) — P, 41) /2. The other parameters are the same as those of Figure 2.

increases in Figure 5. In addition, two quantitative trait test
statistics give higher power than a single quantitative trait
test as that in Figures 2 and 3.

DISCUSSION

In this article, variance component models are devel-
oped for bivariate/multi-variate combined linkage and
association mapping of QTL. By analytical power analysis
and practical example, we show that bivariate models can
be more powerful than univariate models. For moderate-
sized samples, the proposed models lead to correct type I
error rates; and so the models are reasonably robust. In the
paper, we focus on bivariate models. Theoretically, it is
straightforward to generalize the models for multivariate
analysis. However, one may want to notice a potential
problem in estimating the parameters: the number of
parameters can increase rapidly if multiple traits are
considered, and then it would be not easy to estimate the
parameters accurately and the robustness of the models

can be problematic. Hence, trait selection can be important
when a lot of traits are available, such as the expression
phenotypes from microarray analysis, Problem 1
of GAW 15.

In the genetics literature, multivariate linkage models
have been developed by various research groups [Amos
et al, 1990; Arya et al., 2003; Jiang and Zeng, 1995].
To our knowledge, there has not been much research
on multivariate combined linkage and association map-
ping of QTL. Thus, the proposed methods fill some
of the gaps. In the paper, only one scenario is considered:
one quantitative trait locus Q exerts pleiotropic effects
on multiple quantitative traits. Other scenarios can be
interesting for future research: (1) the different traits are
influenced by separate tightly linked loci and (2) the
different traits are influenced by unlinked loci which may
be located on different chromosomes, but the different
traits interact with each other. Each of these two scenarios
represents an important research topic, and deserves more
in-depth investigation. Actually, the proposed regression
models can still be used to describe the traits if the
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at 0.01 level. The parameters are given by Dgg =(min(PA1,P31)f

PA1 PBl ) /2,DAQl = (min(PAl,ql) - PA1 q1) /2,DBQl = 0.08. The other parameters are the same as those of Figure 2.

different traits are influenced by separate tightly linked
loci, but the properties of the models need more
investigation.

If genetic traits are influenced by multiple epistatic
quantitative trait loci, it is interesting and important to
detect gene-gene interactions. There have been a lot of
research on gene-gene interactions of quantitative traits
[Bensen et al., 2003; Cheverud, 2000; Cheverud and
Routman, 1995, 1996; Kraft et al., 2003; Ulgen et al,
2003]. However, almost all the research on gene-gene
interactions focus on population data. Moreover, no
marker information is used in these studies. It would be
exciting to develop models to use marker information to
detect gene-gene interactions based on combinations of
population data and pedigree data. Actually, variance
component models can be developed to detect association
between markers and the QTL, the gene-gene and gene-
environment interactions. The research would take ad-
vantage of dense markers of the human genome research.
Further investigations are necessary for the issues. As a
final point, we assume that there is no missing genotype
data in this paper. In the presence of genotyping error and
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missing data, more research is needed to investigate their
influence on the proposed models and methods [Ritchie
et al., 2003].
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APPENDIX A

Forg=1,2,...,mk=1,...,n, let us denote Dagp, = P(AgBi) — PayPp,, which are measures of LD between two markers A
and B. Here P(A¢By) is frequency of haplotype A;By. Denote
ZPAl (PA] +1) ZPAlPAa—l
EAA = . Ce. : >
2Pp P, 4 o 2Py, (Pa, + D)
2DAlBl + 4PA1 PB] ZDAle—l + 4PA1 PBb—l
Eap = : : ,
2Da,_yBy +4Pa,_ 1Py 2Da,_y, y +4Pa,_ Pp,
2Pp, (Ps, +1) 2Pg, Pg, |
Epp = :
2Pp,_y8, 2Py, (Pp,_ +1) E E
From the results of Appendix E, Fan et al. [2006], we may show E(XaupX} ) = ( EfA EAB > Notice Exu; = 2Py, and
Expy = 2P, . Therefore, we have AB  “BB-
Pay(1—Pay) —PayPa, —ParPa, 4 Daysy Dayp, 4
—P 4 Pa, Pay(1 = Pa,) —PayPa, 4 D,y T ApBy_1
Va=2| =PaPa,y —PaPa,, - Pa, (1=Pa, ) Da, 45 o Dy 18,4
Daypy D,y Da,, 18, Py (1= Ppy) - —Pp, Pp,_,
Days, Dayg, o D4y, 18,4 —Pp, P, Pg, (1 —Pg, ;)
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For the dominance variance-covariance matrix Vp, it can be shown that Vp = Cov(Zau, Zaus) = E (ZaupZ} 5), where

BL") = PagPh, (Pag + Py,
B 25" = P g Py, Py, T
Ez§"25") = 0,

El(zy"’) = P5P5, (P, +P)”
E[z(kl)z(kl/)] = [Pp P BIPBZ/]z’

E[z! ) kl’)] =0,

E[z§"23"] = [Pa, (P3,Dags, — P, Dagp,) — Pag(P3,Da,p, — Py, Dayp)I"-

APPENDIX B

To get an approximation of non-centrality parameter A,; for population data, assume that there are N unrelated individuals.
Here we assume that N is large enough that large sample theory applies. For each individual, the variance-covariance

2
.. cf © . . a b

1 12 —1 2 /(22 2 2.2 2
matrix is X = (012 G% ), whose inverse is X7 = (b o) where a = 63/(0705 — 6%,), b= —o12/(0j05 —03,), =

o2 /(o262 — o3,). Therefore, the non-centrality parameter is

o —(HYY | H|S UT a by(U O _lHT _1HY
wt =(HTY ; o ur (b c)(o u) (HY)
AA aUTLIS wrun\\ "]
=HY) |H Zl DL cu;us) H'| (HY)
N -1 !
a
=(HY) H((b Zu;us> H‘} (HY)
s=1

-1
(HY).

N -1
=HY)' |H (2 ® (Z u; us> )Hf
s=1

Notice that there are no co-variates. Hence, Us = (1, X 4 5, Z 4u3)- By the results in Appendix A, large number law leads to
the following approximation:

N = 1 EX,, O
<Z u; Us) ~AN'| EXasp EXausXip) O =
= O (@] Vb

—V;lEXAUB V;l O

- (1 +EX, s ValEXaus —EX5 VAl O )
0 0 Vgl

which leads to

-1
a b N T 1 V_ O
H((b C)®;USUS> ~ N~ 2@( 5 VD)

Therefore, the non—centrality parameter can be approximated as Ay ~ NHY)' (=71 @ Va O

o Vp )(HY). Let us denote

Dag = (Dag;-- 10" and Dpg = (Dle,-- :Dp, 10)% Axg = ([Pa,Da,g — Pa,Dayol, - .. [Pa,, Dano —
PAmDAm lQ] ) and ABQ = ([PBzDng PBl DBZQ] [PBn DBnQ PBnDBn lQ] )*. The relatlons (6) 1mp1y that

HY = diag(V', VoL, Vil Vi) x (2001(Dfy0, Do), 801(Ako Asp)s  2002(D, Do), 802(A 0. Aso))'.
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Finally, the non-centrality parameter 2,; can be approximated by
2 2 T T -1 DAQ
haa AN[a(2001)" + 2b(20:91)(20q2) + ¢(202) WD)y, Do)V A Dig
B

2 T -1 AAQ

+ N[ady +2b3¢18g> + 82 0l(A%0, Ap)Vp Aso

2N 1 (Dag

:E[acfml + 2602 + €03l (Dhg, D) V3! (DBQ >

N Y 2.1
+ %[ﬁcﬁdl + 26816312 + COa](Afi g, Apo) V! ( Ao )

Similarly, one may show the following approximation:
2 217t T -1 Dag
N[a(2ag1)” + 2b(2091)(202) + ¢(2002) (D, Do) Vs D
BQ

=——/[ac5 +2bG g2 + ¢05p[(Dup» Dpo)V .
‘11‘12[ gal 812 g 21(Diag, Do)V Dpg

APPENDIX C

Consider pedigree data with notations introduced in the Section of Method, and assume that there are no co-variates. For a
relative pair (1,2) of individuals 1 and 2 who are non-inbred relatives, Table II gives the conditional probability P(G1, G2|C)
given their allele IBD sharing status. Here, G; is genotype of individual j, and C is one event of (IBD = k),k = 0,1, 2. For
example, P(AgA,, AgA4|IBD = 0) = Pj*qg, P(AgAq, AgAL|IBD = 0) = ZPZgPAh and P(AgAg, AyAy|IBD = 0) = Pfqufqh. Utilizing

k) (gh) (kl)

the conditional probabilities of Table II, the conditional covariances of variables x(/f]) , xB] »Z,; and zg of a relative pairj = 1,2

can be calculated and the results are listed in Table III. Given (IBD = 0), the covariances are O as the two variables are

independent and so unrelated (e.g., Cov(xfi, xffz)llBD = 0) = 0). Other entries of Table III can be calculated, accordingly.
Denote Xaj = (xgj),o . ff(]’ by, Xpj = (xgj), . g} Dye, and XZ)UB = (X5, Xg)j=1,2. Similarly, let
Zpj= (2(12), . S]m),zf?,. zf]m), ey % Uy 7 = (zgjz), . zg]"),zgf),. zg]"), ey g My and  ZY), = (Z3, Z5))"
Based on the results of Table III, it can be seen that COV(X%B, XfL))BllBD =0)= COV(Z%B, Zf&BllBD =0)=0 and
Cov(X) 5, ZDHIIBD =k) =0,k =0,1,2.  In  addition, we have Cov(Xy)s;, XP,BD=1)= ICov(X\);,

XPGIIBD =2) = Va /2, Cov(ZY));,Z3 ,IIBD =1) =0, and Cov(Zy)s, Z5)51BD = 2) = Vp. Recall that ®;, is kinship
coefficient of individuals 1 and 2, and let A7;; be the probability that both alleles shared by the two individuals 1 and 2

are IBD at any locus [Lange, 2002]. Then it can be shown that the covariance matrix of variable vectors X Ug and Z%B is a
zero matrix, and

Cov(XY) 5, X2 1) = 201,Cov(X)) 5, X2 LIIBD = 2) = 201, V4,

Cov(Z) 5, Z2) 1) = Aj1aCov(ZY) 5, Z%) LIBD = 2) = Az V. (A1)
APPENDIX D

Again, assume that there are no co-variates. Consider I nuclear families, and assume that each nuclear family has both
parents and K offspring. The total number of individuals is I(K+2). Let us list the K+2 individuals of each family as
j=123,...,K+2, where individual 1 is the father and individual 2 is the mother, and the offspring are listed as j = 3,...,K+2.

Suppose that variance-covariance matrices of the I families are the same, i.e.,, ¥; =-.- = X; = X. Let us write variance-
covariance matrix as X = (211 ?2 ), where Xi; = Var(Yys) and X = Var(Yy) are symmetric matrices, and X, =
1 22
. . . 1 21_11 0 —21_11212
Cov(Y1s,Y2) is  covariance  matrix of Yy,  and Y.  Then XJ' = 0 o + I X —
K+2
2{221_11 212)71(—(21_112]2)1:, IK+2) [Harville, 1997, ol 99]. Let Zs_l be (;r g), where

A:Zfll—ZfllZ]z(Zzz—z‘{zz 212) (2 212) B= 211 212(222—2122 212) and C=(222—Z{22ﬁ1212)71.The non—centrality
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TABLE II. Conditional probability P(G1, G2|C) of a relative pair (1,2) given their allele IBD sharing status

Allele IBD sharing status C

Conditional probability IBD=0 IBD=1 IBD=2
P(AgAq. AgA|C) Pl P P

P(AgAq, AgAIC) 2P, Py PPl 0

P(AAg, AyAyIC) P2§P§h 0 0

P(AgAg, ArAy IC) 2P} P Pa, 0 0

P(AgA;,,AgA], 1) 4P’24%’P‘24h PAgP%’ + PAgPAh ZPAgPAh
P(AgAn AgAy [C) 4P% PaiPa, PaPa,Pa,, 0

P(AgAn, Ag Ay |C) 4P Py PaPay, O 0

P(AgAq, BBiIC) P3P} P Ps P(AgBY) P(AgBi)?
P(AgAq, BiBy|C) 2P§XPBkPB, Pag Py, P(AgBy) + PagPs, P(AgBy) 2P(AgBYP(ALB)
P(Ag Ay, BByl C) 2P Pa, P, P4, P P(AyBy) + P, Pp P(AgBy) 2P(A¢Bi)P(ABy)
P(A4 Ay, BkBi|C) 4Py Pa, Py Py, PagPg P(AB) + PAgPBIP(Ath) + P4y, Pp P(AgBy) + P, Pp P(AgBy) 2P(A¢By)P(AyB1)

Here, G; is genotype of individual j, and C is one event of (IBD=k), k=0,1,2. In the Table, we assume
§Fhg#G . g# N h#g h#NW g #W k#l

TABLE III. Conditional expectation of a relative pair (1,2) given their allele IBD sharing status

Allele IBD sharing status C

Conditional expectation IBD=0 IBD=1 IBD =2
Cov(x¥§) it %IC) 0 Ppg[1— Pag] 2P [1— Pa,]
COV(}C@Z 5 /?2’|C) 0 _PAgPAh ZPA PAh
Cov(z{x%) (‘%/ \C) 0 0 PAgPAh (Pag + Pa, )
Cov(z@ &2 /|C) 0 0 [PAgPAhPA]/]Z
Cov(z 42 |C) 0 0
Cov(x ay (‘ J) 0 0 0
Cov(xm,zlff2 IC) 0 0 0
Cov(x®, x¥|0) 0 D,z 2D 5

s Bk 5Bk
Cov(xg ﬁ;% |C) 0 0
Cov(z$),21C) 0 0 E[2$200) = B0 200

In the Table, we assume § #h,g # ¢, g # W, h#g h#NW,§ #N k#L

parameter A,y of F-test Fap .4 is given by

-1

LU A B\ /Us O\]
=(HY H'| (HY
i =0 L;(o UT)(BT C>(o U) ()
I (A2)
L/ urAU;  UBU;
=HY)' |H( > ; H'| (HY),
— \UIB°U, UICU;
0l1,AUB
where HY = 81,408
%2,AUB
32, AuB

Let A= (Awisoxiszy and let Dx=(Ais+ -+ A2+ (A +-+ Asxia) + s S04 Ay Denote S4 =
K+2 ZK+2 Ay and tr(A) = ZK+2 Apk. Notice that there is no co-variates. Large number law leads to

I Sa SAIEXY) T o}
S UAU ~T| S4EXD . (t(A) + Da)Va + (Sa — 2A12)EX ) [EXD T o) . (A3)
s=1 0) @) tH(A)Vp + Z7EA2 AV /2
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where O are zero vectors or matrices, and E(XS&B) = (2Pa;5.--,2P4, 1,2Pp,...,2Pg, ])T. Similarly, let B = (By)x (K+2)x (K+2)r

and let Dy = (Bis + -~ + Bixs2)+ (Bs + -+ + Bagia) + 315 Z,K 2 By Denote S5 = 32 2 By and 1(B) = Y17 By
Large number law leads to

I Sp SEEXY) 5TF o
D UWBU~I| SgEXY),  (#(B) + D)V + (Sp — 2B1)EXY J[EXW T 0 . (A9
s=1 @) @) tr(B)Vp + EL7 42 BuVp /2

Let C = (Cu)k+2)x(k+2), and let Dc = (Ci3 + - - + Crx42)+ (Cos + -+ + Cok42) + Z Z 2 1 Cyj. Denote Sc = Y17 S Cu

and tr(C) = ZK+2 Ci. Large number law leads to

Sc SCIEX YT 0
D UCU, ~ 1| ScEXY . (#1(C) + Do)Va + (Sc — 2C1)EX Y L [EXD T 0 . (AY)
s=1 ) @) tr(C)Vp + L7242 CuVp /2

Assume that the number of families I is large enough that large sample theory applies. The non-centrality parameter A,; of
statistic F4pqq4 can be calculated by plugging approximations (A3)—(A5) into (A2).
Similarly, the non-centrality parameter A, of F-test Fap, is given by

I /VE O\N/A B\/V. O\|
}\’a =(H\Ij)r H ( ) T)( ' )( s )
! [ 1[; o vi)\B cJ\o v,

. L (VIAV, VIBV,\)
=(H,¥) [Hl <§;(V:BTVS VTCVZ ) HI| (H'P),
s= s s s

where H1¥ = zl’AUB . Again, large number law leads to the following approximations:
2,AUB

I

Sa SAEXY 5T
VIAVs ~ 1 1 M @ o
Z SAEXUW,,  (H(A) + Da)Va + (S4 — 241)EX X0, ]

AUB
ol Sp SBIEXY) 5T
VIBV, ~ 1 o o
oy SBEXAUB (tV(B) —+ DB)VB =+ (SB — ZBlz)EXAUB[XAUB]
ol Sc SclEXY 5T
ZVSCVS ~1 (1) 1) 1y o |
o SCEXAUB (tV(C) + Dc)VC + (SC — 2C12)EXAUB[XAUB]

APPENDIX E

Consider a combination of N unrelated individuals, I; trio families, and I, nuclear families of size 4. Let us assume that the

-1
. . . . e A; B
variance-covariance matrices of the I; trio families are equal to Zniq1 = -+ = Znypy = (Brl Cl) and assume that the
1 1
. . . o . Ay B\
variance-covariance matrices of the I, nuclear families of size 4 are equal to Znip+1 ="+ = ZNy;+l, = B C
2 2
Define

(u; O)Zfl(us O)
o u)=\o u

(u; O) & on ](us o>
—1 @] u;: O12 G% O Us

, 4 1 EX, 5 o
~N[°1 “2) @| EXap E(XaupX: 0
~ ) auB E(XausXj )

o1z % o) o Vo

>
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p N+l (UST (0] )E’l ( U, O )
1= E - s
s=N+1 o US o US

u: o><A1 Bl)(us O)
o uw/\B o/\o u
N <u;A]us ugBlus)
SNMT‘iI\‘-IZ U;:lBl.irus Ou;:C] s u 0]
(e D)
s=N-+I7+1 @ us O U
D 0 )
b7\ 0 u)\By &J\o u)
_ Nath (U;Azus u;Bzus)
B UiB3U, UICyU;

s=N+I1+1
Then the non-centrality parameter A,; can be calculated by

N*il*’z Uy 0Ny, (U O
o u)™ \o u

s=1

~1 -1
et =(HY)* |H H‘} (HY)

=(HY)'[H(Ko + Ki + K2) 'H]/(HY)
Notice that similar approximations as (A3)—-(A5) can be utilized to calculate K; and K,. The non-centrality parameter A, of
test statistic Fap, can be calculated, accordingly.
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