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Abstract
In this paper, we extend association study methods of
both Fan et al. [Hum Hered 2002;53:130–145], in which a
quantitative trait locus (QTL) and a multi-allele marker
are considered for trio families, and Fan and Xiong [Bio-
statistics 2003, in press], in which a QTL and a bi-allelic
marker are considered for nuclear families. The objective
is to build mixed models for association study between a
QTL and a multi-allelic marker for nuclear families with
any number of offspring. Two types of nuclear family
data are considered: the first is genetic data of offspring
from at least one heterozygous parents, and the second
is genetic data of offspring of nuclear family. (1) For the
data of offspring from at least one heterozygous parents,
we assume that at least one parent is heterozygous at the
marker locus, and we may infer clearly the transmission
of parental marker alleles to the offspring. We show that
it can be used in association study in the presence of link-
age. The theoretical basis is the difference between the
conditional mean of trait value given an allele is trans-
mitted and the conditional mean of trait value given the
allele is not transmitted from a heterozygous parent. To
build valid models, we calculate the variance covariance
structure of trait values of offspring. Besides, the reduc-

tion of the number of parameters is discussed under an
assumption of tight linkage between the trait locus and
the marker. (2) For the data of offspring of nuclear family,
we show that it can be used in general association study.
In this case, the theoretical basis is the difference be-
tween the conditional mean of trait values given an allele
is transmitted from a parent and the population mean.
Then, we calculate variance-covariance structure of trait
values of offspring. (3) Based on the theoretical analysis,
mixed models are built for each type of the data, and
related test statistics are proposed for association study.
By power calculation and comparison, we show that, in
some instances, the proposed test statistics have higher
power than that by collapsing alleles to be new ones. The
proposed models are used to analyze chromosomes 4
and chromosome 16 data of the Oxford asthma data,
Genetic Analysis Workshop 12.

Copyright © 2002 S. Karger AG, Basel

1. Introduction

In recent years, there has been a growing interest in
linkage analysis and association study or linkage disequi-
librium (LD) mapping between a quantitative trait locus
(QTL) and a marker locus. Allison [1997] and Xiong et al.
[1998] proposed transmission disequilibrium tests (TDT)
for mapping QTL. Rabinowitz [1997] performed simula-
tion study of QTL. Based on variance component models,
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Abecasis et al. [2000], Fulker et al. [1999] and Sham et al.
[2000] explored linkage and association study between a
QTL and a bi-allelic marker. George et al. [1999] pro-
posed linear regression models for TDT analysis of quan-
titative traits for general pedigrees. Conditional on the
parental traits, Zhu and Elston [2000, 2001] extended the
method of George et al. [1999], and proposed better test
statistics in detecting linkage and association. Using a bi-
allelic marker, Fan and Xiong [2003] proposed mixed
models for linkage and association studies of QTL for
nuclear families with any number of offspring. However,
almost all these investigations used bi-allele markers in
the analysis. In certain circumstances, one may have to
deal with multiple allele markers such as micro-satellites.
One may collapse a multiple allele marker to be a bi-allelic
marker in the study, but this may not be a good method
since much information may be lost by collapsing differ-
ent alleles to be new alleles. Moreover, different ways to
collapse a multiple allele marker can lead to different
results which make the interpretation of results a compli-
cated task. There is a need to extend the bi-allelic marker
method to fit multi-allele markers, and to perform com-
posite tests for the association study.

Fan et al. [2003] investigated models and composite
tests to detect association and linkage between a QTL and
a multi-allele marker locus for trio families. Here trio fam-
ilies mean that the families have two parents and one sin-
gle offspring. The methods of Fan et al. [2002] are not
valid for general nuclear families with more than one off-
spring, since the methods do not consider the correlation
of offspring’s trait values. For a nuclear family with more
than one offspring, the trait values of the offspring are not
independent. To build valid test statistics and models,
one needs to consider the variance-covariance structure of
the trait values of offspring in nuclear families, in addi-
tion to the mean structure under the normal assumption.

In this paper, mixed models are proposed for two types
of nuclear family data in the association study between a
QTL and a multiple allele marker. The first is genetic data
of offspring from at least one heterozygous parent, and the
second is the genetic data of offspring of nuclear families.
In a similar manner as those in Fan et al. [2002], Fan and
Xiong [2003], we calculate the conditional mean and con-
ditional variance-covariance matrix of trait values of the
offspring for each type of the data. For multiple allele
marker, the number of parameters can be too large in
using the data of offspring from at least one heterozygous
parent [Fan et al. 2002; Sham and Curtis 1995]. One
needs to consider appropriate method to reduce the num-
ber of parameters, and build valid models to fit data.

Under the assumption of tight linkage between the trait
locus and the marker, we show that the number of param-
eters can be significantly reduced by approximations.
Based on the two types of the data and the related condi-
tional mean and conditional variance-covariance struc-
tures, mixed models and test statistics are introduced for
association study. The non-centrality parameters of the
test statistics are calculated based on the theory of linear
statistical analysis of mixed models. By power calculation
and comparison, the merit of the proposed methods and
test statistics is presented by graphical methods. In addi-
tion, chromosome 4 and chromosome 16 data of the
Oxford asthma data, Genetic Analysis Workshop 12, are
analyzed by using the models and methods proposed in
the paper [Cookson and Abecasis 2001; Daniel et al.
1996].

2. Mean and Variance-Covariance Structures:
Heterozygous Parent Data

Consider one QTL Q with 2 alleles Q1 and Q2 occurring
with frequencies q1 and q2, respectively. Assume that the
expected phenotypic trait value of a person with genotype
QrQs is Ó + Ìrs, r, s = 1, 2, respectively, where Ó is overall
mean and Ìrs is the effect of genotype QrQs. Obviously, Ì12

= Ì21. Suppose that a marker locus M is linked to the trait
locus Q. Denote the recombination fraction between the
marker locus M and the trait locus Q by  . Assume that m
alleles M1, ..., Mm are typed at the marker locus M occur-
ring with frequencies p1, ..., pm. The haplotype frequency
is denoted by hri for haplotype QrMi, r = 1, 2, i = 1, ..., m. If
hri = qrpi for all r and i, then the trait locus Q and the
marker M are in linkage equilibrium. Otherwise, the trait
locus Q and the marker M are in LD or association. The
measure of LD between the trait allele Q1 and the marker
allele Mi is defined by ‰i = h1i – q1pi, i = 1, ..., m. Since
™m

i= 1‰i = 0, one of ‰1, ..., ‰m can be expressed by others, e.g.,
‰m = – ™m – 1

i= 1 ‰i. Let Y be the phenotypic trait variable,
which is decomposed into Y = Ó + g + G + e, where Ó is
overall mean, g is random major gene effect, G is polygen-
ic effect which is distributed as normal N(0, Û2

G), and e is
sampling error which is distributed as normal N(0, Û2

e). g,
G and e are independent of each other. If an individual
has genotype QsQr at the trait locus, then E(gAQsQr) = Ìrs.
Let TQ denote the abbreviation of ‘transmitted quantita-
tive trait allele’. Then we have the conditional mean
E[YATQ = Qr] = Ó + ™ 2

s= 1 Ìrsqs = Ó + Ìr. Let P(Mi, Mj) be the
probability of an offspring who receives marker allele Mi

from his/her heterozygous parent but not allele Mj. Then
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Fig. 1. A nuclear family with n offspring.
Assume that the genotype of the father at the
marker locus is heterozygous MiMj, i 0 j.
Moreover, the father transmits allele M to
kids 1,..., k, and transmits allele Mj to kids
k + 1, ..., n.

P(Mi, Mj) = P(Mj, Mi) = pipj. Let P(QrMi,Mj) be the proba-
bility of a child who receives haplotype QrMi from his/her
heterozygous parent but not allele Mj. Then we have a
relation P(QrMi,Mj) = (1 –   )hripj +  hrjpi.

2.1. Mean and Variance-Covariance Structures
For a family with two parents and at least one off-

spring, we assume that at least one parent is heterozygous
at the marker locus M. Moreover, assume we may infer
clearly the transmission of parental marker alleles to the
offspring. If both parents and an offspring have the same
genotype MiMj, i 0 j, it is impossible to tell which parent
transmits which allele to the offspring, and hence the data
can not be used in analysis. Actually, this is the only type
of data which needs to be excluded. For a bi-allelic mark-
er, one needs to exclude the heterozygous offspring of a
mating heterozygous ! heterozygous [Fan and Xiong
2003; George at al. 1999; Zhu and Elston 2000, 2001].
For a multi-allelic marker, any offspring from a mating
MiMi ! MjMk, j 0 k or MiMj ! MiMk, i 0 j, i 0 k, j 0 k or a
mating MiMj ! MlMk, i 0 j, i 0 l, i 0 k, j 0 l, j 0 k, l 0 k can
be included in analysis since one can infer clearly the
transmission of parental marker alleles to the offspring.
Hence, a heterozygous offspring of a mating heterozygous
! heterozygous may not necessarily be excluded in multi-
allelic marker case unless both parents and offspring have
exactly the same heterozygous genotype.

Let us look at a pedigree depicted in figure 1. Assume
that the genotype of the father at the marker locus is het-
erozygous MiMj, i 0 j. Moreover, the father transmits
allele Mi to children 1, ..., k, and transmits allele Mj to
children k + 1, ..., n. For child i, the quantitative trait val-
ue is denoted by yi, i = 1, ..., n. Let TM denote the abbre-
viation of ‘transmitted marker allele’, and NM of ‘non-
transmitted marker allele’. Given that marker allele Mi is
transmitted and allele Mj is not transmitted from the het-
erozygous father for children 1, ..., k, the conditional

expected mean can be calculated in the same way as equa-
tion (1) or (2) of Fan and Xiong [2003],

·i,j = E[Y ATM = Mi, NM = Mj]

= Ó + 
2

™
r = 1

Ìr[(1 –   )hripj +  hrjpi]/[pipj]. (1)

Similarly, the conditional expected mean of the chil-
dren k + 1, ..., n in figure 1 is

·j,i = E[Y ATM = Mj, NM = Mi]

= Ó + 
2

™
r = 1

Ìr[(1 –  )hrjpi +  hripj]/[pipj]. (2)

Since h2ipj – h2jpi = (pi – h1i)pj – (pj – h1j)pi = –h1ipj + h1jpi,
equations (1) and (2) lead to a difference between ·i,j and
·j,i

·i,j – ·j,i = (1 – 2  )
2

™
r = 1

Ìr(hripj – hrjpi)/(pipj)

= (1 – 2  )(Ì1 – Ì2)(h1ipj – h1jpi)/(pipj) (3)

= (1 – 2  )(Ì1 – Ì2)(‰ipj – ‰jpi)/(pipj).

Assume that the trait locus Q is linked to the marker locus
M, i.e., 0 ^   ! 1/2. Then, one may construct statistics
and models to test ‰ipj – ‰jpi 0 0. Interestingly, ‰ipj – ‰jpi 0
0 implies that at least one of ‰i and ‰j is not equal to 0.
That is to say that the marker M is in LD with trait locus
Q. Hence, one may construct statistics and models to test
association in the presence of linkage between the marker
M and the trait locus Q based on the difference (3).

To build valid test statistics and models, we need to
calculate the variance-covariances of the trait values of
offspring in nuclear families. In a similar manner as
Appendix A of Fan and Xiong [2003], we may show that
the conditional variance of trait value of the children 1, ...,
k is Û2

i,j = Û2
e + Û2

G + ™2
i,j, where ™2

i,j = ™2
r= 1™2

s= 1(Ó + Ìrs –
·i,j)2qsP(QrMi, Mj)/P(Mi, Mj). Similarly, the conditional
variance of trait values of the children k + 1, ..., n is
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Û2
j,i = Û2

e + Û2
G + ™2

j,i, where ™2
j,i = ™2

r= 1™2
s= 1(Ó + Ìrs –

·j,i)2qsP(QrMj, Mi)/P(Mj, Mi). For the conditional covar-
iances, let us denote the expected conditional covariance
between yl (l = 1, ..., k) and yt (t 0 l, t = 1, ..., k) by ™ij,ij, the
expected conditional covariance between yl (l = 1, ..., k)
and yt (t = k + 1, ..., n) as ™ij,ji = ™ji,ij, and the expected
conditional covariance between yl (l = k + 1, ..., n) and yt

(t 0 l, t = k + 1, ..., n) as ™ji,ji. Such as in Appendix B in Fan
and Xiong [2003], we may calculate ™ij,ij and ™ij,ji which
are given in Appendix A.

On the other hand, we need to build a model under the
null hypothesis of no association in the presence of link-
age. To do this, we need to calculate the mean and vari-
ance-covariance parameters. Under the assumption of
linkage equilibrium between the marker locus and the
trait locus, we show in Appendix B that ·i,j = ™2

r= 1(Ó + Ìr)qr

= Ó + Ì = ·, Û2
i,j = Û2, ™ij,ij = ™ts and ™ij,ji = ™td, which do not

depend on subscripts i and j (Û2, ™ts and ™td are given in
Appendix B).

In figure 1, we depict the transmission of alleles from
the heterozygous father to the offspring. Based on the
transmission, we calculate the conditional expectations
·i,j, ·j,i, their difference and the related conditional vari-
ance-covariances. For the mother, we can perform similar
analysis. If the mother is homozygous MiMi, every off-
spring receives an allele Mi from her and so she does not
provide useful information [Spielman et al. 1993]. If the
mother is heterozygous, one should examine if an allele is
transmitted to an offspring by the mother. Keeping all off-
spring with whom one may infer clearly the transmission
of allele from the mother, we may repeat the same process
for the mother-offspring pairs as the above for the father-
offspring pairs.

2.2. Parameter Reductions
In Subsection 2.1, we work out the mean and variance-

covariance structures of siblings for a nuclear family.
Although the structure is valid theoretically, the number
of parameters can be very large for a multi-allele marker
M. The number of mean parameters ·i,j is m(m – 1), and
the number of variance-covariances Û2

i,j, ™ij,ij, ™ij,ji is
5[m(m – 1)/2] for a marker M with m alleles. Hence, the
total number of the parameters is 7m(m – 1)/2. For a
marker with 3 alleles, the number of parameters is 21; for
a marker with 4 alleles, the number of parameters is 42.
One needs to reduce the number of parameters to build
valid models and obtain robust test statistics.

In a population, the presence of LD is usually the result
of tight linkage between a trait locus and a marker locus
[Falconer and Mackay 1996; Fan et al. 2002; Sham and

Curtis 1995]. Assume that the recombination fraction   "
0, i.e. there is tight linkage between the trait locus and the
marker. In Appendix C, we show that approximately ·i,j "
·i, Û2

i,j " Û2
i and ™ij,ij " ™i,i only depend on subscript i, and

the covariance ™ij,ji " ™i,j = ™j,i depends on both i and j.
Therefore, the expected conditional variance-covariance
matrix of yl, l = 1, ..., n, in figure 1 can be expressed as

� Û2
i,j
.
.
.

™ij,ij

™ji,ij
.
.
.

™ji,ij

™ij,ij
.
.
.

™ij,ij

™ji,ij
.
.
.

™ji,ij

. . .
.
.
.

. . .

. . .
.
.
.

. . .

™ij,ij
.
.
.

Û2
i,j

™ji,ij
.
.
.

™ji,ij

™ij,ji
.
.
.

™ij,ji

Û2
j,i
.
.
.

™ji,ji

. . .
.
.
.

. . .

. . .
.
.
.

. . .

™ij,ji
.
.
.

™ij,ji

™ji,ji
.
.
.

Û2
j,i

� "

� Û2
i
.
.
.

™i,i

™j,i
.
.
.

™j,i

™i,i
.
.
.

™i,i

™j,i
.
.
.

™j,i

. . .
.
.
.

. . .

. . .
.
.
.

. . .

™i,i
.
.
.

Û2
i

™j,i
.
.
.

™j,i

™i,j
.
.
.

™i,j

Û2
j
.
.
.

™j,j

. . .
.
.
.

. . .

. . .
.
.
.

. . .

™i,j
.
.
.

™i,j

™j,j
.
.
.

Û2
j

� .

With these parameter reductions, the number of mean
parameters ·i is m, and the number of variance-covar-
iance parameters Û2

i, ™i,i, ™i,j is 2m + m(m – 1)/2. Hence,
the total number of the parameters is 3m + m(m – 1)/2.
Such as in Fan and Xiong [2003], the number of parame-
ters for a bi-allele marker is 7. For a marker with 3 alleles,
the number of parameters is 12, and for a marker with 4
alleles, the number of parameters is 18. Therefore, the
number of parameters can be significantly reduced under
the assumption of tight linkage between the trait locus and
the marker.

3. Mean and Variance-Covariance Structures:
General Nuclear Family Data

Consider a sample of nuclear families. For each family,
suppose there are two parents and at least one offspring.
For each parent-offspring pair, one first determines which
allele is transmitted from the parent to the offspring. Here
we use a different strategy from that in Section 2. For
instance, we simply assume that an allele Mi is transmit-
ted from a homozygous parent MiMi to any of his/her off-
spring, and ignore which one it is. If both parents and an
offspring have the same genotype MiMj, i 0 j, we assume
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that one parent transmits Mi to the offspring and the other
parent transmits Mj to the offspring. In this way for each
parent-offspring pair, we may define an transmission of
allele from the parent to the offspring. Putting all data
together, we may arrange the trait values of offspring in a
way as table 1 in Fan et al. [2002]. Hence, all data from a
nuclear family can be used in analysis. Based on which
marker allele is transmitted from a parent, one may calcu-
late conditional mean ßi = E(YATM = Mi). In Appendix D,
we show (ßi – ·)/(1 –  ) = (Ì1 – Ì2)‰i/pi. Hence, the absence
of association between trait locus Q and marker M, i.e.,
‰i = 0, is equivalent to ßi = ·. This constitutes the basis to
build models and to construct appropriate statistics to test
the association between trait locus Q and marker M by
comparing the estimates of parameters ßi and ·. To do
this, we need variance covariance structures of the trait
values of offspring. In Appendix D, we calculate condi-
tional variance Û2

ir = Var(YATM = Mi). For two offspring of
a nuclear family, let TM1 be the abbreviation of ‘transmit-
ted marker allele for child 1’, and let TM2 be the abbrevia-
tion of ‘transmitted marker allele for child 2’. For i 0 j, the
conditional covariance ™i,jr = Cov(Y1, Y2ATM1 = Mi,
TM2 = Mj) = ™ij,ji. The conditional covariance ™i,ir =
Cov(Y1, Y2ATM1 = Mi, TM2 = Mi) is calculated in Appen-
dix D.

4. Models

4.1. Heterozygous Parent Data
Suppose that the data consist of nuclear families. For

each family, suppose that both parents are typed at the
marker locus M and at least one of the parents is heterozy-
gous. From the analysis in Section 2, one may utilize
linear mixed model to analyze the data. Suppose that
there are I heterozygous parents, each of them has at least
one offspring. For the offspring of each heterozygous par-
ent, assume that one may clearly determine which allele at
the marker locus M are transmitted from the heterozy-
gous parent. For each child, a quantitative trait value is
observed.

For the lth heterozygous parent, assume that the geno-
type at the marker locus is MiMj, i 0 j. Moreover, he/she
has ni offspring, and the offspring’s trait values are listed
as yl1, ..., ylnl. Assume that the offspring consist of two
parts: (1) kl offspring correspond to that allele Mi is trans-
mitted and allele Mj is not transmitted from their hetero-
zygous parent, and their trait values are listed as yl1, ...,
ylkl; (2) the rest of the offspring correspond to that allele Mi

is not transmitted and allele Mj is transmitted from their

heterozygous parent, and their trait values are listed as
yl,kl + 1, ..., ylnl. Under the null hypothesis of no association
in the presence of linkage between the trait locus Q and
the marker locus M, one may use a multivariate linear
model

ylu = Ó + glu + Glu + elu, u = 1, 2, ..., nl, reduced model, (4)

where ylu are normal variables with mean · and nl ! nl

variance-covariance matrix

Vl = � Û2
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Under the alternative hypothesis of association in the
presence of linkage, one may use a full model

ylu = Ó + glu A (TM = Mi,NM = Mj) + Glu + elu, u = 1, 2, ..., kl,

ylu = Ó + glu A (TM = Mj,NM = Mi) + Glu + elu, u = kl + 1, ..., nl. (5)

ylu are normal variables with mean ·i for u = 1, ..., kl and
mean ·j for u = kl + 1, ..., nl, and a variance-covariance
matrix

°l = � Û2
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Putting all data together, we may perform association
studies based on models (4) and (5). Denote n = ™ I

l = 1 nl,
y
→

l = (yl,1, ..., ylnl)Ù,y
→

= (y
→Ù

1, ..., y
→Ù

I )Ù, V = diag(V1, V2, ..., VI)
and ° = diag(°1, °2, ..., °I). Let In be the identity n ! n
matrix. Under the reduced model, y

→
is normal with mean

·In and variance-covariance matrix V. Similarly, y
→

is nor-
mal with mean X(·1, ..., ·m)Ù and variance-covariance
matrix ° under the full model, where X is an n ! m model
matrix based on model (5).

4.2. General Nuclear Family Data
In this Subsection, we are going to build models and

construct statistics to test association between the trait
locus Q and marker M by using general nuclear family
data. For a sample of nuclear families, assume that there
is at least one offspring for each family. For a homozygous
parent with genotype MiMi at the marker M and nl off-
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spring, let the trait values of the offspring be y1, ..., ynl. One
may use a multivariate linear model for data analysis

yu = Ó + gu A (TM = Mi) + Gu + eu, u = 1, 2, ..., nl, (6)

where yu are normal variables with mean ßi and nl ! nl

variance-covariance matrix

� Û2
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ir
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.
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.
.
.

Û2
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� .

For a heterozygous parent with genotype MiMj, i 0 j at the
marker M and nl offspring, let the trait values of the off-
spring be y1, ..., ynl. Suppose that: (1) kl offspring corre-
spond to that allele Mi is transmitted and allele Mj is not
transmitted from their heterozygous parent, and their
trait values are listed as y1, ..., ykl; (2) the rest of the off-
spring correspond to that allele Mi is not transmitted and
allele Mj is transmitted from their heterozygous parent,
and their trait values are listed as ykl + 1, ..., ynl. One may
use a model

yu = Ó + gu A (TM = Mi) + Gu + eu, u = 1,2, ..., kl,

yu = Ó + gu A (TM = Mj) + Gu + eu, u = kl + 1, ..., nl. (7)

yu are normal variables with mean ßi for u = 1, ..., kl and
mean ßj for u = kl + 1, ..., nl, and an nl ! nl variance-
covariance matrix
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Such as in Subsection 4.1, we may combine all data
together and perform analysis.

5. Test Statistics and Non-Centrality
Parameters

5.1. Heterozygous Parent Data
Let ·̂i, Û̂2

i, ™̂i,i, ™̂i,j be the maximum likelihood estima-
tors of parameters ·i, Û2

i, ™i,i, ™i,j of the full model (5).
Then the estimate of Á = (·1, ..., ·m)Ù is Á̂ = (·̂1, ..., ·̂m)Ù =
[XÙ °̂–1X]–1 XÙ°̂–1y

→
. Assume that the sample size is large.

In Appendix E, we show that the test statistic of the null
hypothesis H0: ·1 = ... = ·m, is non-central F(m – 1, n – m)
defined by (details are given in Appendix E)

Fhet = 
(HÁ̂)Ù [H(XÙ °̂–1X)–1HÙ ]–1HÁ̂/(m – 1)

y
→Ù [°̂–1 – °̂–1X(XÙ °̂–1X)–1XÙ °̂–1]y→/(n – m)

,

H = � 1
1
.
.
.
1

–1
0
.
.
.
0

0
–1

.

.

.
0

. . .

. . .

. . .

. . .

0
0
.
.
.

–1

� .

Here H is a (m – 1) ! m testing matrix. The non-centrality
parameter of the test statistic F can be calculated by Ïhet "
(HÁ)Ù[H(XÙ°–1X)–1HÙ]–1HÁ. If ni = 1 for each family, then
there is only one single child in each family and the above
formula can be simplified. Let ki, i = 1,2, ..., m be the num-
ber of offspring who receive allele Mi from their heterozy-
gous parents. In Appendix F, we show that the non-central-
ity parameter of the singleton test statistic Fhet,singleton is

Ïhet,singleton " 
m

™
i = 2

(·1 – ·i)2ki/Û2
i – 

� m

™
i = 2

(·1 – ·i)ki/Û2
i�2

m

™
i = 1

ki/Û2
i

.

When m = 2, i.e., the marker M is bi-allelic, one may sim-
plify Ïhet,singleton " (·1 – a2)2/[Û2

1/k1 + Û2
2/k2], which is the

same as that of Fan and Xiong (2003).
Assume that the data consist of both singleton families

and sib-pair families. Suppose there are ki singleton off-
spring who receive allele Mi from their heterozygous par-
ents, kii (i = 1, 2, ..., m) sib pairs in each of them both sibs
receive allele Mi from their heterozygous parents, and kij =
kji, i 0 j sib pairs in each of them one sib receives allele Mi

from his/her heterozygous parent and the other receives
allele Mj from the same heterozygous parent. In Appendix
G, we obtain the matrix

XÙ °–1X = diag �k1

Û2
1

+ 
2k11

Û2
1 + ™1,1

, ..., 
km

Û2
m

+ 
2kmm

Û2
m + ™m,m

� + XÙ
3°3

–1X3,

where matrix X3, sub-variance-covariance matrix °3, and
XÙ°3

–1X are given in Appendix G. Inserting the above
matrix to the formula Ïhet, one may calculate the non-
centrality parameter Ïhet,singleton,sibs of a test statistic
Fhet,singleton,sibs. For a bi-allele marker M, it is the same as
that in Fan and Xiong [2003].

5.2. General Nuclear Family Data
For the model introduced in Subsection 4.2, we may

calculate the non-centrality parameter of statistic FGen_Nuc

to test the null hypothesis H0: ß1 = ... = ßm in a similar
manner. First, assume that each family has only one child.
Let ki, i = 1, 2, ..., m be the number of offspring who
receive allele Mi from their parents. We can show that the
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Fig. 2. Power curves of Fhet,singleton for 2
(–––), 3 (- - - - - ) and 4 (––––) allele markers
against the heritability at 0.05 significant
level, when q1 = 0.25, Û2

G = 0.75, A = 20,   =
0.005 for a dominant trait a = d = 1.0 (a);
and a recessive trait a = 1.0 and d = –0.5 (b).
For a 2 allele marker, p1 = 0.50, k1 = k2 = 100;
for a 3 allele marker, p1 = 0.4, p2 = 0.3, k1 =
100, k2 = k3 = 50; for a 4 allele marker, pi =
0.25, ki = 50, i = 1, ..., 4.

corresponding non-centrality parameter of a singleton test
statistic FGen_Nuc,singleton is ÏGen_Nuc,singleton

" 
m

™
i= 2

(ß1 – ßi)2ki/Û2
ir – 

�
m

™
i= 2

(ß1 – ßi)ki/Û2
ir�2

m

™
i= 1

ki/Û2
ir

.

Second, the data consist of both singleton families and
sib-pair families. Suppose there are ki singleton offspring
who receive allele Mi from their parents, kii (i = 1, 2, ..., m)
sib pairs in each of them both sibs receive allele Mi from
their parents, and kij = kji, i 0 j sib pairs in each of them
one sib receives allele Mi from his/her heterozygous par-
ent and the other receives allele Mj from the same hetero-

zygous parent. We may calculate the corresponding non-
centrality parameter

ÏGen_Nuc,singleton,sibs " (Hß)Ù [H¶–1HÙ]–1Hß

of a statistic FGen_Nuc,singleton,sibs, where
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Fig. 3. Power curves of Fhet,singleton,sibs for 2
(–––), 3 (- - - - - ) and 4 (––––) allele markers
against the heritability at 0.05 significant
level, when q1 = 0.25, Û2

G = 0.75, A = 20,   =
0.005 for a dominant trait a = d = 1.0 (a);
and a recessive trait a = 1.0 and d = –0.5 (b).
For a 2 allele marker, p1 = 0.50, ki = 60, kij =
30, i,j = 1,2; for a 3 allele marker, p1 = 0.4,
p2 = 0.3, k1 = 60, k2 = k3 = 30, kij = 15, i, j = 1,
2, 3; for a 4 allele marker, pi = 0.25, ki = 30,
kij = 9, i, j = 1, ..., 4.

6. Power Calculation and Power Comparison

Such as the standard theory of quantitative genetics
[Falconer and Mackay 1996], assume that Ó = 0, Ì11 = a,
Ì12 = Ì21 = d, Ì22 = –a. Let the additive variance be Û2

a =
2q1q2(a + d(q2 – q1))2, and the dominant variance be Û2

d =
(2q1q2d)2. Let the heritability be denoted by h2, which is
defined by Û2

a/(Û
2
a + Û2

d + Û2
e). In the history of a population,

the disease genes are usually due to a mutation. Because of
the evolutionary process, the haplotype frequencies hri

change from generation to generation. The expected ha-
plotype frequency can be calculated by E[hri] = hri(0)e– A

+ piqr (1 – e– A), where A is the age of the most recent
mutation at the trait locus, hri(0) is the initial haplotype
frequency of haplotype QrMi at the generation of occur-

rence of the mutation at the trait locus. If there is only a
single mutation in the population, one may assume that
h11(0) = q1, h1i(0) = 0, and h21(0) = p1 – q1 6 0, h2i (0) = pi,
i = 2, ..., m. Replacing hri in P(QrMi, Mj) by E[hri], we may
calculate the approximations of the non-centrality param-
eters using the non-centrality parameters given in Section
5. To calculate the non-centrality parameters, we need
parameter values such as the marker allele frequencies p1

and p2, trait allele frequencies q1 and q2, heritability h2,
mutation age A, haplotype frequencies hri, recombination
fraction  , additive effect a, dominant effect d, polygenic
variance Û2

G, and error variance Û2
e.

Assume that the frequencies of marker alleles are even-
ly distributed. Figures 2 and 3 plot the power curves of
Fhet,singleton and Fhet,singleton,sibs against the heritability at



140 Hum Hered 2002;54:132–150 Fan/Jung

Fig. 4. Power curves of FGen_Nuc,singleton for 2
(–––), 3 (- - - - - ) and 4 (––––) allele markers
against the recombination fraction at 0.05
significant level, when q1 = 0.25, Û2

G = 0.75,
A = 20, h2 = 0.25 for a dominant trait a = d =
1.0 (a); and a recessive trait a = 1.0 and
d = –0.5 (b). For a 2 allele marker, p1 = 0.50,
k1 = k2 = 100; for a 3 allele marker, p1 = 0.4,
p2 = 0.3, k1 = 100, k2 = k3 = 50; for a 4 allele
marker, pi = 0.25, ki = 50, i = 1, ..., 4.

0.05 significant level, for dominant and recessive traits
for 2, 3 and 4 allele markers, respectively. In each graph of
the two figures, the total numbers of offspring for 2, 3 and
4 allele markers are the same. Hence, the comparison of
the power is meaningful. It is clear from the 4 graphs of
the two figures 2 and 3 that the power of the test statistic
using 4 allele marker is higher than that of the test statistic
using 3 allele marker, which in turn is higher than that of
the test statistic using 2 allele marker. Figures 4 and 5 plot
the power curves of FGen_Nuc,singleton and FGen_Nuc,singleton,sibs

against the recombination fraction at 0.05 significant lev-
el, for dominant and recessive traits for 2, 3 and 4 allele
markers, respectively. The four graphs in the two figures 4
and 5 show that the power of the test statistic using 4 allele
marker is higher than that of the test statistic using 3 allele

marker, which in turn is higher than that of the test statis-
tic using 2 allele marker. In addition, the power is high
when the trait locus is tightly linked to the marker
(  ! 0.01); otherwise, the power decreases very rapidly
once the trait locus is getting far away from the marker
(  1 0.02).

Assume that the frequencies of marker alleles are not
evenly distributed. Figure 6 plots the power curves of
Fhet,singleton,sibs against the heritability at 0.05 significant
level, for dominant and recessive traits for 2, 3 and 4 allele
markers, respectively. In each of two graphs in the figure,
the power of the test statistic using 3 allele marker is high-
er than that of the test statistic using 4 allele marker,
which in turn is higher than that of the test statistic using 2
allele marker in general.
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Fig. 5. Power curves of FGen_Nuc,singleton,sibs for
2 (–––), 3 (- - - - - ) and 4 (––––) allele markers
against the recombination fraction at 0.05
significant level, when q1 = 0.25 Û2

G = 0.75,
A = 20, h2 = 0.25 for a dominant trait a = d =
1.0 (a); and a recessive trait a = 1.0 and d =
–0.5 (b). For a 2 allele marker, p1 = 50, ki =
60, kij = 30, i, j = 1, 2; for a 3 allele marker,
p1 = 0.4, p2 = 0.3, k1 = 60, k2 = k3 = 30, kij =
15, i, j = 1, 2, 3; for a 4 allele marker, pi =
0.25, ki = 30, kij = 9, i, j = 1, ..., 4.

7. An Example

The methods and models are applied to analyze the
chromosomes 4 and 16 data of the Oxford asthma data,
Genetic Analysis Workshop 12 [Cookson and Abecasis
2001]. The data consist of 80 nuclear families with a total
of 203 offspring. In these 80 families, 43 have two off-
spring, 31 have three offspring, and 6 have four offspring.
On chromosome 4, 18 markers are typed and each marker
has 4 alleles. On chromosome 16, 22 markers are typed
and each marker has 4 alleles. In Daniel et al. [1996], link-
age to bronchial responsiveness to methacholine (slope)
and other quantitative traits was tested by the Haseman-
Elston sib-pair technique [Haseman and Elston 1972].
Two regions of potential linkage to autosomal markers

were detected with logeslope on chromosomes 4 and 16
[Daniel et al. 1996].

In the four alleles typed, the frequency of one allele is
too low (around 3%). When we use the four alleles in data
analysis, the convergence is problematic and the results
are not stable. This may be due to the large number of
parameters for the data set. To reduce the number of
parameters and to make the results stable, we collapse each
of the 4 allele markers to be 3 allele marker. Table 1 shows
the results of test statistics Fhet and FGen_Nuc, the results
from Fan and Xiong [2003], and Daniel et al. [1996].
Three markers, D4S1450, D16S515 and D16S289 show
association with the asthma phenotypic trait logeslope at
significant levels 0.05. The results confirms the findings in
Fan and Xiong [2003] and Daniel et al. [1996].



142 Hum Hered 2002;54:132–150 Fan/Jung

Fig. 6. Power curves of Fhet,singleton,sibs for 2
(–––), 3 (- - - - - ) and 4 (––––) allele markers
against the heritability at 0.05 significant
level. For a 2 allele marker, p1 = 0.90, p2 =
0.10; for a 3 allele marker, p1 = 0.5, p2 = 0.45,
p3 = 0.05; for a 4 allele marker, p1 = 0.45, p2 =
p3 = 0.25, p4 = 0.05. All other parameters are
the same as those in figure 3.

Table 1. Results of test statistics of asthma
data Marker

locus
p values
of FHet

p values of
FGen_Nuc

p values of
Fan and Xiong
(2003)

p values of
Daniel et al.
(1996)

D4S1540 0.03 0.003 0.02 !0.05
D16S515 !0.0001 !0.0001 !0.04 !0.05
D16S289 0.001 !0.0001 !0.0001 !0.05
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8. Discussion

This paper explores mixed models and test statistics
for association study between a QTL and a multiple allele
marker. For the data of offspring from at least one hetero-
zygous parent with clear transmission of parental alleles,
we show that it can be used in association study in the
presence of linkage. The theoretical basis is the difference
between the conditional mean of trait value given an allele
is transmitted and the conditional mean of trait value giv-
en the allele is not transmitted from a heterozygous par-
ent. For the data of offspring of nuclear family, we show
that it can be used in general association study. In this
case, the theoretical basis is the difference between the
conditional mean of trait value given an allele is transmit-
ted from a parent and the population mean. To build val-
id models, we calculate the variance-covariance structure
of trait values of offspring. Besides, the reduction of the
number of parameters is discussed under an assumption
of tight linkage between the trait locus and the marker for
the data of offspring from at least one heterozygous par-
ent. Based on mixed models, two test statistics are pro-
posed for association study. By power calculation and
comparison, we show that the proposed test statistics have
higher power than that by collapsing alleles to be new ones
if the marker allele frequencies are evenly distributed.
Hence, it is more advantageous to use a multiple allele
marker in association study than that to collapse it to be a
bi-allelic marker. Using the data of offspring of nuclear
family, we show that the power is high when the trait locus
is tightly linked to the marker (  ! 0.01); otherwise, the
power decreases very rapidly once the trait locus is getting
far away from the marker (  1 0.02). The proposed models
are used to analyze chromosomes 4 and chromosome 16
data of the Oxford asthma data, Genetic Analysis Work-
shop 12.

In mapping a disease gene locus, one may carry out
both linkage analysis and association study. Linkage anal-
ysis is based on family data, and is useful in localizing a
genetic trait locus in a broad chromosome region of a few
centimorgans. Hence, linkage analysis can provide sug-
gestive linkage between a trait locus and a marker locus
based on a sparse marker map. Besides, linkage analysis is
robust to the population stratification which heavily af-
fects the results of population-based association study.
Association study, on the other hand, is useful in fine gene
mapping of genetic trait locus since the allelic association
due to LD usually operates over very short genetic dis-
tance. Hence, association study can provide high resolu-
tion in genetic trait mapping. In practice, the first step in

mapping disease genes can be linkage analysis to get sug-
gestive linkage. Then, an association study can be used in
disease gene fine mapping. Due to the suggestive linkage
from the linkage analysis, the results of the follow-up asso-
ciation study are less likely the outcomes of population
structures.

Using a bi-allelic marker, Fan and Xiong [2003] pro-
posed mixed models for both linkage analysis in the pres-
ence of association and association study in the presence
of linkage. For a multi-allelic marker, it is not clear how to
extend Fan and Xiong [2003] for linkage analysis in the
presence of association since the way to reduce the num-
ber of parameters is unclear. In this paper, we assume that
data are available for all members in a nuclear family.
This may not be true for late-on-set genetic traits such as
Alzheimer’s disease, heart disease, many forms of cancer,
non-insulin-dependent diabetes mellitus (NIDDM), and
osteoporosis, for which the parental data are hard to
obtain. It would be interesting if the methods and models
in this paper can be extended to study the data when the
parental genetic data are not available [Cardon 2000].
One method is permutation tests such as that for qualita-
tive traits [Spielman and Ewens 1996]. In our models and
analysis, we do not include any covariates such as age and
gender. The research of interplay between genetic effects
and environments is of very importance. Van den Oord
and Sneider [2002] propose a general model for locus
effects to study the interplay of the multiple etiological
factors and other genetic effects such as age dependency
based on structural equation modeling (SEM). Due to the
length of this paper, we do not pursue this important issue
in depth.
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