Supplementary Information, Non-centrality Parameters

Consider N sib-pairs each consists of an affected sibling and a normal sibling. For convenience, assume
that the first sibling is affected, and the second sibling is normal in each sib-pair. Let us denote A; = (the

first sibling is affected), Uy =(the second sibling is unaffected). For “haplotype/allele coding”, the coding

vector of the affected sibling in the i-th sib-pair is Xi(A) = ( Z(ﬁ), - -,zgﬁzn_l), ---,zi(jll), e zfj‘()n‘]_l))f
Similarly, YZ-(U) = (zz(lUl),~--,zg](2“_1), e zf?l),-~-,z§$LJ_l))T is the coding vector of the normal sib-

ling. Denote the variance-covariance matrix of Xi(A) — Y;(U) by hep = Var(Xi(A) - Y;(U)\Al,Ug) =
Var(Xi(A)|Al7 Us) — COV(XZ-(A), Y;(U)|A1, Us) — COV(Y;(U),XZ-(A)|A1, Us) + Var(Y;(U)|A1, Us). The elements of
the above variance-covariance matrices are given in Appendices A, B, and C: Var(Xi(A)\Al,%) and
Var( ] Ay,Us) in Appendix A, and Cov(X(A) i(U)\Al,Ug) in Appendices B and C. Using quan-
tities of E(Zijlc | Ay, Uy) and E(zij,~c |Ay,Us) in the Appendix of the manuscript, E(Xi(A) - Y;(U)|A1,U2)
can be calculated. The non-centrality parameter Ay of Hotelling’s statistics Ty is given by Ay =
NE(X = YAy, Uy) [Shap) P E (XY = Y| AL, ).

For “genotype coding”, the coding vector of the affected sibling in the i-th sib-pair is XZ.(;4 ) = ( ()

Tij1r" "

A A A A - .. U U U
335]-(3”,1)7 371(3‘1)2» T axz('jl)nja T 7955]'(3”71)%) ,J = 1,---,J. Similarly, Y;g ) = (535]‘1)7 T 7‘1'1(3'(31]'71)7 371(]‘1)2» B
mZ(]Ul)n], e ,mgﬂlj_l)nj)T is the coding vector of the normal sibling. Let a;i; and a;i; be the frequencies of

genotype Hj,Hj; in affected and unaffected siblings given in the Appendix of the manuscript. Then,

A T
E[Xi(j )|A1,Ug] = (ajlly"'7aj(njfl)(njfl)aaj127”'7aj1nj7 T »aj(nrl)nj) ) (1)
U ~ ~ = = = T
E D/;g )|A1? UQ] = (ajlh C s Gg(ng—1)(nj—1)) @j12, * 5 Gjing, * 7aj(nj71)nj) . (2)
Using E [ |A1, U] and E [ |A1, Us], one may calculate expectation E (X( Y |Ay,Us) = (E [Xi(lA)—

%AﬂmamJﬂﬂﬁ—ngmb@mrLaamfﬂ%wxm—ywmb@)zwmxwmb@y—
Cov(XZ»(A),YZ»(U)|A1, Us) — Cov( A)| A, Us) + Var( |A1, Uy) be the variance covariance matrix

of Xi(A) — V"), Then the non-centrality parameter A\ of Hotelling’s statistics T is given by A\g =

)

“_ V(U)|A1, Us]. The elements of the above variance-covariance

NEEXY V4, U] [S e " E[X
matrices are given in Appendices D and E: Var(X; ]Al, Uy) and Var(Y; )| Ay, Usy) in Appendix D, and

Cov(X™, vV |Ay,Us) in Appendix E.
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Appendix A
Consider the “haplotype/allele coding”. The variance-covariance matrices

Var(X\V|Ay, Uy) = Var [(s(), 2l iy 2t 2500, —0)) 1AL, Ua),

U U U U U
Var[Y;V| Ay, Us] = Var [z, 2l o2 250, )T 1AL T

The variance of number of alleles Hj;, in affected sibling and unaffected sibling can be calculated as follows

Var(z) |41, Us) = E[(z5)°|A1, Us] — [ (23| A1, U)]?
2
= daj + Y aju — {Qajkk +> ajkl} ;

I#k l;ék
Var( Zijk |A17 UQ) = E [( zgk) ’Al? ] [ ( Zijk |A17 Uz)]
= 4dajp, + Z(_ijl — {Qajkk + Z C_ijl} .

1#k 12k

Similarly, the covariance between the number of alleles H;, and the number of alleles Hj;, [ # k, in affected

sibling and unaffected sibling can be calculated as

A
COV( ZJk’ zgl)|A17U2) = E( zgk: zyl |A17 ) ( Zijk |A17U2) (Zi(jl)|A1’U2)
= P(GE;‘) = ijHjl|A1, UQ) — {QCLM —I— Z ajkk/} {2%” + ZCL]’”/}
e V#£l
= Qi — [Qijk + Z ajkk’} [2%‘” + Z aﬂz’},
K/ #k =
Uy _(U U
Cov(zjy, 25 |41, Ua) = E (25025 |41, Us) = B (254 | A1, Ua) E (25| A1, Ua)
= Ay — 2+ Y G| |20+ Y a]-
k' #k Ul

For j # g, assume that markers H; and H, flank disease locus D in an order of H;DH,. Let P(H;;DH,,)
be frequencies of haplotype H;,DH,,. The frequencies of other haplotypes are denoted, accordingly. For
the i-th sib-pair, let G%) be disease genotype of the unaffected sibling, and Ggf)) be disease genotype of

the affected sibling. To calculate covariance between zfﬁ , lgh, denote for j # g,k £ K, h # K/,

A
gl(ckh]hg) = E[l(GEf):H H; )1(G(.A):H H, )’ALUQ}

= P[GYY = HyHjy,, GY = HyyHyp, Ar, Us, (2 IBD) U (1 IBD) U (0 IBD)]/P(A,, Us)
1 _

= [ 3 fstfstP[ng.‘):ijij,G§j):thth,Ggg‘):st, G = st)
s,te{D,d}



Ajg)
gl(ckhjif’

A
g](ck’iLgL)

1 _
+— Z fstfth[GZ(j H]kH]k,G == thgh;GD - St G ]

s,t,qe{D,d}
1 _
+= > fafuPIGYY = HyHpy GY = HyHy,, G\ = st, G = qr] |/ P(A1, Uz)
s,t,q,re{D,d}
1 _ 1 B
|:4 Z fstfstP<ij5th)P(ijtth) + 5 Z fstftqP(ijtth>P<ijSth>Pq
S,tE{D,d} s’tqu{D7d}
1 B
¥ % aP(HusHy) P(HytHp)A| [P(41,U2)
s,;te{D,d}
B (et t10 L6111, A1 U2

PIGYY = HyHyp, G = HypHyw, Ay, Us, (2 TBD) U (1 IBD) U (0 IBD)]/P(Ay, Us)

ij

1 _
[ S fufuPlGYY = HyHy G = HoyHow, G = st,GY) = st]
4 s,te{D,d}
1 _
+— Z fstfth[Gz(j ]kH]kyG thgh’ GD = st GD - tQ]
s,t,qe{D,d}
1 _
by X SadwPIGY = Huin G = Hot, G = st,G\) = arl] /P(A1,Us)
s,t,q,re{D,d}
1 _
[4 Z fstfst (P(ijSth)P(ijtth/) =+ P(ijtth)P(ijSth/))
s,te{D,d}
1
+5 X Fot Fuq(P(Hijs Hop) P(Hit Hop) + P(H it Hyp) P(H s Hop) ) Py
s,t,qe{D,d}
1 _
w7 5 FaP(Hyps Hyp) P(Hyst o) + P(ijtth)P(ijngh/))A] JP(A,,Uy)
s,;te{D,d}
E[l(G(A):H-kHv )1(G<.A):H th)’AbU?}
PIGYY = HyHy, G thgh,Al, Us, (2 IBD) U (1 IBD) U (0 IBD)]/P(A;, Us)
1 _
|:4 Z fsthtP[Gl-jl = k’ G thghaGD = St G( = St]
s,te{D,d}
1 _
o S fafuPlGYY = HiHyw, GY) = HyHy,, Gl = st, Gl = tq]
s,t,qe{D,d}
1 _
tp X JafwPIGY) = Hyly, G = Hyty, G = st. G5 = qrl| /P41, Un)
s,t,q,re{D,d}

1

[4 Z fstfst( (H. ks H, )P(ij’tth) +P(ijtth>P(ij’Sth>)
s,;te{D,d}

1

+= Z fstftq( ( ]ks )P(ij’tth) +P(ijtth)P(ij’Sth)>Pq
s,t,qe{D,d}

1 _

+ Z fst< ( JkSth)P(ij/tth> +P(ijtth)P(ij’Sth)>A] /P (A1, Us)

4 s,;te{D,d}



i = B[1 )

(GUV=H . Hy, )1(G<A):H H, ,)|A1’

= PG = HyHjpo, G = HyHyw, Ay, Us, (2 TBD) U (1 IBD) U (0 IBD)]/P(Ay, Us)

)

1 _
= |: Z fsthtP[GE;l) = H]kij/, GE;) = thth/, Ggg) = St, Ggg) = St]
s,te{D,d}

1 _
+5 Z fstfth[Gz(;‘) = ijij’7 Gz(;) = thgh’a Ggg) = st, G%) = tQ]

s,t,qe{D,d}

1 _
+Z Z fstfqrp[Gz(}'A) = ijijMGl(;) = thgh’a GE?)) = 3t>G§1:U)) = QT}]/P(Ab U2)

S7t7q7T€{D7d}

1
- [ 15 SuFa(PUHSH) PHyptHy) + P(H;ytHyp) P(HyosHy)
s,te{D,d}

+P(Hjxs Hyw ) P(Hjprt Hop) + P(Hyt Hyp) P(HjosHyn))
1
t5 2 fafu(PHjsHon) P(HjytHyy) + P(Hjit Hy) P(Hjios How)
s,t,qe{D,d}
+P(HjpsHyy ) P(Hjpt Hy) + P(Hjpt Hyp ) P(H g s th)) P,
1
+= > fu(P(HpsHo)P(Hyot Hyy ) + P(Hjit Hop) P(Hjpor s )

4 s,te{D,d}

+P(HyysHyw)P(Hywt Hyp) + P(ijtth,)P(ij,ngh))A] /P(Ay,Uy).
Fork=1,---,nj—land h=1,---,ny — 1, j # g, the covariance

COV( z]k7 zgh|A17U2> = E[ zgk zgh|A U] [z]kz‘AlﬂUﬂ [zgh|A17U2]

Aj (4, (A,5g)
= 4915;kh]hg) +2) gl(ckhjlf’) +2)° gkk'ﬁ + D G

h'#h k'#k k'#k h'#h
— [2ajkk; + Z ajkk’} [2aghh + Z aghh'} :
k'#k h'#h

Similarly, for k =1,---,n;—land h =1,---,n, — 1, j # g, the covariance

COV( zyk’ zgh|A1’U2) = E[ zjk zgh|A17U2] [ Zijk |A17U2] [Zz(;]h)|A17U2]

= kkzhh )42 > 71&%}3}?) +2)° gkg/ﬁ +> > k%ﬁf

W £h k' £k k'#k W' #h
— [Qd]‘kk + Z djkk’] [nghh + Z dghh/:| :
k' £k h'£h

where g,g,f;fh), g,(f,f,fg?, g,(ggljhgh and g,%ﬁ), are expected genotype frequencies in normal sibling as follows

~(Ujg9) _

Gk, = B [1(G§]§1):ijij)1(G1(§f):thth)|A17 UQ}a
g(UJQ) = E[l ) 1w |A1 U2:|
kkhh' (Gij =H;,Hj) (Gig :thth,) ) )
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gls:[llﬂ[/%g = E[l UZ}a

(G =H,H, k/>1(G<U> HypH, >| 15

1 \Al,UQ].

Ugg)  _ E[l
kb = (G(U) HjpHjpr) (Gg):thth’)

_(u, U, A A A A
To calculate g,ik,f,f), g,ikﬁ,f,), g,ik/?ﬂl) and gkk/%), one may use the formulae of g,gk,f,f), g,ik,f,g), g,(fk,iﬂl) and g,(gk,i%),

by substituting f. using fs.

Appendix B

The conditional covariance

Cov(Y", XA, U,) = EY,VXY14,, U] — EY,\) AL, U] E (XA, Uy
E[VOxM 1,10, ) )T

= i — BV YA, U B XY AL, Us).

P(Al,UQ) [ i | 17U2] [ i | 1=U2]

For “haplotype/allele coding”, the expectations E [Y; @) 4, Us] and E [X \Al, U,| are given by two quan-

tities E (zl-(ﬁ)|A1, Us) and E (214 |A1, Us) in the Appendix of the manuscript. To get E [Y(U)XZ-(A) La, 1],

z]k
we will calculate E | l(Jk)zl(]/,c)l,L;1 1y,] and E [0 201 4 11,1 # k in this Appendix. In Appendix C, we will

ijk ~igl
(U) (A)

calculate expectation E [z 21 14, 1p,] for j # g. Notice

U A
E [z 200 14, 10, (3)

=E [(2 ' 1(GE§-J)=ijij) T #Zk 1(G,('§']):ijHjl)) (2 ’ 1(GE;\>=ijij) T l;ézk 1(G§}4)=ijHjl))1A11U2}'
Since the siblings can share 2, 1, and 0 gene identical by descent (IBD) at the disease locus D with

probabilities 1/4, 1/2, and 1/4, respectively, the expectation

E [1(G§§’>:H. H; )1(G(.‘.4):H- H; )1A11U2]
= P[GY) = 0 GOV = Hj Hjy, Ay, Us, (2 1BD) U (1 IBD) U (0 IBD)]
1 _
= S fu fstP[GEj = HyHyp, GOV = HyHy,, GY) = st,Glp) = st]
s,te{D,d}
1
+5 Z fstftq [ JkH]k’G JkHJkaG(D) = st GD = 1q] (4)
s,t,qe{D,d}
1 _
+- Z fstfqu[Gz(j H]kijyG ]kHykanD - St G }
s,t,q,re{D,d}
1 1
=— > fafaP(Hjs)P(Hjt) + 5 Y JefuP(Hit)P(Hjks) P(Hjig)
s,te{D,d} s,t,q€{D,d}
1
+ Y JfaleP(Hjes)P(Hjct) P(Hjeq) P(Hjir).
s,t,q,re{D,d}



For | # k, one may calculate expectation

E [1(G(.U):Hv H; )1(G(.‘.4):H- H; )1A11U2]

— PIGY) = HyHy,, GYY = HyHy, Ay, Us, (2 TBD) U (1 IBD) U (0 TBD))]
= is,te{zad} FafuPIGY) = HyHyy, GUY = HyHy, GY) = st, G\ = st]
41 S FaluPlGY) = HyHp, G = HyHy, Gip) = st, G\ = tq] (5)
s,t,qe{D,d}
+1 > fstfqu[Gg']) = HjHjy, Gz(]A) = H;Hj, Gip = st,Gp) = qr]
s,t,q,re{D,d}
- S Fauy 2PUROP(H) ()
s,t,q€
+1 Z{D ) Fstfor P(Hjps) P(Hjyt) {P(ijQ)P(HﬂT‘) +P(ij7”)P(szq)}-
s,t,q,re{D,

Similarly, one has the following expectation

B [1(05[‘]):ijsz) 1(G£A>:ijij) La, 1U2]

=St 2P(H) P(H,0) P(Hyk)
s,t,qe{D,d}
LSt [PUH) P + P(H) P(Hys)| P () P(Her). (©)

s,t,q,re{D,d}

For [ # k, one may calculate expectation

k [I(GE?:H H; )1(G<.%‘>:H, H, plailes]

= PIGY) = HyHy, GYY = HyHy, Ay, Us, (2 IBD) U (1 IBD) U (0 IBD)]
1 _
=1 > fstfstP[GE?=H]-kHﬂ,G§;‘>= wHp, Gip) = st, Gip) = st]
s,te{D,d}
41 S FafuPlGY) = HyHy, G Hy, GY) = st, G =+
stJtq ij jk gl ]k by D =S D - Q]
s,t,qe{D,d}
1 _
+= Y FufuPlGY) = HyHy, GO = HyHy, G = st, G = gr] (7)
s,t,q,re{D,d}
1
= 2 Fufu|P(Hs)P(Hyt) + P(Hyt) P(Hys)|
s,te{D,d}
1
+5 > Fafu|P(Ht)[P(Hys)P(Hq) + P(Hyt)[P(Hjes) P(Hjrq))|
s,t,qe{D,d}
1
+= Y Fafe|P(Hjs)P(Hyt) + P(Ht)P(Hys)| [ P(Hjxq) P(Hjr) + P(Hyr) P(Hg)|
s,t,q,re{D,d}



For Iy # 15, 1 # k and s # k, one may calculate expectation

. [1(G§J'U)=ijHjll)1(G§f)=ijHjl2)1A1 1y, ]

= PIGY) = HyHy,, G\ = HyHj,, Ar, Us, (2 IBD) U (1 IBD) U (0 IBD)]

1 _
=1 > fstfstP[Gg']) = HjHj,, G%A) = ijHjlmG%) = st, Ggg) = st] (8)
s,te{D,d}
1
+-= Z fstftq [ HluG( ) = H l27GD _St G(D —tQ]
s,t,qe{D,d}
1 _
+- Z fstfqu[Gg-]) = HjHj,, GZ(JA) = ijjlgaG%) = st, Ggg) = qr]
s,t,q,re{D,d}
1
=5 Z fstftq 2P( ]kt)P(Hjlls)P(Hjlzq)
s,t,qe{D,d}
1
+= Y Fafe|P(Hjps)P(H,t) + P(Hjt) P(H,s)| | P(Hjkq) P(Hy,r) + P(Hyr) P(Hjiq)]
s,t,q,re{D,d}

By using equations (4), (5), (6), (7), and (8), we may calculate E [zi(jUk)zi(ﬁg)lAJUQ] in (3). If k£ # [, then
B[z 261 Las Lo

=E[(2- g0y iy + 21 O ppity) (27 L6, +Z1

—4E[1

szHjn))lAllUQ]

7-]

(Gg;”:ijij)l( O L 10 +2E[1(G§§’>=ijﬂjk>1<G§f):Hlejk>1A11U2]

+2 %ZE [1(G§§})=ijij)1(G§f)=Hlejn)1A11U2] +2E [1(GE§])=ijsz)1(G£f>=szsz)1A11U2] (9)

2 %IE (@) =y ) L (G =, plale] + %IE (@) =y o) (GO = H yLa L]

+m§”E 1(G—(L;']):ijHjm)1(G(A) =HjH; )1A11U2 "’m%ln#%:klE G<U)=ijHjm)1(G§JA>:HﬂHm)1A11U2]

+E[1( W) _ —H,H, )1(G(A) HoH, )1,411(]2 + ;};ZE (G(U) HyoH, )1(G(A) HaH, )1A11U2]

First, one may calculate the expectation

E [1(G’<_[.J):H- H-k)l(Ggf):HﬂHﬂ)lAl1U2]

= PG = ijjk,G§f>: WHji, Ay, Uy, (2 IBD) U (1 IBD) U (0 IBD)]

1
=1 S fufuPlGY) = HyHy, GOV = HyHy, GY) = st, G = st]
s,te{D,d}
1 _
+o > FufuPlGY) = HypHy GV = HyHy, GYp) = st, G\ = tq] (10)
s,t,qe{D,d}
1 _
+7 > fstfqu[Gl(-jU) = Hj,Hj, GZ(JA) = Hj;Hj, G%) = 315701%) = qr]
s,t,q,re{D,d}



=1 Y FufuPUHyus) P(H) P(H ) P(Hr).

s,t,q,re{D,d}

For n # k, [, one may have the following expectation

2 [1(G§;-]):ijij)1(G§f):szHjn)1A1 Lo,]

= PIGY) = Hy Hyy, ng‘) — HjHj,, Ay, Us, (2 IBD) U (1 IBD) U (0 IBD)]

1
=7 X JafaP (G = HyHyy, GYY = HyH;, GYp) = st,Glp) = st]
s,te{D,d}
1 _
= S JufuPlGY) = HyHy, G = HyH,,, GY) = st, G4 = tq]
s,t,qe{D,d}
1 _
S e POY) = B G = HH,, G = .G =
s,t,q,re{D,d}
1
=7 X [faluP(Hps)P(Hjt) | P(Hjugq)P(Hjur) + P(Hr) P(Hjng)]
s,t,q,re{D,d}

For m # k, [, one may have the following expectation

E [1(G5§])=Ha‘k1{jm)1(G§j‘>=HﬂHﬂ)1A1 Lu)

= PG = HyHjpn, GYY = HyHji, Ay, Us, (2 IBD) U (1 IBD) U (0 IBD))]

1 _
- Z Z fstfstP[G”EjU) = HJkH]vaz(gA) = H]l Jl7GzD = st, GzD - ]
s,te{D,d}
1
+= Z fstftq [ _Hk:H]maG ]laGD _St G _tQ]
s,t,qe{D,d}
1 _
- Y fstfqu[Gg']) = HjxHjm, GZ(JA) = HyH;, G\ = st,GYy) = qr]
s,t,q,re{D,d}
1
= = Z fstfqr[ ( ij)P(Hjmt) +P(ijt)P(H]mS)]P(HJZQ)P(HJZT)
s,t,q,re{D,d}

For m # k,l,n # m, k, [, one may have the following expectation

E[]‘(G<U> H H]7rz)1(G§?):Hlejn)1A11U2]

= P[GY) = HyHjm, ng” — HjH,,, Ay, Us, (2 IBD) U (1 IBD) U (0 IBD)]

1
= Z Z fstfst [ Hjm; G A) Hjn, GELU)) = St, Gz(g) = St]
s,te{D,d}
1 _
+= Y fatuPlGY) = HypHy, GV = HyH,,, G = st,Gip) = tq]
s,t,qe{D,d}
1 _
t7 X FafwPlGY) = HyH, G = HyHjo, Gl = st,Glp) = ar)
s,t,q,re{D,d}

(11)

(12)

(13)



S Fatfor | P(His)P(Hjit) + P(Hjst) P(Hp)| [P(Hjq) P(Hjor) + P(Hjr) P(Hjng)|.

s,t,q,re{D,d}

Using equations (5), (6), (7), (8), (10), (11), (12), and (13), we may calculate terms of equation (9).

Appendix C

For j # ¢, the expectation

E[Zz(]k:) ’L(gh)]'Al]‘U2] (14>
_EKZ ]_(G(U) —H, H,p) —f—Zklc(U)_H H, )>(2 1(G(A) —Hop Hyp) +h%;h1G(A) HyH, ))1,411(]2}.

Suppose that blocks/markers H; and H, flank disease locus D in an order H;DH,. The expectation

E [1(G§§?>:ijij) 1(G§;):thth)1A1 1y,

= PG\ = HyHyy, G§j> — Hy,Hgp, Ay, Us, (2 IBD) U (1 IBD) U (0 IBD)]

1
- Z Z fstfst [ kH]k7 G — ththa Ggg) = St) G,Eé) = St]
ste{D,d}
1 _
+= Z fstfth[Gz(]U) = ijjk7 GE;) = h7GzD = St GzD - ] (15>
s,t,qe{D,d}
1 3 )
+- Z fstfqu[Gij ij‘ij‘; G thgha GzD - St G ]
s,t,q,re{D,d}
1 1
= Z Z fstfst ( ]ks )P(ijtth) + 5 Z fstftq ( jkt )P(H]kS)P(quh)
s,te{D,d} s,t,qe{D,d}
1
+- Z fstfqr ( ]kS)P(ijt)P(quh>P(Tth)‘
s,t,q,re{D,d}

If b’ # h, the expectation

2 H(GE? >=ijij>1(G§;‘>=thth/>1A1 Lv,]

= PIG\Y) = H,,.H,, GE;) — Hy,Hgyy, Ay, Us, (2 IBD) U (1 IBD) U (0 IBD)]

)

1 _
-1 2 Fafs PIGY) = HypHyp, G = HyyHyp, G') = st, Gl = st]
s,te{D,d}
1 _
t5 2 JafuPlGY) = HyH, Gi) = HynHyw, Gip) = st, Gip) = tq] (16)
s,t,qe{D,d}
1 _
+Z Z fstfqu[Gz(]U) = ijija GE;) = h’ GzD = st, Gig) = QT]
s,t,q,re{D,d}
1
= Z fstfst[ ( ]ks )P(ijtth’) + p<ijtH9h)P(ij5th/)}
s,;te{D,d}



—l—1 > fstftq[ ( ]ktth)P(ijS)P(quh’>+P(ijtth’)P(ijS)P(quh)}

s,t,qe{D,d}

1 S FafaP(Hjs)P(Hit) [ P(qHyn) P(rHyw) + P(rHon) P(gHgn)|.

s7t7q7re{D7d}

If k£ # k', the expectation

E H(G(W:ijHk/)1(05;):thth)1A1 1y,

= PIGY) = HyHyp, G§j> — Hy,Hygp, Ay, Us, (2 IBD) U (1 IBD) U (0 IBD)]

- ; }fstfst G HjHjp, G thgh,GD = st, G\ = st]
s,te{D,d
+;sﬁt’q§ad} FafiPIGY) = HiyHypo, G = HopHy,, GY) = st,GL) = tq] (17)
LS R PIGY = HyHy G = HyHy GY) = 5.6 = g1
s,t,q,re{D,d}
Iiste%;d}fstfst[ (Hjts Hn) P(Hjrt Hop) + P(Hjit Hop) P(Hjpo s Hop) |
"’1 Z{ d}fstftq[ (HjrtH, )P(ij’S)P(quh)+P(ij/tth)P(ijS)P(quh)}
s,t,qe{D
+ Z%Dd}fstfqr[ ( ]ks)P(ij/t)JrP(ijt)P(ij,s)]P(quh)p(ngh),
s,t,q,re s

If K #£ k', h # k', the expectation

EH(GE?):HmHj >1<G<“>:H%H o laln]
= PG = HyHyo, GYY = HyHyp, Al,Ug,(Q IBD) U (1 IBD) U (0 IBD)]
1
- 4 Z fstfst [ k’ G - thgh’ GzD - St GzD :St]
s,te{D,d}
1
+5 Z fstftq [ H G(A) = h/ GzD = st GzD = ]
s,t,qe{D,d}
1 _
+-— Z fstquP[GEJU) = ijij/, G,E;) = thth/, GEIU)) = St, Gz(g) = qr]
s,t,q,re{D,d}
1
= 1 Z fstfst{ ( Jks )P(ij’tth’) +P<ijtth)P(ij’3th’> (18>
ste{D,d}

+P(H s Hy ) P(Hjprt Hop) + P(Hyt Hop) P(Hjos Hyn) |
1
t5 >0 Fatu| P(HjstHy,) P(Hjps) P(qHn) + P(Hjt Hon) P(Hjis) P(qHon)
s,t,qe{D,d}

+P(H]ktth/>P(H]k/S)P(q_th) +P(ij/tﬂgh/)P(ijS)P(Qthﬂ

10



1
+ZZ

s,t,q,re{D,d}

Appendix D

(4) (4) (4)
Tijn;—-1) Tigizs ~ " Lijings "

) () .o
xijlnj7“'7xij(nj_1) ) y ] = ]_

the expectations E [X| i Y| A1, Us] and E[

(4)

is(n;—1n;) 0 =

)

following variance-covariance matrices

Var(XZ(JA) |A1, Ug)

= d’iag(%n, Cy Ag(ng—1)(nj—1), Aj125 " Qjlng,
A A .
E [Xi(j )| A, Us) E [Xz(j A, Uy,
Var( |A17 Us) = diag(@jir, -+ Gjn;—1)(n;—1), @j12, " Gjing, " "
U U
—E V|41, U] B[V Ay, U]
The covariances between x;jx, Tijrr and g, Tigny are given by
Cov(aly, x| A1, Uz) = gt — ajuxagnn,
Cov(z) A, Us) = gimi?) —a
VT 1]k7 zghh’ 1, V2 rkhh — AjkkQghh/
A A Aj
Cov(aih | AL Us) = giitd) — ajuwagnn,
A A Aj
Cov (@, T | A1, Ua) = gl — i agnn.
Similarly,
Cov(z® 2 D140y = gU99  aa
ov{z Uk7 Zgh 1, U2 Ykkhh AjkkAghh
C ( |A U) _ Wig _ = -
ovix l]k7 zghh’ 1, Y2 Grkhh! QkkQAghh/! s
C ( |A U,) = ~Wig) _ = =
ov{z z]kk’7 zgh 1, U2 rk'nh — Qjkk' Aghhs
U U _(U,j _
Cov(xz(jk)k’v 37§gh)h'|A17 U) = gl(gk'ﬁ)/ — Qjkk' Aghh’ -

Using results of equations (19

for genotype coding method.

), (20) and (21), one may calculate Var(

11

,J. Similarly, v\ = (x5

)

For “genotype coding”, the coding vector of the affected sibling in the i-th sib-pair is XZ-(jA) =

Fofor [ P(Hjos) P(Hypot) + P(Hit) P(Hiaes) | | PaHyn) P(rHyw) + P(rHyn) P(rqHgn) .

A4 .
il )

)

" Lij(ny—1) Lij1zr "

s Qj(ng—1)n; )

) aj(nj—l)nj)

XAy, U,) and Var(Y,V)

,J is the coding vector of the normal sibling in the i-th sib-pair. Using

|A1, Us] given in equations (1) and (2), one may calculate the

(19)

(20)

(21)

|A17 U2>



Appendix E
In this appendix, we calculate the following covariance matrix for “genotype coding”

Cov(Y ", XA, U,) = EYVXY14, 0] — EY;) 4, ] E (XY Ay, Uy
B[V XY 14, 1,) ) (A7

_ i 2 A Uy @A, U E XA, U]

P(Al,Ug) [z | 1 2] [ i | 1 2]

The probability P(A;, Us) is given in the Appendix of the manuscript, and the components of expectations

E [XZ-(A)|A1, U] and E [Y;(U)\Al, Us| are given in equations (1) and (2). For E [Y;(U)X(A)Tl,qlle], we notice

7

the following results: the expectation E [1 is given by (4); For | # k, the

1 14,1
(G =HyHjh) (GG =HyeHjp) N ]

expectation E[1 is given by (5); For [ # k, E [1(G§]L_;>:ijHjl)1(G§?): )

L, 1] is given by (7); For Iy # b, Iy # k,

1 14.1
(GS”: ik Hjk) (G§f>=ijsz) A1 U2]

14,1y, is given by (6); For | # k, E [1( 1

G\ =H;.Hy)

is given by (8); For [ # k, E [1(

(GE}A):ijsz)

ly #k, E [1(G§f)=ijszl) I(GE;&):ijHle)lAllUQ] GE?)=ijij)1(G§f)=szsz)1A11U2]

is given by (10); For [ # k,n # k,l, ED(GS.J):ijij)1(G§;\>:HﬂHjn)1A11U2] is given by (11); For [ #

k.m # Kk, E[l(Ggf):ijHjm)1(G§j‘):HﬂHﬂ)1A11U2] is given by (12); For | # k,m # k,l,n # m,k,l,

E [1(G§f):ijHjm)1(G,(-j‘>=szHjn)lAl1U2] is given by (13). In addition, E [1(G§§-})=ijij)1(G§f>=thth) 1a,1p,] s

given by (15); E [1(G§f)ijkij)1 14,1y, is given by (16); E[1 1(G§?>:thth)1A11U2]

is given by (17); Finally, E[1

A
(ng >:thth/)

1

(GE?Zijij/)

is given by (18).

141
(G =HH ) S (G =Hgn Hypr) ~ A1 v.]
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