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SUMMARY

The transmission disequilibrium test (TDT) has been utilized to test the linkage and association between
a genetic trait locus and a marker. Spielmetnal. (1993) introduced TDT to test linkage between a
qualitative trait and a marker in the presence of association. In the presence of linkage, TDT can be
applied to test for association for fine mapping (Martnal., 1997; Spielman and Ewens, 1996). In
recent years, extensive research has been carried out on the TDT between a quantitative trait and a marker
locus (Allison, 1997; Farmt al., 2002; Georgeet al., 1999; Rabinowitz, 1997; Xiongt al., 1998; Zhu
and Elston, 2000, 2001). The original TDT for both qualitative and quantitative traits requires unrelated
offspring of heterozygous parents for analysis, and much research has been carried out to extend it to
fit for different settings. For nuclear families with multiple offspring, one approach is to treat each child
independently for analysis. Obviously, this may not be a valid method since offspring of one family are
related to each other. Another approach is to select one offspring randomly from each family for analysis.
However, with this method much information may be lost. Maetial. (1997, 2000) constructed useful
statistical tests to analyse the data for qualitative traits. In this paper, we propose to use mixed models
to analyse sample data of nuclear families with multiple offspring for quantitative traits according to the
models in Amos (1994). The method uses data of all offspring by taking into account their trait mean
and variance—covariance structures, which contain all the effects of major gene locus, polygenic loci and
environment. A test statistic based on mixed models is shown to be more powerful than the test statistic
proposed by Georget al. (1999) under moderate disequilibrium for nuclear families. Moreover, it has
higher power than the TDT statistic which is constructed by randomly choosing a single offspring from
each nuclear family.

Keywords: Linkage disequilibrium mapping; Mixed models; Quantitative trait loci; TDT statistics.

1. INTRODUCTION

Using nuclear families to test linkage and association between a disease susceptibility locus and a
marker is an interesting research area. In the presence of association between a qualitative trait locus and
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a marker, Spielmart al. (1993) introduced the transmission disequilibrium test (TDT) to test linkage.
On the other hand, TDT can be applied to test for association in the presence of linkage for fine gene
mapping (Spielman and Ewens, 1996; Mastral., 1997). If the data consist of nuclear families with
asingle affected offspring, TDT is a valig? test. However, if the data consist of nuclear families with
multiple affected offspring, the affected offspring can not be treated as independent siblings since they
are related to each other. One approach is to choose an affected offspring randomly from each multiple
affected offspring family and construct a TDT based on the simplex nuclear families. However, much
data may be discarded by this method. Madiral. (1997) proposed two statistics that use data from

all affected offspring for a qualitative trait. The statistics are based on the calculation of joint probability
that a heterozygous parent transmits or does not transmit his/her marker alleles to the multiple affected
offspring. Moreover, the statistics are shown to be more powerful than the TDT, which is constructed
with a single randomly chosen affected offspring from each nuclear family. Metrah (2000) further
extended the test by using data from both affected and unaffected offspring, and proposed a pedigree
disequilibrium test (PDT) to analyse data.

In this paper, we investigate linkage and association studies between a quantitative trait locus (QTL)
and a marker. First, we calculate conditional means and variance—covariances of the quantitative trait
values of offspring of nuclear families, given the transmission status of marker alleles of heterozygous
parents. With the mean and variance—covariance structures in hand, we propose to use mixed models
to analyse the quantitative genetic data. Using the rich theory of mixed models (Harville, 1974, 1977;
Jennrich and Schluchter, 1986; Laird and Ware, 1982; Miller, 1977; Pinheiro, 1994; Pinheiro and Bates,
2000; Robinson, 1991; Sea#dkeal., 1992), we discuss parameter estimations, and introduce a test statistic
T to test linkage or association between the trait locus and the marker.

Mixed models have been utilized for data analysis of QTL of nuclear families in linkage and
association studies (Allisogt al., 1999), which treats sibship as random factors. Abeaisik (2000);
Fulkeret al. (1999) and Sharst al. (2000) have explored linkage and association studies of quantitative
traits by variance—component procedures allowing a simultaneous test of allelic association for family
data. In this paper, we show how to construct appropriate models based on conditional mean and variance—
covariance structures of the trait values of offspring of nuclear families. For data analysis, one may use
the standard statistical packages such as SAS for parameter estimationseflattell996).

Georgeet al. (1999) proposed interesting regression models to carry out TDT analysis for quantitative
traits of nuclear family or pedigree data. Zhu and Elston (2000, 2001) further developed the method by
using the distribution of offspring trait values conditional on parent trait values. Moreover, Zhu and Elston
(2000, 2001) proposed three test statistics which have good powers in detecting linkage or association,
and greatly improve the method of Georgeal. (1999). However, the variance—covariance matrices in
Georgeet al. (1999) and Zhu and Elston (2000, 2001) only contain the effects of polygenic loci and
environment, ignoring the important part of the effect of major gene locus. Our method of this paper is
to use the distribution of offspring trait values conditional on the marker allele transmission status of one
heterozygous parent at the marker locus. Our variance—covariance matrix contains all effects of major
gene locus, polygenic loci and environments.

2. MEAN AND VARIANCE—COVARIANCE STRUCTURES

Consider one major quantitative trait loc@ with two allelesQ1, Q2 occurring with frequencies
g1, 02. Assume that the expected phenotypic trait value of a person with gen@iy®Reis v + urs, r, s =
1, 2, respectively, where is overall mean ang12 = u21. Suppose that a marker lociis linked to the
trait locusQ. Denote the recombination fraction between the marker Id¢wnd the trait locu®) by 6.
Assume that two allelel;, M» are typed at the marker loc occurring with frequencieps, p2. The
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haplotype frequency is denoted by for haplotypeQ; Mj,r =1, 2,i = 1, 2. The linkage disequilibrium
coefficient is defined byA = h11 — p1a1. ThenA £ 0 refers to the presence of association or linkage
disequilibrium between the trait locu@ and the marker locud. If A = 0, hyj = g, p; for all r andi,
i.e. no association between the markérand the trait locu®). Besides the major gene loc@s assume
there is a polygenic effect which affects the trait values.

Let Y be a phenotypic trait variable of an individual. Following Amos (1994), one may decompose
Y = v+ g+ G+ e wherev is the overall meang is the random major gene component such that
E (g|QsQr) = usr, Gis the normal random polygenic effect such tha@g = 0and VaKG) = aé, ande
is an error or residual term which is distributed as normal with mean 0 and varignice.e ~ N (0, o2).
Moreover, assume tha, G ande are independent of each other. LEQ denote the abbreviation of
‘transmitted quantitative trait allele’. Then we have the conditional mgan= E[Y|TQ = Q;] =
v+ Z§:1 UrsQs. Let uy = Zgzl rsQs, and soy = v + ur. Assume that a parent has heterozygous
genotypeM1 Mo at the marker locu#t. Let P(M1, M2) be the probability of an offspring who receives
marker alleleM; from his/her heterozygous parent but not alléiés ThenP (M1, M2) = [1/2][2p1 p2],
since the probability of a heterozygous parent possessing Miede one copy of his/her chromosome and
allele M5 at the other copy of his/her chromosome [ B>, and the probability of giving one of his/her
two alleles to an offspring is/R. Similarly, we may show tha® (M2, M1) = p1p». Let P(Qr M, Mj) be
the probability of a child who receives haploty@e M; from his/her heterozygous parent but not alleles
Mj, j #i.Then, we have relatioR (Q; Mj, Mj) = (1L —6)hyj pj; + 6hj pi.

2.1 Nuclear familieswith a single child

For afamily with two parents and a single offspring, we assume that at least one parent is heterozygous at
the marker locudM. Moreover, assume we may infer clearly the transmission of parental marker alleles
to the offspring, i.e. all offspring of homozygousheterozygous matings and all homozygous offspring

of heterozygous< heterozygous matings (Georgeal., 1999; Zhu and Elston, 2000, 2001). In Figure 1,
assume that a heterozygous mothigiM, transmits alleléM; to her daughter in Graph I (i.e. the left-hand

side one). On the other hand, the male offspring 2 in Graph Il (i.e. the right-hand side one) receives allele
M, from his heterozygous moth&f1 M». Based on the information in the pedigree, we may calculate the
conditional trait mean of the offspring provided that alldle or My is transmitted from the heterozygous
parent. LetT M denote the abbreviation of ‘transmitted marker allebéM of ‘non-transmitted marker
allele’, andT H of ‘transmitted haplotype’. Given that marker allé\y is transmitted and allel&; is

not transmitted from the heterozygous mother, the conditional trait mean of the offspring 1 in graph | of
Figure 1is

a12=E(y) =E[Y|TM = M3, NM = Mz]

P(Qr Mz, M2)
P(M1, M)

M~

E[YITH = Qr M1, NM = Mz]

r=1

M~

ar[(L—60)hr1p2 + 6hr2pal/[PLp2l

r=1

2

=v+ ) w[(1—06)hr1p2+60hr2p1]/[p1p2]. 1)
r=1
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Graph | Graph Il

M1 M>

Fig. 1. Two nuclear families each has a single offspring, and a heteroziouds mother at the marker locud. For
Graph |, the heterozygous mother transmits alMleto her daughter. In Graph I, the heterozygous mother transmits
allele M to her son.

Similarly, the conditional mean of the offspring 2 in graph Il of Figure 1 is

az21=E(y2) =E[Y[TM = M2, NM = M]

2
=Y _or[(L—60)hr2p1 + Ohe1p2l/[p1p2]
r=1

wr[(L—0)hr2p1 + Ohrap2]/[ pap2l- 2
1

2
:\}+
r=

Equations (1) and (2) lead to

2
a2 —az1=(1-20) Y pur(heipz — hr2p1)/(Pip2) = (L — 20)A(ua — p2)/(P1p2)-  (3)
r=1

Hence, one may construct statistics and models to test linkage in the presence of association (or
association in the presence of linkage) between the trait locus and the marker by comaring

and a2 1. To huild valid test statistics and models, we need to calculate the conditional variance—
covariances of the trait values of offspring in nuclear families. In Appendix A, we show that the
conditional variance of trait value of the female offspring 1 in graph &fs = X2, + 0 + o2,

where 32, = 32 32 (v + s — @1.2)20sP(Qr M1, M2)/P(My, My). Similarly, the conditional
variance of trait value of the male offspring 2 in graph lloi§, = %2, + 02 + 02, where£3, =

Zrzzl Zgzl(v + trs — ¢x2,1)2qs,P((Qr M2, M1)/P (M2, M1). The trait values of offspring from different
families are independent, and so the covariance of the traits of offspring 1 and 2 in Figure 1 is 0.

2.2 General nuclear families

For pedigrees which have more than two offspring, we may get the conditional mean and variance—
covariances in a similar way as in Section 2.1. For example, let us look at a pedigree depicted in Figure 2.
Suppose we may clearly infer the transmission of parental marker alleles to the offspring. Assume that the
genotype of the father at the marker locus is heterozyddusl,. Moreover, the father transmits allele
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Fig. 2. A nuclear family witm offspring. Assume that the genotype of the father at the marker locus is heterozygous
M1Ma. Moreover, the father transmits allel; to kids 1, . . ., k, and transmits allel®, to kidsk + 1, ..., n.

Ms to children 1.. ., k, and transmits allel®5 to childrenk + 1, ..., n. For childi, the quantitative trait
value is denoted by;,i =1, ..., n. As in equations (1) and (2), we may calculate the conditional means
of the traits of offspring 1.. ., k asa1 2, and the conditional means of the traits of offspring 1, ..., n
asay 1. Moreover, we may obtain the conditional varianceyaf. . . , yk aSsz =32, + 02 + 02, and

the conditional variances ofc+1, .- ., ¥n 35022,1 = zgl + 0(23 + aez. In Appendix B, we calculate the
conditional covariance betwesn(l = 1,...,k) andy; (t #I,t =1,...,Kk) asX1212, the conditional

covariance betweey (I =1,...,k) andy; (t =k+1,...,n) asX1221 = X2112, and the conditional
covariance betweeyy (I =k+1,...,n)andy; (t #l,t =k+1,...,n) asX121.

3. MODELS FOR LINKAGE AND ASSOCIATION STUDIES

Based on the analysis in Section 2, we propose to use a mixed linear model to analyse the data from
nuclear families. Suppose we halenuclear families, each of them has at least one child. Moreover,
assume that at least one of the parents is heterozygous, and that one can determine which marker allele is
transmitted to the offspring from the heterozygous parent. For each child, a quantitative trait is observed.
Fortheith family, assume that there amesiblings, and the siblings’ trait values are listed/as.. . ., Vin; -

Consider they; offspring in thei th family. Assume that the siblings consist of two partsi{19iblings
correspond to that allelel; is transmitted and allel®l is not transmitted from their heterozygous parent,
and their trait values are listed 83, . . ., Yk ; (2) the rest of the siblings correspond to that alleleis
not transmitted and allel&, is transmitted from their heterozygous parent, and their trait values are
listed asyi k+1, - - - » Yin; - Under the alternative hypothesis of linkage (or association) in the presence of
association (or linkage) between the trait locus and the marker locus, one may use a full multivariate linear
model

Vij = v+ GijlaM=mi,NM=Mp) + Gij +8j, ] =1,2,..., ki,
Yij =v+Gijlam=myuNm=my + Gij + &), ] =k +1,...,n;. 4)

yij are normal variables with meang, for j = 1,...,k andaz i for j =k +1,..., nj,and am; x n
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variance—covariance matrix

of, Ti212 -+ Ti212 Ti221 o Ti221
roo | P21z Za212 o of, Ti221 - T2
P =
Yo112 T2112 -+ T2z 05y c- T2121
To112 T2112 -+ Za112 Toia1 - Oayg

Letn = Zi'zl n; be the total number of offspring of all familie§i = (i1,...,V¥in)" andy =
(¥1, ..., YD), and defindj;, §, Gi, G, § andg, accordingly. Define an; x 2 design matrix

17 ... 1 0 --- 0\°
X':<o .0 1 .- 1) ’
and a totah x 2 design matrixX = (XJ, ..., X[)*. Then,y is normally distributed with the following
mean and variance—covariance structure for model (4):

o 12 - .
E(y)=X ’ C =diagT1, ..., ).
) (am) . Cov(y) =diagTs.....T)

Under the null hypothesis of no linkage (ife= 1/2) in the presence association (i2e# 0) between
the trait locus and the marker locus, therp|g—1/2 A0 = 02,1l9=1/2, a0 by relation (3). Moreover, the
conditional variancefz|9:1/2,A#o = a§l|9:1/2,A#0 sinceP(Q; M1, M2) = P(Q; Mo, My). Besides,
we can show thakio12 = Y1221 = Y2112 = Z2121/0=1/2,a20 by the formulae in Appendix B.
Therefore, one may use a multivariate linear model to analyse the data

Vij =v+0dj+Gij+eaj,]=12,...,n;, reduced modell, (5)

wherey;j are normal variables with mean »|¢—1/2, a0 andn; x n;j variance—covariance matrix

2
of, Y1212 -+ Xi1212
2
Y1212 07, - Xi1212
= . . .
3 3 e 2
1212 21212 o1,

0=1/2, A#0

Under the null hypothesis of no association in the presence of linkage between the trait locus and
the marker locusgy; | = ZrzzlarQr = a,i # j,i,] = 1,2, which is the population trait mean. Let
us denotezrz=l Zﬁ:l MrsOrOs DY ., a = ww — w, andy = Y yad. The conditional variance
afj = Y2 32 (s — %AsGr + 0& + 02,1 # j, which is the total variance of a trait variable.
Moreover, the conditional covarianGi 10|a—0,01/2 is equal to the covariancEz1 21/a—0,61/2 Of
trait variables between siblings (Appendix B). Therefore, one may use a multivariate linear model to
analyse the data

Vij =v+0j+Gij+8&j,] =1,2,...,n;, reduced modelll, (6)
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wherey;j are normal variables with mean= v 4 . andn; x n; variance—covariance matrix

of, Ti212 -+ Ti212 Ti221 - Ti1221
v — | Fre1z Zi21z - o, T21 -+ Ti:
i = 2
Y2112 Y2112 -+ 2112 Ofy,  ccc X1212
Y2112 Y2112 - X2r12 X1212 -c- Of,

A=0,0#£1/2

4. PARAMETER ESTIMATION AND TEST STATISTICS

In model (4), there are two mean coefficienig> and a2 1, five variance—covariance param-
eters ©2,, X1212, L1221, £3;, Tp121, polygenic variances?, and error variances?. Due to the
redundancy, not all variance—covariance parameters are identifiable. However, five parameters
(afz,aél, Y1212, $1221. T2121) = oF are independent and identifiable. Similarly, in model (5),
there are one population mean coefficiants|o—1/2 A0 and two variance—covariance parame-
ters nf = (012’2|9=1/2,A7go, Y1212l6=1/2,A20) Which are independent and identifiable. In model
(6), there is one population mean coefficiantand three variance—covariance parametgrs =
(012’2|A:0,9¢1/2, ¥1212lA=0,0£1/2, Z1221la=0,6£1/2) Which are independent and identifiable. In the
following, we are going to discuss the parameter estimations for model (4). The same method can be
applied to models (5) and (6). Den@é = («1,2, a2,1). The loglikelihood function of model (4) is

n 1< 1
I=—§bmbo—52;wwn—§

|
i = XiB TG = XiB).
i=1
Based on the above loglikelihood function, one may estimate the pararieteds by Newton—Raphson
or Fisher scoring algorithms (Jennrich and Schluchter, 1986).
Under the null hypothesiblg : & = 1/2 of no linkage in the presence of associationHy : A = 0
of no association in the presence of linkage between the trait locus and the marker locus, one can get
(1, —1)8 = 0 from relation (3). Hence, we may construcy &statistic

(b12 — @21)?

) 1, _1)[Zil=l xiffjiflxi]_1 <_11> |

In Appendix C, we discuss the asymptotic distribution of statisti@y assuming that the sample size is
large, we may show that is asymptotic normal (see more details in Appendix C). Under the alternative
hypothesisT is distributed approximately as a non-cenjarandom variable with non-central parameter

T

()

(@12 — @21)?
1 1 .
(1, -1) [Zi'_l XTy 1Xi} <_1)

The above relation is not strictly equal since the maximum likelihood estimates may not be unbiased.
The above formula can be simplified when we consider nuclear families with one single child or sib-
pair. If nj = 1 for each family, then there is only one child in each family. gti = 1,2,..., m;

AT R
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correspond to the trait values of offspring who receive alMdligfrom their heterozygous parents, and
Vi, i =mi+1 2,..., m+m; correspond to the trait values of offspring who receive allrom their
heterozygous parents. Thénz = Y™ ¥i/M1, d2.1 = Y {0 "2 Vi/Ma, 62, = ™ (% — &1.2)%/my,
andé?, = Zim:lntf"jl(yi — G2.1)%/my. The test statistid is

(61,2 — G2,1)?
62,/M+62,/my’

Tsingleton=

The non-centrality parameter of the singleton test stafisfifgietonis

[(1—20) A1 — p2)/(P1P2)]?
sz/m1+0§1/mz '

Asingleton~

Assume that the data consist of two parts: singleton and sib-pair families. Suppose thersiagéeton
offspring who receive allel&; from their heterozygous parenks,singleton offspring who receive allele
M, from their heterozygous parents; (i = 1, 2) sib pairs in each of them where both sibs receive allele
M; from their heterozygous parents, akg sib pairs in each of them where one sib receives alléle
from his/her heterozygous parent and the other receives Migkeom the same heterozygous parent. In
Appendix D, we obtain the test statisficas

(@12 — G2.1)2(Ef —B?)

Tsingletonsibs = —— 8
Singletonsins é+ f . 2b
where
A |(1 k126§1 2|(11
=22 Va2 302 2 L%
12 912021 1221 912 1212
&2
b— k1221221
T A2 A2 &2
012051 = X221
A2
.~ ko k1207 5 2k22
fZT"'Az 2 <2 T2 & : ©)
021 012051 = Xip1 051+ X2121
The non-centrality parameter is
A= 20)A(u1 — p2)/(p1p2)1?(cf — b?)
)»singletonsibSN c+ f_2p ,
where
_ Ky klZUél 2kq1
-2 2 2 2 2
0fy 012051 — Xipp1 Oip+ X1212
b— ki2X1221
T o252 _ 32
012921 12,21
k kioo? 2k
f— 2 1,2 22 (10)

2 7 7 2 2 .
051  0{2051— Xipp1 0511 X2121
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5. POWER AND SAMPLE SIZE COMPARISON

To perform power and sample size calculation, we transform the phenotypic values for genotypes
Q1Q1, Q1Q2, Q20Q2 by deducting the averadg11 + w22)/2 of expected homozygous trait values from
eachyj

wiy = p11— (n11+ p22)/2 = a,
1o = pa1 — (a1 + p22)/2 =d,
[y = 22 — (11 + p22)/2 = —a.

The additive variance is2 = 2q:10z(a + d(d2 — d1))?, and the dominant variance é§ = (20102d)2.
The heritability is denoted bly?, andh? is defined bys2/(c2 + 02 + ).

5.1 Comparison with other tests

To compare powers of test statisficwith those in Georget al. (1999) and Zhu and Elston (2000, 2001),
we take the same parameter valges= 0.5, p; = 0.4, Ué = 0.125 0, = 0.50,a = 0.7071,d = 0.00

for an additive mode of inheritance (Georgeal., 1999, pp. 240-241; Zhu and Elston, 2000, p. 326).
For a dominant mode of inheritance, we tajkge1 = 12 = 1.1547 o> = 0.00. For a recessive mode
of inheritance, we takg@ 11 = 1.1547 12 = p22 = 0.00 (Zhu and Elston, 2000, p. 326). Then the trait
locus variance? + o2 = 0.25.

For nuclear families each with two offspring, assume that therekaré = 1, 2) sib pairs in each
of them where both sibs receive allélg from their heterozygous parents, ak@ sib pairs in each of
them where one sib receives alléig from his/her heterozygous parent and the other receives aligle
from the same heterozygous parent. For nuclear families each with four offspring, assume that there are
kiiii (i = 1, 2) families where in each of them every offspring receive alMjerom their heterozygous
parentski112 families where in each of them three offspring receives alMelérom his/her heterozygous
parent and the other one receives allglg from the same heterozygous pardqt, 2 families in each of
them two offspring receives alleM; from their heterozygous parent and the other two receives dligle
from the same heterozygous parent, &pgho families in each of them one offspring receives allle
from their heterozygous parent and the other three receives Bllefeom the same heterozygous parent.

Table 1 shows the powers of test statisfidor sib-pair families and four offspring families. For sib-
pair families, the rows witlki11 = 50, k12 = 100, ko, = 50 correspond to those in Table 1 of Geoaye
al. (1999) and Table | of Zhu and Elston (2000) that the total number of families is 200, and the rows with
k11 = 25, k12 = 50, koo = 25 correspond to those in Table 1 of Geogayal. (1999) and Table | of Zhu
and Elston (2000) that the total number of families is 100. For families with four offspking, = 40
correspond to those in Table 1 of Georgal. (1999) and Table | of Zhu and Elston (2000) that the total
number of families is 200, andjmn = 20 correspond to those in Table 1 Geoegal. (1999) and Table |
of Zhu and Elston (2000) that the total number of families is 100. Therefore, the results in Table 1 are
comparable to those in Table 1 of Georgeal. (1999) and Table | of Zhu and Elston (2000).

When there is moderate linkage disequilibrium, ike= 0.10, we notice that the powers are very
much higher for small recombination fractién Under moderate disequilibriumz\(= 0.1), the powers
are very much higher than those in Table 1 of Geatga. (1999), and are similar to those in Table | of
Zhu and Elston (2000) by tesi& g1 and Tzg2. This shows the advantage of the test statistidJnder
the weak linkage disequilibrium, i.& = 0.01, the powers are very low and similar to those in Table 1 of
Georgeet al. (1999).

Table 2 shows the powers of test statidtiéor a dominant mode of inheritance and a recessive mode
of inheritance under moderate disequilibriuin= 0.10. At significant level 5%, the powers in Table 2
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Table 1.Powers of test statistic T of an additive mode of inheritance when g1 =

0.5, p1 = 04, aé = 0.125 0. = 050, a = 0.7071 d = 0.00. Note: kijmn = 40

implies that the total number of familiesis 200, and kjjmn = 20impliesthat the total
number of familiesis 100

No. of No. of Powerat5% Powerat1% Powerat0.5%
family offspring A ] significance  significance significance
0.00 98.5 94.0 90.7
Kijmn = 40 4 0.10 0.01 98.2 93.0 89.3
0.05 96.3 87.9 82.6
0.00 6.8 1.6 0.9
kijmn = 40 4 0.01 0.01 6.8 1.6 0.9
0.05 6.5 15 0.8
k11 =50 0.00 89.0 72.9 64.7
k12 = 100 2 0.10 0.01 87.7 70.7 62.3
koo =50 0.05 81.9 61.6 52.5
ki1 =50 0.00 6.1 14 0.7
k1o =100 2 0.01 0.01 6.1 14 0.7
koo =50 0.05 6.0 1.3 0.7
0.00 83.1 63.4 54.4
kijmn = 20 4 0.10 0.01 81.7 61.4 52.3
0.05 75.4 52.9 43.7
0.00 5.9 1.3 0.7
kijmn = 20 4 0.01 0.01 5.9 1.3 0.7
0.05 5.8 1.3 0.7
ki1 =25 0.00 61.5 37.3 28.9
k1o =50 2 0.10 0.01 59.8 35.6 27.4
koo = 25 0.05 52.8 29.2 21.8
ki1 =25 0.00 5.6 1.2 0.6
k12 =50 2 0.01 0.01 5.5 1.2 0.6
koo = 25 0.05 5.5 1.2 0.6

are similar to those ofzg; in Tables Il and Il of Zhu and Elston (2000). Generallyhas good powers
to study quantitative traits.

5.2 Comparison of Tsingleton@Nd Tsingletonsibs

In this section, we are going to compare the powers and sample sizes of test st@jsdissn and
Tsingletonsibs: T0 calculate the non-centrality paramet@gggleton @aNd Asingletonsibs We Need parameters

such as the marker allele frequencm@sand p, trait allele frequencieg; andqy, haplotype frequencies

hri, recombination fractiom, trait valuesu,s, polygenic varianceré, and error variancerez. Due to

the evolutionary process of the population, the haplotype frequehgieshange from generation to
generation. Under a Fisher—Wright model, Xiong and Guo (1997) showed that the haplotype frequencies
can be modeled by a diffusion process. The expected haplotype frequencies can be calculated by
Elhril = hri(0e A + pig (1 — e ?A), where A is the age of the most recent mutation at the trait
locus andhy (0) is the initial haplotype frequency of haplotyp@s M; at the generation of occurrence of

the mutation at the trait locus. If there is only a single mutation in the population, one may assume that
h11(0) = q1, h12(0) = 0, andh21(0) = p1 — g1 > 0, h22(0) = po. Replacinghyi in P(Qr M, Mj) by

E[hri], we may calculate the approximations of the non-centrality parameters. If there is more than one
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Table 2.Powers of test statistic T when gy = 0.5, p1 = 0.4, aé = 0.125 0 = 0.50.
Note: kijmn = 40 implies that the total number of families is 200, and kijmn = 20
implies that the total number of familiesis 100

Dominant mode of inheritancec 1 = 12 = pnp1 = 1.1547 oy = 0.00

No. of No. of Power at5% Powerat1% Power at0.5 %
family offspring A 0 significance  significance significance
ki1 =25 0.00 40.5 19.6 13.9
ki2 = 50 2 0.10 0.01 39.4 18.8 13.2
koo = 25 0.05 34.8 15.7 10.8
0.00 64.5 40.4 31.8
kijmn = 20 4 0.10 0.01 63.5 39.3 30.8
0.05 58.9 34.8 26.7
ki1 =50 0.00 68.2 44.3 35.4
k12 =100 2 0.10 0.01 66.7 42.7 33.9
ko> = 50 0.05 60.2 36.1 27.8
0.00 91.0 76.6 68.9
kijmn = 40 4 0.10 0.01 90.3 75.3 67.5
0.05 87.1 69.6 61.1

Recessive mode of inheritangej1 = 1.1547, w12 = 21 = no22 = 0.00

No. of No. of Power at5% Powerat1% Power at 0.5 %
family offspring A 0 significance  significance significance
ki1 =25 0.00 43.2 21.6 15.4
ki = 50 2 0.10 0.01 41.9 20.6 14.6
koo = 25 0.05 36.6 16.9 11.7
0.00 62.4 38.2 29.7
kijmn = 20 4 0.10 0.01 60.9 36.7 28.4
0.05 54.7 30.9 23.3
ki1 =50 0.00 71.6 48.2 39.1
k12 = 100 2 0.10 0.01 69.9 46.3 37.2
koo =50 0.05 62.9 38.7 30.2
0.00 89.6 73.9 65.9
kijmn = 40 4 0.10 0.01 88.5 72.1 63.9
0.05 83.6 64.1 55.2

mutation in a population, one needs more care with the fluctuation of haplotype frequencies. However,
assuming a single copy mutation would be a sound assumption for a rare disease.

Using the non-centrality parameters given in Section 4, we can carry out power and sample size
calculations by setting different parameter values for the trait gene and the marker allele frequencies,
heritability, recombination fraction, the age of mutation for the trait allele, etc. To make the comparison
valid, we assume that only one offspring is picked up from the sib-pair families for analysis. Hence,
kij offspring will be treated as singleton offspring who receive alMdlefrom the heterozygous parents.
Moreover, let us tredt;o/2 offspring as singleton offspring who receive alléfig from the heterozygous
parents, antt;»/2 offspring as singleton offspring who receive alléle from the heterozygous parents.
Hence, we will havek; + ki1 + k12/2 (or ko + ko2 + k12/2) offspring who are treated as singleton
offspring who receive allel&; (or My) from the heterozygous parents. In Figures 3—6, we assume that
my = my = 100 andkj = kjj = 40. Sinceky + k11 + k12/2 = ka 4 Kp2 4 k12/2 = 100, Tsingletonin these
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Curve of T_{singleton, sibs}
rrrrrrrrrr Curve of T_{singleton}
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Recombination Fraction

Fig. 3. Power curves Ofsingletonand Tsingletonsibs Whends = 0.25, h2 = 0.60, A = 20, p1 =050,m; =mp =
100, kg = kp = 40, k1 = k12 = kpp = 40, 64 = 0.75 for a dominant traia = d = 1.0.

figures can be viewed as the singleton families constructed from the nuclear familiggd@tonsibs

Figures 3 and 4 plot the power curvesT@hgietonand Tsingletonsibs against the recombination fraction
for dominant and recessive traits. Figures 5 and 6 plot the power curvesn@kton and Tsingletonsibs
against the heritability for dominant and recessive traits. The four figures shoWtonsibs has higher
power than that oTsingleton

6. AN EXAMPLE

As an example, we apply our method to Genetic Analysis Workshop 12 Oxford asthma data (Cookson
and Abecasis, 2001). The data consist of 80 nuclear families with a total of 203 offspring. In these 80
families, 43 have two offspring, 31 have three offspring, and 6 have four offspring. In 2aaie(1996),
linkage to bronchial responsiveness to methacholine (slope) and other quantitative traits was tested by the
Haseman—Elston sib-pair technique (Haseman and Elston, 1972). Three regions of potential linkage to
autosomal markers were detected with&lgpe on chromosomes 4, 7 and 16 in Dasiell. (1996).

We analyse the data using model (4), and test the linkage by using statisti¢7). By using SAS
mixed model procedures, we have got the following results:

Marker Estimate of parameters | P-value ofT in (7) | P-value of Daniel

Locus o’ to testay o = a1 et al. (1996)
D4S1540| (1.28,2.70,0.88 1.23 1.10) 0.02 <0.05
D7S484 | (2.31,1.94,1.36,1.07,0.58) 0.02 <0.0005
D16S515| (3.02 2.06,0.95,0.51, 0.80) 0.04 <0.05
D16S289| (2.25,1.24, —1.10,0.75,0.31) <0.0001 <0.05
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Fig. 4. Power curves Ofsingleton@nd Tsingletonsibs Whends = 0.50, h2 = 0.50, A = 20, p1 =050,m; =mp =
100 k1 = kp = 40, kg1 = kqp = kop = 40, oé = 1.0for a recessive trai = 1.0 andd = —0.5.
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Fig.5. Power curves Ofsingleton@nd Tsingletonsibs Whendy = 0.25,6 = 0.005 A = 20, py = 0.50, my = mp =
100 k1 = kp = 40, k11 = k2 = kpp = 40, 02 = 0.75 for a dominant traia = d = 1.0.
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Fig. 6. Power curves Ofsingleton@nd Tsingletonsibs Whengy = 0.50,6 = 0.005 A = 20, p; = 0.50,m; = mp =
100, k1 = ko = 40, k11 = k12 = koo = 40, oé = 1.0 for arecessive trad = 1.0 andd = —0.5.

The p-values of testing the equality of the coefficients; andwy 1 are smaller than 0.05 significant
level for three markers D4S1540, D7S484 and D16S515, and smaller than 0.0001 for marker D16S289.
Hence, our results confirm the findings in Daréesl. (1996) that the three regions are potentially linked
to asthma phenotype lggjope.

7. DISCUSSION

The objective of this paper is to explore models and test statistics of linkage and association studies
between a marker and a quantitative trait locus for sample data of nuclear families. Although the trait
values of offspring from unrelated nuclear families can be treated as independent variables, the trait values
of multiple offspring of a family are dependent on each other. Hence, the TDT statistics for singleton
offspring nuclear families may not be used directly to analyse sample data of multiple offspring nuclear
families. One way to handle this problem is to randomly choose an offspring from each nuclear family.
However, this method, because of considerable information loss, is less powerful than the mixed model
method proposed in this paper.

Georgeset al. (1999) and Zhu and Elston (2000, 2001) have proposed very interesting TDT regression
models to analyse quantitative family data. Their variance—covariance matrices take into account of the
polygenic and environmental effects, ignoring the effects on major gene locus. In this paper, we propose
amixed model whose variance—covariance matrix contains all effects of major gene locus, polygenic loci
and environment. The powers of the test stati$tigroposed in this paper is higher than those of George
et al. (1999), and similar to those @fzg1 in Zhu and Elston (2000) under moderate disequilibrium.

After comparing the sample sizes and powers between singleton offspring families and sib-pair
families, we conclude that the statistic is more powerful than the TDT constructed by randomly choosing
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an offspring from each nuclear family. This conclusion is similar to that of Maatial. (1997) for
qualitative traits. Moreover, one may use likelihood ratio tests for the linkage and association studies.

The method proposed in this paper can use all data of all offspring of homozygbeterozygous
matings, and homozygous offspring of heterozygeuketerozygous matings. For the nuclear families
that both parents and each offspring have the same heterozygous gerdtydesit is impossible to
tell if a parent transmits alleld; or My to each of his/her offspring. Hence, the mean and variance—
covariance structure is problematic. For this kind of family, one may use the Bayesian method to analyse
the data by considering each possible transmission and treating it via a prior probability.

In the case where the sample data have general pedigrees (e.g. more than two generation pedigrees) in
addition to the nuclear families, one may use mixed models to analyse the data according to the principles
described in this paper. However, one needs to calculate the mean and variance—covariance structure
for each family, and then construct appropriate mixed models. Moreover, one may include interesting
covariates in the models such as gender and age of the offspring. Using standard statistical packages such
as SAS, the analysis should be readily carried out.

In real data analysis, we often encounter multi-allelic markers. One may collapse the multiple marker
alleles to form a bi-allelic marker, and apply the theory of the bi-allelic marker for analysis. In the
meantime, one may still want to use the multi-allelic marker for a composite analysis since it may capture
more information and has higher power (Fairal., 2002; Sham and Curtis, 1995). One may generalize
the mixed model method of this paper for multi-allelic markers. However, it is more involved in terms of
notation and theoretical inferences.

APPENDIXA

Let us utilize the notation introduced in Section 2 suchTa3, TH, TM and NM. Consider a
heterozygous parent with a genotyph M, at the marker locud. First of all, we may calculate the
conditional variance of the trait value for the offspring given the transmitted alele

2
of =Var(Y|TQ= Q) =Y E[(v+9+G +e—a)’|QrQslds

s=1

2

= Z(Mrs - Mr)ZQS + 0(2; + Uez«
s=1

Then, we have conditional variance of the trait valuesifet j, given that the marker allel®; is

transmitted andV; is not transmitted
of; =VarY|TM = M, NM = Mj] = E[(Y — ¢; )’]TM = Mi, NM = M;]
- P(QrMi, Mj)

=Y E[(Y = )]TH = Q;Mi, NM = M;
Z [( @i )l Qr M il P(Mi,Mj)

:Eizj —i—cré—i—oez.

APPENDIXB

In this Appendix, we calculate the covarianEgx 120fyi (I =1, ..., k) andy: t #l,t=1,...,Kk),
and covarianc&12210fy (I =1, ..., K)andy: (t = k+1, ..., n)in Figure 2. Without loss of generality,
assume thadt = 2 andn = 3. Let T M1 be the abbreviation of the ‘transmitted marker allele for child 1’,
and N M3 be the abbreviation of the ‘non-transmitted marker allele for child 1’, from the heterozygous
fatherM1 M in Figure 2. Similarly, we defing M;, NM;, i = 2, 3.
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DenoteA = (TM1 = M{,NM1 = My, TM2 = M1, NM2 = My). Then we haveP(A) =
[2p1p21[1/2][1/2] = p1p2/2. Using the notation in Lange (1997, Chapter 5),9getS and S be three
condensed identity states (Jacquard, 1974). Specificllis the state where two offspring share two
identical major trait locus genes by descehtis the state where two offspring share one identical major
trait locus gene by descent, afgl is the state where two offspring share no identical major trait locus
gene by descent. Then

Y1212 = Cov(y1, Yo) = E[(Y1 — a1,2) (Y2 — a1,2)| A
= [E(01921(Ans;) + E(01021(Anss) + E (91021(Ans;))1/(P1P2/2) — (v — @1.2)? + E(G1Gy),

where E(G1G2) = oé/Z (Amos, 1994; Zhu and Elston, 2001). L84 be the state where two offspring
share two identical trait allele®x and Q; by descent, an@@, is from the heterozygous father afgk

is from the motherSgyr be the state where two offspring share one identical trait aldelédy descent,
and the other two trait allele®, and Q, are not identical by descent; ais|s be the state where two
offspring share no identical trait alleles by descent, and two trait all@le®s of the two offspring are
from the heterozygous father, and the other two trait all€lgsQ, are from the mother. Then

T1212= [ZZM% PANSK) + DY ) sk PCAN Sgir)
Ko K T T

+D 03 mkmsP(AN Sgkrls)]/(plPZ/Z) — (-2 +0g/2. (11
k | r s

where

1-61-6

60
P(ANSw) = q—zk . (2h|1p2 B +2h|2D1§§>

= gk(hi1p2(1 — 6)2 + hi2p16?) /4

_ a9 1-01-6 06\ Ok

P(AN Sgir) = 5 <2hk1p2 > > + 2hk2p122> + > (hi1hy2 + he1hi2)20(1 — 0)/4
= a0 (k1 P2(1 — ) + hiap162) /4 + ae(ithe2 + hr1hi2)0(1 — 6) /4

P(AN Srts) = % - (izhez + hs1hi2)20(1 — 0) /4

= k0 (hi1hs2 + hs1hi2)0 (1 — 6) /4.

Similarly, denoteB = (TM1 = M1, NM; = M2, TM3 = M, NM3 = Mj). We can calculate the
conditional covariance of offspring 1 and 3 in Figure 2

¥1221 = X112 = Cov(ys, Y3)

=[ZZM%P(BQS7k|)+ZZZMk|MkrP(Bﬂseklr)
P kT T

+ 33> ukmsP(BN Sakns)}/(plpz/Z) — (v —a12)(v — a21) + 05/2, (12)
kT T s
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where

P(BN Sw) = q—zk - (2hi1pz + 2hi2p0)o (L — 6)/4

= gk(hi1p2 + hi2p)é (1 —6)/4
agr

P(BN Sur) = - (2hkap2 + 2hopr)6 (1 —0) /4
62 + (1—0)2
+% - (hyihe2 + hrlhlz)L
2 4
62+ (1—0)2
=0qq - (hkapz + o p)0(1 —6)/4 4 ak - (hizhe2 + hrlhlz)%
02+ (1—6)2
P(B N Syris) = @ - (hi1hsp + hslhlz)%
62 + (1—0)2
= 0k0r - (h1he + hslh|2)+-

Assuming thap = 1/2 andA # 0, then relations (11) and (12) lead¥a2 12 = X1221 = 2112 =
¥2121l6=1/2,a20. Similarly, the conditional covarianc&i212/a—0,6-1/2 iS equal to the covariance
T2121la=0,0£1/2- LBt = pid — 1y 4 = Y D) #kIOkT, andyk = Y na . If there is no linkage (i.e.

6 = 1/2) and no association (i.6;; = g, p; for all r andi) between the marker and the trait locus, then
one may obtain

Ti212=T2112= ) > (A — e — WZ&kaA/A+ ) Wk + 08 /2
KT k

=03/4+02/2+03/2,

which is the covariance of trait values between siblings (Almasy and Blangero, 1998; Amos, 1994;
Blangero and Almasy, 1997; Lange, 1997).

APPENDIXC

In this Appendix, we are going to discuss the asymptotic property of the test statistiSection 4.
To simplify the notation, we assume that the data consist of two parts: singleton and sib-pair families.
Suppose there arle; singleton offspring who receive alleligl; from their heterozygous parents;
singleton offspring who receive allelgl; from their heterozygous parents; (i = 1, 2) sib pairs in
each of them where both sibs receive allelefrom their heterozygous parents, dad sib pairs in each
of them, one sib receives allel; from his/her heterozygous parent and the other receives 8igfeom
the same heterozygous parent.
Let us denote™ = (01 = Ufz, oo = 051, 03 = Y1212, 04 = %1221, 05 = X2121). Letc, b, f be
the constants defined in (10). Under the alternative hypothesis, we may get the following expected second
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partial derivatives:

2 2
0°lF __(¢c -b E 04l Y
dBIpT b f 9BdcT

E e _ _ﬁ B k11(c712 + O’:,%) B k12622
do? 202 (0?2 —02)?2 20102 —02)?
E 2| B _ﬁ B k22(022 + 052) _ k12‘712
805‘ 2022 (022 — 052)2 2(0102 — Uf)z’
32 ki1(o? 4 2) 92l kio(o102 + 02)
E _ 117093 F|_ 1291927 94)
8032 (012 — 032)2 ' 3042 (0102 — 0})2 ’
£ 92l g _ koo(02 + 02) 3%l g _ ki2o2
2 )T T T 2_ 22 9019 - _ 22’
dog (05 —08) 01002 2(0102 — 0})

(02— 022" \do1dos ) (0102 — 022

k120104 E( 82||: )_ 2kooop05

(o102 — 03)2’ do2005 (022 — 052)2’

)
)
)
)
92 ) 2k110103 E( 92¢ ) k120204
)
)
)

Assume thatky, ko, kij — oo,i, j = 1,2. To make it simple, assume < kp, ki < kij.
Furthermore, assume/ky — K5, kij/ki — ki’j with some positive constantg and ki’j. Then we

dodo’®
method in Miller (1977) and Pinheiro (1994) according to the theory of Weiss (1971, 1973). Actually,
takingk; to replacev; we can see that the key condition, i.e. Assumption 3.1.7 of Pinheiro (1994, p. 28),
holds. Then by the same arguments in Pinheiro (1994, Chapter 3), we can shaykil#atonverges
to normal in distribution. This implies that the test statisfids asymptoticallyx? by considering the
denominator ofl as the estimate of the variance of the differeice — a2 1.

a2 02 . .. R .
can show that—k—llﬁ and— - E <¢> are positive definite. Now we are in a position to use the
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APPENDIXD
Note that

X0 ~2 3 -1
_ | %2 +k11<1 1) Oip Z1212 (1 O)
1 0\( &2, = 1o
K 912 1221
+12<0 1) (Eml 62, 0 1
0 0\[63 = o1
K 921 21,21
(¢ -b
“\-b f)°

whereg, b and f are quantities given in relations (9). Plugging the above relation into (7), we may get the
test statistic in (8).
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