Chapter 1.  Completely Randomized Design
1.1 Completely Randomized Design
1.1.1 Examples
The simplest experimental design involving more than one treatment is a completely randomized design, in which the treatments of the experiment are assigned completely at random to the experimental units.  Prior to receiving the treatment, the experimental units are assumed to be homogeneous except for random error.  No blocking of units is considered in a completely randomized design.  If the treatments present in the experiment represent the only treatments of interest, the set of treatments constitute a fixed effect or fixed factor.  If the treatments are a sample of a population of possible treatments, the treatments comprise a random effect or random factor. Consider the following examples of completely randomized designs in which the nature of the selection of treatments generates a random effect. 

Examples of Completely Randomized Design with Random Effect

Lumber

A large lumber company wishes to study the variation in strength of Ponderosa pine that is used in creating beams and posts.  The company receives several shipments of pine every month from a single supplier.  Of particular interest is the difference in strength from shipment to shipment.  Twelve shipments are randomly selected and 30 boards are randomly selected from each of the 12 shipments.  The strength of the 360 boards is measured by a single operator of a single stress-rating machine.  The factor of interest in this design is the shipment received. Because the 12 shipments represent a sample of a large population of possible shipments, this factor is random.

Jury Duty

A psychologist is studying the variation in willingness to serve jury duty across the state of Texas.  She randomly selects 11 of the 254 counties. Fifteen individuals are randomly chosen from each of the 11 counties. Each of the 165 individuals is asked to “Please rate your willingness to serve on a jury using the following scale.”  A scale of 0 to 10 is given. County is a random factor since the 11 counties selected are a sample of the possible 254 counties.

Transgenic Grapefruit

A plant biologist has developed a transgenic grapefruit tree that is expected to increase the amount of sucrose produced by each grapefruit.  Two hundred of the genetically modified trees are planted and cultivated for 8 years.  To determine the variation in sucrose levels among the trees, 25 of the 200 trees are randomly selected.  Five grapefruit are picked from each of the 25 trees.  The sucrose level of each of the 125 grapefruit is measured.  Trees are the random factor of interest since they are a sample of 200 possible trees (or even all other trees that could have been planted).

1.1.2. Model

The model used for a completely randomized design with a single random effect (one-way random-effects model) is
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1.1.3 Example Data Set:
Wool production

A trade embargo is lifted allowing a wool production facility to import wool from a country at reasonable cost.  It is well-known to the facility managers that different herds of sheep produce wool fibers that vary in quality according to genetics, nutrition, and environment, among other factors.  Before examining all these factors for each herd, the managers wish to evaluate the overall variation in quality of wool for herds in that country. Quality of wool can by measured by several tests involving cleanliness, length, and diameter, resulting in a quality score for each sheep. The range of possible scores is from 0 to 15.  To assess the variability in quality scores for the herds, the facility obtains the fleece of 3 sheep from 6 randomly selected herds. The fiber quality score is determined for each of the 18 sheep.  Because the 6 selected herds represent the hundreds of herds that could have been selected, the factor herd is random. Simulated results are found in Table 1.1.

Table 1.1: Three fiber quality scores for each of six herds
Herd

1

2

3

4

5

6

11.06

11.73

10.54

11.15

9.40

10.14

10.50

11.34

10.67

10.41

9.21

10.25

11.20

12.45

10.56

10.70

9.48

10.01

This example is used to illustrate the one-way analysis. The model that we assume is:
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μ + Herd + ε

i = 1 to 6
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Our interest here is to test 
[image: image10.wmf]2

00H

H: 

μ = 10 and H:  = 0

σ

 and to estimate
[image: image11.wmf]22

H

ε

σ and σ

.  See the video oneway (on the cd in the videos folder) for the setup and discussion of this problem.

1.1.4 Hypotheses Testing:

Two methods for testing 
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 are the Wald Z test and the likelihood ratio test, both of which can be done using SPSS output. The Wald Z statistic is obtained by dividing the variance estimate by its standard error. It can then be compared to a standard normal distribution to determine significance. The results are reported automatically in the SPSS output. The Wald Test given in the output is for a two-sided test. Therefore, we recommend that sig_of_test = sig/2 to obtain the proper significance level for the one sided test. When few degrees of freedom are used to estimate the variance, this test performs very poorly. The likelihood ratio test for testing 
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 is more reliable but slightly more difficult to obtain. The analysis must be run twice, once with the variance term included and once without. The difference of the ‘-2 Restricted Log Likelihood’s from each output is called the likelihood ratio statistic for the variance: 

r0 =  -2 Restricted Log Likelihood for the full model

r1 =  -2 Restricted Log Likelihood for the model with 
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likelihood ratio statistic = r1 – r0 

This statistic can be compared to the 
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 distribution with one degree of freedom to determine significance. Because the alternative 
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 is one-sided, the significance for the one-sided test is 
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 For theoretical justification, see Chernoff (1954), Miller (1977), and Self and Liang (1987). See the video oneway_hyp for a discussion of testing hypotheses for this data set.
1.1.5 Simulation:

The file oneway.sps (on the cd in the SPSS folder) was used to generate the data for the wool production example of 1.1.3. We suggest that you first run this program a number of times and notice the variability in the estimated variances and then change the number of herds and reps to see the effect of those on the estimates. You can also change the standard deviations. Note: SPSS uses standard deviation when generating normal distributions while the output contains estimates of the variance.

1.1.6 Matrix Notation: (see Appendix A for more details)
The matrix notation corresponding to the model 
[image: image20.wmf]iij

FiberScore = 

μ + Herd + ε

 is

[image: image21.wmf]18x118x11x118x66x118x1

FiberScore = J

μ+Za+ε


so that
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so that
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with
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or adding the matrices gives
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Thus, any two FiberScore values from the same herd are correlated and FiberScores  from different herds are uncorrelated.
1.2 Random Effects Model with Random Subsampling
1.2.1 Example

In some experimental situations, more than one observation is obtained from each experimental unit. The following example illustrates how subsampling may occur in a completely randomized design with a random factor.

Standardized Exam

A state representative is to make a decision concerning a proposed standardized test.  If the legislation is passed, all students in the state will be required to take the yearly standardized exam.  Before making the decision, the representative leads a study to determine the variation in the current performance of the various school districts throughout the state.  Six school districts are randomly selected from all districts in the state.  In each of the 6 school districts 3 primary schools are chosen at random.  Four fourth grade children in each of the 18 primary schools are randomly chosen and administered an equivalent achievement exam.  The score for each student is reported. The school district is the random factor in this design as the 6 districts comprise only a sample of the hundreds of possible districts that could have been selected.  The schools are the experimental units. The students are the subsampled units.

1.2.2 Model

The model for a completely randomized design with a single random factor with subsampling of the experimental units is
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where 
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 is the error term for the jth experimental unit of the ith treatment, and 
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 is the error of the kth subsample from the jth experimental unit within the ith treatment.

1.2.3 Example Data Set
The data are simulated using the nested.sps syntax file. We suggest that you change the number of district, schools, students and the various standard deviations to see what effect these changes have on the estimates. The data are as follows:

Table 1.2: Simulated scores for four students within three schools from each of six districts.
	
	 
	 
	 
	 
	District
	 
	 
	 
	 

	
	 
	1
	 
	 
	2
	 
	 
	3
	 

	
	 
	School
	 
	 
	School
	 
	 
	School
	 

	Student
	1
	2
	3
	1
	2
	3
	1
	2
	3

	1
	80.72
	81.04
	80.59
	73.13
	75.82
	77.81
	75.39
	80.48
	80.22

	2
	80.42
	81.09
	76.94
	73.59
	75.05
	79.42
	74.87
	80.88
	81.34

	3
	80.47
	79.91
	77.02
	73.04
	76.1
	79.29
	77.04
	80.3
	81.78

	4
	80.94
	77.97
	80.21
	75.41
	75.27
	80.62
	75.81
	79.58
	83.08

	
	
	
	
	
	
	
	
	
	

	
	 
	 
	 
	 
	District
	 
	 
	 
	 

	
	 
	4
	 
	 
	5
	 
	 
	6
	 

	
	 
	School
	 
	 
	School
	 
	 
	School
	 

	Student
	1
	2
	3
	1
	2
	3
	1
	2
	3

	1
	72.91
	81.56
	75.26
	85.41
	77.9
	84.03
	79.72
	77.95
	77.05

	2
	74.43
	79.81
	75.59
	87.59
	78.19
	84.44
	80.85
	79.17
	77.33

	3
	74.12
	79.41
	78.15
	84.84
	79.55
	83.9
	81.19
	79.68
	74.49

	4
	72.76
	79.73
	75.15
	86.61
	79.51
	84.04
	81.83
	79.74
	76.85


See the video nested for the setup and discussion of the analyses. The model and assumptions for this example are
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1.2.4 Hypothesis Testing:

In this example an important test is 
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. Also, suppose we want to examine the variation within districts using the test 
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. The Wald Tests given in the output are for two-sided tests. Again, we recommend that sig_of_test = sig/2 to obtain the proper significance level for the one sided tests we have here. Another method of testing 
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 is to compute:

  
r0 =  -2 Restricted Log Likelihood for the full model

r1 =  -2 Restricted Log Likelihood for the model with 
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The significance for the one-sided test is 
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 For additional details on hypotheses testing, see Section 1.1.4.
1.2.5 Simulation:

We suggest that you use the nested.sps syntax file and increase the number of schools and the number of students. You will see that there is little change in estimated variance of District. Notice the change in estimated variance, however, if the number of districts is set to 20, schools to 4, and students to 2.
1.2.6 Matrix Notation: (see Appendix A for more details)

In order to look at the matrix notation, we will use districts = 3, schools = 2 and reps or students = 2.  The corresponding model for 
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so that
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Now,
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and 
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Therefore,
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where
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