
Supplementary Information, Non-centrality Parameters
Consider N sib-pairs each consists of an affected sibling and a normal sibling. For convenience, assume

that the first sibling is affected, and the second sibling is normal in each sib-pair. Let us denote A1 =(the

first sibling is affected), U2 =(the second sibling is unaffected). For “haplotype/allele coding”, the coding

vector of the affected sibling in the i-th sib-pair is X
(A)
i = (z

(A)
i11 , · · · , z(A)

i1(n1−1), · · · , z(A)
iJ1 , · · · , z(A)

iJ(nJ−1))
τ .

Similarly, Y
(U)
i = (z

(U)
i11 , · · · , z(U)

i1(n1−1), · · · , z
(U)
iJ1 , · · · , z(U)

iJ(nJ−1))
τ is the coding vector of the normal sib-

ling. Denote the variance-covariance matrix of X
(A)
i − Y

(U)
i by Σhap = Var(X

(A)
i − Y

(U)
i |A1, U2) =

Var(X
(A)
i |A1, U2) − Cov(X

(A)
i , Y

(U)
i |A1, U2) − Cov(Y

(U)
i , X

(A)
i |A1, U2) + Var(Y

(U)
i |A1, U2). The elements of

the above variance-covariance matrices are given in Appendices A, B, and C: Var(X
(A)
i |A1, U2) and

Var(Y
(U)
i | A1, U2) in Appendix A, and Cov(X

(A)
i , Y

(U)
i |A1, U2) in Appendices B and C. Using quan-

tities of E (z
(A)
ijk |A1, U2) and E (z

(U)
ijk |A1, U2) in the Appendix of the manuscript, E (X

(A)
i − Y

(U)
i |A1, U2)

can be calculated. The non-centrality parameter λH of Hotelling’s statistics TH is given by λH =

N E (X
(A)
i − Y

(U)
i |A1, U2)

τ [Σhap]
−1 E (X

(A)
i − Y

(U)
i |A1, U2).

For “genotype coding”, the coding vector of the affected sibling in the i-th sib-pair is X
(A)
ij = (x

(A)
ij1 , · · · ,

x
(A)
ij(nj−1), x

(A)
ij12, · · · , x(A)

ij1nj
, · · · , x(A)

ij(nj−1)nj
)τ , j = 1, · · · , J . Similarly, Y

(U)
ij = (x

(U)
ij1 , · · · , x(U)

ij(nj−1), x
(U)
ij12, · · · ,

x
(U)
ij1nj

, · · · , x(U)
ij(nj−1)nj

)τ is the coding vector of the normal sibling. Let ajkl and ājkl be the frequencies of

genotype HjkHjl in affected and unaffected siblings given in the Appendix of the manuscript. Then,

E [X
(A)
ij |A1, U2] = (aj11, · · · , aj(nj−1)(nj−1), aj12, · · · , aj1nj

, · · · , aj(nj−1)nj
)τ , (1)

E [Y
(U)
ij |A1, U2] = (āj11, · · · , āj(nj−1)(nj−1), āj12, · · · , āj1nj

, · · · , āj(nj−1)nj
)τ . (2)

Using E [X
(A)
ij |A1, U2] and E [Y

(U)
ij |A1, U2], one may calculate expectation E (X

(A)−Y
(U)|A1, U2) = (E [X

(A)
i1 −

Y
(U)
i1 |A1, U2]

τ , · · · , E [X
(A)
iJ − Y

(U)
iJ |A1, U2]

τ )τ . Let Σgeno = Cov(X
(A)
i − Y

(U)
i |A1, U2) = Var(X

(A)
i |A1, U2) −

Cov(X
(A)
i , Y

(U)
i |A1, U2) − Cov(Y

(U)
i , X

(A)
i | A1, U2) + Var(Y

(U)
i |A1, U2) be the variance covariance matrix

of X
(A)
i − Y

(U)
i . Then the non-centrality parameter λG of Hotelling’s statistics TG is given by λG =

N E [X
(A) − Y

(U)|A1, U2]
τ [Σgeno]

−1 E [X
(A) − Y

(U)|A1, U2]. The elements of the above variance-covariance

matrices are given in Appendices D and E: Var(X
(A)
i |A1, U2) and Var(Y

(U)
i | A1, U2) in Appendix D, and

Cov(X
(A)
i , Y

(U)
i |A1, U2) in Appendix E.
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Appendix A

Consider the “haplotype/allele coding”. The variance-covariance matrices

Var(X
(A)
i |A1, U2) = Var

[
(z

(A)
i11 , · · · , z(A)

i1(n1−1), · · · , z(A)
iJ1 , · · · , z(A)

iJ(nJ−1))
τ |A1, U2

]
,

Var[Y
(U)
i |A1, U2] = Var

[
(z

(U)
i11 , · · · , z(U)

i1(n1−1), · · · , z(U)
iJ1 , · · · , z(U)

iJ(nJ−1))
τ |A1, U2

]
.

The variance of number of alleles Hjk in affected sibling and unaffected sibling can be calculated as follows

Var(z
(A)
ijk |A1, U2) = E [(z

(A)
ijk )2|A1, U2]− [E (z

(A)
ijk |A1, U2)]

2

= 4ajkk +
∑

l 6=k

ajkl −
[
2ajkk +

∑

l 6=k

ajkl

]2
,

Var(z
(U)
ijk |A1, U2) = E [(z

(U)
ijk )2|A1, U2]− [E (z

(U)
ijk |A1, U2)]

2

= 4ājkk +
∑

l 6=k

ājkl −
[
2ājkk +

∑

l 6=k

ājkl

]2
.

Similarly, the covariance between the number of alleles Hjk and the number of alleles Hjl, l 6= k, in affected

sibling and unaffected sibling can be calculated as

Cov(z
(A)
ijk , z

(A)
ijl |A1, U2) = E (z

(A)
ijk z

(A)
ijl |A1, U2)− E (z

(A)
ijk |A1, U2) E (z

(A)
ijl |A1, U2)

= P (G
(A)
ij = HjkHjl|A1, U2)−

[
2ajkk +

∑

k′ 6=k

ajkk′
][

2ajll +
∑

l′ 6=l

ajll′
]

= ajkl −
[
2ajkk +

∑

k′ 6=k

ajkk′
][

2ajll +
∑

l′ 6=l

ajll′
]
,

Cov(z
(U)
ijk , z

(U)
ijl |A1, U2) = E (z

(U)
ijk z

(U)
ijl |A1, U2)− E (z

(U)
ijk |A1, U2) E (z

(U)
ijl |A1, U2)

= ājkl −
[
2ājkk +

∑

k′ 6=k

ājkk′
][

2ājll +
∑

l′ 6=l

ājll′
]
.

For j 6= g, assume that markers Hj and Hg flank disease locus D in an order of HjDHg. Let P (HjkDHgh)

be frequencies of haplotype HjkDHgh. The frequencies of other haplotypes are denoted, accordingly. For

the i-th sib-pair, let G
(U)
iD be disease genotype of the unaffected sibling, and G

(A)
iD be disease genotype of

the affected sibling. To calculate covariance between z
(A)
ijk , z

(A)
igh , denote for j 6= g, k 6= k′, h 6= h′,

g
(A,jg)
kkhh = E

[
1

(G
(A)
ij =HjkHjk)

1
(G

(A)
ig =HghHgh)

|A1, U2

]

= P [G
(A)
ij = HjkHjk, G

(A)
ig = HghHgh, A1, U2, (2 IBD) ∪ (1 IBD) ∪ (0 IBD)]/P (A1, U2)

=
[
1

4

∑

s,t∈{D,d}
fstf̄stP [G

(A)
ij = HjkHjk, G

(A)
ig = HghHgh, G

(A)
iD = st,G

(U)
iD = st]

2



+
1

2

∑

s,t,q∈{D,d}
fstf̄tqP [G

(A)
ij = HjkHjk, G

(A)
ig = HghHgh, G

(A)
iD = st, G

(U)
iD = tq]

+
1

4

∑

s,t,q,r∈{D,d}
fstf̄qrP [G

(A)
ij = HjkHjk, G

(A)
ig = HghHgh, G

(A)
iD = st,G

(U)
iD = qr]

]
/P (A1, U2)

=
[
1

4

∑

s,t∈{D,d}
fstf̄stP (HjksHgh)P (HjktHgh) +

1

2

∑

s,t,q∈{D,d}
fstf̄tqP (HjktHgh)P (HjksHgh)Pq

+
1

4

∑

s,t∈{D,d}
fstP (HjksHgh)P (HjktHgh)Ā

]
/P (A1, U2)

g
(A,jg)
kkhh′ = E

[
1

(G
(A)
ij =HjkHjk)

1
(G

(A)
ig =HghHgh′ )

|A1, U2

]

= P [G
(A)
ij = HjkHjk, G

(A)
ig = HghHgh′ , A1, U2, (2 IBD) ∪ (1 IBD) ∪ (0 IBD)]/P (A1, U2)

=
[
1

4

∑

s,t∈{D,d}
fstf̄stP [G

(A)
ij = HjkHjk, G

(A)
ig = HghHgh′ , G

(A)
iD = st, G

(U)
iD = st]

+
1

2

∑

s,t,q∈{D,d}
fstf̄tqP [G

(A)
ij = HjkHjk, G

(A)
ig = HghHgh′ , G

(A)
iD = st,G

(U)
iD = tq]

+
1

4

∑

s,t,q,r∈{D,d}
fstf̄qrP [G

(A)
ij = HjkHjk, G

(A)
ig = HghHgh′ , G

(A)
iD = st,G

(U)
iD = qr]

]
/P (A1, U2)

=
[
1

4

∑

s,t∈{D,d}
fstf̄st

(
P (HjksHgh)P (HjktHgh′) + P (HjktHgh)P (HjksHgh′)

)

+
1

2

∑

s,t,q∈{D,d}
fstf̄tq

(
P (HjksHgh)P (HjktHgh′) + P (HjktHgh)P (HjksHgh′)

)
Pq

+
1

4

∑

s,t∈{D,d}
fst

(
P (HjksHgh)P (HjktHgh′) + P (HjktHgh)P (HjksHgh′)

)
Ā

]
/P (A1, U2)

g
(A,jg)
kk′hh = E

[
1

(G
(A)
ij =HjkHjk′ )

1
(G

(A)
ig =HghHgh)

|A1, U2

]

= P [G
(A)
ij = HjkHjk′ , G

(A)
ig = HghHgh, A1, U2, (2 IBD) ∪ (1 IBD) ∪ (0 IBD)]/P (A1, U2)

=
[
1

4

∑

s,t∈{D,d}
fstf̄stP [G

(A)
ij = HjkHjk′ , G

(A)
ig = HghHgh, G

(A)
iD = st, G

(U)
iD = st]

+
1

2

∑

s,t,q∈{D,d}
fstf̄tqP [G

(A)
ij = HjkHjk′ , G

(A)
ig = HghHgh, G

(A)
iD = st,G

(U)
iD = tq]

+
1

4

∑

s,t,q,r∈{D,d}
fstf̄qrP [G

(A)
ij = HjkHjk′ , G

(A)
ig = HghHgh, G

(A)
iD = st,G

(U)
iD = qr]

]
/P (A1, U2)

=
[
1

4

∑

s,t∈{D,d}
fstf̄st

(
P (HjksHgh)P (Hjk′tHgh) + P (HjktHgh)P (Hjk′sHgh)

)

+
1

2

∑

s,t,q∈{D,d}
fstf̄tq

(
P (HjksHgh)P (Hjk′tHgh) + P (HjktHgh)P (Hjk′sHgh)

)
Pq

+
1

4

∑

s,t∈{D,d}
fst

(
P (HjksHgh)P (Hjk′tHgh) + P (HjktHgh)P (Hjk′sHgh)

)
Ā

]
/P (A1, U2)
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g
(A,jg)
kk′hh′ = E

[
1

(G
(A)
ij =HjkHjk′ )

1
(G

(A)
ig =HghHgh′ )

|A1, U2

]

= P [G
(A)
ij = HjkHjk′ , G

(A)
ig = HghHgh′ , A1, U2, (2 IBD) ∪ (1 IBD) ∪ (0 IBD)]/P (A1, U2)

=
[
1

4

∑

s,t∈{D,d}
fstf̄stP [G

(A)
ij = HjkHjk′ , G

(A)
ig = HghHgh′ , G

(A)
iD = st,G

(U)
iD = st]

+
1

2

∑

s,t,q∈{D,d}
fstf̄tqP [G

(A)
ij = HjkHjk′ , G

(A)
ig = HghHgh′ , G

(A)
iD = st,G

(U)
iD = tq]

+
1

4

∑

s,t,q,r∈{D,d}
fstf̄qrP [G

(A)
ij = HjkHjk′ , G

(A)
ig = HghHgh′ , G

(A)
iD = st,G

(U)
iD = qr]

]
/P (A1, U2)

=
[
1

4

∑

s,t∈{D,d}
fstf̄st

(
P (HjksHgh)P (Hjk′tHgh′) + P (HjktHgh)P (Hjk′sHgh′)

+P (HjksHgh′)P (Hjk′tHgh) + P (HjktHgh′)P (Hjk′sHgh)
)

+
1

2

∑

s,t,q∈{D,d}
fstf̄tq

(
P (HjksHgh)P (Hjk′tHgh′) + P (HjktHgh)P (Hjk′sHgh′)

+P (HjksHgh′)P (Hjk′tHgh) + P (HjktHgh′)P (Hjk′sHgh)
)
Pq

+
1

4

∑

s,t∈{D,d}
fst

(
P (HjksHgh)P (Hjk′tHgh′) + P (HjktHgh)P (Hjk′sHgh′)

+P (HjksHgh′)P (Hjk′tHgh) + P (HjktHgh′)P (Hjk′sHgh)
)
Ā

]
/P (A1, U2).

For k = 1, · · · , nj − 1 and h = 1, · · · , ng − 1, j 6= g, the covariance

Cov(z
(A)
ijk , z

(A)
igh |A1, U2) = E [z

(A)
ijk z

(A)
igh |A1, U2]− E [z

(A)
ijk |A1, U2] E [z

(A)
igh |A1, U2]

= 4g
(A,jg)
kkhh + 2

∑

h′ 6=h

g
(A,jg)
kkhh′ + 2

∑

k′ 6=k

g
(A,jg)
kk′hh +

∑

k′ 6=k

∑

h′ 6=h

g
(A,jg)
kk′hh′

−
[
2ajkk +

∑

k′ 6=k

ajkk′
][

2aghh +
∑

h′ 6=h

aghh′
]
.

Similarly, for k = 1, · · · , nj − 1 and h = 1, · · · , ng − 1, j 6= g, the covariance

Cov(z
(U)
ijk , z

(U)
igh |A1, U2) = E [z

(U)
ijk z

(U)
igh |A1, U2]− E [z

(U)
ijk |A1, U2] E [z

(U)
igh |A1, U2]

= 4ḡ
(U,jg)
kkhh + 2

∑

h′ 6=h

ḡ
(U,jg)
kkhh′ + 2

∑

k′ 6=k

ḡ
(U,jg)
kk′hh +

∑

k′ 6=k

∑

h′ 6=h

ḡ
(U,jg)
kk′hh′

−
[
2ājkk +

∑

k′ 6=k

ājkk′
][

2āghh +
∑

h′ 6=h

āghh′
]
.

where ḡ
(U,jg)
kkhh , ḡ

(U,jg)
kkhh′ , ḡ

(U,jg)
kk′hh and ḡ

(U,jg)
kk′hh′ are expected genotype frequencies in normal sibling as follows

ḡ
(U,jg)
kkhh = E

[
1

(G
(U)
ij =HjkHjk)

1
(G

(U)
ig =HghHgh)

|A1, U2

]
,

g
(U,jg)
kkhh′ = E

[
1

(G
(U)
ij =HjkHjk)

1
(G

(U)
ig =HghHgh′ )

|A1, U2

]
,
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g
(U,jg)
kk′hh = E

[
1

(G
(U)
ij =HjkHjk′ )

1
(G

(U)
ig =HghHgh)

|A1, U2

]
,

g
(U,jg)
kk′hh′ = E

[
1

(G
(U)
ij =HjkHjk′ )

1
(G

(U)
ig =HghHgh′ )

|A1, U2

]
.

To calculate ḡ
(U,jg)
kkhh , ḡ

(U,jg)
kkhh′ , ḡ

(U,jg)
kk′hh and ḡ

(U,jg)
kk′hh′ , one may use the formulae of g

(A,jg)
kkhh , g

(A,jg)
kkhh′ , g

(A,jg)
kk′hh and g

(A,jg)
kk′hh′

by substituting fst using f̄st.

Appendix B

The conditional covariance

Cov(Y
(U)
i , X

(A)
i |A1, U2) = E [Y

(U)
i X

(A)
i

τ |A1, U2]− E [Y
(U)
i |A1, U2] E [X

(A)
i

τ |A1, U2]

=
E [Y

(U)
i X

(A)
i

τ
1A11U2 ]

P (A1, U2)
− E [Y

(U)
i |A1, U2] E [X

(A)
i

τ |A1, U2].

For “haplotype/allele coding”, the expectations E [Y
(U)
i |A1, U2] and E [X

(A)
i

τ |A1, U2] are given by two quan-

tities E (z
(A)
ijk |A1, U2) and E (z

(U)
ijk |A1, U2) in the Appendix of the manuscript. To get E [Y

(U)
i X

(A)
i

τ
1A11U2 ],

we will calculate E [z
(U)
ijk z

(A)
ijk 1A11U2 ] and E [z

(U)
ijk z

(A)
ijl 1A11U2 ], l 6= k in this Appendix. In Appendix C, we will

calculate expectation E [z
(U)
ijk z

(A)
igh 1A11U2 ] for j 6= g. Notice

E [z
(U)
ijk z

(A)
ijk 1A11U2 ] (3)

= E
[(

2 · 1
(G

(U)
ij =HjkHjk)

+
∑

l 6=k

1
(G

(U)
ij =HjkHjl)

)(
2 · 1

(G
(A)
ij =HjkHjk)

+
∑

l 6=k

1
(G

(A)
ij =HjkHjl)

)
1A11U2

]
.

Since the siblings can share 2, 1, and 0 gene identical by descent (IBD) at the disease locus D with

probabilities 1/4, 1/2, and 1/4, respectively, the expectation

E [1
(G

(U)
ij =HjkHjk)

1
(G

(A)
ij =HjkHjk)

1A11U2 ]

= P [G
(U)
ij = HjkHjk, G

(A)
ij = HjkHjk, A1, U2, (2 IBD) ∪ (1 IBD) ∪ (0 IBD)]

=
1

4

∑

s,t∈{D,d}
f̄stfstP [G

(U)
ij = HjkHjk, G

(A)
ij = HjkHjk, G

(U)
iD = st,G

(A)
iD = st]

+
1

2

∑

s,t,q∈{D,d}
f̄stftqP [G

(U)
ij = HjkHjk, G

(A)
ij = HjkHjk, G

(U)
iD = st,G

(A)
iD = tq] (4)

+
1

4

∑

s,t,q,r∈{D,d}
f̄stfqrP [G

(U)
ij = HjkHjk, G

(A)
ij = HjkHjk, G

(U)
iD = st,G

(A)
iD = qr]

=
1

4

∑

s,t∈{D,d}
f̄stfstP (Hjks)P (Hjkt) +

1

2

∑

s,t,q∈{D,d}
f̄stftqP (Hjkt)P (Hjks)P (Hjkq)

+
1

4

∑

s,t,q,r∈{D,d}
f̄stfqrP (Hjks)P (Hjkt)P (Hjkq)P (Hjkr).

5



For l 6= k, one may calculate expectation

E [1
(G

(U)
ij =HjkHjk)

1
(G

(A)
ij =HjkHjl)

1A11U2 ]

= P [G
(U)
ij = HjkHjk, G

(A)
ij = HjkHjl, A1, U2, (2 IBD) ∪ (1 IBD) ∪ (0 IBD)]

=
1

4

∑

s,t∈{D,d}
f̄stfstP [G

(U)
ij = HjkHjk, G

(A)
ij = HjkHjl, G

(U)
iD = st,G

(A)
iD = st]

+
1

2

∑

s,t,q∈{D,d}
f̄stftqP [G

(U)
ij = HjkHjk, G

(A)
ij = HjkHjl, G

(U)
iD = st,G

(A)
iD = tq] (5)

+
1

4

∑

s,t,q,r∈{D,d}
f̄stfqrP [G

(U)
ij = HjkHjk, G

(A)
ij = HjkHjl, G

(U)
iD = st,G

(A)
iD = qr]

=
1

2

∑

s,t,q∈{D,d}
f̄stftq · 2P (Hjkt)P (Hjks)P (Hjlq)

+
1

4

∑

s,t,q,r∈{D,d}
f̄stfqrP (Hjks)P (Hjkt)

[
P (Hjkq)P (Hjlr) + P (Hjkr)P (Hjlq)

]
.

Similarly, one has the following expectation

E [1
(G

(U)
ij =HjkHjl)

1
(G

(A)
ij =HjkHjk)

1A11U2 ]

=
1

2

∑

s,t,q∈{D,d}
f̄stftq · 2P (Hjls)P (Hjkt)P (Hjkq)

+
1

4

∑

s,t,q,r∈{D,d}
f̄stfqr

[
P (Hjks)P (Hjlt) + P (Hjkt)P (Hjls)

]
P (Hjkq)P (Hjkr). (6)

For l 6= k, one may calculate expectation

E [1
(G

(U)
ij =HjkHjl)

1
(G

(A)
ij =HjkHjl)

1A11U2 ]

= P [G
(U)
ij = HjkHjl, G

(A)
ij = HjkHjl, A1, U2, (2 IBD) ∪ (1 IBD) ∪ (0 IBD)]

=
1

4

∑

s,t∈{D,d}
f̄stfstP [G

(U)
ij = HjkHjl, G

(A)
ij = HjkHjl, G

(U)
iD = st,G

(A)
iD = st]

+
1

2

∑

s,t,q∈{D,d}
f̄stftqP [G

(U)
ij = HjkHjl, G

(A)
ij = HjkHjl, G

(U)
iD = st,G

(A)
iD = tq]

+
1

4

∑

s,t,q,r∈{D,d}
f̄stfqrP [G

(U)
ij = HjkHjl, G

(A)
ij = HjkHjl, G

(U)
iD = st,G

(A)
iD = qr] (7)

=
1

4

∑

s,t∈{D,d}
f̄stfst

[
P (Hjks)P (Hjlt) + P (Hjkt)P (Hjls)

]

+
1

2

∑

s,t,q∈{D,d}
f̄stftq

[
P (Hjkt)[P (Hjls)P (Hjlq)] + P (Hjlt)[P (Hjks)P (Hjkq)]

]

+
1

4

∑

s,t,q,r∈{D,d}
f̄stfqr

[
P (Hjks)P (Hjlt) + P (Hjkt)P (Hjls)

][
P (Hjkq)P (Hjlr) + P (Hjkr)P (Hjlq)

]
.

6



For l1 6= l2, l1 6= k and l2 6= k, one may calculate expectation

E [1
(G

(U)
ij =HjkHjl1

)
1

(G
(A)
ij =HjkHjl2

)
1A11U2 ]

= P [G
(U)
ij = HjkHjl1 , G

(A)
ij = HjkHjl2 , A1, U2, (2 IBD) ∪ (1 IBD) ∪ (0 IBD)]

=
1

4

∑

s,t∈{D,d}
f̄stfstP [G

(U)
ij = HjkHjl1 , G

(A)
ij = HjkHjl2 , G

(U)
iD = st,G

(A)
iD = st] (8)

+
1

2

∑

s,t,q∈{D,d}
f̄stftqP [G

(U)
ij = HjkHjl1 , G

(A)
ij = HjkHjl2 , G

(U)
iD = st,G

(A)
iD = tq]

+
1

4

∑

s,t,q,r∈{D,d}
f̄stfqrP [G

(U)
ij = HjkHjl1 , G

(A)
ij = HjkHjl2 , G

(U)
iD = st,G

(A)
iD = qr]

=
1

2

∑

s,t,q∈{D,d}
f̄stftq · 2P (Hjkt)P (Hjl1s)P (Hjl2q)

+
1

4

∑

s,t,q,r∈{D,d}
f̄stfqr

[
P (Hjks)P (Hjl1t) + P (Hjkt)P (Hjl1s)

][
P (Hjkq)P (Hjl2r) + P (Hjkr)P (Hjl2q)

]
.

By using equations (4), (5), (6), (7), and (8), we may calculate E [z
(U)
ijk z

(A)
ijk 1A11U2 ] in (3). If k 6= l, then

E [z
(U)
ijk z

(A)
ijl 1A11U2 ]

= E
[(

2 · 1
(G

(U)
ij =HjkHjk)

+
∑

m6=k

1
(G

(U)
ij =HjkHjm)

)(
2 · 1

(G
(A)
ij =HjlHjl)

+
∑

n 6=l

1
(G

(A)
ij =HjlHjn)

)
1A11U2

]

= 4 E [1
(G

(U)
ij =HjkHjk)

1
(G

(A)
ij =HjlHjl)

1A11U2 ] + 2 E [1
(G

(U)
ij =HjkHjk)

1
(G

(A)
ij =HjlHjk)

1A11U2 ]

+2
∑

n 6=k,l

E [1
(G

(U)
ij =HjkHjk)

1
(G

(A)
ij =HjlHjn)

1A11U2 ] + 2 E [1
(G

(U)
ij =HjkHjl)

1
(G

(A)
ij =HjlHjl)

1A11U2 ] (9)

+2
∑

m6=k,l

E [1
(G

(U)
ij =HjkHjm)

1
(G

(A)
ij =HjlHjl)

1A11U2 ] +
∑

m6=k,l

E [1
(G

(U)
ij =HjkHjm)

1
(G

(A)
ij =HjlHjm)

1A11U2 ]

+
∑

m6=k,l

E [1
(G

(U)
ij =HjkHjm)

1
(G

(A)
ij =HjlHjk)

1A11U2 ] +
∑

m6=k,l

∑

n6=m,k,l

E [1
(G

(U)
ij =HjkHjm)

1
(G

(A)
ij =HjlHjn)

1A11U2 ]

+ E [1
(G

(U)
ij =HjkHjl)

1
(G

(A)
ij =HjlHjk)

1A11U2 ] +
∑

n 6=k,l

E [1
(G

(U)
ij =HjkHjl)

1
(G

(A)
ij =HjlHjn)

1A11U2 ].

First, one may calculate the expectation

E [1
(G

(U)
ij =HjkHjk)

1
(G

(A)
ij =HjlHjl)

1A11U2 ]

= P [G
(U)
ij = HjkHjk, G

(A)
ij = HjlHjl, A1, U2, (2 IBD) ∪ (1 IBD) ∪ (0 IBD)]

=
1

4

∑

s,t∈{D,d}
f̄stfstP [G

(U)
ij = HjkHjk, G

(A)
ij = HjlHjl, G

(U)
iD = st,G

(A)
iD = st]

+
1

2

∑

s,t,q∈{D,d}
f̄stftqP [G

(U)
ij = HjkHjk, G

(A)
ij = HjlHjl, G

(U)
iD = st,G

(A)
iD = tq] (10)

+
1

4

∑

s,t,q,r∈{D,d}
f̄stfqrP [G

(U)
ij = HjkHjk, G

(A)
ij = HjlHjl, G

(U)
iD = st,G

(A)
iD = qr]

7



=
1

4

∑

s,t,q,r∈{D,d}
f̄stfqrP (Hjks)P (Hjkt)P (Hjlq)P (Hjlr).

For n 6= k, l, one may have the following expectation

E [1
(G

(U)
ij =HjkHjk)

1
(G

(A)
ij =HjlHjn)

1A11U2 ]

= P [G
(U)
ij = HjkHjk, G

(A)
ij = HjlHjn, A1, U2, (2 IBD) ∪ (1 IBD) ∪ (0 IBD)]

=
1

4

∑

s,t∈{D,d}
f̄stfstP [G

(U)
ij = HjkHjk, G

(A)
ij = HjlHjn, G

(U)
iD = st,G

(A)
iD = st]

+
1

2

∑

s,t,q∈{D,d}
f̄stftqP [G

(U)
ij = HjkHjk, G

(A)
ij = HjlHjn, G

(U)
iD = st,G

(A)
iD = tq] (11)

+
1

4

∑

s,t,q,r∈{D,d}
f̄stfqrP [G

(U)
ij = HjkHjk, G

(A)
ij = HjlHjn, G

(U)
iD = st,G

(A)
iD = qr]

=
1

4

∑

s,t,q,r∈{D,d}
f̄stfqrP (Hjks)P (Hjkt)

[
P (Hjlq)P (Hjnr) + P (Hjlr)P (Hjnq)

]
.

For m 6= k, l, one may have the following expectation

E [1
(G

(U)
ij =HjkHjm)

1
(G

(A)
ij =HjlHjl)

1A11U2 ]

= P [G
(U)
ij = HjkHjm, G

(A)
ij = HjlHjl, A1, U2, (2 IBD) ∪ (1 IBD) ∪ (0 IBD)]

=
1

4

∑

s,t∈{D,d}
f̄stfstP [G

(U)
ij = HjkHjm, G

(A)
ij = HjlHjl, G

(U)
iD = st,G

(A)
iD = st]

+
1

2

∑

s,t,q∈{D,d}
f̄stftqP [G

(U)
ij = HjkHjm, G

(A)
ij = HjlHjl, G

(U)
iD = st, G

(A)
iD = tq] (12)

+
1

4

∑

s,t,q,r∈{D,d}
f̄stfqrP [G

(U)
ij = HjkHjm, G

(A)
ij = HjlHjl, G

(U)
iD = st,G

(A)
iD = qr]

=
1

4

∑

s,t,q,r∈{D,d}
f̄stfqr

[
P (Hjks)P (Hjmt) + P (Hjkt)P (Hjms)

]
P (Hjlq)P (Hjlr).

For m 6= k, l, n 6= m, k, l, one may have the following expectation

E [1
(G

(U)
ij =HjkHjm)

1
(G

(A)
ij =HjlHjn)

1A11U2 ]

= P [G
(U)
ij = HjkHjm, G

(A)
ij = HjlHjn, A1, U2, (2 IBD) ∪ (1 IBD) ∪ (0 IBD)]

=
1

4

∑

s,t∈{D,d}
f̄stfstP [G

(U)
ij = HjkHjm, G

(A)
ij = HjlHjn, G

(U)
iD = st,G

(A)
iD = st]

+
1

2

∑

s,t,q∈{D,d}
f̄stftqP [G

(U)
ij = HjkHjm, G

(A)
ij = HjlHjn, G

(U)
iD = st,G

(A)
iD = tq] (13)

+
1

4

∑

s,t,q,r∈{D,d}
f̄stfqrP [G

(U)
ij = HjkHjm, G

(A)
ij = HjlHjn, G

(U)
iD = st,G

(A)
iD = qr]

8



=
1

4

∑

s,t,q,r∈{D,d}
f̄stfqr

[
P (Hjks)P (Hjmt) + P (Hjkt)P (Hjms)

][
P (Hjlq)P (Hjnr) + P (Hjlr)P (Hjnq)

]
.

Using equations (5), (6), (7), (8), (10), (11), (12), and (13), we may calculate terms of equation (9).

Appendix C

For j 6= g, the expectation

E [z
(U)
ijk z

(A)
igh 1A11U2 ] (14)

= E
[(

2 · 1
(G

(U)
ij =HjkHjk)

+
∑

k′ 6=k

1
(G

(U)
ij =HjkHjk′ )

)(
2 · 1

(G
(A)
ig =HghHgh)

+
∑

h′ 6=h

1
(G

(A)
ig =HghHgh′ )

)
1A11U2

]
.

Suppose that blocks/markers Hj and Hg flank disease locus D in an order HjDHg. The expectation

E [1
(G

(U)
ij =HjkHjk)

1
(G

(A)
ig =HghHgh)

1A11U2 ]

= P [G
(U)
ij = HjkHjk, G

(A)
ig = HghHgh, A1, U2, (2 IBD) ∪ (1 IBD) ∪ (0 IBD)]

=
1

4

∑

s,t∈{D,d}
f̄stfstP [G

(U)
ij = HjkHjk, G

(A)
ig = HghHgh, G

(U)
iD = st,G

(A)
iD = st]

+
1

2

∑

s,t,q∈{D,d}
f̄stftqP [G

(U)
ij = HjkHjk, G

(A)
ig = HghHgh, G

(U)
iD = st,G

(A)
iD = tq] (15)

+
1

4

∑

s,t,q,r∈{D,d}
f̄stfqrP [G

(U)
ij = HjkHjk, G

(A)
ig = HghHgh, G

(U)
iD = st,G

(A)
iD = qr]

=
1

4

∑

s,t∈{D,d}
f̄stfstP (HjksHgh)P (HjktHgh) +

1

2

∑

s,t,q∈{D,d}
f̄stftqP (HjktHgh)P (Hjks)P (qHgh)

+
1

4

∑

s,t,q,r∈{D,d}
f̄stfqrP (Hjks)P (Hjkt)P (qHgh)P (rHgh).

If h′ 6= h, the expectation

E [1
(G

(U)
ij =HjkHjk)

1
(G

(A)
ig =HghHgh′ )

1A11U2 ]

= P [G
(U)
ij = HjkHjk, G

(A)
ig = HghHgh′ , A1, U2, (2 IBD) ∪ (1 IBD) ∪ (0 IBD)]

=
1

4

∑

s,t∈{D,d}
f̄stfstP [G

(U)
ij = HjkHjk, G

(A)
ig = HghHgh′ , G

(U)
iD = st,G

(A)
iD = st]

+
1

2

∑

s,t,q∈{D,d}
f̄stftqP [G

(U)
ij = HjkHjk, G

(A)
ig = HghHgh′ , G

(U)
iD = st, G

(A)
iD = tq] (16)

+
1

4

∑

s,t,q,r∈{D,d}
f̄stfqrP [G

(U)
ij = HjkHjk, G

(A)
ig = HghHgh′ , G

(U)
iD = st,G

(A)
iD = qr]

=
1

4

∑

s,t∈{D,d}
f̄stfst

[
P (HjksHgh)P (HjktHgh′) + P (HjktHgh)P (HjksHgh′)

]

9



+
1

2

∑

s,t,q∈{D,d}
f̄stftq

[
P (HjktHgh)P (Hjks)P (qHgh′) + P (HjktHgh′)P (Hjks)P (qHgh)

]

+
1

4

∑

s,t,q,r∈{D,d}
f̄stfqrP (Hjks)P (Hjkt)

[
P (qHgh)P (rHgh′) + P (rHgh)P (qHgh′)

]
.

If k 6= k′, the expectation

E [1
(G

(U)
ij =HjkHjk′ )

1
(G

(A)
ig =HghHgh)

1A11U2 ]

= P [G
(U)
ij = HjkHjk′ , G

(A)
ig = HghHgh, A1, U2, (2 IBD) ∪ (1 IBD) ∪ (0 IBD)]

=
1

4

∑

s,t∈{D,d}
f̄stfstP [G

(U)
ij = HjkHjk′ , G

(A)
ig = HghHgh, G

(U)
iD = st,G

(A)
iD = st]

+
1

2

∑

s,t,q∈{D,d}
f̄stftqP [G

(U)
ij = HjkHjk′ , G

(A)
ig = HghHgh, G

(U)
iD = st, G

(A)
iD = tq] (17)

+
1

4

∑

s,t,q,r∈{D,d}
f̄stfqrP [G

(U)
ij = HjkHjk′ , G

(A)
ig = HghHgh, G

(U)
iD = st,G

(A)
iD = qr]

=
1

4

∑

s,t∈{D,d}
f̄stfst

[
P (HjksHgh)P (Hjk′tHgh) + P (HjktHgh)P (Hjk′sHgh)

]

+
1

2

∑

s,t,q∈{D,d}
f̄stftq

[
P (HjktHgh)P (Hjk′s)P (qHgh) + P (Hjk′tHgh)P (Hjks)P (qHgh)

]

+
1

4

∑

s,t,q,r∈{D,d}
f̄stfqr

[
P (Hjks)P (Hjk′t) + P (Hjkt)P (Hjk′s)

]
P (qHgh)P (rHgh).

If k 6= k′, h 6= h′, the expectation

E [1
(G

(U)
ij =HjkHjk′ )

1
(G

(A)
ig =HghHgh′ )

1A11U2 ]

= P [G
(U)
ij = HjkHjk′ , G

(A)
ig = HghHgh′ , A1, U2, (2 IBD) ∪ (1 IBD) ∪ (0 IBD)]

=
1

4

∑

s,t∈{D,d}
f̄stfstP [G

(U)
ij = HjkHjk′ , G

(A)
ig = HghHgh′ , G

(U)
iD = st,G

(A)
iD = st]

+
1

2

∑

s,t,q∈{D,d}
f̄stftqP [G

(U)
ij = HjkHjk′ , G

(A)
ig = HghHgh′ , G

(U)
iD = st,G

(A)
iD = tq]

+
1

4

∑

s,t,q,r∈{D,d}
f̄stfqrP [G

(U)
ij = HjkHjk′ , G

(A)
ig = HghHgh′ , G

(U)
iD = st,G

(A)
iD = qr]

=
1

4

∑

s,t∈{D,d}
f̄stfst

[
P (HjksHgh)P (Hjk′tHgh′) + P (HjktHgh)P (Hjk′sHgh′) (18)

+P (HjksHgh′)P (Hjk′tHgh) + P (HjktHgh′)P (Hjk′sHgh)
]

+
1

2

∑

s,t,q∈{D,d}
f̄stftq

[
P (HjktHgh)P (Hjk′s)P (qHgh′) + P (Hjk′tHgh)P (Hjks)P (qHgh′)

+P (HjktHgh′)P (Hjk′s)P (qHgh) + P (Hjk′tHgh′)P (Hjks)P (qHgh)
]

10



+
1

4

∑

s,t,q,r∈{D,d}
f̄stfqr

[
P (Hjks)P (Hjk′t) + P (Hjkt)P (Hjk′s)

][
P (qHgh)P (rHgh′) + P (rHgh)P (rqHgh′)

]
.

Appendix D

For “genotype coding”, the coding vector of the affected sibling in the i-th sib-pair is X
(A)
ij = (x

(A)
ij1 , · · · ,

x
(A)
ij(nj−1), x

(A)
ij12, · · · , x(A)

ij1nj
, · · · , x(A)

ij(nj−1)nj
)τ , j = 1, · · · , J . Similarly, Y

(U)
ij = (x

(U)
ij1 , · · · , x

(U)
ij(nj−1), x

(U)
ij12, · · · ,

x
(U)
ij1nj

, · · · , x(U)
ij(nj−1)nj

)τ , j = 1, · · · , J is the coding vector of the normal sibling in the i-th sib-pair. Using

the expectations E [X
(A)
ij |A1, U2] and E [Y

(U)
ij |A1, U2] given in equations (1) and (2), one may calculate the

following variance-covariance matrices

Var(X
(A)
ij |A1, U2) = diag(aj11, · · · , aj(nj−1)(nj−1), aj12, · · · , aj1nj

, · · · , aj(nj−1)nj
)

−E [X
(A)
ij |A1, U2] E [X

(A)
ij |A1, U2]

τ ,

Var(Y
(U)
ij |A1, U2) = diag(āj11, · · · , āj(nj−1)(nj−1), āj12, · · · , āj1nj

, · · · , āj(nj−1)nj
)

−E [Y
(U)
ij |A1, U2] E [Y

(U)
ij |A1, U2]

τ . (19)

The covariances between xijk, xijkk′ and xigh, xighh′ are given by

Cov(x
(A)
ijk , x

(A)
igh |A1, U2) = g

(A,jg)
kkhh − ajkkaghh,

Cov(x
(A)
ijk , x

(A)
ighh′|A1, U2) = g

(A,jg)
kkhh′ − ajkkaghh′ , (20)

Cov(x
(A)
ijkk′ , x

(A)
igh |A1, U2) = g

(A,jg)
kk′hh − ajkk′aghh,

Cov(x
(A)
ijkk′ , x

(A)
ighh′|A1, U2) = g

(A,jg)
kk′hh′ − ajkk′aghh′ .

Similarly,

Cov(x
(U)
ijk , x

(U)
igh |A1, U2) = ḡ

(U,jg)
kkhh − ājkkāghh,

Cov(x
(U)
ijk , x

(U)
ighh′|A1, U2) = ḡ

(U,jg)
kkhh′ − ājkkāghh′ , (21)

Cov(x
(U)
ijkk′ , x

(U)
igh |A1, U2) = ḡ

(U,jg)
kk′hh − ājkk′ āghh,

Cov(x
(U)
ijkk′ , x

(U)
ighh′|A1, U2) = ḡ

(U,jg)
kk′hh′ − ājkk′ āghh′ .

Using results of equations (19), (20) and (21), one may calculate Var(X
(A)
i |A1, U2) and Var(Y

(U)
i |A1, U2)

for genotype coding method.
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Appendix E

In this appendix, we calculate the following covariance matrix for “genotype coding”

Cov(Y
(U)
i , X

(A)
i |A1, U2) = E [Y

(U)
i X

(A)
i

τ |A1, U2]− E [Y
(U)
i |A1, U2] E [X

(A)
i

τ |A1, U2]

=
E [Y

(U)
i X

(A)
i

τ
1A11U2 ]

P (A1, U2)
− E [Y

(U)
i |A1, U2] E [X

(A)
i

τ |A1, U2].

The probability P (A1, U2) is given in the Appendix of the manuscript, and the components of expectations

E [X
(A)
i |A1, U2] and E [Y

(U)
i |A1, U2] are given in equations (1) and (2). For E [Y

(U)
i X

(A)
i

τ
1A11U2 ], we notice

the following results: the expectation E [1
(G

(U)
ij =HjkHjk)

1
(G

(A)
ij =HjkHjk)

1A11U2 ] is given by (4); For l 6= k, the

expectation E [1
(G

(U)
ij =HjkHjk)

1
(G

(A)
ij =HjkHjl)

1A11U2 ] is given by (5); For l 6= k, E [1
(G

(U)
ij =HjkHjl)

1
(G

(A)
ij =HjkHjk)

1A11U2 ] is given by (6); For l 6= k, E [1
(G

(U)
ij =HjkHjl)

1
(G

(A)
ij =HjkHjl)

1A11U2 ] is given by (7); For l1 6= l2, l1 6= k,

l2 6= k, E [1
(G

(U)
ij =HjkHjl1

)
1

(G
(A)
ij =HjkHjl2

)
1A11U2 ] is given by (8); For l 6= k, E [1

(G
(U)
ij =HjkHjk)

1
(G

(A)
ij =HjlHjl)

1A11U2 ]

is given by (10); For l 6= k, n 6= k, l, E [1
(G

(U)
ij =HjkHjk)

1
(G

(A)
ij =HjlHjn)

1A11U2 ] is given by (11); For l 6=
k, m 6= k, l, E [1

(G
(U)
ij =HjkHjm)

1
(G

(A)
ij =HjlHjl)

1A11U2 ] is given by (12); For l 6= k, m 6= k, l, n 6= m, k, l,

E [1
(G

(U)
ij =HjkHjm)

1
(G

(A)
ij =HjlHjn)

1A11U2 ] is given by (13). In addition, E [1
(G

(U)
ij =HjkHjk)

1
(G

(A)
ij =HghHgh)

1A11U2 ] is

given by (15); E [1
(G

(U)
ij =HjkHjk)

1
(G

(A)
ij =HghHgh′ )

1A11U2 ] is given by (16); E [1
(G

(U)
ij =HjkHjk′ )

1
(G

(A)
ij =HghHgh)

1A11U2 ]

is given by (17); Finally, E [1
(G

(U)
ij =HjkHjk′ )

1
(G

(A)
ij =HghHgh′ )

1A11U2 ] is given by (18).
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