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A deleterious gene achieves a population balance between the opposing forces of selection
and mutation. In this paper we explore the nature of this stochastic balance when the
surrounding normal population is not at equilibrium. Assuming that new mutations occur
according to a Poisson process and thereafter evolve by the rules of a continuous time branch-
ing process, we derive explicit formulas and recurrence relations determining the probability
distribution of the current number of mutant individuals. In fact, we compute expectations for
a variety of interesting random variables for genetic models involving autosomal dominant and
X-linked diseases. We can also handle haplotype information on linked markers. This feature
will be especially helpful in understanding the linkage disequilibrium strategy of positional
cloning in population isolates. In the presence of exponential growth of the normal population,

our formulas reduce to the evaluation of certain Laplace transforms.

1. INTRODUCTION

Population genetics has been both a source of inspira-
tion and a fruitful application area for the theory of
branching processes (Fisher, 1930, 1958; Haldane, 1927).
In the current paper we model the stochastic balance
achieved between selection and mutation for a deleteri-
ous gene. There is a considerable body of previous theory
on branching processes with immigration dealing with
precisely this problem for stationary populations
(Gladstien and Lange, 1978; Haldane, 1939; Lange,
1982; Lange et al, 1981; Lange and Gladstien, 1980;
Skellam, 1949). However, human populations experience
systematic patterns of growth and decline incompatible
with stationarity. At first glance, revising existing branch-
ing process theory to handle nonstationarity appears to
be a hopelessly complicated task. Such pessimism is
misplaced though. Little is lost and much is gained by
making the realistic assumption that new mutations
occur according to a Poisson process (Bartlett, 1960;
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Kaplan et al., 1995; Karlin and Taylor, 1981). This simpli-
fying assumption more than compensates for the complica-
tions of nonstationarity in the surrounding population.
Part of the impetus for our current investigations
derives from the positional cloning strategy for disease
genes. It has dawned on a number of geneticists recently
that population isolates offer unique opportunities to
map disease genes using the method of linkage disequili-
brium (Bodmer, 1986; Héstbacka et al, 1992; Kaplan
et al., 1995; Pritchard et al., 1991; Sirugo et al., 1992;
Uhrhammer et al., 1995). Once a disease locus is roughly
mapped to a given chromosome region, that region can
be saturated with genetic markers. With enough markers
in a small region, each new mutation carries a unique
marker haplotype signature. If the number of different
mutations represented in a population isolate is small,
then recombination events disrupting these haplotype
signatures can be easily visualized by saturation typing of
currently affected people. Because the preserved segment
of each disrupted haplotype signature necessarily contains
the disease locus, it is trivial to construct the smallest
region of overlap for the locus. In effect, the marker
haplotypes of contemporary affecteds preserve a fossil
record of recombination events that may have happened
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generations ago. This ability of linkage disequilibrium
mapping to take advantage of ancient as well as contem-
porary recombination events explains its increased
power relative to ordinary linkage analysis based on
family studies.

With this motivation in mind, we briefly survey in
the next section the genetic models prompting our
theoretical development of single and multitype branch-
ing processes with Poisson streams of mutants. This
descriptive section is followed by sections summarizing
various mathematical facts about Poisson processes and
applying these facts to the calculation of the moments
and the probability distributions of the number of
current mutant individuals. We particularly stress the
interplay between exponential growth of the surrounding
population and Laplace transforms of the underlying
branching process. In this context we construct some
specific numerical examples for both single and multi-
type processes. Our concluding discussion comments
critically on the assumptions and limitations of the model
and suggests some further problems for consideration.

2. GENETIC MODELS

In the current study we consider branching process
models for autosomal dominant and X-linked diseases.
Because gene carriers for such diseases seldom interact,
branching process models are ideal. In contrast, auto-
somal recessive diseases are poor candidates for branching
process models since selection occurs only when two
carriers mate. Every new mutation at an autosomal
dominant or X-linked disease locus creates a clan of
carrier individuals that persists for a random number of
generations. If the mutation is deleterious, then the
associated branching process is subcritical, and the clan
eventually goes extinct. The number and sizes of the
currently existing clans determine the distribution of the
current number of carriers. Given a low mutation rate,
we expect that carriers form a very small fraction of the
overall population.

It is critically important to characterize the stochastic
process governing new mutations. Suppose the mutation
rate at the disease locus is #. At an autosomal locus, each
new birth involves transmission of two copies of existing
genes at the disease locus. Thus, each birth in the popula-
tion to normal parents has an independent chance 27 of
being a new mutation. If the population of normal people
is reasonably large, then standard arguments from elemen-
tary probability theory suggest that these independent
Bernoulli trials trigger a Poisson process (Ross, 1983).
The varying intensity of this process is proportional to
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the varying intensity of births to normal people. Growth
of the normal population is determined by the excess of
births over deaths.

For instance, if we crudely model growth of the normal
population by a continuous time-branching process, then
in a population of size s with death rate y per person,
there are on average sy dt deaths in a small time interval
of length dt. If each death is compensated by b births on
average, then there are on average 2»nbsy dt new mutations
during the given period. Simultaneously, the normal
population grows by the amount (b — 1) sy dt. In other
words, the large normal population experiences deter-
ministic exponential growth at rate A=(b—1) y. If the
normal population has size s, at time 0, then the intensity
measure for the Poisson process of new mutations is
exponential with density 2ibs,ye’ at time ¢.

By definition mutant individuals have lower reproduc-
tive capacity than normal individuals. If we model the
clan emanating from a new mutation by a continuous
time branching process, then we imagine each mutant
person living for an exponential length of time with mean
1/a, where a is the death rate. At the end of his (or her)
life, a mutant produces n offspring with probability ¢,,.
These coefficients are compactly summarized by the
total-progeny generating function Q(s)=>"_,¢,s". To
avoid theoretical subtleties, we assume that Q(s) has all
moments finite. For an autosomal dominant, only half of
the children of a mutant are themselves mutant on average.
If the mutant has N total children, then his total number
of mutant children can be represented as the random
sum Sy=>"_, W,, where W, is an indicator random
variable taking the value 1 when his nth child is mutant.
It is well known that the generating function P(s) of S,
is formed by taking the functional composition of Q(s)
with 1/2+s/2, the generating function of each W,
(Feller, 1968).

EXAMPLE 2.1. Geometric branching process. The geo-
metric generating function Q(s)= p/(1 — ¢s) permits an
unlimited number of progeny. Here O0<p<1 and
q=1— p. Because the group of fractional linear trans-
formations is closed under functional composition, the
mutant progeny generating function

I
P(s):Q<2+;>

o[ 1-elze3)]

p*
C1—g*s

is geometric with p* =2p/(2 —q) and ¢* = ¢/(2 — q).
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ExAMPLE 2.2. Birth—death process. For another exam-
ple, consider a birth—death process with birth rate f and
death rate J. At a birth, a mutant dies and splits into two
children, each of which is independently assigned the
status of normal or mutant with probability 1. At a
death, a mutant dies and leaves behind no children. This
simple model generates a continuous time branching
process with overall death rate o = + f, total-progeny
generating function Q(s)=06/(6 +B)+ (B/(6+ B)) 52,
and mutant-progeny generating function

P(s)=

IS\ O+pA B2 BA
Q<2+2>_ o+ Toxp Towpt

If we ignore those births that exactly replace the mutant
parent with one mutant and one nonmutant child, then
the resulting stochastic process is an ordinary birth-death
process with birth rate f* = /4, death rate 6* =0 + /4,
and overall death rate a* =6 + 1 B.

With an X-linked gene, we are forced to consider a
two-type branching process (Gladstien and Lange, 1978;
Lange, 1982; Lange and Gladstien, 1980). Now affected
males and carrier females must be separately tracked. If
we make the simplifying assumptions that males and
females are equally common and experience equally
frequent mutation, then the intensity measure for new
mutations to affected males is 1 that of the autosomal
dominant case. Indeed, there are only half as many males
as total people, and males possess one rather than two X
chromosomes. The intensity measure for new mutations
to carrier females is 1 that of the autosomal dominant
case. As we note more generally in the next section, the
Poisson stream of new mutant males is independent of
the Poisson stream of new mutant females.

We also must worry about different death rates and
different mutant-progeny generating functions for
affected males (type 1 particles) and carrier females (type
2 particles). The potentially different generation times for
affected males and carrier females can be accommodated
by taking unequal death rates o, and «,. Of course,
within the confines of the continuous branching process
models, all lifetimes are exponentially distributed. This
Markovian assumption is certainly no less realistic than
the alternative of fixed lifetimes assumed in discrete-time
branching processes.

Different mutant-progeny generating functions are
appropriate because males and females transmit their X’
chromosomes differently. Furthermore, selection against
an X-linked recessive acts only on affected males; it acts
on both sexes for an X-linked dominant. Let Q,(s) be the
total-progeny generating function for affected males. All
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of the daughters and none of the sons of an affected male
will carry the mutant gene. This implies that the mutant-
progeny generating function for the two types of mutant
offspring of an affected male is P,(s,, 5,) = Q1(3 +5,/2).
If O,(s) is the total-progeny generating function for
carrier females, then similar reasoning shows that
Py(sy,5,) =051 +s5,/4+s,/4) is the mutant-progeny
generating function for the two types of mutant offspring
of a carrier female. In deriving these two expressions for
P,(s,,s,) and P,(s,, s,), we use the multivariate version
of the functional composition rule mentioned earlier for
autosomal dominants.

Finally, let us return to the autosomal dominant case
and consider the effect of a linked marker locus. If
there are k alleles at the marker locus with population
proportions ry, ..., I, then any chromosome carrying a
mutant gene at the disease locus can be labeled by the
cosegregating marker allele at the marker locus. In par-
ticular, new mutations can be subdivided by allele type at
the marker locus. Just as with labeling by sex, this gives
rise to k independent Poisson mutation processes with
intensities scaled by the factors ry, ..., r,, respectively.

In this setting, the same death rate a and the same
total-progeny generating function Q(s) are assigned
to all affected types. However, we must exercise care
in deriving the mutant-progeny generating function
P,(s,,..,s,) of a type i parent because the parent’s
second homologous chromosome comes into play. Once
we condition on the marker type of his or her homo-
logous chromosome, then we must decide for each of his
children whether the disease allele is passed at the disease
locus, and if so, whether recombination occurs between
the disease and marker loci. If the recombination fraction
between the two loci is 6, then these considerations imply
that

1 s,
Pi(Sys 0 5)=1;0 <2+2>

+T 10 (545 L0-054051). (1)

JE
This is not the same as the erroneous formula

Pi(sl,...,sk):Q<;+;{(I—H—i-Hr,-) s;4+0) rjs,}>,

J#Ei

which would apply if a new homologous chromo-
some were chosen for the parent at the birth of each
child. If 6 is small, then these two expressions are nearly
equal. Even for 0 large, they give identical means
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5(1—=0+0r,) Q'(1) and 50r;Q'(1) for the number of type
i and type j # i mutant offspring, respectively.

3. BACKGROUND MATERIAL ON
POISSON PROCESSES

At this juncture it is prudent to summarize some key
facts about abstract Poisson processes (Kingman, 1983).
Recall that a Poisson process defines a random set of
points on some measurable space 2 equipped with a
o-finite measure . If the random set is denoted by /7 and
A is a measurable subset of 2, then the counting variable

N,=#{IInA4}

is either always finite or always countably infinite. If
u(A) < oo, then N, is finite and follows a Poisson
distribution with mean u(A). If u(4)= oo, then N, is
infinite. To complete the definition of a Poisson process,
we assume that u possesses no atoms and that any finite
collection {A4,, .., A} of disjoint measurable sets of Q
generates a collection {N,, .., N,} of independent
counting variables.

We will repeatedly use a general version of Campbell’s
theorem (Kingman, 1983). This result deals with random
sums of the sort

S= ) J(X), (2)

Xell

where the real-valued function f: Q — R is measurable
and X is a generic point of /1. Campbell’s theorem says
that the random sum (2) defining S converges absolutely
with probability 1 if and only if

L min{ | f(x)], 1} du(x) < oo. (3)

If this condition holds, then

E(¢”) =exp { [ remi—1g du(x)} ()

is valid for any complex number 6 for which the integral
on the right converges. If 6 is imaginary, then we have a
representation of the characteristic function of S. Taking
logarithms provides the cumulant generating function. In
particular,
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E(S)= | f(x) du(x)

Var(S) = jg £(x)? du(x),

whenever the indicated integrals converge. If f(x) is non-
negative and integer valued, then formula (4) meta-
morphoses into the generating function identity

E(uS) = exp {j [/ 1] d,u(x)}

forue[0,1].

More generally if /1, ..., f,, are n such functions satisfy-
ing condition (3), then the random sums S, =3y ;; f:(X)
converge absolutely and have joint characteristic function

E(eZi%51) = exp {LZ [eZi0ifitx) ] d,u(x)}

for all 6, imaginary. If in addition the f; satisfy the condi-
tions | f;(x)* du(x) < co, then the covariances between
the sums reduce to

Cov(S,. $)= | i) fj(x) du(x).

Finally, if all f; are nonnegative and integer valued, then
we have the joint generating function

(1) om0 s},

Another feature of Poisson processes that we will
exploit is called marking (Kingman, 1993). The most
primitive version of marking is known as coloring.
Suppose we independently choose a color for each
random point. Then it is well known that the random
points of a fixed color form a Poisson process (Kingman,
1993). Furthermore, the Poisson processes generated
for different colors are independent. Subdividing new
mutants by sex or linked marker alleles are specific
examples of coloring. In marking, we generalize this
construction by supposing that there is a second
measurable space I of marks for each point xe Q. In
contrast to coloring, marking can ascribe subtle quan-
titative differences to different random points. For each
random point X' =xe I, a mark y e " is independently
chosen by sampling from a distribution p(x, -) on I". If
the distributions p(x, -) are compatible in the sense that
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x — p(x, B) is measurable for each measurable B< T,
then we get a Poisson process on the product space Q x I”
with intensity measure

(O=[| e dy) dutx)

This result, known as the marking theorem (Kingman,
1993), will allow us to compute via Campbell’s theorem
certain branching process moments and probabilities
with surprising ease.

4. APPLICATIONS TO SINGLE-TYPE
PROCESSES

We are now in a position to apply the Poisson process
theory just sketched to the single-type branching process
generated by mutations at an autosomal dominant locus.
If our primary interest is the current number of mutant
people, then the relevant state space for the Poisson
process of new mutations is the interval Q =(—o0, 0].
Let 1 be the associated intensity measure that captures
the deterministic growth of the surrounding normal
population. When the normal population is growing at
rate A, the intensity measure ¢ has an exponential density
ce”, where the constant ¢ was explicitly calculated for a
continuous time branching process. We mark a new
mutant at time t€Q by the number yel'=7_ =
{0, 1,2, ..} of mutant people in its clan at the present
time 0. The discrete density p(z, y) of y is explicitly
known for a few special cases such as birth—death
processes (Harris, 1989). However, it is worth stressing
that most of the theoretical formulas that follow do
not require detailed premises about how a clan evolves
but only the assumption that different clans evolve
independently.

The marking theorem implies that we get an induced
Poisson process on the product space (—o0,0]xZ
with intensity measure v(¢, y) = p(¢, y) u(t). There are
several functions f: (—o0,0] xZ_ . — R that define via
Eq. (2) genetically interesting sums S on this induced
process. In most cases Campbell’s theorem permits
straightforward derivation of the moments of S.

ExXAMPLE 4.1. Current number of mutant people. 1f
f(t, y)=yp, then S represents the current number of
mutant people. Assuming that a clan has evolved for a
length of time ¢, let

¢(t, 5) i (5)
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be the generating function of the current number of mutant
people in the clan. Also let m, (1) =3, ¥*p(t, y) be the
kth moment of ¢(¢, s). Campbell’s theorem implies that S
converges absolutely whenever,

fo my(—1) du(1) < o

— o0

This sufficient condition is also necessary when SO du(t)
< o0. It is noteworthy that S can even converge for
supercritical clans, provided the rate of growth of the
surrounding normal population exceeds that of m,(z).

Campbell’s theorem gives the generating function and
nth cumulant of S as

— o0

¥ Pris=byst=ew | [ [d-t9)-11dutn |
k=0

i) =["

— o0

m,(—1) du(1).

In particular, if du(t)=ce” dt, then these can be
expressed in terms of the Laplace transforms

as exp[ ¢d(2, s) — ¢/A] and i1, (2).

EXAMPLE 4.2. Number of extant clans. 1If f(t, y)=
l;,-0;, then S is the number of extant clans. The sum S
counts the random number of points on the subset { (¢, y) €
(—00,0]%xZ,:y>0} of the induced Poisson process. It
follows that S has Poisson distribution with mean
[0 [1—¢(—10)] du(t). If du(r) = ce* dt, then the
mean becomes ¢/A—cd(4,0). Note that Pr(S=0) is just
the probability that the mutant gene is currently extinct.

ExampLE 4.3. Distribution of the largest clan. 1ff(t, y)
=1,. s, then S'is the number of clans with more than &
current members. Again S follows a Poisson distribution
whose mean

ES)=[ Y p(—tp)dutr)
D y>k
reduces to the sum of Laplace transforms

¢ ¥ phy=c ¥ [Tepyd ()

y>k y>k



Stochastic Models for Mutant Genes

under exponential growth. To extract the distribution of
the largest clan W=max{Y} over all random points
(T, Y) of the induced Poisson process simply note that

Pr(W <k)=Pr(S=0)=e" "5,

EXAMPLE 4.4. Number of extinct clans. 1f f(t, y) =
1, _o), then § is the number of extinct clans stretching
back into the infinite past. Now S counts the random
number of points on the subset {(#, y)e(—o0,0]x
Z . :y=0}. Clearly, S has a Poisson distribution with
mean [° _ ¢(—t,0) du(t), which reduces to c§(Z,0) in
the case of exponential growth.

ExamPLE 4.5. Number of clans of limited size. Gener-
alizing the last example slightly, we can take f(z, y)=
1, <z - In this situation S is the number of clans with
current size bounded above by k. Once again S follows a
Poisson distribution. Its mean

BS)=] X pl—t ) dutr)

% y<k

becomes E(S) =c¢ Y, . A(4, y) under exponential growth.

5. LAPLACE TRANSFORMS FOR
SINGLE-TYPE PROCESSES

Putting the theory of the last section into practice
depends on our ability to evaluate the required Laplace
transforms (6), (7), and (8). For continuous time branch-
ing processes, we can make considerable headway. Recall
that o is the lifetime intensity of a mutant person and that
P(s) is the generating function for his mutant progeny.
Our point of departure is the partial differential equation

0

d
= (1, S)Z&W’ s) u(s) 9)

derived in standard references such as (Harris, 1989;
Karlin and Taylor, 1975), where u(s) = o[ P(s) —s]. If we
take Laplace transforms of (9), then integration by parts
reduces the transform of the left-hand side to

j@ e~ L gt sy di= e (e, )| + 4 jm e~ H(1, ) di
0 ot 0

_ _s+/1roe*“¢(t,s)dz.
0
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If i, (A)=[g e *(0/0s) (1, 1) dt < oo, then it is valid to
simplify the transform of the right-hand side of (9) by
interchanging partial differentiation and integration. In
summary, if we adopt the abbreviation g(s)=¢(2, 5),
then transforming (9) yields the ordinary differential

equation

—s5+48(s) = g'(s) u(s), (10)

which can be supplemented by the initial condition
g(1)=1/4, owing to the identity ¢(¢, 1) =1 for all £ > 0.

For a subcritical branching process, it is possible to
write the solution of (10) as

8(s) = g(0) ) 4 - e*;m J emoaran
where
sl
h(s)zjomd
el In(1—s)
- o[um ) e o 12

Straightforward differentiation proves that g(s) defined
by Egs. (11) and (12) satisfies the ordinary differential
equation (10). The constant g(0) is determined by the
requirement that lim, _ , g(s) = 1/4. This can only occur
if the first and third terms of Eq. (11) cancel in the limit.
Therefore,

1
2(0)=~ L e~ dy.,

Note that the integral (12) defining A(s) converges,
provided u(s) avoids the value 0 on [0, 1). The point
s=11s a singularity for /(s), but the second representa-
tion of A(s) in (12) and the fact that u'(1)<0 for a
subcritical process show that the integral defining g(0) is
well behaved for 4> 0.

The function g(s) has a power series expansion
> o g&.8" whose coefficients are the Laplace transforms
g,= p(4, n). Although it is usually impossible to evaluate
the g, explicitly, one can easily compute them recur-
sively, based on Eq. (10). If u(s)=>2_,u,s", then
equating coefficients of s” in (10) yields

n+1

_l{nzl} +;“gn= Z kgkunflc#»la
k=1
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which in turn produces the recurrence relation

1

8n = <_1 n= +/1gn_ kg'unf >
+1 (n—l—l)uo { 1} kgl k k+1
(13)

Given g,=g(0) and enough patience, one now can
compute an arbitrary number of the coefficients g,,.

Once we are in possession of the coefficients g, of
g(s) = ¢(4, 5), we can compute the coefficients of

Vis)=

n

UnSn :ecg(.s')fc/i’ (14)
0

I 18

which we identified in Example 4.1 as the generating
function of the current number of mutant people under a
regime of exponential growth at rate 4. Differentiating
(14) gives V'(s)=cg'(s) V(s) and ultimately the recur-
rence relation

n—1

==Y (n—k) g, v, (15)

niZo

after equating coefficients of s” ' (Pourhamadi, 1984).
The initial condition v, = e“"~“* primes the recurrence
pump.

As indicated in Example 4.1, the kth cumulant of the
current number of mutant people equals ¢, (4) under
exponential growth at rate A. To find 71, (1) in terms of
the derivatives of g(s) at s =1, let

k

Ye=y(y—=1---(y—k+1)

denote a falling factorial power. Corresponding to the
kth moment m,(z), we have the kth factorial moment
m(1)=%7_, y*p(t, y), which coincides with (0*/0s")
#(t, 1) and has Laplace transform g(1). It is a well-
known combinatorial fact that y“=3"%_, {4} »/, where
the constants { %} are Stirling numbers of the second kind
(Blom et al., 1994). This relation persists after forming
moments and then taking their Laplace transforms.
Hence
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For instance,

iy (2) =g'"(1)

in(2) =g(1) + g'"(1) (18)
ris(2) =g (1) +3g2(1) + g'V(1)

rig(2) =g (1) +6g(1) +7g2(1) + g (1)

Thus, the problem of computing the cumulants of the
current number of mutant people reduces to the problem
of computing the derivatives g*)(1). Consider again
Eq. (10) characterizing g(s). According to Liebnitz’s rule,
evaluating the kth derivative of (10) at s = 1 produces

By virtue of the fact u(1) =0, this equation gives the
initial value

1

=7

(19)

and the recurrence

1 k2<k.> g(-"“)(l)u“""")(l)

gX(1) = k(1) Z j
(20)

Jj=0

for kK > 1. Combining Eq. (17), the initial value (19), and
the recurrence (20) yields, for example,

1

A= T

A—=2uV(1) +u?(1)
[2—2uD(1)][A—u ()]

1iy(4) =

EXAMPLE 5.1. Geometric branching processes revisited.
For the geometric branching process discussed in
Example 2.1,

_ [ r* }_a(p*—q*S)(l—S)
u(s)=o —s5| = .

1 —g*s 1 —g*s
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When p* > ¢*, this choice yields

s 1 s ]
o Jo p*—qg*r o Jo 1—r
Cil*lnp*;*qﬁ_ﬁl
og P o

for constants ¢, = —(¢*)*/(p*
(p* —q*). It follows that

n(l—s)

q*) and ¢, =p*/

1 —/Jl(r)
IJ ds
* c1A/(ag™)
AL
o0 *\k .1
1 Z 61)/[0“] ]) <_Z*> JO Sk(l_s)(cz/l/oc) ds
Y k=0
1 i (e A/[ag*])* <_Q*>k 21)
~ (o Afa) +k+ 1)1\ p* )7

The coefficients u, =a[ p*(¢*)" —1,,_,,] determine the
remaining g, through the recurrence (13). Finally, the

derivatives
q*\"

recursively determine the derivatives g")(1) and
ultimately the #2,(4). ||

EXAMPLE 5.2. Birth—death processes revisited. For
the birth—death process discussed in Example 2.2, we find
in the subcritical case 0* > f* that

u(s) =0% — (6* + f*) s + p*s*
=(s—=1)(p*s—0%)
hs)=[ — dr
J u(r)
1

)

To compute g, from its defining integral, we make the
change of variables r = (1 —s)/(1 — (f*/0*) s); this gives

125
_Lpt —2h(s) e
go—zjo e ds

1 l—s  \H@ =5
=71, (1 (0" s> ds

_ O R%k/Sk A1 * -2
:ﬂj rﬂ~/<(5*—ﬁ*><1§*r> dr
0

2
_l_ﬁ*/é* )/(()* %) <ﬂ* >n
-—= L 2 (n+1) dr
1 pror & n+1

P\
i n; n+1+41/(5%— B*) <5*> - (23

The recurrence (13) for the remaining coefficients g,
becomes

1
gn+l:m{_1{n:1}
+[/1+n(5*+ﬁ*)] gn_(n_l)ﬂ*gnfl}a

and the recurrence (20) has the explicit solution

J
1) - B ﬁ <2>
J Ly k(ox—p) b —1)(6* — p*)’

(24)

ExaMPLE 5.3. Polynomial branching processes. If the
progeny-generating function Q(s) is a polynomial of
degree n > 1, then so are the mutant-progeny generating
function P(s)=Q(3+s/2) and the function u(s)=
af P(s)—s]. For cubic polynomials, the leading coef-
ficient u5 of u(s) is positive, and u(s) has a negative root
r_ and an additional positive root r, >1 whenever
w'(1)<0. If P(s)=py+ pis+ p,s*+ pss°, then u(s)=
a(s — 1)[ p3s® + (p3+ p2) s— pol, and these two extra
roots are

| (1B e (1) 1o 2

The partial fraction decomposition (Feller, 1968)

1 1 1 1
+

W) w(s—1)  w(r
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leads to the representations

_In(l—s) In(1—s/r ) In(l—s/r_)
=0 T wr) W)

_1 : — A (1)
go=7] (1-9)

s —Au'(ry) s —Au'(r-)
x{1—— l—— ds.
[ r_

For higher order polynomials, one cannot rule out
complex roots. If these occur, then they occur as complex
conjugate pairs. Hence, if all roots of u(s) are distinct,

— A/u' (w)
N
w

where v ranges over all real roots (1 included) and w over
all complex roots in the upper half plane. Although the
integral (25) appears analytically intractable, it should
yield readily to standard quadrature methods. In harder
examples, even /(s) must be evaluated numerically.

2

ds,

1

(-5

go=7
w

(25)

6. APPLICATIONS TO MULTITYPE
PROCESSES

In a multitype process, marking of new mutants is
more complicated and involves specifying both the type
of a mutant and the current number of mutant people of
each type in the clan descending from the mutant. We
will use the notation ( j, y) = (j, ¥y, ., Vi) to indicate a new
mutant of type j with y; current descendants of type i.
Each mark (j, y) is an element of the Cartesian product

k times

I'=7Z,x2Z,x---x2Z,,
where Z,={1,..,k}. A new mutant at time ¢ has
probability r; p;( —1, y) of possessing mark (j, y). Here r;
is the probability that the new mutant is assigned type J,
and p;(—¢,y) is the conditional probability that such a
mutant eventually generates the current clan counts y.

The marking theorem says that the Poisson process
of new mutations on Q= (—o0, 0] induces a Poisson
process on the product space Q x[I” with intensity
measure

v(t, jyy)=r;p,(—1,y) u(t).
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Again there are many functions f: @ x I'— R defining
genetically interesting sums S through Eq. (2). To
facilitate our exposition in the following examples, we
will continue to indicate vectors in bold and employ the

product of powers notation s¥ = ]_[;‘:1 s

EXAMPLE 6.1. Number of mutant people of type j. 1f
Ji(t,i,y)=y,, then S, represents the current number of
mutant people of type j. Assuming a type i clan has
evolved for a length of time ¢, let

¢i(ta S):Zpi(la y)sy

Yy

be the joint generating function of its current vector of
mutant types. Also let m,,(¢) =3, y"p.(t, y) be amoment
of order n=(n,, .., n;) of p;(t,y). Campbell’s theorem
gives the joint generating function and nth cumulant of
S=(S,, .., S;)as

Y. Pr(S=y)s’

e { T [ L9 11 dun)

i—1 — w0

e (—1) du(1)

Mize,(—1) du(1)

%
Var(s)) = iz r,fo
]

COV(S_/‘a S{,): miej+e/(_t) dﬂ(l),

where the vectors e; and e, have all entries 0 except
for a 1 in position j and 7, respectively. If #1,,(4) =
(¢ e *m,,(1) dt, then under exponential growth these
cumulants become

k
E(Sj):c Z ”inA’liej()V)
i=1
k
Var(S)=c Y Fiiyae(2) (26)
i=1
k
CoV(S), S,)=¢ 3 1 o)
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EXAMPLE 6.2. New mutations after time t,. 1ff,(t,1,y)

=1y,>;),> then the sum S, counts the number of type

Jj people originating from new mutations after time ¢, < 0.
The expectation

Zfrm (—1) du(r)

i=1"10

can be simplified by defining the row vectors and matrix

S=(S19"'3Sk)a r=(r1,...,rk), M( )=( 1ej[l])

Under exponential growth we then have
PN A
E(S):cf rM(1) e dt. (27)
0

This integral will explicitly calculated in the next section.

EXAMPLE 6.3. Number of recombinant mutants. In
the model of a mutant gene and linked marker, let
fi(t i, y) =1y, 4y, Then 35_, S, counts the number of
mutant people whose mutant chromosomes show recom-
bination between the disease and marker loci relative to
the original mutant chromosome of their clan. This sum

has mean and variance
Y Y [

k
E<Z s,>
Jj=1 Jj=1i#j i

ar<j§15j>=i )IEEDY ”iJO Mg e —

j=1 =1 i¢{j ¢} —®

o (—1) du(1)
1) du(t).

Under exponential growth these simplify to

E<§ Sj>=c /Z Y Fitite ()
j=1 =1 i#j (28)

Var<i S/>:C z z z rfmiej+e/()“)‘

=1 J=1 ¢=1 i¢{j ¢}

EXAMPLE 6.4. Number of extant clans. 1f f(t, j, y) =
liy .o}, then S counts the number of extant clans. In
view of the marking theorem, S has a Poisson distribu-
tion with mean

1= 3 =00 duto

J=1
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If du(t)=ce”dt, then the mean reduces to the value
¢/A—c 2,71 ,¢ (4, 0). Again Pr(S=0) is just probabil-
ity that the mutant gene is currently extinct.

EXAMPLE 6.5. Number of extinct clans. 1f f(¢, j,y)
=1,,_¢), then S counts the number of extinct
clans. Now S has a Poisson distribution with
mean i°. /;1 ¢,(—1,0)du(t), which becomes
c j_ . jgb (4, 0) in the case of exponential growth.

7. LAPLACE TRANSFORMS FOR
MULTITYPE PROCESSES

From our commentary on the above examples, it is
clear that making further progress depends on our ability
to compute the Laplace transforms of the generating
functions ¢,(¢, s) and the moments m,,(¢). Although the
generating functions are fairly intractable, we will start
with them in investigating the lower order moments. The
multivariate analog of the partial differential Eq. (9) is
now the system of partial differential equations

k

0
S di(ts)=)

o
ot == ¢:(1,8) uy(s), (29)

os

j=1"2J

where u,(s) = a,[ P;(s) —s;] incorporates a unique death
rate a; and a unique mutant-progeny generating function
P(s) for a type j mutant (Athreya and Ney, 1972; Karlin
and Taylor, 1975). Taking Laplace transforms of (29)
produces the system of ordinary differential equations

¢:(2,s)uy(s),  (30)

RARIUSES P

HM»

which we can differentiate with respect to the entries of s
and evaluate at the point s = 1. This procedure will yield
algebraic equations for the Laplace transforms of the
moments.

For instance, abbreviating $:(4,s) as g,(s) and
differentiating (30) with respect to s, gives

, 0
l ST +Aa/ gi(s)
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Because all u;(1)=0, this last system of equations
reduces at s=1 to

0 k9
Ny g =Y =
{l—/’;+ gl( ) Z Ds

0s, j=195;

0
gi(l)guj(l)' (31)

Further simplification can be achieved by introducing
the vector-valued functions

gi(s) uy(s) P(s)
gs)= : |, us)={ : |, Ps)=|
gi(s) u(s) P(s)

and their differentials

0 0

aT]gl(S) - gkgl(S)
dg(s) = : :

0 0

aT“,gk(S) @g’((s)

and so forth. Note that dg(1) conveniently collects the
Laplace transforms n”a[e/(/l)z(a/asj) g;(1) into a kxk
matrix. In addition to these matrices, let 7, be the k x k
identity matrix.

We are now in a position to rewrite the system of
Egs. (31) in matrix notation as

—1I,+ 1 dg(1)=dg(1) du(1)
and solve it in the form
dg(1)=[AI, —du(1)] . (32)

Inverting this Laplace transform gives the usual matrix
exponential representation e’ of the first moment
matrix M(t)= (ml.ej[t]) (Athreya and Ney, 1972). If all
death rates o;,=a, then the solution (32) can be
reexpressed as

dg(1)=[(A+a) I, —adP(1)] L. (33)

Equation (32) suggests that the spectral radius of dP(1)
should be less than 1+ A/a. This is indeed a sufficient
condition for the existence of dg(1) (Yosida, 1980).

With the explicit value M(t) =™ in hand, we can
now compute the promised integral (27); Indeed,
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T ey, —
E(S)=c re e~ dt

0
1o

:cf re!ldn() =21 gy
0

= cre T — AT qu(1) — AL, ] Y 5

—er{I, — e @ON T —du(1)] 7 (34)

To find the Laplace transforms of the second moments
of the underlying continuous time branching process,
first observe that

62
&i
R 0s;0s,
miej+e/(i): 82] !

(1), J#EL

Hence, it suffices to compute the second differential

0? 0?
S g
d’g,(s)= : :
0* 02
askaslgi(s) o a}%gl(s)

at s=1. We attack this problem by taking second
derivatives in Eq. (30). In view of the fact u;(1) =0, we
find that

82
0s , 0s, "
02 0

(1 .

0s, 0s; &l )6s,, Y
0? 0

(1) —u;

asn aS/ gl( )as/ u]

82
A )
Os, 0s, &i

N G
M=% |5 &b (1)

+

(1)

+ (1) ].

In terms of second differentials, this equation can be
rephrased as

k

0
Ad’g;(1)=} 25 &) d?u;(1) + d’g;(1) du(1)

j=1

+[d%g,(1) du(1)]", (35)

where the superscript ¢ denotes matrix transpose.
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To solve Eq. (35), we will need the Kronecker product

ayB -+ ayuB
AQB= :
agB - ayB

of two k x k matrices 4 and B and the vec operator that
takes the columns of 4 =(a, ---a,) and stacks them one
atop another in the form
a;
vec(d)=| :

a;

If we apply the easily demonstrated identities (Magnus
and Neudecker, 1988),

vec(AB)=(B'®1,) vec(4) = (I, ® A) vec(B),
and the symmetry of d?g;(1), then Eq. (35) can be

rewritten as

k
hvee[dgi(1)]= ¥, 5o (1) vee[duy(1)]

+[du(1)' ® 1] vec[d’g,(1)]
+[ 1, ®du(1)] vec[d’g,(1)]

and solved as
vec[d’g,(1)] = {iL,>—[du(1) ® I, ] —[1;, @du(1)']} ~'

koo
x ; 2 (1) vee[du,(1)]. (36)

If all death rates a; = a, then this reduces to

vee[d?g,(1)] = { (4 +2a) . —a[dP(1)' ® I, ]
—a[l, ®dP(1)]} !

ko9
x ¥ o- gl veeldw (D] (37)

By analogy to the case of first moments, this revised
solution suggests that the spectral radius of dP(1) should
be less than 1 4+ 4/2«. Again this is a sufficient condition
for the existence of each d?g,(1) (Yosida, 1980).

If the matrix du(1) can be diagonalized, then the
solutions (32), (34), and (36) can be simplified. Thus, if
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du(1)=TDT~' for some diagonal matrix D and
invertible matrix 7, then Egs. (32) and (34) involve

[Al,—du(l)]"'=T[Al,—D]"' T

etn[i[k—du(l )1 — Teto(ilk—D)T— 1-

We also have

T'® T —[du(1)' ® I, ] — [, ® du(1)']}
X(Tt)fl (Tz)fl
=, I, —D®I,—1I, xD.

It follows that the matrix inverse appearing in Eq. (36)
can be written as

{M>—[du(1)'® [,]— [, ®du(1)']} !
=(T)"'®(T") " {M®L—DR®L,—I,®D} "
xT'®T" (38)
Note that the matrix A, ®[,—D®I,—1, ®D is
diagonal and therefore trivially invertible.

EXAMPLE 7.1. Autosomal dominant with linked marker.
Consider the model of an autosomal dominant with a
linked marker discussed at the end of Section 2. If we let

r s
R= E 9
ry Ty
then
dP(l)zQél)[(l—ﬁ)Ik+HR]. (39)

The matrix R has k—1 eigenvectors e;— (r;/r)) e,
i=1, .., k—1, corresponding to the eigenvalue 0 and a
single eigenvector 1 corresponding to the eigenvalue 1. If
we concatenate these eigenvectors into a square matrix

1 0 0 1
0 1 0 1
T= : ,
0 0 1 1
_hoo _le 1
T'i I Tk



then
R=Te,e, T
0 0
=T : STt (40)
0 1
with
l—r ) T — Tk
—ry l—r, —Tp_, =Ty
T '= : :
—r, —7ry l—re_y —rp
ry ra Fi—1 Fr

The diagonalization (40) extends to the diagonalization

du(1)=a[dP(1) —I,]
a{QTU
2

[(1—0) I,A—HR]—I,(}

—ar {241

nl—ma+ﬂ%%]—u}T%

8. NUMERICAL EXAMPLES

To illustrate numerically the theory developed above,
let us consider the Finnish population as described by
Hastbacka et al. (1992). The current population of
Finland is about 5 million people, and its history extends
about 2000 years. If we postulate an initial population of
1000 people, then under exponential growth we have
103¢2°9%* = 5 x 109, yielding a growth rate of 4 = 0.004259
per year. Adopting 25 years as the average reproductive
age implies a death rate of y = 55 in the simple branching
process model discussed in Section 2 for the normal
population. Because every death is compensated by b
births, A=(b—1)y, and b =1.1065. Assuming an equal
sex ratio, we infer that normal people have on average
2b =2.2129 children. Finally, if we follow an autosomal
dominant disease with a mutation rate of # =10 ° per
birth per chromosome, then new mutations occur at
time 7 with exponential intensity ce* = 2#b5 x 10%ye* =
0.442660'004259t.

Let us now set the fitness of mutant individuals at 0.75,
and compare the birth-death and geometric branching
process models. In both models mutant individuals
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average 2bf =1.6597 children. Since only half of these
children are mutant, both branching processes are sub-
critical. For the sake of simplicity, we assume the same
death rate s for mutant and normal people in each

model. Under a birth—-death model, we then have

1
(5+ﬁ=g

2
——=1.6597.
I+p

Solving for f and ¢ gives f* = f/4=0.0083 and o* =
0+ B/4=0.0151 in the notation of Example 2.2. It is
natural to equate the mean number of children ¢/p under
the geometric model to the mean number of children
2B/(6 + f) under the birth-death model. This yields
p*=2p/(2 —q)=0.5465 in the notation of Example 2.1.
Some of the most important features of the birth—death
and geometric models for the Finnish population are set
forth in Figs. 1 and 2 and Table 1. Before interpreting the
information conveyed by these sources, let us pause to
summarize our methods of calculation. A key quantity is
the generating function ¢(¢, s) displayed in Eq. (5) for
the number of people in a mutant clan that has evolved
for a length of time 7. The Laplace transform of this
generating function we have denoted variously as

Equation (14) defines the generating function V(s) of
the number of current mutants. The coefficients of

Probability
0.03 0.04
| |

0.02
1

0.01
I

T T T T i T
0 20 40 60 80 100
Number of mutants

FIG. 1. Distribution of current mutants for a birth—death model.
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0.

Probability
01 0.02
|

1

0.

0.0

T T T
0 20 40 60 80 100
Number of mutants

FIG. 2. Distribution of current mutants for a geometric model.

V(s), which Figs. 1 and 2 plot, are determined by the
recurrence (15) from the coefficients g,,. The g, are deter-
mined by the recurrence (13) from g, and the coefficients
of u(s)=>,_,u,s"=a[ P(s)—s], where P(s) is the
generating function of the number of mutant progeny of
a mutant. Finally, g, is given by the infinite series (21) for
a geometric process and by the infinite series (23) for a
birth—death process.

The jth cumulant x; of the number of current mutants
can be expressed as the Laplace transform cr;(4) =
X on’p(A, n). The transform 1 (4) can in turn be
expressed in terms of the first j derivatives of g(s) via
Eq. (17), particular cases of which are highlighted in
Eq. (18). Explicit formulas for the derivatives g“/)(1)
appear in Eq. (24) for a birth-death process. For a
geometric process one can substitute in Egs. (19) and
(20) the derivatives of u(s) defined by Eq. (22).

Formulas for the mean number of extant and extinct
clans are given in Table 1 in accord with the discussions
in Examples 4.2 and 4.4. Finally, from Example 4.3, it is

TABLE 1

Moments for Univariate Branching Processes

Description Symbolic form Birth-death  Geometric

Mutant mean Ky 40.00 40.00
Mutant variance Ky 77.20 163.31

Mutant Skewness 13 /(/K5)3 0.3341 0.6987

Mutant kurtosis K4fKc3—3 0.1658 0.7846
Mean extant clans c/A—cg, 28.55 22.02
Mean extinct clans cgo 75.38 81.91
Largest clan mean E(W) 4.16 7.94
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clear that the mean size E( W) of the largest clan can be
evaluated numerically by truncating the series

e}

= i [1—Pr(W<k)]
— i (1 _e*CZ/Kkgn)'

Turning now to the figures and table, it is obvious that
the mean number of current mutants only partially
captures the information available. Not only does the
geometric model show larger variance, skewness, and
kurtosis than the birth—death model for the number of
current mutants, but it also entails on average fewer
extant mutant clans and a bigger largest clan. The greater
variance of the geometric progeny distribution evidently
causes more variation in clan size and a smaller clan
survival rate. In compensation for a smaller survival rate,
the geometric model favors the formation of a few large
clans. Last of all, a glance at Figs. 1 and 2 suggests
that assuming an approximately normal distribution for
the number of current mutants would be a poor idea,
particularly for the geometric model.

Multitype branching processes can be generated
from the above single-type processes by following the
cosegregation of a linked marker gene. Consider a
marker locus having a recombination fraction §=0.01
with the disease locus and having two alleles labelled 1
and 2 with population frequencies r, = 0.75 and r, = 0.25.
If O(s) denotes the total progeny-generating function
of a mutant, then the two-type branching process ema-
nating from a new mutation is governed by the vector-
generating function P(s) = [ P,(sy,5,), P>(s1,55)]"
defined by Eq. (1). The differential dP(1) given in
Eq. (39) plays a key role in computing the moments of
the count vector S =(S,, S,)’ for the current numbers of
the two mutant types. The mean Q’(1) appearing in this
formula equals 2f/(d + ) for a birth—death process and
q/p for a geometric process.

Equation (26) provides the lower order moments of S
in terms of the Laplace transforms 77,,(/4) of the moments
m(1) =2, ¥"p,(t,y) of the numbers of mutants of
various types emanating from a new mutation of type i.
The matrix (rﬁief[/l]) is calculated in Eq. (33). In Eq. (37)
the matrix '

d’g;(1) = (. . [ 2]) — diag(it, [ 2])
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is calculated, where diag(w) denotes the diagonal matrix
constructed from a vector w. Alternatively, one can call
on Eq. (38) after diagonalizing du(1).

These formulas yield the same means E(S) = (30, 10)*
under both models. Not surprisingly, the variances and
covariances differ considerably. For the geometric model

12121 12
Var(S) =< / >

1.27 39.56

and for the birth—death model,

57.50 0.38
Var(s) _< 0.38 18.90>'

These results reinforce the fact that the geometric
model shows greater variation. The small covariances
Cov(S,, S,) suggest that most clans die out before there
is much recombination between the disease and marker
loci. This contention is born out by the small expected
number of recombinant mutants—0.4369 under both
models—calculated from formula (28).

9. DISCUSSION

The enormous classic literature on branching processes
summarized in books such as (Asmussen and Hering,
1983; Athreya and Ney, 1972; Harris, 1989; Jagers, 1975;
Karlin and Taylor, 1975) barely touches on the non-
stationary genetic models discussed here. Mathematicians
who have considered branching processes with immigra-
tion have focused almost exclusively on the stationary
case (Heathcote, 1975; Quine, 1970). Although the
Russian school of probabilists constitutes a notable
exception to this rule (Rahimov, 1995), its research deals
with asymptotic theory and neglects the fruitful inter-
action between Poisson processes and branching processes.
This interaction permits detailed calculation of moments
and probabilities through the application of Campbell’s
theorem. More relevant to our interests is the work of
Bartlett (1960) on nonstationary Poisson immigration in
birth and death processes. His embryonic theory is taken
up by Karlin and Taylor (1981), who derive formulas for
the generating function and mean of the number of
current mutant particles in a single-type branching
process. Their formulas incorporate immigration only
over a finite period of time in the same spirit as our
Example 6.2.

Branching process theory can be erected in either dis-
crete or continuous time. We have opted for continuous
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time processes because they fit well with a Poisson stream
of new mutations. In either discrete or continuous time,
branching processes present notoriously difficult analyti-
cal problems. There are very few concrete models that
permit exact calculation of probabilities. For multitype
processes the problems are exacerbated. Needless to say,
we have encountered many of these analytical barriers.
A partial remedy for the absence of closed-form answers
is the development of asymptotic approximations and
appropriate numerical tools. For single-type processes,
we have provided recurrence relations for computing
moments and probabilities. These tools carry over to
moment calculations in the multitype setting but not to
the computation of relevant probabilities.

It is a pleasant fact that none of our applications of
Campbell’s theorem relies on the detailed evolutionary
behavior of the mutant clans. All that is required is that
clans evolve independently. Thus, complicated models
such as age dependent branching processes fall within the
scope of our theory. It is true, however, that carrying the
genetic models to their logical numerical conclusions
requires more structure. Only within the Markovian
context of continuous time branching processes are
numerical calculations straightforward. For the same
reason, we have stressed exponential growth of the
surrounding normal population. This assumption leads
to the interesting and productive connections to Laplace
transforms noted throughout this paper. In models
with more erratic growth patterns among normal people,
we should in theory be concerned about the same fluc-
tuations in growth being echoed among the carriers
of a mutant gene. Surely if plague and famine strike
normal people, then they will strike mutant people as
well.

At a gross level we should ignore these nagging excep-
tions to perfect models. What the current models do is
provide insight, not an exact mimicry of nature. This
insight may well prove useful in guiding the positional
cloning strategy mentioned in the introduction. This is an
active area of research in medical genetics (Héstbacka et
al., 1992; Kaplan et al., 1995). Even fairly simple models
such as the Luria and Delbriick’s model for analyz-
ing bacterial cultures have been applied successfully
(Hastbacka et al., 1992). Branching processes should
shed new light on how to exploit population isolates best
in mapping disease genes. In this regard it obviously
would be beneficial to generalize our model for a disease
locus linked to a single marker to a disease locus linked
to multiple markers. We anticipate undertaking this task
in the near future. In the meantime we hope the current
paper will stimulate other scientists to explore this
fascinating research frontier.
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