Confidence Intervals

According to the Empirical Rule, we can calculate intervals of values that contain specified percentages (areas of the curve) of the observations.  We need four things to do this:  1.  normal in shape, 2. center = the parameter we’re wanting to estimate, 3. spread of the data(observations) – we will use the standard deviation and 4. a z-score to gives us the right area of the curve.

Means:  if we want to estimate the true center of a distribution of numeric data, (, we use the statistic
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.  But first(
1.  The shape of the distribution of 
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’s is normal if the original population is normal OR if we have a sufficiently large sample, n>30.

2.  If we take a random sample, then our distribution of 
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’s is centered at (, the number we’re looking to estimate.

3.  Again, if our sample is random, the spread of our distribution of 
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4.  The Empirical Rule says about 95% of the observations would fall within 2 standard deviations of the mean.  If we want exactly 95%, we should use 1.96 = z​0.05/2 instead of 2.  Remember P( Z > z​0.05/2 ) = 0.05/2 = 0.025, so P(Z < z​0.05/2 ) = 0.975, or z0.05/2 is the 97.5 percentile of the Standard Normal distribution.  Also, the middle 95% of the distribution falls between the 2.5 and 97.5 percentiles.  The appropriate z-score is dependent only what percent confidence, called the confidence level = 100(1(()%, we require.  We give the z a subscript of (/2 to indicate how much of the curve is outside (  there is ((/2)% below (z(/2 and ((/2)% above z(/2.

Table of Common Confidence and ( Levels                

	1 ( (                      
	(
	(/2                      
	z(/2

	0.70                      
	0.30                      
	0.15                       
	1.03

	0.75
	0.25
	0.125
	1.15

	0.80
	0.20
	0.10
	1.28

	0.90
	0.10
	0.05
	1.645

	0.95
	0.05
	0.025
	1.96

	0.99
	0.01
	0.005
	2.58


The last column of values, the z-scores are also the last row of the t table (page 3 of the Z and t Tables).  The columns of the t table are the different confidence levels 100(1(()%.
A (1-()100% confidence interval for the population mean, (, when we know the value of the population standard deviation, (, is given by:                            _

           _                                           
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 ( z(/2(/(n                                                          

z(/2(/(n  is called the margin of error and it’s components affect the width (see Properties below).

In general:

Suppose we calculate a 95% confidence interval and then make the statement “I am 95% confident that the population mean is between ...”.  This statement of confidence is correctly interpreted by going back to the idea of a sampling distribution.  What this statement means is

     *  If we could take all possible samples of size n, calculate the confidence interval in the formula above for each and every sample, then the proportion of confidence intervals containing the true value of the population mean will be exactly 95%.  Of course, we can’t possibly take ALL samples of size n, but we will confident that our sampling method will produce a sample mean and a (1(()*100% confidence interval that will contain the true mean approximately (1-()100% of the time.  Any one confidence interval, however, either contains the true mean or not.

A note on (:  ( is the proportion of the distribution under the Z curve that falls outside our interval, which is why we call our confidence intervals (1(()*100% intervals.  (1(()*100% is called the confidence level.

Properties of Confidence Intervals:

1.  The sample mean(or proportion) is our ‘best guess’for ((or (), so it is the center of the interval.

2.  The larger the level of confidence, (1-()100%, the wider the confidence interval.  Conversely, the larger ( (the area ‘outside’ the interval), the narrower the width of the confidence inteval.  z(/2, found in the last row of the t tables, gives us the proper width for each confidence level.

3.  The larger the sample size, n, the narrower the width of the confidence interval. (more data, means more accurate estimate)

4.  The more variable our data (population), i.e., the larger (, the wider the confidence interval.

(*4).  The closer p is to 0.5, the wider the confidence interval.  (the closer the proportion of success vs. failure the harder it is to estimate)

5.  If the population is normally distributed, the sample size has no effect on the level of confidence; i.e., the % of confidence intervals containing the true population mean will be about (1-()100% no matter what n is.

BUT, if the population is not normally distributed, our “(1-()100% confident” statement may be compromised unless the sample size is sufficiently large, i.e., the Central Limit Theorem holds.

(*5).  As long as np and n(1(p) ( 10 (remember we don’t know ( so we use p, so this means the population is normally distributed), the sample size has no effect on the level of confidence; i.e., the % of confidence intervals containing the true population mean will be about (1-()100% no matter what n is.  BUT, if the population is not normally distributed, our “(1-()100% confident” statement may be compromised.

Making Decisions with Confidence Intervals:

1.  If a value is NOT covered by a confidence interval (it’s not included in the range), then it’s NOT a plausible value for the parameter in question and should be rejected as such.

2.  When the confidence intervals from two different populations do NOT overlap (they don’t have any values in common), then it’s NOT plausible that they have the same value for the parameter in question.
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