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High resolution mapping of quantitative trait loci by
linkage disequilibrium analysis
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Two methods, linkage analysis and linkage disequilibrium (LD) mapping or association study, are usually
utilised for mapping quantitative trait loci (QTL). Linkage mapping is appropriate for low resolution
mapping to localise trait loci to broad chromosome regions within a few ¢cM (<10 cM), and is based on
family data. Linkage disequilibrium mapping, on the other hand, is useful in high resolution or fine
mapping, and is based on both population and family data. Using only one marker, one may carry out
single-point linkage analysis and linkage disequilibrium mapping. Using two or more markers, it is
possible to flank the QTL by multipoint analysis. The development and thus availability of dense marker
maps, such as single nucleotide polymorphisms (SNP) in human genome, presents a tremendous
opportunity for multipoint fine mapping. In this article, we propose a regression approach of mapping
QTL by linkage disequilibrium mapping based on population data. Assuming that two marker loci flank
one quantitative trait locus, a two-point linear regression is proposed to analyse population data. We
derive analytical formulas of parameter estimations, and non-centrality parameters of appropriate tests
of genetic effects and linkage disequilibrium coefficients. The merit of the method is shown by the power
calculation and comparison. The two-point regression model can capture much more linkage and linkage
disequilibrium information than that derived when only one marker is used. For a complex disease with
heritability h’>0.15, a study with sample size of 250 can provide high power for QTL detection under
moderate linkage disequilibria.
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Introduction

Much research has been done on linkage mapping of quali-
tative or quantitative trait loci (QTL). Schork investigated
multipoint identity-by-descent analysis of human quantita-
tive traits." Fulker and Cardon worked out a sib-pair
approach of a two-point interval mapping for QTL.?
Researchers have been extending the available methods
toward several directions: (1) Fulker et al.® extended the
method of Fulker and Cardon?® for usage in multipoint
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interval mapping; (2) Almasy and Blangero worked on
multipoint mapping for general pedigrees;* (3) Liang et al.
proposed a unified sampling method for both qualitative
and quantitative traits;> (4) Pratt et al. used an exact multi-
point algorithm to analyse family data by variance
component models.® The focus of the above studies was
on linkage mapping, which is based on family data. Linkage
analysis is appropriate for low resolution genetic mapping
to localise trait loci to broad chromosome regions within
a few cM (<10 cM).

Linkage disequilibrium (LD) mapping or association
study, on the other hand, is based on both family and
population data, and is useful in high resolution of genetic
mapping, ie, fine disease gene mapping. The reason for the
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high resolution of linkage disequilibrium mapping is that
the allelic association due to linkage disequilibrium usually
operates over short genetic distances. Linkage analysis and
linkage disequilibrium mapping are complementary in
disease gene mapping. To localise genetic traits, one may
carry out linkage analysis as the first step on a sparse map
to get suggestive linkage between genetic traits and
markers. Then linkage disequilibrium mapping can be used
as a follow-up in high resolution mapping of the genetic
traits on a more dense map.

Abecasis et al.,” Fulker et al.® and Sham et al’ have
explored linkage and association studies of quantitative
traits by variance-component procedures, allowing a
simultaneous test of allelic association for family data. Zhao
et al.'° applied a regression approach of linkage disequili-
brium mapping to localise QTL in humans. In these
studies the investigators used only one marker in their
analysis. However, very dense maps such as single nucleo-
tide polymorphisms (SNPs) in human genome (The
International SNP Map Work Group) are available now.'!
These exciting developments allow us to explore models
and methodologies of simultaneously using two or more
markers in high resolution linkage disequilibrium mapping
of QTL.

In this article, we propose a linear regression method of
high resolution mapping for QTL by using linkage disequi-
librium analysis which is based on population data.
Assuming that two marker loci flank one genetic trait locus,
a linear regression is introduced based on an intuitive
rationale. Then we derive analytical formulas of parameter
estimations, and non-centrality parameters of appropriate
tests of genetic effects and linkage disequilibrium coeffi-
cients. The merit of the regression method is shown by
the power calculation and comparison.

Models

Consider a quantitative trait which is influenced by a
quantitative trait locus Q, which is flanked by two markers
A and B in an order of AQB. Suppose that there are two
alleles Q; and Q. at the trait locus with frequencies q;
and ¢,. At the marker locus A, assume there are two alleles
A and a with frequencies P, and P, respectively.
For the marker B, assume that there are two alleles B
and b with frequencies Py and P, respectively. Suppose
that markers A and B are in Hardy-Weinberg equilibrium,
ie, P(AA)= P2, P(Aa) =2P,Pa, P(aa) =P2 and P(BB)=
P2, P(Bb) = 2PyPy, P(bb) = P2. However, they may be in
linkage disequilibrium. Let us denote the measure of link-
age disequilibrium between trait locus Q and marker A by
Dag=P(AQ1) —q1P4, the measure of linkage disequilibrium
between trait locus Q and marker B by Dqp=P(BQ1)—q1Ps,
and the measure of linkage disequilibrium between marker
A and marker B by D,z=P(AB)—P,Ps.'?~1* In addition to
the major QTL Q, assume that there is an error effect that
influences the trait. Then the total variance can be decom-
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posed as o® = o} +07, a% is variance explained by the
putative QTL Q, and o7 is error variance. The genetic
variances o3=03,+0% is decomposed into additive and
dominant components, respectively. Assume that there
are n independent individuals from a population with trait
values y;, genotype A; at marker A and genotype B; at

marker B. Consider the following regression equation

Vi = B+ Wiy + Xaion + Xpiotg + Zaida + Zpidp + €, (1)

where f is overall mean, w; is a row vector of covariates
such as sex and age, y is a column vector of regression coef-
ficients for the covariates w;, and e; is error term. Assume
that e; is normal N(O, ¢2). Besides, Xa;, Xp;,za; and zp; are
dummy random variables that are independent of ¢;, and
are defined by

2P, if A; = AA —P2  if A =AA
Xgi={ Pa—Ps ifAi=Aa, z4i=4 PPy ifA=Aa
— 2Py if Aj=aa A if A; =aa
2P, if B; = BB -P2  if B;=BB
xgi={ P,—Py ifBi=Bb , zgi={ P,Py  if B;=Bb
— 2P if B; =bb —PZ  ifBi=hb

oa, 0, 04 and Op are regression coefficients of the dummy
variables x,;, xp;, z4; and zp;. Let us denote an experimental
design matrix X by

1 w1 Xa1 XB1 Za1 Zp1 X7

1 W2 XA2 XB2 Zp2 Zp2 X5
X = -

1 Wn XAn XBn ZAn ZBn X,

a vector of regression coefficients by u=(f,y" o4,5,04,05)", the
quantitative traits by a vector Y=(y1,y2,...,ys)", and errors
terms by e=(ey,ey,...,n)". Then we may write the model
(1) as Y=Xu+e. By standard regression theory, we may esti-
mate the coefficients by 4 = (X*X) ' XY.

To give an intuitive rationale of model (1), let u;; be the effect
of genotype Q;Q;,i,j=1,2,u12=p21. Let the genic effect of allele Q;
be «;i=1,2. Then genotypic effects can be expressed as
p1=po+200+dy, p2=po+on +o+da, oo=po+ 20 +d3, Where o is
the overall population mean, d; is the deviation of the related
genotypic value from that of an additive effect model. Mini-
mising F(uo,o1,) = Yiy S0 iy (i — ko — % — )%, the
estimates of po,u,02 are p=p1q7+ 2u2q192 + 2293,
a1 = qup1 + Qapiz — 1 andan = quuo1+ qauzz — ¢ (Jacquard,'s
Chapter 5). Plugging these estimates into u;, we can obtain
that pi1 = p+2q20q — 4380, 12 = 1+ (G2 — q1)eq + 419200,
Moz = U — 24100 — q%5Q~ Here ag=q1pt11+(g2—q1) 12— Gaito2 is
the average effect of gene substitution, and dqg=2u12— 11— 22
is the dominant deviation. Assume that marker A coincides
with the trait locus Q, and marker allele A is trait allele Q,



and marKker allele a is trait allele Q,. Then the trait value can be
expressed as y=p+xqiog+zgidq+e;. In practice, information of
trait locus Q is unknown, but the information at marker loci
is available. This prompts us to propose regression model (1)
to map QTLs.

Assume that there are no covariates. Suppose that the
markers A and B are in Hardy — Weinberg equilibrium. Then
Exa=Exp=FEz,=Ezp=0. When the sample size n is large
enough, we show in Appendix A that the coefficients are
approximately given by

-1
I?NXW:V/'I (QA> N ( SLix Yih XAMB:') (ZL; XAiyi) and
~ 1 ~ k)
7\ S xaixp 2 ¥ YL Biyi

3 no 9 n 1 n

(5‘4) ~ ( 21:1 Zai P ZA'ZBI> <Zi:1 ZAI?/?)
N ~ n n 2 n .
op Dlic1 ZaiZBi Yoy A i1 ZBiYi

If the markers A and B are in linkage equilibrium, ie, D45=0,
then the above equations simplify to the following (Appen-
dix A)

n
21:1 TBiYi 3

n

oA oB A Z,zlzmyzs

A~ no 2 ot n 9 Y4
21 T, i1 Th

5 Z:':l ZBiYi @)
i Zzu ‘

i

Property of regression coefficients

As in the previous section, let u; be the effect of genotype
QQ;i,j=1,2. If wy1=a, pp=d, and pz>=—a as in the tradi-
tional quantitative genetics (Falconer and Mackay'®),
og=a+(q2—¢q1)d and d4=2d. For general case, one may form
the above relations by letting a=u;1— (111+u22)/2 and
d=p15— (11 —uz2)/2. It is well known that the additive
variance o3, = 2qi1q20, and the dominant variance
0y = (142)°0%. A true random effect model describing
the trait value is

vi=B+wiy+gi+e, 3)

where

np for genotype QiQ
S =X Uiz for genotype Q;Q;
oo for genotype Q2Q>.

Let us denote three ratios D3;/(PaPaPyPs) = R3p, D3/ (PaPa
Q@) = R, and D3,/(q192PpPp = R%,). In Appendix B, we
will show that the coefficients of regression equation (1)
are given by

Rag — RapRgp

(MA) _ (PaPA DAB) ! <DAQ>1 _ VPP, NG )

B Dap PPy Dgs)"? Rop — RapRaqg | 1 - Ry’
V/PgPh,
(4)
o Fig ~ Biuhy

<5A> (P;Pf; DiB) - DilQ s P4P, Q14209
)= 5 Q0= I =
op DZ}B P’?Pg DE)B RZQ]_; - RiqBRiQ 1- RitB

PpP,
(5)
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Assume that the two markers A and B are not in linkage
disequilibrium, ie, D4p=0. Then oy = Daqaq/(PaPa), o8 =
Dqgpaq/(PoPs), 04 = Diodq/(PIPY), and op = Dgpdq/(PyPF).
Hence, marker A and marker B independently contribute
to the analysis of the trait values. Furthermore, assume
the trait locus Q is in linkage disequilibrium with marker
A but not with marker B. Then Dg=0 and so
oy = DAQO(Q/(PaP4),(3A = DiQ(;Q/(P(?Pﬁ),O(B = (53 =0. Hence,
only marker A contributes to the analysis and marker B has
no effect on the result. This is equivalent to using one
marker for the analysis.

If one marker coincides with the trait locus, for
instance locus Q is marker A, we can show that the
other marker B does not contribute to estimations of
the substitution and dominant effects of the trait
locus. Actually, assume that allele A=Q; and allele a=Q,.
Then Dag=Dqp and Dag=q1q2. This leads to
(:;) = (%) and (‘;ﬁ) = (’58). Hence, marker A can fully
estimate the substitution and dominant effects of the
trait locus Q.

In general, assume that marker A and marker B are in
linkage disequilibrium. Then model (1) simultaneously
takes care of the linkage disequilibrium and the effects
of the putative trait locus Q. The parameters of linkage
disequilibrium (ie, Dag and Dqg) and gene effect (ie, ag
and J,) are contained in the mean coefficients. We may
simultaneously test linkage disequilibrium of marker A
and marker B with trait locus Q, the gene substitution
and dominant effects by testing ws=0p=0,=05=0. From
equation (4), we may test the linkage disequilibrium of
markers A and B with the trait locus Q and the gene substi-
tution effect o by testing ay=05=0. From equation (5), we
may test the linkage disequilibrium of markers A and B
with the trait locus Q and the dominant effect by testing
5A=5B=0-

Non-centrality parameters

Assume that there are no covariates. Then u=(f,04,05,04,08)".
Let H be a ¢ x5 matrix of rank gq. By Graybill,’” Chapter 6,
the test statistic of a hypothesis Hu=0 is non-central
F(qn—5) defined by F:%W"f, where I, is
the nxn identity matrix. The non-centrality parameter
of the test statistic F can be calculated by J=[1/(26%)]
(Hp)'[H[X"X]'H?] 'Hp. To test if there are additive and
dominant effects, we may test the hypothesis Hapaq:
oa=0p=0,=0p=0. Then the test matrix H is defined by

0 0

(6)

S O © O
S O O =
S O = O

0
1
0

- O O

Let us denote the corresponding F-test statistic by Fap 4. In
Appendix C, we show

609
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JAB.ad m% (263 [PPpD}, — 2D2qDapDag + PaPaDfy)/(PaPaPyPp — D3p)
+‘3(Zz [PﬁPﬁDf\Q - ZD/ZAQD,ZMDéB + PfPﬁDfZB]/(PfP/%PﬁPﬁ - Dip)l
= 2% [03:[R3q — 2RaqRaRas + R/ (1 — R3p)
+ Uﬁd[RjQ - ZRiQRme(ZzB + R?)B]/(l —Rip)l
(7
If one assumes that (a) the two markers A and B are not in

linkage disequilibrium, then D4p=0; (b) the trait locus Q is
in linkage disequilibrium with marker A but not with

marker B, then D=0 and  Dyq #0. Then
apaa = [n/(20))[03,R3, + 054R4o), which only involves

marker A and can be written as 1,4 ,4. Correspondingly, we
denote the related F-test statistic by F4ad. Furthermore,
assume (c) there is no dominant effect, ie, agd =0. Then
ina =~ [n/(20%)]0g,R5, is the non-centrality parameter of
the related F-test statistic F4 ,.

To test other hypotheses, we may get the non-centrality
parameters in a similar way by taking appropriate test
matrices H. To test if there is dominant effect, we may test
the hypothesis Hypq:04=05=0. The non-centrality
parameter is Axpg ~ [11/(20%)]02,[R}, — 2R REzRE, + Réy)/
(1 —R%p). The related F-test statistic is denoted by Fapga.
To test if there is additive or substitution effect, we may test
the hypothesis Hyp,:o4=05=0. The non-centrality
parameter is Zapq ~ [1/(20%)]0g,[R3, — 2RaqRasRqp + R3l/
(1 —R3g). The related F-test statistic is denoted by Fap,.
To test if there are additive and dominant effects at marker
locus A given that there are effects at marker locus B, we
may test the hypothesis Hup qq: 24=0,=0. The non-centrality
parameter is

n 2P, PAPDPB — ZDZ
« B 52

P2P2P2P3 — D4, .
/)VA\B.ad ~ 7[ a” A" b~ B AB ()f‘
202 PhPB PI%P[%
n
=507 [0%,[PsPsDaq — DasDas)’/[PoPsd1q2 (PaPaPyPp — D5p)]
+ 0alPaPEDAq — DasDgs)” /PR PRGI a3 (PAPAP;PE — D).

n
=52 [“‘?n [Raq — RasRp)?/[1 — R + “'gd[foQ - RE\BR(ZZB]Z/U — R

To test if there is dominant effect at marker locus A given
that there are effects at marker locus B, we may test the
hypothesis Hupq:04=0. The non-centrality parameter is
haa = 120705 [R3q — Rl /11 = Ri]

Power calculation and comparison

To investigate the usefulness of the methods proposed in
this article, we performed power and sample size calcula-
tions. As usual, we denote the heritability by h* which is
defined by h* = o2,/0% In the power calculations, we first
take the equal allele frequencies P4=q,=P=0.5 at the two
markers A and B, and the trait locus Q. Moreover, suppose
that pi1=a,p12=u1=d and pz,=—a. Assume that marker A
and marker B are in linkage equilibrium, ie, D,p=0, the
heritability h?=0.25, and a sample size n=120. Figures 1
and 2 show the power curves of the test statistics Fag a4
Fs a4 and F,, against the disequilibrium coefficient Dyq
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when Dp=0.15 for a mode of dominant inheritance with
a=d=1.0 and a mode of recessive inheritance with a=1.0,
d=—0.5, respectively. The statistic F4p5,s has the highest
power, and F, .4 has higher power than that of F, ,. Hence,
the regression approach that uses two markers A and B is
advantageous over the one marker mapping that uses only
one marker A or B.

Assume that the markers A and B are in moderate linkage
disequilibrium, ie, D,5=0.1, and that the linkage disequili-
brium coefficients Dyg=Dqp=0.15. Figures 3 and 4 show
the power curves of the test statistics Fag a4, Faaq and Fa,
against the heritability #* for a mode of dominant inheri-
tance with a=d=1.0 and a mode of recessive inheritance
with a=1.0, d=—0.5, respectively. For a population with
sample size n=250, the regression approach can achieve a
high power for a trait with heritability h*>0.15. Hence,
the high resolution linkage disequilibrium mapping is a
promising tool in mapping complex traits.

]
|

T T T
0.z 0.1 o.0 o oz

Disequilibrium Coeflicient D_AQ

Figure 1 Power curves of the test statistics Fag ad, Fa a0 and Faq
against the disequilibrium coefficient Dsq when g1=P4=P=0.50,
D4g=0.0, Dq=0.15, h,=0.25, n=120 for a dominant trait
a=d=1.0.

= - ———  Powar Curve of F_{AB,ad)
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T
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Oisequilibrium Costficient D_AQ

Figure 2 Power curves of the test statistics Fag ad, Fa a0 and Faq
against the disequilibrium coefficient D4q when g1=P,=P=0.50,
Dyg=0.0, Dgp=0.15, h?=0.25, n=120 for a recessive trait a=1.0
and d=—0.5.
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Figure 3 Power curves of the test statistics Fag aq, Fa a0 and Faq
against the heritability h? when q1=P4=Pg=0.50, D4p=0.10,
Daqg=Dqs= 0.15, n=250 for a dominant trait a=d=1.0.

T
o.0 oz 0.4 o.e os
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Figure 4 Power curves of the test statistics Fag gg, Faa0 and Faq
against the heritability h* when g;=P,=P5=0.50, D,3=0.10,
Dpq=Dqs=0.15, n=250 for a recessive trait a=1.0 and d=—0.5.

In a population, the linkage disequilibrium exists if
mutations at the trait locus occur. Once the mutations
occur, the recombination between a marker locus and the
trait locus can dissipate the disequilibrium from generation
to generation. Let us denote the frequency of haplo-
type AQ at the generation when the mutations occur by
P(AQ)(0). Then the linkage disequilibrium coefficient is
D4(0)=P(AQ)(0)-q1P4 at the generation when the mutations
occur. For the following generations, the disequilibrium
coefficient is reduced by a factor 1—0,q in each genera-
tion,'> where 0, is the recombination fraction between
trait locus Q and marker A. Suppose that the mutation
is already T generations old. Then the disequilibrium
coefficient is DAQ(T):DAQ(O)(I—HAQ)T. Similarly, we may
calculate the disequilibrium coefficients by Dap(T)=
DAB(O)(lngB)T and DQB(’T)ZDQB(O)(lngB)T, where HQB is
the recombination fraction between trait locus Q and
marker B, and 0,3 is the recombination fraction between
marker A and marker B.

Suppose that we know the map distance 1,5 between
marker A and marker B. Under the assumption of no inter-

High resolution mapping of QTL o
R Fan and M Xiong @

611

ference, we may calculate the recombination fraction
Oap=[1—exp(—244g5]/2 by Haldane’s map function. Simi-
larly, we may calculate the recombination fractions 0,q
and Oqgp by the map distances 1,o and Jgp. Assume that
the map distance between marker A and marker B is
/ag=5cM, and the other parameters are given by
D4p(0)=0.20, Dao(0)=Dp(0)=0.25, h?=0.25, n=120, T=20.
Figures 5 and 6 show the power curves of the test statistics
Fag,ada» Fa,aa, and F, , against the recombination fraction 0,¢,
for a mode of dominant inheritance with a=d=1.0 and a
mode of recessive inheritance with a=1.0, d=—0.5, respec-
tively. We can see that the power of Fsp.4 is very high,
although the power of Fy ., and F, , decreases very rapidly
as the recombination fraction 0,q increases. Hence, the
regressions using two markers are advantageous for fine
gene mapping, and appropriate for the dense marker map
such as SNPs in human genome.

To investigate the less favourable case other than the
equal allele frequencies of trait locus and marker loci,

05
|

“
I

Urve of F_(A,ad)
F_(ala)

T T T
o0 o.01 o.02 o.0a .04

Fraction Aand

Figure 5 Power curves of the test statistics Fag gq, Fa,a0r and Faq
against the recombination fraction 0, when g;=P,=Pp=0.50,
D45(0)=0.20, Dpq(0)=Ds(0)=0.25, h?=0.25, ) xs=5 cM, n=120,
T=20 for a dominant trait a=d=1.0.
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Figure 6 Power curves of the test statistics Fag gq, Fa,a0r aNd Fa o
against the recombination fraction 0, when g;=P,=Pz=0.50,
D4p(0)=0.20, Dsq(0)=Dqs(0)=0.25, h?=0.25, J4s=5 cM, n=120,
T=20 for a recessive trait a=1.0 and d=—0.5.
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Figure 7 shows the power curves of Fap a4, Faaq, and Fu,
against the linkage disequilibrium coefficient Dy, when
¢1=0.20, P,=Pp=0.80, D,5=0.0, D3=0.04, h?=0.25, n=120
for a dominant trait a=1.0 and d=0.8. The three power
curves are very close. Moreover, the power decreases rapidly
when the linkage disequilibrium between trait locus Q and
marker A decreases. For a recessive trait a=1.0 and d=—0.5,
Figure 8 shows the power curves against the recombination
fraction when ¢;=0.20, P,=Pp=0.80, D,5(0)=0.10,
Dag(0)=Dp(0)=—0.15, h*=0.25, )4p=5cM, n=120, T=20.
Figures 9 and 10 show two plots of the sample size
against the heritability h* at a significant level 0.05 for a
given power 0.80. In a favourable case when q,=P,=Pp=0.50,
D4p=0.10, Dyg=Dp=0.15 for a dominant trait 4=1.0 and
d=0.80, the required sample size is lower than 400, if the
heritability is not lower than 0.1 (Figure 9). However, for
an extremely less favourable case when ¢;=0.20,
P,=Pp=0.80, D4p=0.0, D4p=0.03, Dp=0.04 for a recessive
trait a=1.0 and d=—0.5, the required sample size is huge

Powaer Gurve of F_{AB,ad)
........ Power Curve of F_(A,ad)
Power Curve of F_{A.a}

02
|

T T T T
-0.18 -e.10 -0.08 0.0

Disaquitinrium Ceefficient D_AC

Figure 7 Power curves of the test statistics Fag qd, Fa,q0 and Fp q
against the disequilibrium coefficient D,q when ¢,=0.20,
Py=Pg=0.80, D4g=0.0, Dqs=0.04, h?=0.25, n=120 for a dominant
trait a=1.0 and d=0.8.
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Figure 8 Power curves of the test statistics Fag qd, Fa,qq and Faq
against the recombination fraction 6, when g;=0.20,
PA=PB=0.80, DAB(O)=0.10, DAQ(O)=DQB(O)=—0.15, h2=0.25,
Aag=5cM, n=120, T=20 for a recessive trait a=1.0 and d=—0.5.
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(Figure 10). Unfortunately, the true QTL frequency is rarely,
if ever, known. Hence, linkage disequilibrium mapping
works only when the linkage disequilibria are reasonably
high, at least one needs moderate linkage disequilibria.

Discussion

With the development of dense marker maps, such as SNPs
in human genome (The International SNP Map Work
Group'!), fine disease gene mapping is getting more and
more important for the study of complex diseases. Associa-
tion study is a simple and useful method in fine disease
gene mapping (Cardon and Bell'®; Risch and Merikangas'®).
In this article, we proposed a linear regression method to
perform high resolution linkage disequilibrium mapping
of QTLs. In the regression, we used information of two
flanking markers to model the additive and dominant
effects of a QTL, and also the linkage disequilibria between
the markers and the trait locus. In addition to the additive
and dominant effects, we may add the covariates to model

Sample Size of F_(AB,ad)
- Sample Size of F_{A.ad}

Sanpei

T T
o1 oz o.a o.a os
Heritabliity hag

Figure 9 Sample sizes of the test statistics Fagqq and Fa qq
against the heritability h? at a significant level 0.05 for a given
power 0.80, when g1=P,=Pp=0.50, D4z=0.10, Dyq=Dqs=0.15 for
a dominant trait a=1.0 and d=0.80.
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Figure 10 Sample sizes of the test statistics Fag qq and Fy gq
against the heritability h?® at a significant level 0.05 for a given
power 0.80, when ¢1=0.20, P4=Ps=0.80, D4s=0.0, Dsq=0.03,
D@qs=0.04 for a recessive trait a=1.0 and d=—0.5.



their effects. Due to the simplicity, the method can be
easily performed by routine statistical analysis softwares
such as SAS and Splus.

After studying the merits of the method of using two
markers as proposed in this article, we concluded that this
method is well suited for mapping complex diseases. It
provides higher power than that of using only one marker
approach. The advantages of high resolution mapping have
been explored by many authors by using linkage analysis of
family data or plant/animal data®’~2%). However, there is
not sufficient statistical analysis regarding the high resolu-
tion mapping by linkage disequilibrium mapping method.
Using population data, Zhao et al.'® applied an approach
of linkage disequilibrium mapping based on regression to
map QTL in humans. Abecasis et al.,” Allison et al.,>® Fulker
et al.® Goring and Terwillinger,”” and Sham et al.” have
explored linkage and association studies of quantitative
traits by variance —component procedures allowing a simul-
taneous test of allelic association for family data. One
interesting approach is to combine both family and popula-
tion data, and perform combined linkage analysis and
linkage disequilibrium high resolution mapping.

The power of linkage disequilibrium mapping depends
on the existence of disequilibrium between a trait locus
and a marker. In a population, linkage disequilibrium exists
if mutations at the trait locus occur. In the absence of tight
linkage, the degree of linkage disequilibrium decreases very
rapidly after a few generations due to the recombination
between the trait locus and the markers. Hence, linkage
disequilibrium mapping is appropriate for the analysis of
dense marker maps to do high resolution fine gene
mapping. In practice, one can perform linkage disequili-
brium mapping following prior evidence of linkage.
Linkage analysis is less sensitive to population stratification,
population history, or environmental effects. Moreover,
linkage mapping is appropriate for low resolution mapping
to localise trait loci to broad chromosome regions
(<10 cM). The two methods, linkage mapping and linkage
disequilibrium mapping, are complementary for disease
gene mapping.

Potential problems of linkage disequilibrium mapping
include population stratification, population history, or
environmental effects. It is well understood that for
the same number of individuals, family based linkage
disequilibrium methods are less powerful than the
population based methods. However, utilising family
based linkage disequilibrium approaches may avoid false
positives due to the sources of linkage disequilibrium
such as population admixtures rather than linkage. One
research area is to combine the population and pedigree
data to do linkage disequilibrium mapping, and use the
pedigree data alone to perform linkage mapping (Fulker
et alb).

As in Sham et al.,” we notice that the non-centrality para-
meter is reduced by a factor equal to R%, for additive
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variance, and a factor of R}‘;Q for dominant variance, if we
use only one marker A to perform analysis. Hence, the
power decreases rapidly when the linkage disequilibrium
between the trait locus and the marker is reduced. The
degree of linkage disequilibrium depends heavily on the
map distance between the trait locus and the marker locus,
and most likely maintains high linkage disequilibrium
when the two loci are very close. Hence, the high resolu-
tion mapping method proposed in this article has a good
potential for being used in fine disease gene mapping. As
mentioned in Sham et al.,’ the property of the measure-
ments Rio Rz and Rip needs more investigation, and
their roles in different scenarios should be studied more
thoroughly.
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Appendix A

Suppose that the markers A and B are in Hardy — Weinberg equi-
librium. Then Ex,;=Exp=Ez,;=Ezp=0. We first can show the
following equations

E(x%;,) = Cov(xaj, Xai) = 2PPa, E(xgixa;) = Cov(xpi, Xa;) = 2Dag,
E(zaixai) = Cov(zai, Xai) = 0, E(zpiXai) = Cov(zpi, Xai) = O,
E(x3;) = Cov(Xpi, Xpi) = 2PpPp, E(zaixpi) = Cov(zai, xpi) = 0,
E(zpixgi) = Cov(zpixgi) = 0,E(73;) = Cov(zaj, zai) = P2P3,
E(zpizai) = Cov(zpi, za;) = D3y, E(2%;) = Cov(zgi, zg;) = P2P2.

®)

In the following, we are going to show the first two of the
above equations. The other equations can be shown by similar
calculations. Actually, we have

B(%;) = 4P2P3 + (Pu — Pa)’ 2P, Py + AP} P2 = 2P, Py,

BE(xpiza) = 2P,[2P,P(AA, BB) + (P, — P3)P(AA, Bb) + (—2Pg) P(AA, bb)]
+ (P, — P4)[2P,P(Aa, BB) + (P, — Pg)P(Aa, Bb) + (—2Pg)P(Aa, bb)]

+ (~=2P4)[2P,P(aa, BB) + (P, — Pg)P(aa, Bb) + (—2Pg) P(aa, bb)]
=2P,[2P,P(AB)* + (P, — P)2P(AB)P(Ab) — 2P5P(Ab)*]+

(P, — P4)[2P, - 2P(AB)P(aB) + (P, — Pg)[2P(AB)P(ab) + 2P(Ab) P(aB)]—
2Pg - 2P(Ab) P(ab)] — 2P4[2P, P(aB)* + (P, — Pp)2P(aB)P(ab) — 2P P(ab)’]
= 4P, Py[P,P(AB) — PpP(Ab)] + 2(P, — Pa)[P,[P(AB)P, + P4 P(aB)]

— P[Py P(ab) + P, P(Ab)]] — 4P, P[P, P(aB) — PsP(ab)]

=2Dyp.

When the sample size n is large enough, the large number law
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ZBi  XAiZBi XBiZBi ZAiZBi Zp;

1 Ex g Erp Eza Ezpm

Exy  Exy,  Erpza Eznza Ezpaam
Erp Exgrp  Erl  Ezajzp  Ezpap
Ezy Eraizar FPrgza Ez?41 Ezpizan
Ezpi Erxamzp Erpizp Ezazm B3,
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1 0 0 0 0
0 2P,Py 2Dyp 0 0
= 0 2Dusp 2PPp 0 0 9)
0 0 0 P2p: D%,
0 0 0 D%, PP}

This implies that the coefficients are approximately given by

~ > ", y;/n, and
-1 n
(6!44) 1 [PPsy Dap D i1 TaiYi
ap 2n\ Dap PPy S Tl
n b n -1 n
- Doict 1,241’ > ie1 TATBi Dic1 TAYi
Yo TATB Do 917232 >ie1 TBiYi
R -1 n
o4\ 1 PIPi Dip Dois ZAiYi
op) n\ D%, PP o ZBiYi

-1
n 2 n n
- Dic1Zai Doie1 ZAiZBi Dic1 ZAiYi
~ n n 2 n .
DIl ZAiRB Dl A D1 ZBiYi

If the marker A and marker B are in linkage equilibrium, i.e.,
Dup=0, then > xaixgi/n~0 and >}, zaizgi/n ~ 0. This will
lead to equations in (2).



Appendix B

Notice that we have the following variance-covariance equa-
tions from model (1)

(xair Xai)  (Xpi,Xai) (Zai,Xai)  (Zpi,Xai)\ [ %A (i, Xai)
Cov (Xaisxgi)  (xBi,Xpi) (Zai>Xpi) (ZBi, XBi) % | _ cov (visXsi)
(%ai zai)  (Xpi,2ai)  (Zair 2ai)  (ZBi, Zai) da Vi, Zai)
(Xaiszgi)  (xBi ZBi) (Zai,ZBi) (ZBi, ZBi) op (vi» zBi)

(10)

The elements of the variance-covariance matrix on the left-
hand side of the above equation are given in equations (8).
For the elements on the right-hand side, we can show that

COV()/,‘,XA,‘) = ZDAQO(Q, COV(yi,XBi) = ZDQBO(Q,

S S (11)
Cov(yi, zai) = DAQ(SQ, Cov(y;, zgi) = DQBéQ.

In the following, we are going to show the first one of
the above equations. The rest can be shown in the same way.

Appendix C

Using equations (4), (5), (6) and (9), the non-centrality para-
meter is

) 1 T -1 zye—
AABad %ﬁ(Hﬂ) [H[X"X] IH] lHﬂa

P,Py D, x P:p? D? oy

n aPa Dagp A o1 Dap A

:F[Q(&Asﬂm) +(04,08) sl )]
4 Dap PyPp ) \os D% P!PL) \dB

1
P,Py D D
n wPa Dap 4Q
=52 [20)(Dag, Do)
o Dyp  PyPp Dgs

IRV
oo o, (FiPL Dl Dig
+05(Dag: Dop) ) . ) ],

Diyp B Py Dop

which is equal to that in (7) by wusing equations
05 = 2q1q204 and a3, = 474505
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For the first equation, we have

Cov(yi, Xai) = 11 [2PaP(AQ1)” + 2(Pu — P4)P(AQu)P(aQs) — 2PsP(aQ: )]
+ 12[2Pa - 2P(AQ1)P(AQz) + (Pa — P4)[2P(AQ1)P(aQ2)
+2P(AQ2)P(aQ1) — 2P4 - 2P(aQq1)P(aQ.)]
+ 1192[2PaP(AQ2)* + 2(Py — P4)P(AQ2)P(aQz) — 2PAP(aQ2)?]
= 2011 [PaP(AQ1)q1 — PaP(aQ1)q1] + 2p112[Pa[P(AQ1)q2 + P(AQ2)q1]
— Pa[P(aQz)q1 + P(aQ1)qz]] + 21 [PaP(AQ2)q2 — PaP(aQz)q2)]
= ZDAQIZQ,

Plugging equations (8) and (11) into equation (10), we have

2P,Px 2Dap O 0 s 2D aquq
2D,p 2PPg O 0 ap | 2Dgpuq
0 0 P2P3 D%, oa | = D346
0 0 D%, PP} o D 5dq

Hence, one may get equations (4) and (5).
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