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Abstract
In this paper, we explore models and tests for associa-
tion and linkage studies of a quantitative trait locus (QTL)
linked to a multi-allele marker locus. Based on the differ-
ence between an offspring’s conditional trait means of
receiving and not receiving an allele from a parent at
marker locus, we propose three statistics Tm, Tm,row and
Tm,col to test association or linkage disequilibrium be-
tween the marker locus and the QTL. These tests are
composite tests, and use the offspring marginal sample
means including offspring data of both homozygous and
heterozygous parents. For the linkage study, we calcu-
late the offspring’s conditional trait mean given the allele
transmission status of a heterozygous parent at the
marker locus. Based on the difference between the con-
ditional means of a transmitted and a nontransmitted
allele from a heterozygous parent, we propose statistics
Tparsi, Tsatur, Tgen and Tm,het to perform composite tests of
linkage between the marker locus and the quantitative
trait locus in the presence of association. These tests
only use the offspring data that are related to the hetero-
zygous parents at the marker locus. Tparsi is a parsimon-
ious or allele-wise statistic, Tsatur and Tgen are satured or

genotype-wise statistics, and Tm,het compares the row
and column sample means for offspring data of hetero-
zygous parents. After comparing the powers and the
sample sizes, we conclude that Tparsi has higher power
than those of the bi-allele tests, Tsatur, Tgen, and Tm,het. If
there is tight linkage between the marker and the trait
locus, Tparsi is powerful in detecting linkage between the
marker and the trait locus in the presence of association.
By investigating the goodness-of-fit of Tparsi, we find that
Tsatur does not gain much power compared to that of
Tparsi. Moreover, Tparsi takes into account the pattern of
the data that is consistent with linkage and linkage dis-
equilibrium. As the number of alleles at the marker locus
increases, Tparsi is very conservative, and can be useful
even for sparse data. To illustrate the usefulness and the
power of the methods proposed in this paper, we ana-
lyze the chromosome 6 data of the Oxford asthma data,
Genetic Analysis Workshop 12.

Copyright © 2002 S. Karger AG, Basel

Introduction

In the last decades, much research on qualitative traits
has been done by using the methods of linkage mapping,
haplotype mapping, and linkage disequilibrium mapping.
Spielman et al. [1993] proposed a transmission disequi-
librium test (TDT) to detect linkage between a bi-allele
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marker locus and a disease locus in the presence of asso-
ciation. TDT has been a popular method for analysis of
genetic data of complex diseases. Many authors have gen-
eralized the TDT to fit different situations [Boehnke and
Langefeld, 1998; Kaplan et al., 1997; Martin et al., 1997].
Gordon et al. [2001] extended the TDT of qualitative
traits to the TDT that allows for genotyping errors in the
analysis of single-nucleotide polymorphism data. For a
multi-allele marker locus, one may use a direct generaliza-
tion of TDT for data analysis [Bickeböller et al., 1995].
However, this method does not take into consideration
the pattern of the data consistent with linkage and linkage
disequilibrium [Sham and Curtis, 1995]. Moreover, the
generalized TDT is ¯2-distributed with big t(t – 1)/2
degrees of freedom for a marker locus with t alleles when t
is relatively large. To overcome these drawbacks, Sham
and Curtis [1995] derived transmission probabilities for a
model with a multi-allele marker locus linked to a single
disease locus. Then they justified the validity of this mod-
el by using logistic regression for data analysis of a ran-
dom sample of affected individuals from a random mat-
ing population. A key point in Sham and Curtis [1995] is
to assume that the recombination fraction between the
disease locus and the marker locus is close to 0, i.e., tight
linkage. Under this assumption, Sham and Curtis [1995]
have been using logistic regression correctly to decrease
the number of degrees of freedom to t – 1 for a marker
locus with t alleles by proposing an allele-wise likelihood
ratio test. Moreover, the logistic regression methods em-
ployed take into account the pattern of the data consistent
with linkage and linkage disequilibrium.

Although much work on statistical analysis of linkage
disequilibrium mapping of qualitative traits has been per-
formed, the principle as well as the statistical methods of
linkage disequilibrium required for mapping quantitative
trait loci (QTL) are not well developed. Several investiga-
tors have studied TDT analysis for QTL in recent years.
Allison [1997] proposed TDT-type tests. Rabinowitz
[1997] did simulation analysis. Xiong et al. [1998] pro-
posed a test statistic based on theoretical inference. Abe-
casis et al. [2000] proposed a general test of association for
quantitative traits in nuclear families. Moreover, regres-
sion methods are used in linkage disequilibrium mapping
of QTL. Allison et al. [1999] proposed a mixed-effect
model for QTL data analysis to test linkage and associa-
tion. George and Elston [1987] and George et al. [1999] in
their pioneering work used a linear regression method for
linkage and association analysis of transmission/disequi-
librium test, between a bi-allele marker locus and a dis-
ease locus. Xiong et al. [2000], and Zhao et al. [2001] pro-

posed a method for mapping QTL in humans based on
regression that deals with a bi-allele marker and can use
both population data and family data.

So far, research in this promising field has been mainly
focused on the bi-allele marker loci. To our knowledge,
few TDT analyses for quantitative traits have seriously
considered multiple allele markers. For multi-allele mark-
ers, one way to analyze data is to collapse them to bi-allele
markers. Then one may use bi-allele marker test statistics
to perform analysis. However, this may not be a good
method because some information may be lost in the pro-
cess of collapsing alleles. Also, the use of different ways to
collapse a multi-allele marker may give different results,
and hence may further complicate the interpretation of
results. It would be better to perform overall tests that
include all the alleles instead of several individual bi-allele
tests.

In this paper, we investigate models and composite
tests to detect association or linkage disequilibrium and
linkage between a quantitative trait locus and a multi-
allele marker locus. We first calculate the conditional
expected trait mean given that a marker allele is transmit-
ted or not transmitted from a parent. From the expression
of the differences between the conditional and population
means, we propose three composite tests Tm, Tm,row and
Tm,col to test the association. These tests use all the data
from the offspring of both homozygous and heterozygous
parents. Moreover, Tm,row and Tm,col are composite tests
from standard linear regression analysis.

In the presence of association, we explore methods to
detect linkage between a quantitative trait locus and a
marker locus. To achieve this, we first investigate a linear
regression model for bi-allele marker locus. Then, we
explore models to detect linkage between a multi-allele
locus and a disease locus. We propose a direct generaliza-
tion Tgen of TDT from a bi-allele marker locus to a multi-
allele marker locus, a parsimonious test statistic Tparsi, a
saturated test statistic Tsatur, and a marginal test statistic
Tm,het. If there are only two alleles at the marker locus, the
tests Tgen, Tparsi, Tsatur and Tm,het are the same as the bi-
allele tests of Xiong et al. [1998].

To show the advantage of the test statistics proposed in
this paper over those available in the literature, we com-
pare the powers of the tests with those in Allison [1997]
and Xiong et al. [1998]. We find that the composite test
statistic Tparsi has the highest power, and it takes into
account data patterns consistent with linkage and linkage
disequilibrium such as the logistic regression described in
Sham and Curtis [1995]. Moreover, we show that the
composite test statistics are very conservative as the num-
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Table 1. Summary of transmission data of a quantitative trait for a
multi-allele marker

Transmitted
allele

Nontransmitted allele

M1 M2 ... Mt – 1 Mt

Row
mean

M1 Y11
(k) Y12

(k) ... Y (k)
1, t – 1 Y1t

(k) Y ( W )
1 W

M2 Y21
(k) Y22

(k) ... Y (k)
2, t – 1 Y2t

(k) Y ( W )
2 W

.

.

.

.

.

.

. .

. .

. .

.

.

.

.

.

.

.

.

.

.

.

.

Mt – 1 Y(k)
t – 1, 1 Y(k)

t – 1, 2 ... Y (k)
t – 1, t – 1 Y (k)

t – 1, t Y ( W )
t – 1, W

Mt Yt1
(k) Yt2

(k) ... Y (k)
t, t – 1 Ytt

(k) Y ( W )
t W

Column mean Y ( W )
W 1 Y ( W )

W 2 ... Y ( W )
W t – 1 Y ( W )

W t Y ( W )
W W

ber of alleles at the marker locus increases and can be use-
ful even for sparse data, which is a merit observed by Ter-
williger [1995] for qualitative traits based on likelihood
methods.

To illustrate the usefulness and the power of the meth-
ods proposed in this paper, we analyze the chromosome 6
data of the Oxford asthma data, Genetic Analysis Work-
shop 12 [Cookson and Abecasis, 2001]. The data set is
composed of 16 markers on chromosome 6, and each of
the markers has 4 alleles. Using the SAS procedures and
performing composite tests proposed in this paper, we
confirm the findings of Daniel et al. [1996], i.e., markers
of one region of chromosome 6 are potentially linked to an
asthma phenotype. Moreover, markers in the region show
association with the asthma phenotype. In addition,
markers in other regions show significance of association
or linkage, which do not show significance in the analysis
of Daniel et al. [1996]. This provides evidence for in-
creased detection sensitivity of significant association or
linkage by the methods proposed in the present paper.

Models and Tests for Association Studies

Consider one quantitative trait locus L with alleles Q
and q occurring with frequencies pQ and pq. Let Y be the
phenotypic trait variable of an offspring, and the expected
phenotypic trait value of a person with genotypes QQ, Qq,
and qq be ÌQQ, ÌQq = ÌqQ, and Ìqq, respectively. Suppose
that a marker locus M is linked to the trait locus L. Denote
the recombination fraction between the marker locus M
and the trait locus L by  . Assume that t alleles M1, ..., Mt

are typed at the marker locus M occurring with frequen-
cies pM1, ..., pMt. The haplotype frequencies are denoted by
hQM1, ..., hQMt, and hqM1, ..., hqMt for haplotypes QM1, ...,
QMt, and qM1, ..., qMt, respectively. The measure of link-
age disequilibrium between the trait allele Q and the
marker allele Mi is defined by ‰i = hQMi – pQpMi, i = 1, ..., t.
Then ‰i 0 0 refers to the presence of association or linkage
disequilibrium between the trait allele Q and the marker
allele Mi. Notice that the measure of linkage disequilibri-
um between the trait allele q and the marker allele Mi is
hqMi – pqpMi = –hQMi + pQpMi = –‰i, i = 1, ..., t.

Consider a sample of pedigree data. For each family,
there are two parents and one child. For each child,
assume that an interesting quantitative trait is influenced
by the gene locus L such as a blood pressure controlling
gene locus. The data can be organized as in table 1. The
row of table 1 represents the transmitted allele and the
column represents the nontransmitted allele at the marker
locus M. For a child in a trio family, one can determine
which cell the child belongs to. Subscript notation ij indi-
cates that allele Mi is transmitted and allele Mj is not
transmitted. For a cell on row i and column j, one assumes
that there are nij observations, and lets the trait value of a
child of the k-th observation be Yij

(k). The row sample size
is denoted ni W

= ™t
j=1 nij, the column sample size n

W j =
™t

i=1 nij, and the total sample size n = ™t
i=1 ™

t
j=1 nij. Then the

cell sample mean is defined by Y ( W )
ij = ™nij

k=1Yij
(k)/nij, the row

sample mean Y ( W )
i W

= ™t
j=1 ™

nij
k=1Yij

(k)/ni W
, the column sample

mean Y ( W )
W j = ™t

i=1 ™nij
k=1Yij

(k)/n
W j, and the overall sample

mean Y ( W )
W W

= ™t
i=1 ™

t
j=1 ™

nij
k=1Yij

(k)/n.
Let TQ denote the abbreviation of ‘transmitted quanti-

tative trait allele’. Then we have the conditional means
ÌQ = E[Y ATQ = Q] = ÌQQpQ + mQqpq and Ìq = E[Y ATQ = q]
= ÌqQpQ + Ìqqpq. Let TM denote the abbrevation of ‘trans-
mitted marker allele’, and NM of ‘nontransmitted marker
allele’. Then the expected row mean Ìi = E[Y ATM = Mi] =
E[Y ( W )

i W
], and the expected column mean Ói = E[Y ANM =

Mi] = E[Y ( W )
W i ]. The difference between the expected row

and column means can be expressed as in Appendix A

Ìi – Ói = (1 –   )(ÌQ – Ìq)‰i/[pMi(1 – pMi)]. (1)

The population trait mean can be expressed as Ì = E[Y] =
ÌQQp2

Q + 2ÌQqpQpq + Ìqqp2
q = ÌQpQ + Ìqpq, and the difference

between the expected row mean and population mean can
be expressed as in Appendix A

Ìi – Ì = (1 –   )(ÌQ – Ìq)‰i/pMi. (2)

The difference between the expected column mean and
population mean can be expressed as in Appendix A

Ói – Ì = –(1 –   )(ÌQ – Ìq)‰i/(1 – pMi). (3)
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From equations (1), (2) and (3), we know that the presence
of association between the trait locus L and the marker
locus M for allele Mi (i.e., ‰i 0 0) is equivalent to
Ìi = Ói or Ìi = Ì or Ói = Ì. Notice that the parameter esti-
mates of Ì, Ìi, and Ói are Y ( W )

W W
, Y ( W )

i W
and Y ( W )

W i , respectively.
Therefore, we may construct the following statistic based
on equation (1) to test association between the trait locus
L and the marker locus M, i.e., to test the null hypothesis
H0: ‰1 = ... = ‰t = 0

Tm = 
t – 1

t
™t

i =1(Y
( W )
i W

– Y ( W )
W i )2/(1/ni W

+ 1/n
W i)

™t
i =1™t

j =1[™
nij
k =1(Yij

(k) – Y ( W )
i W

)2 + ™nij
k =1(Y ji

(k) – Y ( W )
W i )2]/(2n – 2t)

.

Tm has nearly a ¯2 distribution with t – 1 degrees of free-
dom under the null hypothesis H0 (see Discussion, cau-
tion is noted). For qualitative traits, several authors have
proposed statistics to test association and linkage between
a disease locus and a multi-allele marker locus [Bickeböll-
er and Clerget-Darpourx, 1995; Jin et al., 1994; Spielman
and Ewens, 1996; Kaplan et al., 1997]. One may view that
Tm is the counterpart for a quantitative trait to test asso-
ciation. To construct a statistic for testing association
between the quantitative trait locus L and the marker
locus M based on equation (2), we consider the following
linear regression models

Yij
(k) = Ìi + eijk, full model;

Yij
(k) = Ì + eijk, reduced model;

where i, j = 1, 2, ..., t, and k = 1, 2, ..., nij, Ìi are row means,
Ì is overall mean, and eijk are normal variables with
mean 0 and variance Ûe

2. The parameter Ûe
2 can be esti-

mated by error mean square

MSEm,row = ™t
i =1 ™

t
j =1 ™

nij
k =1 (Y ij

(k) – Y ( W )
i W

)2/(n – t).

The regression mean square is given by

MSRm,row = 
™t

i =1™t
j =1™nij

k =1(Yij
(k) – Y ( W )

W W
)2 – ™t

i =1™t
j =1™nij

k =1(Y ij
(k) – Y ( W )

i W
)2

(n – 1) – (n – t)

= 
t

™
i =1

ni W
(Y ( W )

i W
– Y ( W )

W W
)2/(t – 1).

The null hypothesis H0: ‰1 = ... = ‰t = 0 can be tested by
statistics based on (2)

Fm,row = 
MSRm,row

MSEm,row
= 

™t
i =1ni W

(Y ( W )
i W

– Y ( W )
W W

)2/(t – 1)
™t

i =1™t
j =1™nij

k =1(Yij
(k) – Y ( W )

i W
)2/(n – t)

and

Tm,row = (t – 1)Fm,row.

Similarly, the following test statistics can be constructed
based on (3)

Fm,col = 
™t

i =1n Wi(Y
( W )
W i – Y ( W )

W W
)2/(t – 1)

™t
i =1™t

j =1™nij
k =1(Yij

(k) – Y ( W )
W i )2/(n – t)

and

Tm,col = (t – 1)Fm,col.

The statistics Fm,row and Fm,col are approximately F dis-
tributed with (t – 1, n – t) degrees of freedom under the
null hypothesis H0. When the total number n – t is large,
Tm,row and Tm,col are approximately ¯2 distributed with
t – 1 degrees of freedom.

Models and Tests for Linkage Studies

Bi-Allele Marker Locus
Assume that there are two alleles M = M1 and m = M2

occurring with population frequencies pM and pm at the
marker locus M. Let the haplotype frequencies of haplo-
types QM, Qm, qM and qm be hQM, hQm, hqM and hqm,
respectively. The linkage disequilibrium coefficient is de-
fined by ‰ = hQM – pQpM. Then ‰ 0 0 refers to the presence
of association between the marker locus M and the quan-
titative trait locus L. Let us list Y12

(k) and Y21
(k) as Yi, i =

1, 2,..., n12 + n21. In the case of no covariates, we consider
a linear regression model

Yi = Á + ·1(TM = M, NM = M ) + ei, full model, (4)

where Á is a mean parameter, · is a parameter to describe
the expected trait difference of a child between the trans-
mission of allele M and nontransmission of allele M, and
ei are normal variables with mean 0 and variance Ûe

2. We
show in Appendix B that

· = (1 – 2 )‰ [(ÌQQ – ÌQq)pQ + (ÌQq – Ìqq)pq]/[pMpm]. (5)

From equation (5) we know that in the presence of asso-
ciation between trait locus L and marker locus M (i.e., ‰ 0
0), the hypothesis of no linkage between trait locus L and
marker locus M (i.e., H0:   = 1/2) is equivalent to · = 0.
Hence, we use the standard linear regression method to
test linkage simply by testing if the coefficient · = 0. Some
calculation gives the coefficient estimates Ál = Ym, ·l =
YM – Ym, where Ym = Y ( W )

21 is the sample mean of values Yi

which corresponds to allele m transmitted from a hetero-
zygous parent, and YM = Y ( W )

12 is the sample mean of values
which corresonds to allele M transmitted from a heterozy-
gous parent, respectively. To get a valid test statistic of no
linkage, we need to calculate the error mean square

MSE = 
1

n12 + n21 – 2

n12 + n21

™
i = 1

(Yi – Ál – ·l 1(TM = M, NM = m ))2

= 
1

n12 + n21 – 2
� n12

™
k = 1

(Y12
(k) – YM)2 + 

n21

™
k = 1

(Y21
(k) – Ym)2�.
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Consider a simplified linear model

Yi = ß + ei, reduced model. (6)

The coefficient estimate ßl = ™i =1
n12 + n21 Yi/(n12 + n21) = Y .

The regression mean square of models (4) and (6) is

MSR = 
™i =1

n12 + n21(Yi – Y )2 – ™i =1
n12 + n21(Yi – Ál – ·l 1(TM = M, NM = m ))2

(n12 + n21 –1) – n12 + (n21 – 2)

= 
(YM – Ym)2

1/n12 + 1/n21
.

The test statistic for null hypothesis H0:   = 1/2 or · = 0
can be constructed by

T = 
MSR
MSE

= 
(YM – Ym)2/(1/n12 +1/n21)

[™ n12
k =1(Y12

(k) – YM)2 + ™n21
k =1(Y21

(k) – Ym)2]/(n12 + n21 – 2)
, (7)

which is the same as TDT1 in Xiong et al. [1998]. For a
multiallele marker M, one may collapse the alleles to
make a bi-allele marker, and use the bi-allele T in equa-
tion (7) to test linkage between the marker and the
trait loci. Let us denote the heterozygous row sample
size by ni W ,het = ™t

j=1nij – nii, and the heterozygous col-
umn sample size by n

W j,het = ™t
i=1nij – njj. Moreover, we

denote the heterozygous row sample mean Y ( W )
i W ,het =

™t
j=1, j0 i™

nij
k=1Yij

(k)/ni W ,het, and the heterozygous column sam-
ple mean Y ( W )

W j,het = ™t
i=1, i0 j™

nij
k=1Yij

(k)/n
W j,het. Considering the

bi-alleles Mi und ∪ j0 iMj which collapses all but allele Mi,
the individual test statistic can be constructed as

Ti,clps =

(Y ( W )
i W ,het – Y ( W )

W i,het)2/(1/ni W ,het + 1/n
W i,het)

™t
j =1, j 0 i[™

nij
k =1(Y ij

(k) – Y ( W )
i W ,het)2 + ™nji

k =1(Yji
(k) – Y ( W )

W i,het)2]/[ni W ,het + n
W i,het – 2]

.

Similarly, the TDTQ1 in Allison [1997] of bi-alleles Mi and
∪ j0 iMj can be written as

TDTQ1,i,clps = 
(Y ( W )

i W ,het – Y ( W )
W i,het)2/[2/(ni W ,het + n

W i,het)]

™t
j =1, j 0 i�™nij

k =1(Yij
(k) – Y ( W )

i W ,het)2

ni W ,het – 1
+ 

™nji
k =1(Yji

(k) – Y ( W )
W i,het)2

n
W i,het – 1

�
.

If there are covariates such as age and sex, we may use
multiple regression models to test the null hypothesis H0:
  = 1/2 or · = 0 by adding more terms to linear regressions
(4) and (6).

Multi-Allele Marker Locus, Saturated Models and
Generalized Tests
For a multi-allele marker locus M with t alleles M1, ...,

Mt, we consider a saturated or genotype-wise linear re-
gression model for i, j = 1, 2, ..., t, i 0 j of direct generaliza-
tion of bi-allele marker model (4)

Yij
(k)= Áij + ·ij1(TM = Mi, NM = Mj) + eijk, (8)

where Áij = Áji are mean parameters, ·ij is the expected trait
difference between cell ij and cell ji, and eijk are normal
variables with 0 and variance Ûe

2. We show in Appendix B
that

·ij = (1 – 2 )‰ij[(ÌQQ – ÌQq)pQ + (ÌQq – Ìqq)pq]/[pMipMj], (9)

where ‰ij = hQMipMj – hQMjpMi. From equation (9) we know
that in the presence of association between the trait locus
L and the marker locus M for alleles Mi and Mj (i.e., ‰ij 0
0), the hypothesis of no linkage between trait locus L and
marker locus M (i.e., H0:   = 1/2) is equivalent to ·ij = 0.
Hence, We use the linear regression method to test linkage
in the presence of association simply by testing if the coef-
ficient ·ij = 0. In the following, assume ‰ij 0 0 for all i 0 j.
Then the null hypothesis H0:   = 1/2 is equivalent to ·ij = 0
for all i ! j. Assume that there are no covariates in model
(8), then the coefficient estimates are given by Ál ij = Y ( W )

ji
and ·l ij = Y ( W )

ij – Y ( W )
ji. We may then estimate the variance by

the error mean square of model

MSEsatur = MSEgen = 
™t

i =1™j 0 i™nij
k =1(Y ij

(k) – Ál ij – ·l ij1(i ! j))2

™t
i =1™j 0 i(nij – 1)

= 
™t – 1

i =1 ™
t
j = i + 1[™

nij
k =1(Yij

(k) – Y ( W )
ij )2 + ™nji

k =1(Yji
(k) – Y ( W )

ji )2]
n – ™t

i =1 nii – t(t – 1)
,

where n
W W ,het = n – ™t

i=1 nii is the total number of sample
size except the data on the diagnoal of table 1. If ·ij = 0 for
all i ! j, model (8) becomes a simplified linear regression
model for i, j = 1, 2, ..., t, i 0 j, k = 1,..., nij, ßij = ßji,

Yij
(k) = ßij + eijk.

The coefficient estimates are

ßl ij = 
nijY

( W )
ij + njiY

( W )
ji

nij + nji
.

The regression mean square is

MSRgen =

™t
i =1 ™j 0 i ™nij

k =1 (Yij
(k) – ßl ij)2 – ™t

i =1 ™j 0 i ™nij
k =1 (Yij

(k) – Ál ij – ·l ij1(i ! j))2

[n – ™t
i = nii – t(t – 1)/2] – [n – ™t

i =1 nii – t(t – 1)]

= ™t – 1
i =1 ™

t
j =i +1 [Y

( W )
ij – Y ( W )

ji ]2/[(1/nij + 1/nji)t(t – 1)/2].

If all disequilibrium coefficients ‰ij are not equal to 0, we
may construct a direct generalized test statistics

Fgen = 
MSRgen

MSEgen
= 

t – 1

™
i =1

t

™
j = i + 1

[Y ( W )
ij – Y ( W )

ji ]2/[(1/nij + 1/nji)t(t – 1)/2]
™t

i =1™j 0 i ™nij
k =1 (Y ij

(k) – Y ( W )
ij )2/[n – ™t

i =1 nii – t(t – 1)]

Tgen = [t(t – 1)/2]Fgen

to test the hypothesis of no linkage   = 1/2. The statistic
Fgen is approximately F distributed with (t(t – 1)/2, n –
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™t
i=1 nii – t(t – 1)) as degrees of freedom. When the number

n – ™t
i=1 nii – t(t – 1) is large, Tgen is approximately ¯2-

distributed with t(t – 1)/2 degrees of freedom. When the
number of alleles (i.e., t) is relatively large, the degrees of
freedem t(t – 1)/2 can be too large. Although Tgen is a valid
test statistic to detect linkage in the presence of associa-
tion, the large number of degrees of freedom would be a
drawback. Moreover, it treats each marker genotype sepa-
rately although each marker allele can be present in t – 1
heterozygous genotypes. If a marker locus is closely linked
to the trait locus, some marker alleles may be more likely
to be transmitted with the trait allele Q or q than other
marker alleles. Hence certain patterns of data may be
more consistent with linkage and linkage disequilibrium
than other patterns. However, Tgen does not take into
account this possibility sufficiently.

Multi-Allele Marker Locus, Parsimonious Models
If the trait locus and marker locus are not close, the

recombination fraction   is not small. In this case, tight
linkage is absent, and the degree of linkage disequilibrium
decreases very quickly after a small number of genera-
tions in a randomly mating population [Falconer and
Mackay, 1996], due to the recombination between the
trait locus and the marker locus. Hence the presence of
linkage disequilibrium is usually the result of tight linkage
between the trait and the marker loci. Assume that the
trait locus L and the marker locus M are very close, and
thus the recombination fraction   " 0. Then the equation
(16) in Appendix C implies that for i 0 j, E[Yij

(k)] =
E[Y AMi is transmitted but Mj is not transmitted] "
[ÌQhQMi + ÌqhqMi]/pMi, which does not depend on allele/
haplotype frequencies related to the nontransmitted
marker allele Mj. This observation prompts one to pro-
pose the following parsimonious or allele-wise linear re-
gression to analyze the data

Yij
(k)= Ìi,het + eijk, full model, (10)

where i, j = 1, 2, ..., t, i 0 j, k = 1, 2, ..., nij, Ìi,het are mean
parameters, and eijk are sampling errors which are distrib-
uted as normal with mean 0 and variance Ûe

2. In model
(10), we assume that there are no covariates. The parame-
ter estimates for linear regression (10) are given by the
row means

Ìl i,het = 
™j 0 i ™k Y ij

(k)

™j 0 i nij
= Y ( W )

i W ,het.

Moreover, the variance Ûe
2 can be estimated

MSEparsi = 
™t

i =1 ™j 0 i ™nij
k =1 (Yij

(k) – Y ( W )
i W ,het)2

n – ™t
i =1 nii – t

.

If marker locus M is not linked to the trait locus L, then
E[Yij

(k)] = E[Y] = ÌQQp2
Q + 2ÌQqpQpq + Ìqqp2

q, which is the
expected trait value in a population and does not depend
on both marker alleles Mi and Mj. Hence coefficients Ìi,het

should not depend on subscript i. Therefore, the null
hypothesis of no linkage between the trait and the marker
loci is equivalent to Ìi,het = ... = Ìt,het. Under this assump-
tion, model (10) is simplified to

Yij
(k)= Ìhet + eijk, i 0 j, reduced model, (11)

where Ìhet is mean parameter. The estimate of Ìhet is the
overall sample mean based on heterozygous data

Ìl het = 
™t

i =1 ™j 0 i ™k Y ij
(k)

n – ™t
i = nii

= Y ( W )
W W ,het.

The regression mean square

MSRparsi = 
™t

i =1 ™j 0 i ™k (Y ij
(k) – Y ( W )

W W ,het)2 – ™t
i =1 ™j 0 i ™k (Y ij

(k) – Y ( W )
i W ,het)2

(n – ™t
i = i nii – 1) – (n – ™t

i =1 nii – t)

= 
™t

i =1 ni W ,het (Y
( W )
i W ,het – Y ( W )

W W ,het)2

t – 1
.

To test if there is linkage in the presence of association
between the trait locus L and the marker locus M, one
may use standard test statistics from analysis of variance
(ANOVA)

Fparsi = 
MSRparsi

MSEparsi
= 

™t
i =1 ni W ,het (Y

( W )
i W ,het – Y ( W )

W W ,het)2/(t – 1)
™t

i =1 ™j 0 i ™nij
k =1 (Yij

(k) – Y ( W )
i W ,het)2/(n – ™t

i =1 nii – t)

Tparsi = (t – 1)Fparsi.

Fparsi is approximately F-distributed with (t – 1, n –
™t

i=1 nii – t) as degrees of freedom. When the number n –
™t

i=1 nii – t is large, Tparsi is approximately ¯2-distributed
with t – 1 degrees of freedom.

The regression mean square between saturated model
(8) and reduced model (11) is

MSRsatur =

™t
i =1 ™j 0 i ™k (Y ij

(k) – Y ( W )
W W ,het)2 – ™t

i =1 ™j 0 i ™k (Y ij
(k) – Ál ij – ·l ij1(i ! j))2

[n – ™t
i =1 nii – t] – [n – ™t

i =1 nii – t(t – 1)]

= 
™t – 1

i =1 ™
t
j = i + 1[nij (Y

( W )
ij – Y ( W )

W W ,het)2 + nij (Y
( W )
ji – Y ( W )

W W ,het)2]
t(t – 2)

.

To judge whether the intermediate test statistic Tparsi fits
the data sufficiently, we may use the following test statis-
tic

Fsatur = 
MSRsatur

MSEsatur

= 
™t – 1

i =1 ™
t
j = i + 1[nij (Y

( W )
ij – Y ( W )

W W ,het)2 + nji (Y
( W )
ji – Y ( W )

W W ,het)2]/t(t – 2)
™t – 1

i =1 ™
t
j = i + 1[™

nij
k =1 (Y ij

(k) – Y ( W )
ij )2 + ™nji

k =1 (Yji
(k) – Y ( W )

ji )2]
n – ™t

i =1 nii – t(t – 1)

Tsatur = [t(t – 1) – 1]Fsatur.
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When the number n – ™t
i=1 nii – t(t – 1) is large, Tsatur is

approximately ¯2-distributed with t(t – 1) – 1 degrees of
freedom. To test the goodness of fit of the parsimonious
linear model (10), we first calculate the regression mean
square

MSRfit

= 
™t

i =1 ™j 0 i ™k (Y ij
(k) – Y ( W )

i W ,het)2 – ™t
i =1 ™j 0 i ™k (Y ij

(k) – Ál ij – ·l ij1(i ! j))2

[n – ™t
i =1 nii – t] – [n – ™t

i =1 nii – t(t – 1)]

= 
™t – 1

i =1 ™
t
j = i + 1[nij (Y

( W )
ij – Y ( W )

i W ,het)2 + nji (Y
( W )
ji – Y ( W )

j W ,het)2]
t(t – 2)

.

The test statistic of the goodness of fit can be constructed
as

Ffit = 
MSRfit

MSEsatur

= 
™t – 1

i =1 ™
t
j = i + 1[nij (Y

( W )
ij – Y ( W )

i W ,het)2 + nji (Y
( W )
ji – Y ( W )

j W ,het)2]/t(t – 2)
™t – 1

i =1 ™
t
j = i + 1[™

nij
k =1 (Y ij

(k) – Y ( W )
ij )2 + ™nji

k =1 (Yji
(k) – Y ( W )

ji )2]
n – ™t

i =1 nii – t(t – 1)

Tfit = t(t – 2)Ffit.

When the number n – ™t
i=1 nii – t(t – 1) is large, Tfit is

approximately ¯2-distributed with t(t – 2) degrees of free-
dom.

Marginal Test Based on Heterozygous Data
In Appendix D, we calculate the conditional mean giv-

en that allele Mi is transmitted from a heterozygous par-
ent Ìi,het = E[Y]TM = Mi,NM = ∪ j0 iMj], and the condi-
tional mean given that allele Mi is not transmitted from a
heterozygous parent Ói,het = E[Y ANM = Mi, TM = ∪ j0 iMj].
Then, we get the conditional mean difference

Ìi,het – Ói,het = (1 – 2  ) 
‰i (Ìq – Ìq)

pMi (1 – pMi)
. (12)

From equation (12) we know that in the presence of asso-
ciation between trait locus L and marker locus M for
alleles Mi (i.e., ‰i 0 0), the hypothesis of no linkage
between trait locus L and marker locus M (i.e., H0:   =
1/2) is equivalent to Ìi,het = Ói,het. Hence we can construct
statistics to test linkage in the presence of association
simply by testing Ìi,het = Ói,het. In the following, we assume
‰i 0 0 for all i = 1, 2, ..., t. Then the null hypothesis H0:   =
1/2 is equivalent to Ìi,het = Ói,het for all i = 1, 2, ..., t. Notice
that the parameter estimates of Ìi,het and Ói,het are Y ( W )

i W ,het
and Y ( W )

W i,het, respectively. Therefore, the following statistic
can be constructed based on equation (12) to test the link-
age in the presence of association between trait locus L
and marker locus M, i.e., to test the null hypothesis H0:
  = 1/2

Tm,het = 
t – 1

t
™t

i =1 (Y
( W )
i W ,het Y

( W )
W i,het)2/(1/ni W ,het + 1/n

W i,het)
MSEm,het

,

where MSEm,het is the parameter estimate of variance Ûe
2

given by

MSEm,het = 
™t

i =1 ™
t
j =1, j 0 i [™

nij
k =1 (Yij

(k) – Y ( W )
i W ,het)2 + ™nji

k =1 (Yji
(k) – Y ( W )

W i,het)2]
2n – 2 ™t

i =1 nii – 2t
.

Such as Tm in ‘Models and Tests for Association Studies’
above Tm,het has nearly a ̄ 2 distribution with t – 1 degrees
of freedom under the null hypothesis H0 (see ‘Discussion’,
caution is noted).

Calculation of Noncentrality Parameters

In this section, we assume that there are no covariates.
The statistic Tgen is distributed approximately as a central
¯2 with t(t – 1)/2 degrees of freedom under the null
hypothesis H0:   = 1/2 in the presence of association
between the trait locus and the marker locus for all marker
alleles Mi and Mj, i 0 j. Under the alternative hypothesis,
it is distributed approximately as a noncentral ¯2 with
noncentrality parameter Ïgen given in Appendix E. Simi-
larly, we calculate the noncentrality parameter Ïfit of Tfit

in Appendix E. Under the null hypothesis H0, the test sta-
tistic Tparsi is distributed approximately as a ¯2 with t – 1
degrees of freedom. Otherwise, it is distributed approxi-
mately as a noncentral ¯2 with noncentrality parameter
(Appendix E)

Ïparsi = 
™t

i =1 ni,het(Ìi,het – Ìhet)2

™t
i =1 (n W i,het – 1) Û2

ir,het/(n – ™t
i =1 nii – t)

,

where the conditional variance Û2
ir,het and mean Ìhet are

given in Appendix E. Tm,het has nearly a ¯2 distribution
with t – 1 degrees of freedom under the null hypothesis
H0. Under the alternative hypothesis, it is nearly distrib-
uted as a noncentral ̄ 2 with noncentrality parameter (Ap-
pendix E)

Ïm,het =

t – 1
t

™t
i =1 (Ìi,het – Ói,het)2/(1/ni W ,het + 1/n

W i,het)
™t

i =1[(ni W ,het – 1)Û2
ir,het + (n

W i,het – 1)Û2
ic,het]/(2n – 2™t

i =1 nii – 2t)
,

where Û2
ic,het is given in Appendix E. Moreover, we calcu-

late the noncentrality parameters Ïsatur, Ïi,clps, Ïm, Ïm,row,
Ïm,col, and ÏQ1,i,clps of Tsatur, Ti,clps, Tm, Tm,row, Tm,col, and
TDTQ1,i,clps in Appendix E.

To calculate the noncentrality parameters Ïparsi, Ïsatur,
Ïgen, Ïfit, Ïm,het, Ïi,clps, Ïm, Ïm,row, Ïm,col, and ÏQ1,i,clps, we need
parameters such as the marker allele frequencies pMi, trait
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Fig. 1. Power curves of Tm, Tm,row and Tm,col when pQ = 0.15,   =
0.005, A = 20, t = 3, pM1 = 0.40, pM2 = pM3 = 0.30, and nij = 40, i, j = 1,
2, 3, for a dominant trait a = d = 1.0.

Fig. 2. Power curves of Tm, Tm,row and Tm,col when pQ = 0.15, h2 =
0.80, A = 20, t = 4, pM1 = ... = pM4 = 0.25, and nij = 25, i, j = 1, ..., 4, for a
recessive trait a = 1.0, d = –0.5.

allele frequencies pQ and pq, haplotype frequencies hQMi

and hqMi, recombination fraction  , trait values ÌQQ, ÌQq,
Ìqq, and sampling error variance Ûe

2. Due to the evolution-
ary process of the population, the haplotype frequencies
hQMi, hqMi change from generation to generation. Under a
Fisher-Wright model, the haplotype frequencies can be
modeled by a diffusion process [Xiong and Guo, 1997].
The expected haplotype frequencies can be calculated by

E[hQMi] = hQMi(0)e– A + pMipQ(1 – e– A),
E[hqMi] = hqMi(0)e– A + pMipq(1 – e– A),

where A is the age of the most recent mutation at the trait
locus, hQMi(0) and hqMi(0) are the initial haplotype fre-
quencies of haplotypes QMi and qMi at the generation of
occurrence of the mutation at the trait locus. If there is
only a single mutation in the population, one may assume
that hQM1(0) = pQ, hQMi(0) = 0, i = 2,..., t, and hqMi(0) =
pMi – pQ 6 0, hqMi(0) = pMi, i = 2,..., t. Replacing hQMi, hqMi

in P(QMi, Mj), P(qMi, Mj) by E hQMi, E hqMi, we may calcu-
late the approximations of the noncentrality parameters.
If there are more than one mutations in a population, one
needs more care about the fluctuation of haplotype fre-
quencies. However, assuming a single copy mutation
would be a sound assumption for a rare disease.

Power and Sample Size Comparison

To perform power and sample size calculation, we
define the phenotypic values for genotypes QQ, Qq, qq by
the traditional quantitative genetic analysis

ÌQQ = a, ÌQq = ÌqQ = d, Ìqq = –a.

In addition, the additive variance
Û2

a = 2pQpq(a + d(pq – pQ))2

and the dominant variance Û2
d = (2pQpqd)2. Denote the

heritability by h2, which is defined by Û2
a/(Û

2
a + Û2

d + Ûe
2).

Using the non-centrality parameters given in ‘Calculation
of Noncentrality Parameters’ above, we make power and
sample size calculations by setting different values for the
trait gene and the marker allele frequencies, heritability,
recombination fraction, age of mutation for the trait
allele, etc.

Figures 1 and 2 plot the power curves of Tm, Tm,row and
tm,col against the heritability for a 3-allele marker domi-
nant trait, and the recombination fraction for a 4-allele
marker recessive trait, respectively. From these 2 figures,
we can see that Tm and Tm,row have high power in detect-
ing association when the recombination fraction is small
and the heritability is high. The relatively low power of
Tm,col would be due to the choice of our parameters.

Figures 3 and 4 plot the power curves of Tparsi, T1,clps,
Tm,het, Tsatur, Tgen, T2,clps and Tfit against the recombination
fraction for a 3-allele marker locus dominant and reces-
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Fig. 3. Power curves of Tparsi, T1,clps, Tm,het, Tsatur, Tgen, T2,clps and Tfit

when pQ = 0.15, h2 = 0.80, A = 20, t = 3, pM1 = 0.40, pM2 = pM3 = 0.30,
and n12 = n13 = n21 = n23 = n31 = n32 = 40 for a dominant trait a = d =
1.0.

Fig. 4. Power curves of Tparsi, T1,clps, Tm,het, Tsatur, Tgen, T2,clps and Tfit

when pQ = 0.15, h2 = 0.50, A = 20, t = 3, pM1 = 0.40, pM2 = pM3 = 0.30,
and n12 = n13 = n21 = n23 = n31 = n32 = 40 for a recessive trait a = 1.0,
d = –0.5.

Fig. 5. Power curves of Tparsi, T1,clps, Tm,het, Tsatur, Tgen, T2,clps and Tfit

when pQ = 0.15, h2 = 0.80, A = 20, t = 4, pM1 = ... = pM4 = 0.25, and
n12 = n13 = n14 = n21 = n23 = n24 = n31 = n32 = n34 = n41 = n42 = n43 = 25
for a dominant trait a = d = 1.0.

Fig. 6. Power curves of Tparsi, T1,clps, Tm,het, Tsatur, Tgen, T2,clps and Tfit

when pQ = 0.15, h2 = 0.80, A = 20, t = 4, pM1 = ... = pM4 = 0.25, and n12
= n13 = n14 = n21 = n23 = n24 = n31 = n32 = n34 = n41 = n42 = n43 = 25 for a
recessive trait a = 1.0, d = –0.5.

sive models. Figures 5 and 6 plot the curves for a 4-allele
marker locus dominant and recessive models. From these
4 figures, it is clear that Tparsi has higher power than those
of the bi-allele tests T1,clps and T2,clps, Tm,het, Tsatur, and
Tgen. Because of the low positions of the curve Tfit, using
Tsatur with higher degrees of freedom does not gain much
power compared to Tparsi. The power curves are high if

there is tight linkage. Moreover, the power curves de-
crease quickly as the recombination increases. Therefore,
the tests are powerful in detecting linkage between the
marker and the trait loci in the presence of association if
the quantitative trait locus is close to the marker locus.
Figures 7 and 8 plot the power curves against the herita-
bility h2. As the heritability increases, the power curves
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Fig. 7. Power curves of Tparsi, T1,clps, Tm,het, Tsatur, Tgen, T2,clps and Tfit

when pQ = 0.15,   = 0.005, A = 20, t = 3, pM1 = 0.40, pM2 = pM3 = 0.30,
and n12 = n13 = n21 = n23 = n31 = n32 = 40 for a dominant trait a = d =
1.0.

Fig. 8. Power curves of Tparsi, T1,clps, Tm,het, Tsatur, Tgen, T2,clps and Tfit

when pQ = 0.15,   = 0.005, A = 20, t = 4, pM1 = ... = pM4 = 0.25, and
n12 = n13 = n14 = n21 = n23 = n24 = n31 = n32 = n34 = n41 = n42 = n43 = 25
for a recessive trait a = 1.0, d = –0.5.

Fig. 9. Power curves of Tparsi, TDTQ1,1,clps, Tm,het, Tsatur, Tgen,
TDTQ1,2,clps and Tfit when pQ = 0.15,   = 0.005, A = 20, t = 3, pM1 =
0.40, pM2 = pM3 = 0.30, and n12 = n13 = n21 = n23 = n31 = n32 = 40 for a
recessive trait a = 1.0, d = –0.5.

Fig. 10. Power curves of Tparsi, TDTQ1,1,clps, Tm,het, Tsatur, Tgen,
TDTQ1,2,clps and Tfit when pQ = 0.15,   = 0.005, A = 20, t = 4, pM1 = ... =
pM4 = 0.25, and n12 = n13 = n14 = n21 = n23 = n24 = n31 = n32 = n34 = n41 =
n42 = n43 = 25 for a dominant trait a = d = 1.0.

increase as one expects. From the two figures, we can
observe that Tparsi has higher power than those of bi-allele
tests T1,clps and T2,clps, Tm,het, Tsatur, and Tgen. Tsatur and Tgen

do not gain much power although they have larger num-
ber of degrees of freedom. Figures 9 and 10 compare the
powers of the composite tests introduced in this paper
with TDTQ1,1,clps and TDTQ1,2,clps of Allison [1997]. The

parsimonious test statistic Tparsi has higher power than
those of TDTQ1,1,clps and TDTQ1,2,clps. Hence, it is better to
perform overall test Tparsi instead of performing individu-
al collapsed bi-allele tests.

Table 2 presents the cell sample size for dominant and
recessive disease models at significance level 0.01 or 0.05
and 80% power with trait frequency pQ = 0.15 and recom-
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Table 2. Sample size for dominant and recessive disease models at significance level 0.01 or 0.05 and 80% power with
trait frequency pQ = 0.15 and recombination fractions   = 0.005, assuming a = 1.0, d = 1.0 for dominant disease and
a = 1.0, d = –0.5 for recessive disease. When the number t = 3 of alleles at marker locus, marker allele frequencies pM1 =
0.4, pM2 = pM3 = 0.3; when t = 4, pM1 = ... = pM4 = 0.25; when t = 5, pM1 = ... = pM5 = 0.20

Model Para AM SL Tparsi Tm,het Tgen SL Tparsi Tm,het Tgen

Dom t = 3 10 0.05 nij = 27 34 42 0.01 nij = 39 49 59
h2 = 0.50 20 31 38 46 44 55 65

30 34 42 51 49 61 72

Rec t = 3 10 0.05 34 42 51 0.01 48 61 72
h2 = 0.40 20 37 47 57 54 68 80

30 42 52 63 60 75 89

Dom t = 4 10 0.05 nij = 7 11 13 0.01 nij = 10 16 18
h2 = 0.50 20 8 13 15 11 18 20

30 9 14 17 13 20 23

Rec t = 4 10 0.05 9 14 17 0.01 13 20 23
h2 = 0.40 20 10 16 19 14 22 26

30 11 17 21 16 25 29

Dom t = 5 10 0.05 nij = 4 6 7 0.01 nij = 5 8 10
h2 = 0.50 20 4 7 8 6 9 11

30 5 7 9 6 10 13

Rec t = 5 10 0.05 5 8 10 0.01 6 10 13
h2 = 0.40 20 5 8 11 7 12 14

30 6 9 12 8 13 16

Para = Parameter; AM = age of mutation; SL = significance level.

bination fractions   = 0.005, assuming a = 1.0, d = 1.0 for
dominant disease and a = 1.0, d = –0.5 for recessive dis-
ease. The sample sizes of Tparsi are smaller than those of
Tm,het, and the sample sizes of Tm,het are smaller than those
of Tgen. Hence, Tparsi is more powerful than other tests.
Moreover, the sample sizes decrease very rapidly as the
number of alleles at the marker locus increases. For a
marker with t = 5 alleles, a sample size of 5 for each cell in
table 1 would be enough to achieve 80% power at a signif-
icant level 0.01 if one uses test statistic Tparsi. Hence, the
composite tests are very conservative and these are simi-
lar to the likelihood method proposed by Terwilliger
[1995] for qualitative traits.

An Example

To illustrate the usefulness and the power of the meth-
ods proposed in this paper, we analyze the Oxford asthma
data [Cookson and Abecasis, 2001] from the Genetic
Analysis Workshop 12. The data consist of 80 nuclear
families with a total of 203 offspring. In these 80 families,

43 have 2 offspring, 31 have 3 offspring, and 6 have 4
offspring. On chromosome 6, 16 markes are typed, and
each marker has 4 alleles. By using the tests of bi-allele
markers available in the literature, one has to collapse the
markers to be bi-allelic. Using the methods proposed in
this paper, we are able to perform composite tests (Fm,row,
Fm,col, Fparsi, Fgen, Fsatur).

In Daniel et al. [1996], linkage to log blood eosinophil
count (logeeos) and other quantitative traits was tested by
the Haseman-Elston sib-pair technique [Haseman and
Elston, 1972]. Three markers on chromosome 6 of poten-
tial linkage were detected with logeeos [D6S260, p ! 0.05;
D6S276, p ! 0.0001; D6S273, p ! 0.05; Daniel et al.,
1996]. We analyze the data using the methods described
in the present paper and SAS procedures, and obtain the
results given in table 3.

Four markers show association with logeeos at signifi-
cance level 0.05 (D6S276, D6S291, D6S262, and
D6S264). Four markers show significance for TDT statis-
tics Fparsi or Fsatur at significance level 0.05 (D6S276,
D6S273, TNFA, and D6S264). Because Fparsi is a valid
test statistic of linkage in the presence of association, we
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Table 3. Test results of asthma data

Marker
locus

p values of
association tests

Fm,row Fm,col

p values of TDT statistics

Fparsi Fsatur Ffit

D6S276 0.004* 0.004* 0.22 1.0
D6S273 0.71 0.023 0.013
TNFA 0.49 0.0002* 0.0001*
D6S291 0.05*
D6S262 0.04*
D6S264 0.03* 0.05* 0.25 0.65

* p ! 0.05.

are able to confirm that marker D6S276 is potentially
linked to asthma phenotype logeeos (p value 0.004), and
show that marker D6S264 is also potentially linked to
logeeos (p value 0.05).

Discussion

In this paper, we explore models and tests to detect
association and linkage between a multi-allele marker
locus and a quantitative trait locus. The goal is to search
for overall test statistics which are more powerful than
those of bi-allele TDT statistics available in the literature
by collapsing the multi-allele marker to a bi-allele marker.
Using the homozygous and heterozygous data, we pro-
pose three composite tests Tm, Tm,row and Tm,col to carry
out an association study. For linkage analysis in the pres-
ence of association, one may use the heterozygous data to
perform composite tests based on statistics Tparsi, Tsatur,
Tgen and Tm,het.

Based on a theoretical calculation of an offspring’s con-
ditional expectation of a trait, given the allele transmis-
sion status of a heterozygous parent at the marker locus,
we propose a direct generalization Tgen of TDT from a
bi-allele marker locus to a multi-allele marker locus.
Although the generalized Tgen is valid in testing linkage in
the presence of association between the quantitative trait
locus and the multi-allele locus, it suffers from the same
problems as the direct extension of TDT for a qualitative
trait [Sham and Curtis, 1995]. One problem is the large
number of degrees of freedom, and the other is lack of
consideration of the data pattern consistent with linkage
and linkage disequilibrium. As Sham and Curtis [1995],
we observe that the conditional trait expectation only

depends on the transmitted marker allele when the mark-
er locus is closely linked to the trait locus (Appendix C).
Based on this observation, we propose a parsimonious or
allele-wise linear regression model to analyze the data.
The proposed model generalizes the case of a bi-allele
marker locus. This parsimonious model leads to a test sta-
tistic Tparsi, which is distributed approximately as a cen-
tral ¯2 with t – 1 degrees of freedom for a marker locus
with t alleles under the null hypothesis of no linkage
between the marker and the trait locus. Moreover, this
model takes into account the pattern of the data consis-
tent with linkage and linkage disequilibrium. Based on
the linear regression models, we propose test statistics
Tsatur and Tfit to investigate the goodness-of-fit of Tparsi. Tfit

tests how much power Tsatur may gain by increasing the
number of parameters from t of the parsimonious model
to t(t – 1) of the saturated model. To use the marginal
heterozygous data for linkage study, we calculate an off-
spring’s conditional trait means given an allele is trans-
mitted or not transmitted from a heterozygous parent at
the marker locus. Based on the difference between the
conditional means of a transmitted and a nontransmitted
allele from a heterozygous parent, we propose a statistic
Tm,het to perform composite tests of linkage between the
marker locus and the quantitative trait locus in the pres-
ence of association. Tm,het compares the row and column
sample means for offspring data of heterozygous parents.

To compare the power and sample size of the tests, and
investigate the goodness-of-fit of Tparsi, we first calculate
the noncentrality parameters for the tests under the alter-
native hypothesis, i.e., there is linkage beween the marker
and the trait locus in the presence of association. After
comparing the power and sample size, we conclude that
Tparsi has higher power than those of the bi-allele tests
from Allison [1997] and Xiong et al. [1998], Tm,het, Tsatur,
and Tgen. If there is tight linkage between the marker and
the trait locus, Tparsi is powerful in detecting linkage
between the marker and the trait locus in the presence of
association. By investigating the goodness-of-fit of Tparsi,
we find that Tsatur does not gain much power compared to
Tparsi. Moreover, Tparsi takes into account the data pattern
consistent with linkage and linkage disequilibrium. Be-
sides, the composite test statistics are very conservative
when the number of alleles at the marker locus increases,
a merit observed in the likelihood method proposed by
Terwilliger [1995].

If there are no covariates, the tests except Tm and Tm,het

are equivalent to the tests in ANOVA models. If there are
covariates, one may use linear regression to perform an
analysis to adjust for the covariates. The tests except Tsatur



142 Hum Hered 2002;53:130–145 Fan/Floros/Xiong

and Tgen have few degrees of freedom. The tests Tparsi,
Tm,het, Tsatur and Tgen proposed in this paper are the same
as TDT1 in Xiong et al. [1998] for a bi-allele marker. For a
bi-allele marker, Xiong et al. [1998] showed that TDT1 is
more powerful than the test statistics TDTQ1 proposed in
Allison [1997], Haseman and Elston [1972], and T1B1
proposed in Risch and Zhang [1996].

Although Allison et al. [1999] introduced a mixed
effect model to perform a sibling-based test of QTL data,
these investigators did not consider ways to reduce the
parameters and as a result the number of parameters can
be too large. In this paper, we studied both the parsimon-
ious and saturated models based on our theoretical analy-
sis, and conclude that the parsimonious model can be
very useful in testing linkage between a multi-allele mark-
er and a trait locus in the presence of association if there is
tight linkage. In ‘Bi-Allele Marker Locus’ we used an indi-
cator function 1(TM = M,NM = m ) for each heterozygous par-
ent corresponding to each of his/her children. George et
al. [1999] defined a similar variable for each child based
on the transmission of allele M from a heterozygous par-
ent. However, a heterozygous child of a double heterozy-
gous mating was considered noninformative and hence
discarded in George et al. [1999]. This may not be a valid
treatment. In the reference of TDT by Spielman et al.
[1993], the heterozygous child data of a double heterozy-
gous mating were used in the analysis. This, although
appropriate for TDT analysis, would be a problem in
haplotype sharing analysis. In our analysis we use the
same aspect of TDT that makes our analysis different
from that of George et al. [1999]. In this paper, we simply
assign that one parent transmits allele M and the other
transmits allele m to the heterozygous child of a double
heterozygous mating. Actually, the coefficient · in the
equation (5) is different from that in George et al. [1999]
due to the different treatments of data in this paper and in
George et al. [1999].

From the power and sample size study, we observed
that the test Tm (or Tm,het) has good power in detecting
association (or linkage in the presence of association).
However, one should be cautious in using Tm (or Tm,het).
The reason is that the near ¯2 distribution assumption of
Tm (or Tm,het) can be problematic due to its redundant uti-
lization of data. For qualitative traits, several authors
have noticed similar problems [Schaid, 1996; Sham,
1997; Lazzeroni and Lange, 1998]. A wise practice would
be to carry out analysis by other test statistics, such as
Tm,row (or Tparsi). Actually, Tm,row (or Tparsi) is more power-
ful than Tm (or Tm,het), and is a valid statistical test. We
have included figures 1 and 2 only to show the effective-

ness of Tm, Tm,row, and Tm,col. One reason for the differ-
ence between Tm and Tm,het (Tm,row and Tparsi) is: Tm and
Tm,row both use homozygous and heterozygous parent data
for association studies, but Tm,het and Tparsi can only use
the heterozygous data for linkage studies in the presence
of association. In terms of sample size and power calcula-
tions, Tm is similar to Tm,het and Tm,row is similar to Tparsi.

In this paper, we made the assumption that the paren-
tal genotypes are available. It would be interesting to
extend this work to the situation when the parental geno-
types are unavailable. One way to attack this problem is to
do permutation tests [Spielman and Ewens, 1998], but
this could be the focus of a further investigation. In the
present study, we work on data consisting of trio families,
each of the families has both parents and one child. If
there are more than one child in a family, one may treat
each child independently, and each child and his/her par-
ent make up a trio. Hence, a family of k kids can be
decomposed to be k independent trio families. Obviously,
this treatment may have some limitations because the
traits of children in each family are related to each other
[Fan and Xiong, 2002]. However, our focus here is to
obtain models and tests which lead to simple statistics
with t – 1 degrees of freedom for a t allele marker locus. To
accommodate the data with more complex family struc-
tures, one may need to use variance component models
[Fan and Xiong, 2002] that use a bi-allele marker with
better power than that in George et al. [1999], and have
powers similar to those in Zhu and Elston [2000, 2001].
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Appendix A

In the following, we show equations (1), (2) and (3). Let us utilize
the notations introduced in ‘Models and Tests for Association Stud-
ies’ above, such as TQ, TM and NM. Let TH denote abbreviation of
‘transmitted haplotype’. Then P(TH = QMi) = (1 –   )hQMi +  pQpMi

and P(TH = qMi) = (1 –   )hqMi +  pqpMi. Given that a marker allele Mi

is transmitted to an offspring, the conditional mean

Ìi = E[Y ATM = Mi]

= [E[Y ATH = QMi]P(TH = QMi)

+ E[Y ATH = qMi ]P(TH = qMi)]/pMi

= (1 –   )[ÌQhQMi + ÌqhqMi ]/pMi +  Ì.

On the other hand, provided that allele Mi is not transmitted, the
conditional mean

Ói = E[Y ANM = Mi] = ™
j 0 i

E[Y ATM = Mj]P(TM = Mj)/P(NM = Mi)

= ™
j 0 i

ÌjpMj /(1 – pMi)

= ™
j 0 i

[ÌQP(TH = QMj ) + ÌqP(TH = qMj ) ]/(1 – pMi )

= (1 –   )[ÌQ(pQ – hQMi ) + Ìq(pq – hqMi )]/(1 – pMi ) +  Ì

= (1 –   )[Ì – ÌipMi]/(1 – pMi ) +  Ì.

Notice that hqMi – pqpMi = –hQMi = ‰i. Therefore, we can calculate the
difference

Ìi – Ói

1 –  
=

ÌQ[hQMi(1 – pMi) – (pQ – hQMi)pMi] + Ìq[hqMi(1 – pMi) – (pq – hqMi)pMi]
pMi(1 – pMi)

= 
ÌQ[hQMi – pQpMi] + Ìq[hqMi – pqpMi]

pMi(1 – pMi)

= 
ÌQ[hQMi – pQpMi] + Ìq[– hQMi – pQpMi]

pMi(1 – pMi)

= 
(ÌQ – Ìq)(hQMi – pQpMi)

pMi(1 – pMi)
= (ÌQ – Ìq)‰i/[pMi(1 – pMi)]

Ìi – Ì
1 –  

= [ÌQhQMi + ÌqhqMi]/pMI – (ÌQpQ + Ìqpq) = (ÌQ – Ìq)‰i/pMi

Ói – Ì
1 –  

= [Ì – ÌipMi]/(1 – pMi) – Ì = – (ÌQ – Ìq)‰i/(1 – pMi).

Appendix B

In the following, we show equations (5) and (9). Consider a het-
erozygous parent with genotype MiMj, i ! j, at marker locus M. First
of all, note that P(TM = Mi, NM = Mj) = [1/2][2pMi pMj] = pMi pMj since
the probability of a heterozygous parent possessing allele Mi at one
copy of his/her chromosome and allele Mj at the other copy of chro-
mosome is 2pMi pMj , and the probability of giving one of his/her two

alleles to an offspring is 1/2. Similarly, we may show P(TM = Mj,
NM = Mi) = pMi pMj . Let P(QQ ATM = Mi, NM = Mj) be the conditional
probability of a child who receives genotype QQ at the trait locus,
given that he/she receives allele Mi from a heterozygous parent MiMj,
and define other notations similarly such as P(Qq ATM = Mi, NM =
Mj). Let Ìi,j = E[Y ATM = Mi, NM = Mj] = ÌQQP(QQ ATM = Mi, NM =
Mj) + ÌQqP(Qq ATM = Mi, NM = Mj) + ÌqqP(qq ATM = Mi, NM = Mj).
Then we have from Seber [1977]

·ij = Ìi,j – Ìj,i (13)

To calculate the conditional probabilities in equation (13), we need
to introduce some notations first. Let P(QMi, Mj) be the probability
of a child who receives haplotype QMi from his/her heterozygous par-
ent but not alleles Mj. Similarly, we may define notations P(qMi, Mj).
Then

P(QMi, Mj ) = (1 –   )hQMipMj +  hQMjpMi (14)

P(qMi, Mj ) = (1 –   )hqMipMj +  hqMjpMi.

Using the notations above, we can calculate the conditional probabil-
ities

P(QQ ATM = Mi, NM = Mj) = 
pQP(QMi, Mj)

pMipMj

P(Qq ATM = Mi, NM = Mj) = 
pQP(qMi, Mj) + pqP(QMi, Mj)

pMipMj

(15)

P(qq ATM = Mi, NM = Mj) = 
pqP(qMi, Mj)

pMipMj

Substituting the above conditional probabilities into equations (13)
and using equation (14) and ‰ij = hQMipMj – hQMjpMi, we may get coeffi-
cients (9). For bi-allele case, ‰12 = ‰ if we use notations M = M1 and m
= M2. Hence, equation (5) holds.

Appendix C

Assume that there is tight linkage between the trait locus L and
the marker locus M. Then recombination fraction   " 0, and hence
equations (14) imply P(QMi, Mj) " hQMipMj and P(qMi, Mj) " hqMipMj.
Provided that   " 0, the conditional probabilities given by equations
(15) lead to the following conditional expectation

Ìi,j = [ÌQP(QMi, Mj) + ÌqP(qMi, Mj)]/[pMipMj]

" [ÌQhQMi + ÌqhqMi]/pMi, (16)

which does not depend on the allele/haplotype frequencies related to
allele Mj.

Appendix D

Let us denote ∪ j 0 iMj an allele that collapses all but allele Mi. To
calculate the equation (12), we need the conditional means Ìi,het =
E[Y ATM = Mi, NM = ∪ j 0 iMj] = [ÌQP(QMi, ∪ j 0 iMj) + ÌqP(qMi,
∪ j 0 iMj)]/[pMi(1 – pMi)], Ói,het = E[Y ANM = Mi, TM = ∪ j 0 iMj] =
[ÌQP(Q∪ j 0 iMj, Mi) + ÌqP(q∪ j 0 iMj, Mi)]/[pMi(1 – pMi)]. We may calcu-
late P(QMi, ∪ j 0 iMj), P(qMi, ∪ j 0 iMj) in a similar way as we have done
for equation (14) in Appendix B, and then calculate the conditional
mean difference (12).
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Appendix E

First of all, we may calculate the conditional variances

Û2
Q = Var(Y ATQ = Q) = Ûe

2 + (ÌQQ – ÌQ)2pQ + (ÌQq – ÌQ)2pq

Û2
q = Var(Y ATQ = q) = Ûe

2 + (ÌqQ – Ìq)2pQ + (Ìqq – Ìq)2pq.

Û2
i ,j = Var[Y ATM = Mi, NM = Mj]

= E[(Y – Ìi,j)2 ATM = Mi, NM = Mj]

= [Û2
Q + (ÌQ – Ìi,j)2] 

P(QMi, Mj)
P(Mi, Mj)

+ [Û2
q + (Ìq – Ìi,j)2] 

P(qMi, Mj)
P(Mi, Mj)

.

Now the noncentrality parameters of Tgen and Tfit can be calculated
by

Ïgen =
™t – 1

i = 1 ™
t
j = i + 1 (Ìi,j – Ìj,i)2/1/nij + 1/nji)

™t – 1
i = 1 ™

t
j = i + 1[(nij – 1) Û2

i ,j + (nji – 1) Û2
j ,i]/(n – ™t

i = 1 nii – t(t – 1))

Ïfit=
™t – 1

i = 1 ™
t
j = i + 1 [nij (Ìi,j – Ìi,het)2 + nji (Ìj,i – Ìj,het)2]

™t – 1
i = 1 ™

t
j = i + 1 [(nij – 1) Û2

i ,j + (nji – 1) Û2
j ,i]/[n – ™t

i = 1 nii – t(t – 1)]
.

The conditional variances

Û2
ir,het = Var(Y ATM = Mi, NM = ∪ j 0 iMj)

= [Û2
Q + (ÌQ – Ìi,het)2] P(QMi, ∪ j 0 iMj)/[pMi(1 – pMi)]

+ [Û2
q + (Ìq – Ìi,het)2] P(qMi, ∪ j 0 iMj)/[pMi(1 – pMi)].

Û2
ic,het = Var(Y ANM = Mi, TM = ∪ j 0 iMj)

= [Û2
Q + (ÌQ – Ói,het)2] P(Q∪ j 0 iMj, Mi)/[pMi(1 – pMi)]

+ [Û2
q + (Ìq – Ói,het)2] P(q∪ j 0 iMj, Mi)/[pMi(1 – pMi)].

The noncentrality parameter of Tparsi is

Ïparsi = 
™t

i = 1 ni W ,het(Ìi,het – Ìhet)2

™t
i = 1 (ni W ,het – 1) Û2

ir,het/(n – ™t
i = 1 nii – t)

,

where

Ìhet = E[Y ( W )
W W ,het] = 

™t
i = 1 [ÌQP(QMi, ∪ j 0 iMj) + ÌqP(qMi, ∪ j 0 iMj)]

1 – ™i p2
Mi

is the conditional mean given that a marker allele is transmitted from
a heterozygous parent. The non-centrality parameter of statistic
Tsatur is

Ïsatur=
™t – 1

i = 1 ™
t
j = i + 1 [nij (Ìi,j – Ìhet)2 nij (Ìj,i – Ìhet)2]

™t – 1
i = 1 ™

t
j = i + 1 [(nij – 1) Û2

i ,j + (nji – 1) Û2
j ,i]/[n – ™t

i = 1 nii – t(t – 1)]
.

Tm,het has nearly a ¯2 distribution with t – 1 degrees of freedom
under the null hypothesis H0. Under the alternative hypothesis, it is
distributed approximately as a noncentral ¯2 with noncentrality
parameter

Ïm,het =

t – 1
t

™t
i = 1 (Ìi,het – Ói,het)2/(1/ni W ,het + 1/n

W i,het)
™t

i = 1 [(ni W ,het – 1) Û2
ir,het + (n

W i,het – 1) Û2
ic,het]/(n – 2™t

i = 1 nii – 2t)
.

Similarly, the non-centrality parameters of Ti,clps, Tm, Tm,row, and
Tm,col are given by

Ïi,clps = 
(Ìi,het – Ói,het)2/(1/ni W ,het + 1/n

W i,het)
[(ni W ,het – 1) Û2

ir,het + (n
W i,het – 1) Û2

ic,het]/(ni W ,het + n
W i,het – 2)

Ïm = 
t – 1

t
™t

i = 1 (Ìi – Ói)2/(1/ni W
+ 1/n

W i)
™t

i = 1 [(ni W
– 1) Û2

ir + (n
W i – 1) Û2

ic]/(2n – 2t)

Ïm,row = 
™t

i = 1 ni W
(Ìi – Ì)2

™t
i = 1 (ni W

– 1) Û2
ir/(n – t)

,

Ïm,col = 
™t

i = 1 n W i (Ói – Ì)2

™t
i = 1 (n W i – 1) Û2

ic/(n – t)
,

where the conditional variances

Û2
ir = Var(Y ATM = Mi)

= [[Û2
Q + (ÌQ – Ìi)2]P(TH = QMi ) + [Û2

q + (Ìq – Ìi)2]P(TH = qMi ) ]/pMi

Û2
ic = Var(Y ANM = Mi )

= (1 –   )[[Û2
Q + (ÌQ – Ói)2](pQ – hQMi) + [Û2

q + (Ìq – Ói)2](pq – hqMi)]/

(1 – pMi) +   [[Û2
Q + (ÌQ – Ói)2]pQ + [Û2

q + (Ìq – Ói)2]pq].

The non-centrality parameters of the statistic TDTQ1,i,clps from Alli-
son [1997] can be calculated as

ÏQ1,i,clps = (Ìi,het – Ói,het)2/[2(Û2
ir,het + Û2

ic,het)/(ni W ,het + n
W i,het)].
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