Joint pdf calculation
Example 1 Consider random variables X,Y with pdf f(z,y) such that

622y, 0<az<1l, 0<y<l
flz,y) =

0, otherwise.

1 X
Figurel. {(z,y)[0 <z <1,0<y <1}
e Note that f(x,y) is a valid pdf because
P(—oo< X <o0,—00<Y <) = PO<X<1,0<Y <1
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e Following the definition of the marginal distribution, we can get a
marginal distribution for X. For 0 < x < 1,

o) 1 1 1
f(x)E/ f(ﬂc,:t/)dy—/0 fz,y)dy —/O 62> ydy —39:2/0 2ydy = 3.

Ifx<0orax>1, f(r) =0 (Figurel).



e Similarly we can get a marginal distribution for Y. For 0 <y < 1,

o0 1 1 1
f(y)z/ f(a:,y)dat:/o f(z,y)dz :/0 62%ydx :2y/0 3z%dr = 2y

Ify<Oory>1, f(y) =0 (Figurel).

E(X) E/OO xf(z)dr = /01 323de = Z,

>0 3\> 3 (3)?
= 2\ _ 20 _ 2 (Z) =2 (=2
Var (X) = E (X?) {E(X)} /_Ooxf(a:)dx <4) - (4) .
e Let’s calculate P (X >Y). For fixed z,, 0 < y < z, (Figure 2).
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Figure 2. {(z,y)|ly <2,0 <z <1,0<y <1}
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Example 2 Consider random variables X,Y with pdf f(z,y) such that

Therefore

P(X>Y)

ol W

8y, O<z<l, O<y<z
flz,y) =

0, otherwise.
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Figure 3. {(z,y)[0 <z <1,0<y <z}

e Note that given x,, domain of y is given by 0 <y < z,. (Figure4)
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P(—oo< X <00,—00<Y <o0) = //f(z:,y)dyda:

= 1.
Marginal distribution of X is, for 0 < x < 1,
flz) = / [z, y)dy = / [z, y)dy = 493/ 2ydy = 4z°,
—00 0 0

Ifz<0orxz>1, f(x) =0 (Figure3).

Similarly, for a given 0 < y, < 1, domain of x is given by y, < z <
l.For0<y <1,

00 1 1
= Ly)dz = y)de =4 2udr = 4y (1 — %) .
s = [ fwnde= [ e =y [ 2nde=ay (15
Ify<Oory>1, f(y) =0 (Figure3).

EX) = /{Jlazf(x)dxz/014a:4dx:;l,

0

Var(x) = E(X?) - {B(X)’} = /la:Zf(:p)dx - <5>2 = - <5

Let’s calculate P(Y < 3X) (Figure 5).
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Example 3 Consider random variables X,Y with pdf f(z,y) such that
3(z+y), 0<z<l, 0<y<l,0<z+4+y<l
f(ma y) -

0, otherwise.



Figure 6. {(z,y)[0 <2z <1,0<y<l,0<z+4+y<1}

e Note that given x,, domain of y is given by 0 <y < 1—x,. Therefore,
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e Note again that given 0 < z, < 1, domain of y is given by 0 < y <
1=z, so that for 0 <z <1,

[e's) 1—x
x)z/_oof(w,y)dy/o 3(x+y)dy = g(l—x)(l—{-x).

Ifx <0 orx>1, f(x) =0 (Figure6).

e Similarly, given 0 < y, < 1, domain of x is given by 0 < x <1 —1y,



so that for 0 <y < 1,

00 1— 1-y
f(y)z/_ f(x,y)dwz/o y3($+y)dw=3[%$2+ygc]o -
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1-y)(1+y).

Ify <0 ory>1, fly) =0 (Figure6).
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o Let’s calculate P(X >Y). (Figure7,8)
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Figure 7. {(z,y)[0 <z <1,0<y<l,0<z+y<l,z>y}
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