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Handout 06 - Introduction to Inference

Estimating with Confidence Interval

In statistics, when we cannot get information from the entire population,

we take a sample.

However, as we have seen before, statistics calculated from samples

vary from sample to sample.

When we obtain a statistic from a sample, we do not expect it to be the

same as the corresponding parameter.

Before we estimated the population parameters (µ, π, σ, . . . ) using

point estimates (X̄ , p, s,. . . ) computed from sample.

It would be desirable to have a range of plausible values which take

into account the sampling distribution of the statistic, or a range of

values which will capture the value of the parameter of interest with

some level of confidence.

This is known as a Confidence Interval .
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Estimating with Confidence Interval

A confidence interval is for a parameter, not a statistic.

Confidence interval is random, varies from sample to sample.

For example, we use the sample mean to form a confidence

interval for the population mean.

We use the sample proportion to form a confidence interval for the

population proportion.

We do NOT say, “The confidence interval of the sample mean is . . . .

We say, “A confidence interval for the true population mean, µ, is . . . .
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Estimating with Confidence Interval

Making Decisions with Confidence Intervals

If a value is NOT covered by a confidence interval (it is not included in

the range), then it is NOT a plausible value for the parameter in

question and should be rejected as a plausible value for the population

parameter.

In general, a confidence interval has the form: point estimate ±

margin of error (m).

The width of the interval is 2m. And the interval is centered at the

(point) estimate.

We can find confidence intervals for any parameter of interest, however

we will be primarily concerned with the Confidence Interval’s (CI’s) for

the following two parameters.

Population mean, µ

Population proportion, p
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Estimating with Confidence Interval

Confidence Interval for Population Mean

Here we make use of the sampling distribution of the sample mean in the

following way to develop a confidence interval for the population mean, µ,

from the sample mean:
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Estimating with Confidence Interval

Confidence Interval for Population Mean

1 The unknown true mean of the sampling distribution is µ.

2 We know from the Central Limit Theorem that the sampling distribution

is normally distributed.

3 We can thus say that we are 95% confident that

(X̄ ± 2sX ) = (X̄ − 2sX , X̄ + 2sX ) can capture the true mean. That is, if

we have 100 95%-CI’s, 95 CI’s contain the true mean, the other 5 do

not.

4 This is the same as saying that if we took many, many samples and

found their means, 95% of them would fall within two standard

deviations of the true mean, (µ± 2σ).

5 If we took a hundred samples, we would expect that about 95 sample

means X̄ ’s would be within this interval, (µ± 2σ).
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Estimating with Confidence Interval

Confidence Interval for Population Mean

95% confidence intervals for µ computed from 25 samples from the same

population.
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Estimating with Confidence Interval

Confidence Interval for Population Mean

In the previous slides we said we were confident that the sample mean

was within a certain interval around the population mean.

When we take a sample, we use the same principle to say we are

confident that the true population mean will be in an interval around the

sample mean.

That is, saying “we are 95% confident that the sample mean is in the

interval around µ” is the same as saying “we are 95% confident that µ is

in the interval around the sample mean.”
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Estimating with Confidence Interval

Confidence Interval for Population Mean

The width of the confidence interval depends upon the level of

confidence we wish to achieve.

The confidence level C gives the probability that the method we are

using will give a correct answer.

Three common confidence levels are C = 90%, 95%, 99%. The 95%

confidence interval is the most common.

The level of confidence directly affects the width of the interval.

Higher confidence yields wider intervals.

Lower confidence yields narrower intervals.
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Estimating with Confidence Interval

Confidence Interval for Population Mean

The formula for a confidence interval for a population mean (when the

population standard deviation s is known) is

X̄ ± z∗
σ√
n

where z∗ is the value on the standard normal curve with the confidence

level between −z∗ and z∗.

The z∗ for each of the three most common confidence levels are as

follows:

99%: z∗ = 2.576

95%: z∗ = 1.960

90%: z∗ = 1.645
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Estimating with Confidence Interval

Confidence Interval for Population Mean

Recall that confidence intervals have the form

x̄ ± z∗
σ√
n| {z }

m

There are three ways to reduce the margin of error (m):

reduce σ, increase n, or reduce z∗.

z∗ can only be reduced by changing the confidence level C.

z∗ is reduced by lowering the confidence level: z∗ for C = 95% is

1.960 while z∗ for 90% is 1.645.
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Estimating with Confidence Interval

Sample Size

The most common way to change the margin of error (m) is to change

the sample size n.

To get a desired margin of error (m) by adjusting the sample size n we

use the following:

Determine the desired margin of error (m).

Use the following formula:

n =

„
z∗σ
m

«2
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Estimating with Confidence Interval

Confidence Interval Examples

“A company that manufactures chicken feed has developed a new product.

The company claims that at the end of 12 weeks after hatching, the average

weight of chickens using this product will be 3.0 pounds. The owner of a large

chicken farm decided to examine this new product, so he fed the new ration

to all 12,000 of his newly hatched chickens. At the end of 12 weeks he

selected a simple random sample of 20 chickens and weighed them. The

sample mean for the 20 chickens is 3.06 pounds.” (from Graybill, Iyer and

Burdick, Applied Statistics, 1998).

Suppose it is known that the standard deviation of weights of chickens after

12 weeks is approximately s = 0.63 pounds. Find a 95% confidence interval

for the mean µ of the 12,000 chickens.
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Estimating with Confidence Interval

Confidence Interval Examples

Use the formula

x̄ ± z∗
σ√
n

= 3.06 ± 1.96
„

0.63√
20

«
= 3.06 ± 0.28

= (2.78, 3.34)

We are 95% confident that this interval captures the true mean of the weight

of 12,000 chickens.
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Estimating with Confidence Interval

Confidence Interval Examples

What is the margin of error (m)? 0.28

How large of a sample would be needed to get a margin of error of

0.05?

n =

„
z∗σ
m

«2

=


(1.96)(0.63)

0.05

ff2

= 609.89

Thus, the chicken farm owner should have sampled 610 chickens to get

a small enough margin of error to be 95% confident the population

mean is 3.0 pounds.
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Tests of Significance

Example

A geographer is interested in purchasing new equipment that is claimed

to determine altitude within 5 meters. The geographer tests the claim by

going to 40 locations with known altitude and recording the difference

between the altitude measured and the known altitude.

A teacher claims her method of teaching will increase test scores by 10

points on average. You randomly sample 25 students to receive her

method of teaching and find their test scores. You plan to use the data

to refute the claim that the method of teaching she proposes is better.
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Tests of Significance

Example

A study involving men with alcoholic blackouts is done to determine if

abuse patterns have changed. A previous study reported an average of

15.6 years since a first blackout with a standard deviation of 11.8 years.

A second study involving 100 men is conducted, yielding an average of

12.2 years and a standard deviation of 9.2 years. It is claimed that the

average number of years has changed between blackouts. Is there

evidence to support this claim? (Information reported in the American

Journal of Drug and Alcohol Abuse, 1985, p.298)
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Tests of Significance

Hypotheses

In a test of significance, we set up two hypotheses.

The null hypothesis or H0.

The alternative hypothesis or Ha (Some textbooks use H1).

The null hypothesis (H0) is the statement being tested.

Usually we want to show evidence that the null hypothesis is NOT

true.

It is often called the “currently held belief” or “statement of no

effect” or “statement of no difference”.
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Tests of Significance

Hypotheses

The alternative hypothesis (Ha) is the statement of what we want to

show is true instead of H0.

The alternative hypothesis can be one-sided or two-sided,

depending on the statement of the question of interest.

Hypotheses are always about parameters of populations, never about

statistics from samples.

It is often helpful to think of null and alternative hypotheses as

opposite statements about the parameter of interest.



Handout 06 - Introduction to Inference

Tests of Significance

Hypotheses

Notice the Null Hypothesis ALWAYS has equality associated with it.

Geographer testing altitude equipment (One-sided Alternative

Hypothesis).

H0 : µ ≥ 5 H1 : µ < 5

Teaching Method (One-sided Alternative Hypothesis).

H0 : µ ≤ 10 H1 : µ > 10

Alcohol Blackouts (Two-sided Alternative Hypothesis).

H0 : µ = 15.6 H1 : µ 6= 15.6

The researchers only wanted to see if the number of years had

“changed”. They weren’t looking for a direction of change.
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Tests of Significance

Test Statistics

A test statistic measures the compatibility between the null hypothesis

and the data.

An extreme test statistic (far from 0) indicates the data are not

compatible with the null hypothesis.

A common test statistic (close to 0) indicates the data are

compatible with the null hypothesis.
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Tests of Significance

P-value

The p-value is the probability that the test statistic is as extreme as it is

or more extreme, assuming H0 is true. (We also say, p-value is the

probability that the test statistic is as extreme as it is or more extreme

under H0).

When the p-value is small (close to zero), there is little evidence

that the data come from the distribution given by H0. In other

words, a small p-value indicates strong evidence against H0.

When the p-value is not small, there is evidence that the data do

come from the distribution given by H0. In other words, a large

p-value indicates little or no evidence against H0.
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Tests of Significance

Significance Level(α)

The significance level (α) is the point at which we say the p-value is

small enough to reject H0.

If the p-value is as small as α or smaller, we reject H0, and we say that

the data are statistically significant at level α.

Significance level, α, is related to confidence level, C, through the rule

C = 1 − α.

Common significance level, (α’s) are

0.10 corresponding to confidence level 90%

0.05 corresponding to confidence level 95%

0.01 corresponding to confidence level 99%
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Tests of Significance

Steps for Testing a Population Mean (with σ known)

1 State the null hypothesis

H0 : µ = µ0 (or H0 : µ ≤ µ0, or H0 : µ ≥ µ0)

2 State the alternative hypothesis

H1 : µ 6= µ0 (or H1 : µ > µ0, or H1 : µ < µ0)

3 State the level of significance: Assume α = 0.05 unless otherwise stated.

4 Calculate the test statistic

z =
x̄ − µ

σ/
√

n
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Tests of Significance

Steps for Testing a Population Mean (with σ known)

5 Find the p-value

For a two-sided test

p − value = P(Z ≥ |z| or Z ≤ −|z|) = 2P(Z ≥ |z|)

For a one-sided test: (H1 : µ > µ0)

p − value = P(Z > z)

For a one-sided test: (H1 : µ < µ0)

p − value = P(Z < z)
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Tests of Significance

Steps for Testing a Population Mean (with σ known)

In terms of a standard normal random variable Z , the p-value for a

test of H0 against :

These p-values are exact if the population distribution is normal

and are approximately correct for large n in other cases.
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Tests of Significance

Steps for Testing a Population Mean (with σ known)

6 Reject or fail to reject H0 based on the p-value.

If the p-value is less than or equal to α, reject H0.

It the p-value is greater than α, fail to reject H0.

7 State your conclusion.

Your conclusion should reflect your original statement of the

hypotheses.

Furthermore, your conclusion should be stated in terms of the

alternative hypotheses.

For example, if Ha: µ 6= µ0 as stated previously

If H0 is rejected, “There is significant statistical evidence that

the population mean is different than µ0.”

If H0 is not rejected, “There is not significant statistical

evidence that the population mean is different than µ0.”
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Tests of Significance

Three Examples of Significance Tests

Example 1: Arsenic

“A factory that discharges waste water into the sewage system is

required to monitor the arsenic levels in its waste water and report the

results to the Environmental Protection Agency (EPA) at regular

intervals. Sixty beakers of waste water from the discharge are obtained

at randomly chosen times during a certain month. The measurement of

arsenic is in nanograms per liter for each beaker of water obtained.”

(from Graybill, Iyer and Burdick, Applied Statistics, 1998).

Suppose the EPA wants to test if the average arsenic level exceeds 30

nanograms per liter at the 0.05 level of significance.
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Tests of Significance

Three Examples of Significance Tests

Sample Size: n = 60.

x̄ = 30.83

Assume it is known that

σ = 34.
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Tests of Significance

Three Examples of Significance Tests

State the null hypothesis: H0: µ = 30

State the alternative hypothesis: Ha: µ > 30

State the level of significance: α = 0.05

Calculate the test statistic.

z =
x̄ − µ0

σ/
√

n
=

30.83 − 30
34/

√
60

= 0.19
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Tests of Significance

Three Examples of Significance Tests

Find the p-value.

p − value = P(Z ≥ z) = P(Z ≥ 0.19) = 1 − P(Z < 0.19)

= 0.4247

Do we reject or fail to reject H0 based on the p-value?

p-value = 0.4247 is greater than α = 0.05. Therefore, we fail to

reject H0.

State the conclusion: “There is not significant statistical evidence that

the average arsenic level exceeds 30 nanograms per liter at the 0.05

level of significance.”
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Tests of Significance

Three Examples of Significance Tests

Example 2: Cereal

“An operator of cereal-packaging machine monitors the net weights of

the packaged boxes by periodically weighing random samples of boxes

· · · One condition required for the proper operation of the machine is

that the mean is 453 grams.” (from Graybill, Iyer and Burdick, Applied

Statistics, 1998).

The operator wishes to see if a random sample of 50 boxes gives

evidence that the mean is different than 453 grams.
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Tests of Significance

Three Examples of Significance Tests

Example 2

Sample Size: n = 50.

The random sample of 50 yields a mean of x̄ = 449.8.

Assume it is known that σ = 2.3.
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Tests of Significance

Three Examples of Significance Tests

Example 2

State the null hypothesis: H0: µ = 453

State the alternative hypothesis: Ha: µ 6= 453

State the level of significance: α = 0.05

Calculate the test statistic.

z =
x̄ − µ0

σ/
√

n
=

449.8 − 453
2.3/

√
50

= −9.84
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Tests of Significance

Three Examples of Significance Tests

Find the p-value.

p − value = 2P(Z ≥ |z|) = 2P(Z ≥ | − 9.84|) = 2{1 − P(Z < 9.84)}

= 0.0002

Do we reject or fail to reject H0 based on the p-value?

p-value = 0.0002 is less than α = 0.05. Therefore, we reject H0.

State the conclusion: “There is significant statistical evidence that the

mean weight of all boxes in the process is different than 453 grams.”
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Tests of Significance

Three Examples of Significance Tests

Example 3: Salary A state representative wants to know the mean salary for

the faculty at a state university in her district. She recently read a newspaper

article that stated the mean salary for faculty in state universities is $51,000.

At present, the representative does not plan to support any bill that would

increase faculty salaries at the university. However, if she can be convinced

that the mean salary of the faculty is less than $51,000, she will support such

a bill. The representative asked an intern to select a simple random sample

of 25 faculty from the list of faculty in the university catalog and use these

salaries to conduct a statistical test using α = 0.025 (adapted from Graybill,

Iyer and Burdick, Applied Statistics, 1998).



Handout 06 - Introduction to Inference

Tests of Significance

Three Examples of Significance Tests

Example 3

Sample Size: n = 25.

The random sample of 25 yields a mean of x̄ = 48, 741.

Assume it is known that σ = $8,232.
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Tests of Significance

Three Examples of Significance Tests

Example 3

State the null hypothesis: H0: µ ≥ $51, 000

State the alternative hypothesis: Ha: µ < $51, 000

State the level of significance: α = 0.025

Calculate the test statistic.

z =
x̄ − µ0

σ/
√

n
=

48, 741 − 51, 000
8232/

√
25

= −1.37



Handout 06 - Introduction to Inference

Tests of Significance

Three Examples of Significance Tests

Find the p-value.

p − value = P(Z ≤ z) = P(Z ≤ −1.37) = 0.0853

Do we reject or fail to reject H0 based on the p-value?

p-value = 0.0853 is greater than α = 0.025. Therefore, we fail to

reject H0.

State the conclusion: “There is no significant statistical evidence that

the average salary is less than $51,000 at the 0.025 level of

significance.”
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Tests of Significance

Confidence Interval’s and Two-Sided Hypothesis Tests

A level a two-sided significance test rejects the null hypothesis

H0 : µ = µ0 exactly when the value µ0 falls outside a level 1 − α

confidence interval for µ.

A 95% confidence interval for µ in the cereal example is:

x̄ ± z∗
„

σ√
n

«
= 449.8 ± 1.96

„
2.3√

50

«
= (449.16, 450.44)

Since µ0 = 453 falls outside this interval, we will reject the null

hypothesis. This is the same conclusion that we came to using the

hypothesis test.

Note: You have to be careful in making decisions about two-sided tests

of significance with a CI.

Specifically, you have to be careful when the level of significance and

the confidence level do not add to 1.
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Tests of Significance

Confidence Interval’s and Two-Sided Hypothesis Tests

Examples

Suppose a 90% CI is found to be (4, 8) but we want to test Ha: µ 6= 7 at

α = 0.05. We would like to use a 95% CI to test this hypothesis.

However, a 90% CI is given. Noting that 7 is in the 90% CI, we can

conclude that 7 is also in the 95% CI (Why?) Thus, we can accept at α

= 0.05.

Now, suppose a 90% CI is found to be (4, 8) but we want to test Ha:

µ 6= 7 at α = 0.2. We would like to use a 80% CI to test this hypothesis.

However, a 90% CI is given. What conclusion can be made in this case?
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Tests of Significance

Confidence Interval’s and Two-Sided Hypothesis Tests

The p-value of H0 : µ = 15 is 0.08

Does the 95% CI include the value 15? Why or why not?

Does the 90% CI include the value 15? Why or why not?

Can we use either a CI or a p-value to decide whether to accept or

reject a null hypothesis for a two-sided test of significance and

expect to get equivalent results? Why or why not?
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Use and Abuse of Tests

Choosing a proper level of significance for the problem of interest.

Example: Is p-value= 0.0512 significant?

Statistical significance does not mean practical significance.

Don’t ignore lack of significance. Example: for the test H0 : µ1 = µ2,

p-value is 0.102. But X̄1 = 10, X̄2 = 12. To all significance levels

smaller or equal 0.1, µ1 is still not different from µ2.

Statistical inference is not valid for all sets of data: Randomization in

sampling or experimentation ensures that the probability laws apply.

Beware of searching for significance: Multiple hypotheses with α = 0.05

do not mean that each hypothesis has significance level of α = 0.05. In

fact, we have to have correction for significance level for each

hypothesis. The most popular correction is Bonferroni correction, which

says that αsingle = αmultiple/M, where M is the number of hypotheses.
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Power and Error

Power

Power : The probability, that a fixed level α significance test will reject

H0 when a particular alternative value of the parameter is true, is called

the power of the test to detect that alternative.

In other words, power is the probability that the test will reject H0 when

the alternative is true (when the null really should be rejected.)

Ways To Increase Power:

Increase α

Increase the sample size - this is what you will typically want to do

Decrease σ
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Power and Error

Types of Errors

Type I Error : When we reject H0 (accept Ha) when in fact H0 is true.

Type II Error : When we accept H0 (fail to reject H0) when in fact Ha is

true.
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Power and Error

Types of Errors

Significance and Type I Error

The significance level α of any fixed level test is the

probability of a Type I Error: That is, α is the probability

that the test will reject the null hypothesis, H0, when H0 is in

fact true.

Power and Type II Error

The power of a fixed level test against a particular

alternative is 1 minus the probability of a Type II Error for

that alternative.
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Power and Error

Types of Errors

The common practice of testing hypotheses mixes the reasoning of

significance tests and decision rules as follows:

State H0 and Ha just as in a test of significance.

Think of the problem as a decision problem, so that the probabilities of

Type I and Type II errors are relevant.

Because of Step 1, Type I errors are more serious. So choose an a

(significance level) and consider only tests with probability of Type I

error no greater than α.

Among these tests, select one that makes the probability of a Type II

error as small as possible (that is, power as large as possible.) If this

probability is too large, you will have to take a larger sample to reduce

the chance of an error.
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