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Abstract

We consider the nonparametric estimation of the drift coefficient in a diffusion type process in
which the diffusion coefficient is known and the drift coefficient depends in an unknown manner
on a vector of time-dependent covariates. Based on many continuous realizations of the process,
the estimator is constructed using the method of maximum likelihood, where the maximization
is taken over a finite dimensional estimation space whose dimension grows with the sample size
n. We focus on estimation spaces of polynomial splines. We obtain rates of convergence of the
spline estimates when the knot positions are prespecified but the number of knots increases with
the sample size. We also give the rates of convergence for free knot spline estimates, in which
the knot positions of splines are treated as free parameters that are determined by data.
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1. Introduction

Diffusion type processes form a large class of continuous time processes that are
widely used for stochastic modeling with application to physical, biological, medical,
economic, and social sciences. Statistical estimation and inference for diffusion type
processes are of considerable importance and have been extensively studied in the past
20 years; see Prakasa Rao (1999a,b) and the many references cited therein, especially
in the latter book.
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In this paper we consider the nonparametric estimation of the drift coefficient in
a diffusion type process with time-dependent covariates. As is usual in this context
(see Prakasa Rao, 1999b), we assume that the diffusion coefficient is a known, pos-
sibly random, function of time. We are interested in estimating the drift coefficient
as an unknown function of time and a vector of possibly internal time-dependent co-
variates. The estimator is constructed based on many continuous realizations of the
process. To study the asymptotic properties of estimators, we let the number n of in-
dependent realizations of the process observed over a fixed time period [0, 7] tend to
infinity. The same type of asymptotics for estimation in diffusion type processes has
been considered by Nguyen and Pham (1982), McKeague (1986), Beder (1987), and
Leskow and Rozanski (1989), among others.

To estimate the drift coefficient, we employ the method of maximum likelihood,
where the maximization is taken over a finite dimensional estimation space G whose
dimension grows with the sample size n. The estimation space can be chosen as a
space of polynomials, trigonometric polynomials, or polynomial splines. Our approach
is a special case of the method of sieves (Grenander, 1981). We focus on poly-
nomial splines in this paper. First, we give rates of convergence for spline esti-
mates when the knot positions are prespecified. To allow better approximation for large
samples, the number of knots will increase with the sample size. Secondly, we will
consider free knot splines, that is, when the knot positions are treated as free para-
meters that are determined by data. Our theoretical study of free knot splines is
motivated by various methodological considerations in the literature involving free
knot splines; see, for example, Stone et al. (1997) and the references therein, Lindstrom
(1999), Hansen and Kooperberg (2002), Zhou and Shen (2001), and Kooperberg
and Stone (2002a,b). From the theoretical point view, the benefit of using free knot
splines versus fixed knot splines lies in the potential for better rates of
convergence.

It turns out that the estimation problem we consider can be cast in the frame-
work of extended linear models; see Stone et al. (1997). The general theory of ex-
tended linear modeling has developed gradually over the last couple of decades: see
Stone (1985, 1986, 1990, 1991, 1994); Hansen (1994); Kooperberg et al. (1995a,b);
Huang (1998a,b); Huang and Stone (1998); Huang et al. (2000). A general treatment
is given in Huang (2001). Recently, Stone and Huang (2002), referred to in the sequel
as SH (2002), have adapted the theory to handle free knot splines.

An important advantage of the extended linear modeling framework is that it allows
for a common approach to a wide variety of seemingly separate contexts: ordinary
regression; generalized regression, including logistic and Poisson regression; multiple
logistic regression and multiple classification; density estimation; conditional density
estimation; spectral density estimation; hazard regression; and counting process re-
gression, with or without marks. It is also very convenient to discuss dimensionality
reduction through structural models such as additive models in extended linear models.
However in the paper, for brevity, we will restrict attention to saturated models; that is,
we will not consider additive models or ANOVA models involving selected low-order
interaction terms (see the Remark at the end of Section 2 for discussion of results
along this line).



C.J. Stone, J.Z. Huang/Journal of Statistical Planning and Inference 116 (2003) 451474 453

Huang (2001) and SH (2002) laid down the theoretical framework for extended lin-
ear modeling and provided general results under very broad conditions, the verification
of which in each specific context (ordinary regression, density estimation, and so forth)
using primitive conditions in that context is necessary and could be a challenging task.
The main contributions of this paper lie in realizing that estimating the dependence of
the drift coefficient of a diffusion type process on a vector of time-dependent covariates
is a mathematically tractable special case of extended linear modeling and in establish-
ing results under primitive conditions on the process. This paper can be thought of as
a novel application of the extended linear model framework to a new context.

There are several extensions of the results in this paper that would be of practical
interest. One would be to construct an estimator based on one long continuous realiza-
tion of the process; that is, the process would be observed over the time interval [0, T'],
where T tends to infinity. Another interesting extension would be to processes that are
observed at discrete time instants. We anticipate that substantial further technical ad-
vances would be necessary to treat these extensions, but the techniques developed in
this paper should be helpful.

A more straightforward extension would be to handle diffusion processes with jumps
(Prakasa Rao, 1999a) and time-dependent covariates. The special case of pure jump
processes (that is, without a continuous component) was treated theoretically by
Li (2000), where an application to continuous-time currency exchange rate data was
also given. Li’s dissertation and the possible extension that it suggested provided the
initial motivation for the present paper.

In Section 2 we describe the basic setup and state the main results of estimation
of the drift coefficient. Sections 2.2 and 2.3 give rates of convergence for fixed knot
spline estimates and free knot spline estimates, respectively. Section 3 provides some
preliminary lemmas. The proofs of the main results are given in Section 4.

We conclude this section by introducing some notation. Given positive numbers
a, and b, for n>1, let a, < b, mean that a,/b, is bounded and let a, =< b,
mean that a, < b, and b, < a,. Given random variables V, for n > 1, let V, =
Op(b,) mean that lim._ . limsup, P(|V,| = ¢b,) =0, and let V,, = op(b,) mean that
lim sup, P(|V,| = ¢b,) =0 for all ¢ > 0. For a random variable V, let E, denote ex-
pectation relative to its empirical distribution; that is, E,(V) = n! Zi V:, where V;,
1 <i < n, is a random sample from the distribution of V. We use cj,c,... to denote
positive constants that may change from context to context.

2. Statement of results

2.1. Setup

Consider a one-dimensional diffusion type process Y(¢) that satisfies
dY()=n(t, X(@)) +a(t)dW (), 0<t<T,

where 0 <7< oo and W(t) is a Wiener process. It is assumed that the diffusion
coefficient ¢%(¢) at time ¢ is a known, predictable, random function of time. It is also



454 C.J. Stone, J.Z. Huang!Journal of Statistical Planning and Inference 116 (2003) 451—474

assumed that the value at time ¢ of the drift coefficient is an unknown function #(z, X(¢))
of ¢ and the value at time 7 of a predictable covariate process X(¢)=(X;(¢),...,X.(1)),
0 <t < 1. We refer to 5 as the regression function. Let Z(t), 0 < t < 1, be a predictable
{0, 1}-valued process. The process Z(¢) can be thought of as a censoring indicator:
the processes X(¢) and Y(¢) are only observed when Z(¢) = 1. We will consider
inference for the regression function based on a random sample of n realizations of
{(X(2),Y(2)): 0<t<7 and Z(¢) = 1}. Nguyen and Pham (1982) and McKeague
(1986) have considered the special case of this setup when n(z, X(¢))=X(¢)" a(t) with
oa(t) = (o (t),...,a(t)) and Z(¢) = 1.

The (partial) log-likelihood corresponding to a candidate / for # based on a single
observation is given by

h(t, X(1)) 1 / P (1, X(1))
Ihy= [ Z@t)————=dY(t) — = | Z(t) ———=dt¢
(= [ 20 ™R avi -5 [ 205
This can be seen either by passing to the limit from a discrete-time approximation
or by modeling (X(¢),Y(z)), 0 <t <1, as a multidimensional diffusion process and
determining the appropriate partial log-likelihood. The expected log-likelihood is given

by

A(h)=E ( [zo™ 5 avw - | 2P EXW) dt)

a(t) a(1)
_ h(t, X ())n(t, X(¢)) 1 R (1, X (1))
_E(/Z(t) 20) dt—2/Z(t)62(t)dt>.

For a random sample of size n from the process (X(¢),Y(¢),Z(¢)), 0 <t <, the
corresponding (normalized) log-likelihood is given by

(1) HO)

=23 [ 20" X D ayy - 15 [ 70X,

As in the framework of extended linear models (Huang, 2001), we will estimate the
unknown function # by maximizing this log-likelihood over a finite dimensional esti-
mation space (or approximation space).

Let [a;,b;] be a compact interval for 1 </ <L, let Z denote the Cartesian product
of [a;,b;], 1 <1 <L, and set %=[0,7] xZ. Suppose that, for 0 < ¢ < 7, Z(¢)=0 unless
X(t)eZ. Then we can think of the regression function # and the candidate functions
h as being functions on %. Given such a function h, set ||h||cc = sup,c, |h(u)| and
let ||4]|;, denote the standard L, norm relative to Lebesgue measure on %. We restrict
attention to bounded candidates 4 for #.

The following technical assumptions will be used in this paper.

Assumption 2.1. ||77||cc < M, for some constant My > 0.
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Assumption 2.2. There are constants M; > 0 and M, > M, such that M| < o7 2(t) < M,
for + € [0, 1] such that Z(¢z) = 1.

Let y(A4) denote the Lebesgue measure of a Borel subset A4 of %.

Assumption 2.3. There are constants M3 > 0 and My > M5 such that

Myy(4) < E </Z(t)ind((t,X(t))€A)dt> < Ma(4)
for every Borel subset 4 of %.

Suppose that, for 0 < 7 < 7, the conditional distribution of X(¢) given that Z(¢) =1
has a density fx()z@)=1(x), x € Z. Given a Borel subset 4 of %, set A;={x € X (x,t)
€A} for 0 <t <t Then

E (/ Z(t)ind((t,X(t))eA)dt) - /P(Z(t): 1) (/A fX(t)Z(t)_l(x)dx> dr.

Thus a sufficient condition for Assumption 2.3 is that (i) P(Z(¢)=1) is bounded away
from zero uniformly over ¢ €[0,7] and (ii) fx(;)z@)=1(x) is bounded away from zero
and infinity uniformly over (z,x) € %.

2.2. Spline estimation: fixed knots

We consider in this section the maximum likelihood estimation over an appropriate
finite dimensional space of spline functions. Here, the number of knots is allowed to
increase deterministically with the sample size while, for each sample size, the knot
positions are fixed. We first provide a result for general estimation space and then
specify to spline estimation.

Consider an estimation space G = G, whose dimension N, is finite and may tend
to infinity with the sample size n. Let 7j denote the maximum likelihood estimate
in G of #; that is, 1§ = argmax . /(g), where /(g) is the normalized log-likelihood
defined above. We now give conditions for the consistency of # and derive the rate of
convergence.

Since #§ maximizes the scaled log-likelihood /(g), which should be close to the
expected log-likelihood A(g) for g € G when sample size is large, it is natural to think
that 7 is directly estimating the best approximation 7] = argmax . A(g) in G to n. If
G is chosen such that 7 is close to n then 7] should provide a reasonable estimate of
n. This motivates the decomposition

n=—n=0-n+00-1n),

where 77 — n and 1§ — i are referred to, respectively, as the approximation error and
estimation error.

Set Ay = sUpye ), 20 {19lloc/ 9o} = 1, and p, = infyeg (g — nlloo-
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Theorem 2.1. Suppose Assumptions 2.1-2.3 hold and that lim, A,p, = 0 and lim,
A2N,/n = 0. Then i] exists uniquely for n sufficiently large and ||ij — ;1||%2 = 0(p2).
Moreover, 1] exists uniquely except on an event whose probability tends to zero as
n — oo and || — ij||}, = Op(N,/n). Consequently, ||ii — n||7, = Op(Ny/n + p2). In
particular, ||j — ||, = op(1); that is, ij is consistent.

The bounds for the magnitudes of the estimation and approximation errors can be
interpreted intuitively as follows: N, /n is just the inverse of the number of observations
per parameter, and p, is the best possible approximation rate in the estimation space
to the target function 7.

Let us now specialize to spline estimation. To this end, write % = WUy X --- X Uy,
where %, = [0,7] and %; = [a;,b;] for 1 <[ < L. For each [/, let m; be an integer
with m; > 2 (not depending on n), let J; be a positive integer, and let y;;, 1 <j < Jj,
be such that @ <y, <--- <7y, <b and y, ;1 >y j—pn for 2 < j <J; + my, where
yij=a for 1 —m; <j<0andy,;=b for J;+1<j<J+m. Let G, be the space of
polynomial splines of order m; (degree m; — 1) on % with the interior knot sequence
v, =n,...,y,), whose dimension J; + m; is denoted by N,; to indicate its possible
dependence on the sample size n. For y = (y,,...,7y;), let G, be the tensor product of
G, 0 <1 <L, (that is, the linear space spanned by go(uo) - - gr(u;) as g; runs over
Gyy,) which has dimension N, =[], Ny

Let the knot specification y possibly depend on the sample size but otherwise be
fixed. For 0 </ <L, let M;>1 be a fixed positive number and suppose the knot
sequence y; = (y1,--,7;;,) on %, satisfies

Php=l TV g 2 e < i+, (2.1)
V=1 = Viji—m
where ;1w = =70 =a and y, 541 = = Yi5+m = b. It follows from (2.1)

and (3.1) that 4, < an/z; see SH (2002, proof of Lemma 3.3). Thus the condition
lim, 42N, /n = 0 reduces to lim, N2/n = 0.

To get a precise result, let us introduce a commonly used smoothness condition. Let
0 < f <1, let k be a nonnegative integer, and set p =k + . A function on % is
said to be p-smooth if it is k times continuously differentiable on % and D' satisfies
a Holder condition with exponent f§ for all i with [i] = k. Suppose # is p-smooth and
that N,; < N, for 0 < I/’ < L. Then p, < N ¥ = N, P/EED (see Schumaker, 1981,
Equation 13.69 and Theorem 12.8). It follows from Theorem 2.1 that, if p > (L+1)/2,
lim, N, =0 and lim, N7/n =0, then || — n||7, = Op(N,/n + N, 22Dy In particular,
for N, =< nHD/CPFLED “we have that ||} — n||7, = Op(n=2P/GPHLTD),

2.3. Spline estimation: free knots

We now apply the maximum likelihood method to free knot splines to estimate the
regression function.

For 0 <! <L,let M; > 1 be a fixed positive number and let I'; denote the collection
of free knot sequences y, = (y;;,-..,7,;,) on %, such that (2.1) holds. Let I" denote
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the Cartesian product of I';, 0 < / < L, which can be viewed as a subset of R/ with
J=> ; Ji. We consider the use of the collection G,,y € I', which can be viewed as a
(nonlinear) space of free knot splines, in estimating the regression function.

For each fixed y € I, the maximum likelihood estimate is given by 7j,=max,cc, £(9)-
To let the data pick the knot positions, we choose y € I" such that /(17;)=maxyer /(1] ).
We refer to #j; as the free knot spline estimator. We will study the benefit of using
free knot splines through the rate of convergence of 7j; — 1. The following theorem is
about the existence of .

Theorem 2.2. Suppose Assumptions 2.1-2.3 hold. There is a y* € I' such that p,,- =
infyerpny. Moreover, almost surely there is a § € I' such that /(i};) = maxyer £(1,).

It follows from Theorem 2.1 that, ||, — nll7, = Op(ps, + Nu/n) for each fixed ye T
Let y* be such that p,,~ = inf,erp,,. (Such a y* exists; see Theorem 2.2.) Then

: A 2 A 2 _ 2 _ : 2
inf [, = nllz, < Wiy = 1llz, = Op(Piyye + Nafn) =Op (;Ielﬁ Py Nn/n> :

It is natural to expect that, with high probability, \|ﬁf—n||%2 will be not much larger than
infyer |7, — nl3, or infyer p%y -+ N,/n. The next theorem is concerned with justifying
this heuristic under suitable conditions. Ideally, we would like to show that ||ﬁ.;*’7||%2 =
Op(infy,er pﬁy + N,/n), but as in SH (2002) we are able only to prove a somewhat
weaker result.

For y€eT, set N, = dim(Gy), pny = infyce, |9 — nlloo, and p, = sup,cr puy. Also,
let I" be defined in the same way as I', but with M, in (2.2) replaced by 3M,. Set
P = SUpyc .

Condition 2.1. N, = o(n'?), N, “""» < log™"*n, and f5, = O(N, ) for some ¢ > 1.

If n satisfies a Holder condition with exponent ¢ > % (that is, if there is a positive
number y such that |h(uy) — h(uy)| < ylus —wy | for uy,uy € U), then p,=O(N, ) (see
Schumaker, 1981, Eq. (13.69) and Theorem 12.8). In this case, a sufficient condition
for Condition 2.1 is that N, < n° for some & with 0 < < 1.

Let V,y = Op(byy) uniformly over y € I' mean that lim._, o limsup, P(|V,y| = cbyy
for some y € I')=0. Let V,,=O0p(h,) mean that lim, P(|V,| = cb,)=0 for some ¢ > 0,
where b, > 0 for n > 1. Note that ¥, = Op(b,) is a slightly stronger statement than
V, = Op(b,). Let M| be any constant with M > M, for My in Assumption 2.1.

Theorem 2.3. Suppose Assumptions 2.1-2.3 and Condition 2.1 hold.

(i) For y€I' there is a unique function 1, € G, that maximizes the expected
log-likelihood over G,. Moreover, sup,cr |,llcoc < My for n sufficiently large and
1, = nlls, = O(puy) uniformiy over y€T.

(i) 7, exists uniquely for y €I and sup,cr ||i],|cc < My on an event whose prob-
ability tends to one as n — oo. Moreover, sup,cr |1l — ﬁyHiz = Op(N,/n).

(iii) [17; — 1l3, = Op(infyer p3y) + Op((logn)N, /n).
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Note that it follows from (ii) and (iii) of Theorem 2.3 that ||ﬁ};—n||%2:Op(1nfy€p pﬁy)-i-
Op((log n)Ny/n).

It is interesting to compare the rate of convergence here for free knot splines with
that obtained in Section 2.2 for fixed knots splines. The use of free knot splines pro-
vides smaller approximation error: free knot splines can achieve the smallest possible
approximation error (inf,er pny) over a class of knot configurations. The cost is a small
inflation of the variance, as there is an extra logn term in the variance bound for free
knot splines.

To illustrate of the improved rate of convergence of free knot spline estimates over
fixed knot spline estimates, consider, for simplicity, estimating the regression function
n(x) in the regression model Y = n(X) + ¢, where X has a uniform distribution on
[—1,1] and ¢ has a normal distribution with mean 0 and variance ¢2. Suppose #(x)=
x% + |x|. Clearly, the first derivative of # at 0 does not exist, which implies a slow
fixed knot spline approximation rate if there is no knot very close to 0. Specifically,
let the estimation space G be the space of linear splines on [ — 1, 1] with 2J, equally
spaced knots located at +(2k — 1)/(2J, — 1), k= 1,...,J,, and let 77 be the least
squares estimate on G. It can be shown (see Appendix A) that, for some positive
constant ¢ and large n, P(||f—n||* > cJu/n+cJ;*) > 1 and thus for all choices of J,,
P(||i —n|[* > ecn=3/*) > 1. On the other hand, let G, be the space of linear splines on
[—1,1] with 2J, — 1 knots located at y and +(2k — 1)/(2J, — 1), k=2,...,J,, where
—1/(2J,—1) <y < 1/(2J,—1). Here, we simply replace two fixed knots +1/(2J,, — 1)
in the previous setup by one free knot at . Let 7]; be the free knot spline least squares
estimate. It is easily seen that inf, p,, =O(J, %). Using an analogue of Proposition 2.3
for the regression context (SH, 2002), we obtain that [|7i; —n||* = Op(J, * +J, log n/n).
Hence, for J, =< (n/logn)'?, the convergence rate of the free knot spline estimate
satisfies |[f; — n|I> = Op((n~"logn)*3), which is faster than that of the fixed knot
spline estimate.

Remark. At the expense of much additional notation, Theorems 2.1 and 2.3 could be
extended to additive and more general unsaturated ANOVA models. In the statement
of such results, it would be necessary to replace n by its best approximation having the
specified form. For estimation based on fixed knot splines of the components of the cor-
responding ANOVA decomposition, the results in Corollary 2.2 of Huang (2001) hold
in the current context. Moreover, these results can be extended to hold uniformly over
a class of knot configurations. Here the uniformity is in the same sense as in Theorem
2.3(i) and (ii). However, it is not obvious how to obtain a satisfactory analog of Theo-
rem 2.3(iii) that would apply to the ANOVA components of a free knot spline estimate.

3. Preliminary lemmas

3.1. Theoretical and empirical inner products and norms

As in the general theory of extended linear models (Huang, 2001 ), we introduce some
inner products and norms that are convenient for our technical arguments. Consider first
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the theoretical inner product and norm given by

(hyoha) = E ( / 20 X O)ha(t, X () dt)

o*(1)

and ||#||? = (h,h). Under Assumptions 2.2 and 2.3,
Ms|[AZ, < [1Al1” < MshllZ, (3.1)

for some constants M5 > 0 and Mg > Ms. Hence in the statements of Theorems 2.1
and 2.3, the norm || - ||;, can be replaced by || - ||.

The theoretical inner product and norm are connected to the expected log-likelihood
and its derivatives. In fact,

(k) |l — [l =l
2 2 :

which is essentially uniquely maximized at # = #; that is, # maximizes the expected
log-likelihood if and only if # = # almost everywhere. Moreover,

A(h) = ()

d
df A(h] + OChz) = <h2,l’] — h1> (32)
« =0
and

d2
3 A +ahy =)= —[lhy = . (33)

We next introduce a data version of the theoretical inner product and norm. The
empirical inner product and norm are defined by

(h1, o)y = E, (/Z(;) hl(l,X(Zz)(htz)(l,X(t)) dt)

1 o (@ Xi(0)ha (1, Xi(2))
= Z/ R

and ||A|?> = (h,h),. The next result, which is SH (2002, Lemma 4.2) with slightly
different definitions of the theoretical and empirical inner products and norms, says
that the empirical inner product and its theoretical counterpart are close uniformly in
the estimation spaces.

Lemma 3.1. Suppose Assumptions 2.2 and 2.3 hold and that N, = o(n"/?). Then

sup sup sup w

= Op(l )
1.7€T fE€Gy g€Gy IA1gll
Y

Consequently, except on an event whose probability tends to zero as n — oo,

lgl>

S <lglz <2lgl’, ver and g€G,.
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The empirical norm is related to second derivative of the log-likelihood; that is,

/(gl +o(gr — gl))__,z/z()[gz(t)((t)) z(tg)l(tX(t))]

=—llg2 — a3
Suppose that Assumptions 2.2 and 2.3 hold and that lim, N?/n = 0. Then, by Lemma
3.1, except on an event whose probability tends to zero as n — oo,

2

d _ 2
& g +otgr— gy <~ 120

7 , 0<a<l, 3.4)

for ye I and g1,¢92 € G,.

3.2. Chaining argument

The following result and its proof are modifications of SH (2002, statement and proof
of Lemma 4.1). This chaining argument, which is useful for proving the main results
of this paper, is well known in the empirical process literature; see Pollard (1984).
However, we develop our own version of the chaining argument since we cannot find
a version in the literature that is suitable to our purpose.

Lemma 3.2 (Chaining argument). Let S be a nonempty subset of S; let Vi, s€S, be
random variables; let Sy be a finite, nonempty subset of' S for k = 0 such that V=0

for s€Sy; let C,...,Cy4 be positive numbers; and let Q be an event. Suppose that
(khm mm |Vs—Vs|=0 for seg) =1, (3.5)
—o0 SES
#(Sk) < Crexp(Cok), k=1, (3.6)
and

max min P(|Vy — Vs| > 27 D03 Q) < Cpexp(—2C2571), k=1. (3.7)
SES; SESk_1

Then

CC
P <sup|Vs| >2C3) < 2+ P(QO).
SES C

Proof. Let Q be the event that lim;_, o, minges, |Vs—V;|=0 for s € S. Then P(Q)=1.
Let 0 < & < oo. Given w € Qp, choose 5o =s0(w) €S such that |V | > sup,cs [V| — ¢
Then

k—oo SES

11m1nfmax|V\ V| > sup | V| — .
SES

Since ¢ can be made arbitrarily small, we conclude that

sup | V5| < lim inf max
SES k—oo SES;
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on €. Hence
lim inf ind (max |Vs| > 2C3> > ind (sup |Vs| > 2C3>
k—o0 SESk s€S

on €. Consequently, by Fatou’s lemma,

P (sup |Vs| > 2C5; Q) hm 1an <max |Vs| > 2C5; Q> .
sES SESy

Therefore it suffices to verify that, for K > 1,

CiC
P <max|VS > 2@;9) < - (3.8)
sE€Sk C,

To this end, for 1 <k <K, let g;,_; be a map from S; to S;_; such that
P(Vy— Vo (9] >27% D03 Q) < Cpexp(-2C257Y), 1<k <K and s€Sy;
the existence of g;_; follows from (3.7). Then, by (3.6),

P(|Vy = Vo 5] > 2=* =Dy for some k € {1,...,K} and s € S;; Q)
K
< Z Cy exp(Crk)Cy exp(72C22k*1 ).
k=1

Since k < 2¥~! for k > 1, the right side of the above inequality is bounded above by

K

CiCa Y exp(=Cok) < CiCa 5
k=1

exp(-G) _ GG
— exp(— Cz) G

Suppose that [V — Vy, (5| <27*~DC;5 for 1 <k <K and s€ Sy. Choose s € Sk
and set sx =, sx_1 = 0x—1(5k),.-.,50 = go(s1). (We refer to sg,...,50 as forming
a “chain” from the point s € Sk to a point 5o € Sg.) Then V,, =0 and |V, — V,_,|
<27*=D¢Cy for 1 <k <K, so

|Vv|: < 2Gs.

Sk Vsk,| )

Consequently,
P <m%x V| > 2C5; Q> S P(|Vs = Vo_yio)] > 277D
SESK
for some k€ {l,...,K} and s € Sy; Q).
Thus (3.8) holds as desired. [

We next introduce a useful device for checking condition (3.5) when applying the
chaining argument (Lemma 3.2).
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By assumption, the predictable variation of the martingale
t
Y(t)— / n(s,X(s))ds, 0<t<rm,
0

is given by fot o%(s)ds, 0 <t <7t. Let & be a bounded function on %. Then the
predictable variation of the martingale

/ Zs )h(s X(S))[dY(S) —n(s,X(s))ds], 0<t<rt,
0

a*(s)
is given by
e CIP

Given a positive integer n and a bounded function 4 on %, set

h(t,X
=5, [ 20" v - . xw)an)

h(t, X;
72 [ 20" P o - . X an

which is uniquely defined up to events of probability zero. Observe that W,(h,) —
W, (hy)=W,(hy — hy). It follows from van de Geer (1995, Lemma 2.1), which is taken
from Shorack and Wellner (1986, p. 899), that, for a,b > 0,

2

P(|W,(h)| = a and ||A|, < 23Xp<_ZZz> ) (3.9)

As in SH (2002), let | - |~ denote the /. norm on any Euclidean space and let {
denote the metric on R/ given by {(y,§) = max; O9M ;N,|y, — §iloo/(b1 — ;).

Lemma 3.3. Suppose Assumptions 2.1-2.3 hold, let n be a positive integer, and let
0 < p < 1. Then, for each j, there are versions of the random variables W,(B,;),
y€eI', such that W,(B,;) is Holder continuous in y with index f.

Proof. Write W,(B,;) as W(y). Let y,y’ erl. According to SH (2002, Lemma A.1),
1By —Bylloo < LL(y,7") and hence ||B, — By |2 < c1(y,y"), where ¢; =L?M,t. Thus,
by (3.9), for a > 0,

2

P(IW(y) = W) = a) < 2exp(‘2c1cnz€(’w/)> '

Let k be a positive integer. Suppose that {(y,y’) < 2~%~3). Then

na222(1—ﬁ)(k—3))

P(W () = W ()| > a2 7)< 2exp<— 5
Cl
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For k > 1, let 5, be a subset of I" such that #(Zr) < exp(c2kN,) and every point
in I' is within 2=* =1 of some point in Z; (in the metric {); here ¢, is a sufficiently
large positive constant. Such subsets exist according to SH (2002, Lemma 3.1). Let
A" denote the event that [ (y,) — W(§i)| > a2~ F% =3 for some y,,5; € Z; such that
e 7x) <27% 3 and let A](cz) denote the event that |W(y,,) — W(y,)| > a2~ F¢=
for some y, € 5 and y,,, € Ex4; such that {(y,,y,,,) < 2=*=2) Then

na222(1—/3)(k—3)>

P(A") < 2 exp(2¢2kN,, Jexp (— 7
1

and

292(1-)(k=3)
P(AP) < 2exp(2ea(k + 1)N, )exp (_”a> .

201
Consequently (for fixed n),

> P uAR) < .
k

Set Qx =(AQUAF UAY), UAL), U-- ). Then Q € @, C -+ and limg P(Qx) = 1.
Consequently, P(2) =1, where Q=Q, U2, U---.

Given y,5€ " and k > 1, let y,,§x € Z; be such that {(y,7,) <2~*=1 and {(§,5)
<276V Then {(y.51) < {(.9) + 2%, (pvepn) <2749, and (GG fienr)
<2772 Observe that lim, y, =y and hence that limy ||B,;—B,,;||c=0. Consequently,
W(y,) converges to WW(y) in probability as k — oo. Since limy W (y,) exists on £, we
conclude that lim; W(y,) = W(y) with probability one. Similarly, lim; W(§%) = W(7)
with probability one. Thus, for K > 1,

W(y) =W @) =W(yg) — W(ik)

Y AT @) = W) = IV Gesr) = WEON (3.10)
k=K

with probability one. By deleting an event of probability zero and redefining each W (y)
on an event of probability zero, we can assume that (3.10) holds on Q for y,y € I' and
K=>1.

Suppose the event Q occurs. Choose y,7 €I such that {(y,7) < 2. Then there ex-
ists £ > 1 such that 2=€=D < {(9,) <272 Thus {(yx,7x) <2-%=3). Conse-
quently, |W(yx)—W(Fx)| < a2~ PE=3); moreover, [W (y;,,)—W(y,)| < a2 P&=3) and
W (§rs1) — WG| < a2=PE=3) for k = K. Thus, by (3.10),

2

W (y) — W (F) <a2? <1 + 1 2-[;) 7—BK=1)

2
2
< a2 <1+1_2_ﬁ

) o1
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We conclude that W (y), y €I, is Holder continuous with index f§ on Qg for K > 1
and hence on all of Q. [J

Given ye T, set B, ={g€G,: ||g|| < 1}. The following lemma will be used in the
proof of Lemma 4.2 to check (3.5) when applying the chaining argument.

Lemma 3.4. Suppose Assumptions 2.1-2.3 hold. Then, except on an event having
probability zero, the following is true: Let yeI', y, €I for k> 1, limy_cy, =7,
geB,, g €B,, for k> 1, and lim;_ ||g — glloc = 0. Then

d  _
= @l(nﬁfxg)

ood o
kli>ngc @ l(nyk + chk)

=0 =0

Proof. Now

g9(& X ()[n(t, X(1)) — 17,(t, X(1))]

=0 dr.

d
S| =)+ [ 20

a=0

Let y,7;,9, and g; be as in the statement of the lemma. According to SH (2002,
Lemma 3.5), limy_. ”ﬁn — ;77||Oo = 0. Consequently,

| 956, XN X (D) — 7, (6 X(1))]
Jm, / Z() a2(1) dr
:/Z(t) g(t,X(t))[n(t,th)) —1,(, X(1))] dt
a*(1)

Next, we apply Lemma 3.3 with I replaced by I'. Let Q be an event such that P(Q)=1
and, on Q, W,(B,;) is continuous in y over I for each j. Write g = > ; byjBy; and
gk =2, by By, . Then Wy(9)=>_; by;Wu(By;) and W,y(gi)=>_; by jWa(B,,;). Thus,
to prove the desired result, it suffices to show that limy_ b, ; = b,; for each j.

Consider the inner product given by (4,h2)y = f,}/ hihy dyr. Let M, denote the Gram
matrix of the basis functions B,; relative to this inner product, the entry in row j and
column & of which equals (B,;, B )y; let A,(g) denote the column vector the jth entry
of which equals [ B,;gdy; and let b, denote the column vector the jth entry of which
equals by;. Then b, =M ' 4,(g) and b, =M, ' 4, (gi). Now limy_, 4, (gx)=4,(9)
and limy_, oo M, = M,, so limy_,o. by =b, as desired. [J

4. Proofs of the main results
4.1. Proof of Theorem 2.1

The theorem follows by applying Huang (2001, Theorems A.l1 and A.2). Note that
Conditions A.2 and A.4(ii) in that paper are implied, respectively, by (3.3) and (3.4)
in the present paper. Condition A.4(i) in that paper is a simplified version of Lemma
4.2 in the present paper. Its proof is simpler than that of Lemma 4.2 (no need for a
chaining argument) and is thus omitted.
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4.2. Proof of Theorem 2.2
The theorem follows from SH (2002, Lemma 2.1) and the following lemma.

Lemma 4.1. Suppose Assumptions 2.1-2.3 hold. Then, for any constant 0 < ¢ < o0,
the set {(y,9):v€l,9€G,, and ||g||-c < c} is compact and /(-) is almost surely
continuous on this set.

Proof. The first conclusion of the lemma follows from DeVore and Lorentz (1993,
Chapter 5, Lemmas 2.1 and 4.1). It follows from Assumption 2.2 that

POX0)
/ =00

is continuous in g. The second conclusion of the lemma now follows from Lemma 3.3
by arguing as in the proof of Lemma 3.4. [

4.3. Proof of Theorem 4.3(i)

Clearly, 17, is the orthogonal projection of 1 onto G, corresponding to the theoretical
inner product. The result follows by arguing as in Huang (2001, proof of Theorem A.1)
or SH (2002, proof of Theorem 2.1). Note that SH (2002, Condition 2.2) is implied
by (3.2) and (3.3).

4.4. Proof of Theorem 2.3(ii)

The result follows from SH (2002, Theorem 2.2) and the following lemma. Note
that SH (2002, Condition 2.4(ii)) is implied by (3.4).

Lemma 4.2. Suppose Assumptions 2.1-2.3 and Condition 2.1 hold. Then

|d/det (77, + og) o] ((N,,)W)
sup sup =0p — .

YET g€Gy gl n

Observe next that

! Z [z fﬁ (0~ 7,0 X () 4

_ 9t X (1))
=E, (/Z(t)az(t) [dY(?) - n(hX(t))dt])
\E, (/Z(t) g9t X ())In(t, X(1)) — 11,(t, X(1))] dt)

a*(1)

d  _
P /(i7, + ocg)
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for ye I and g1, 9> € G,. We will use the chaining argument (Lemma 3.2) to show that
the two terms on the above right side are of order (N,/n)"/? uniformly over g and .

In the proof of Lemma 4.2 below, we will use repeatedly the result that, for some
positive constant M7,

lgllo < MN,Pllgll, g€l and g€ Gy; (4.1)
see SH (2002, proof of Lemma 3.3).

Proof of Lemma 4.2. By Theorem 2.3(i) applied to I, sup ver lylloe < Mg for n suf-
ficiently large.

Since N,,1 / zﬁn < N,,_(C_l/ 2 for some ¢ > % by assumption, there is an ¢ € (0, %) and
there is a fixed positive number ¢; such that, for n sufficiently large,

N2, < oy (N)/2)~Clog4)log (4 ™"]
and hence
min(c; ' N2, NI2ek=12y < 4=G¢=D) (4.2)

for k > 1. (If N)2e®=1/2 > 4=G=D then N}?j, < c;4==D.)

Let Q,, n > 1, be events such that lim, P(£2,)=1 and SH (2002, statement of Lemma
3.4) holds.

Let k be a positive integer, and let y,5 € I" be such that {(y,7) < ¢~!. Then, by SH
(2002, Lemma 3.5), [|i7, — ;]| < c2e® =12 and 17, = i5llee < Ny 26 =172 (for some
fixed positive constants c¢;). Let B;; be as in SH (2002, Section 3) and let g € B,
Then, by Lemmas 3.3 and 3.4, as in the proof of SH (2002, Lemma 4.2), there is
a §€B;_; such that ||g — §|| < c3e7!, |lg — dlln < c3e5! on Q,, and ||g — §]|~o
< C3Nn]/2ek’l. Now

901 — i1, — 300 — i) = (9 — §)n — 71, + iy — 7,):
Observe that [|(g—9@—1,)|| <cyef!and 1G—P0—1 )l <c4Ny2ek=1 It follows from
e = /2 (k—1)/2 e = —1)/2
(4.1) that ||g@7; — 7, <esN, e and [|G@1; — 17,)|lco <csNye . Consequently,
_ 12— _ _
lgt1—77,)— el <ceNa =D and [|g@r—17,)—G01—iiy) | o < csNae® 2. Moreover,
1/28(k—1)/2 a1~1d ||g—§||m chan(k—l)/z_

¢ can be chosen so that, in addition, ||g—g|| <csN,
Alternatively, by Theorem 2.3(i), |77, —n|| < ¢7p, for y € I'. Given y,j € I', we have
that Hﬁy—ﬁfﬂ < 2¢7p,. Choose n’y €G, and 11;6 Gy such that ||17',,—7’I||oo < p, and H’?'y—
Nlloo < P It follows from the triangle inequality and (4.1) that ||, —17, [0 < A
Thus |77, — #lloc < (csNa'> + 1)p,. Similarly, [[7; — nllsc < (csNa'> + 1)p,. Hence
- - 2 ~ — ~ - 2~
Iy = figlloc(esNa™® + 1) Consequently, [lg(n — ii,) — §(1 — iip)l| < coNy*p, and
lg(n —71,) = G(n = 1)|loo < coNufn.
Let {(y,7) <&~ and let g€ B, and g€ Bj;—; be as above. It follows from (4.2)
_ . _ (k- - N - 12 4 —(k—
that [|g(n —i1,) — §(n — )|l < 104~ ® =V, [lg(n—71,) — G0n — iig)l|oo < c10Na 24~ ¢D),
lg — gl < c104™% D, g — §lln < c104~* D on Q,, and ||g — §llc < croNa 74~ ¢ D,
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Let Z;, By for yef, and B, £ >0, be as in SH (2002, Lemma 3.1 and the
following paragraph) with the current value of ¢. We will apply Lemma 3.4 of the
present paper with s =(y,¢),

d
I/Szif_ )
Iy (7, +og) »

S={(y,9):y€l and g€ B,}, and S, ={(y,9): y € Z and g € B }. Now (3.5) follows
from Lemma 3.4. Moreover, #(S;) < (M'e= %)M for k > 1 by SH (2002, Equation
(3.3)), so (3.6) holds with C; =1 and any C, > 2log(M’c~")N,.

Given y € 5y and g € B, choose j€ 5;_; and §€ B;,—; such that {(y,7) < gk=1,
lg(n — ii,) — §(n — iipll < cio4~* D, [lg(n — i1,) — §(n — ip)lloo < c10Na24=¢=D),
lg — g1l < 104~ D, g = dlla < 104~ * =D on @, and |lg — o < 10N, 24=¢D,
Write s = (y,g9) and V; = Vg + Vo, where

g(2, X (#))[n(z, X (¢)) — 17,,(1, X(2))]
Viy=E, (/Z(t) 20) ! dt)

and

_ ot X(DIAY (1) — (e X (1) di]
=g (20 20) )

Similarly, write § = (y,§) and Vi = Vs + Va5 Observe that
h(t, X (¢
Vis— Vis=E, (/Z(f) (, ( )) dl)

a*(1)

=(En—E)(/Z(t>h(”X(’))dr),

a*(1)

where h = g(n — 17,) — g(n — 7;). It follows from Bernstein’s inequality (see
Hoeffding, 1963, Equation 2.13) that, for C > 0,

C22k71N
1. —(k—1) 12 B n
P(|V]s Vls| =>C2 (Nn/n) ) < 26Xp< ZMZTCIO(CIO 4 Cn—l/ZNn)> .
Similarly,
_ [9(z, X(1)) — §(6, X(£)I[Y (1) — n(1, X(¢)) d7]
Vag = Vag = E, (/Z(t) (1) >

so it follows from (3.9) that

C222(k71)Nn
P(|Vas — Vag| = C27* DN, /n) %, Q,) < 2exp ()

2
2¢i

Hence

2 22k71]vn
P(|V, — V| = 2027 % =D(N, /m) %5 Q) <4exp( < )

cii(cio + Cn~12N,,)
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so (3.7) holds with
C?N,
C, =
cii(ero + Cn*l/an)

> 2log(M'e" "N,
for C sufficiently large, C3 = 2C(N,/n)"?, and C4 = 4. Consequently, by Lemma 3.2,

d _
af(nﬁocg)

P (sup sup > 4C(Nn/”)1/2>

yel geBy a=0

< Aen(en+ Cn~'2N,)
= C2N,

+ P(2)),
which can be made arbitrarily close to zero by making »n and C sufficiently large. [
4.5. Proof of Theorem 2.3(iii)
The result follows from SH (2002, Theorem 2.3) and the following lemma.
Lemma 4.3. Suppose Assumptions 2.1-2.3 and Condition 2.1 hold. Then
(@) |£() = £(n) = [A(i,-) — A(D]| = Op (géfr Py + Nn)
and

_n
n n

12
(i) |G, — £(1) — [AGT,) — A()]| = Op (aog”z ” [Ilﬁy —al (N ) D )

uniformly over y€T.

Proof. The first conclusion of the lemma follows by the argument used in SH (2002)
to verify the first part of Condition 2.6 of that paper. To verify the second conclusion
we observe that

2(i1,) = £(n) = [A@7,) = A()]

7.(6, X(t)) — n(t, X(t))][dY(t) — n(t,X(t))dt
:En</2(t)['”( () —n( (6)2)(]t[) () — n(t, X (1)) ])

a*(1)

= _ 2
e —p ( / - [7,(6, X(1)) — n(t, X (1))] dz) ’ 43)
2
We claim that, uniformly over y €I,

-~ o 2
E B ( /Zm [i7,(t. X (1)) = n(t, X(1))] dt)

a(1)

= Op((log"? n)[||i7,, — nl|(Na/n)""* + N,/n]) (4.4)
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and

17,6 X)) — 106 XY () ~ 00t X(0)) 1]
5 ([ 20 e )

= Op((log"? m)[[|77,, — nl|(Na/n)'"* + N,y/n]). (4.5)

The desired result follows from (4.3)—(4.5). The proof of (4.4) is similar to the veri-
fication in SH (2002) of Condition 2.6(ii) in the density estimation context.
To verify (4.5) we observe first of all that, by Bernstein’s inequality, for a > 0,

2

P(||R|2 = [|7]> = a) < ex ( X > 4.6
(Al = N4l ) p 2My7|[h| 2 (A2 + a) (4.6)

We will apply (3.9) and (4.6) first to h=1, —#n. According to arguments in SH (2002,

Section 4.2), |77, —nll < pn and |77, —nllec < log™"? n uniformly over y € I'. Let ¢,

be a fixed positive number. Then, by (4.6), for ¢, a sufficiently large positive number,
P(lii, = nllz = 117, = nll* = &L, = nll(Na/m)"? + Ny/n])
<exp(—2¢iN,logn), yerl.
Thus, for ¢, a sufficiently large positive number,
P(lliiy = nlln = eallli, = nll + (Na/n)'*]) < exp(=2¢1Ny logn),  yeT.

According to (3.9), for c; a sufficiently large positive number,

P < E, (/Z(t) [ﬁy(t,X(t)) - ”(I,X(I))][dY([) — ﬂ(t,X(t)) dl]) ‘

o*(1)

> c3(log"? m)[|[7, — nll(Ns/n)"* + N,/n] ~ and

I, =l < atlf, = + % 21)
< 2exp(—2c|N, logn)

for y € I'. Consequently,

7.6 X (1)) — n(t, XEDIAY (£) — n(t, X (1)) dt
P( . ( /me (1)~ n( (0)2>(]t[) (1) — (. X(1)) ])‘

> c3(log"* m)[||i7, — nl|(Nu/m)'? + Nn/n1>

< 3exp(—2¢iN,logn), yel. (4.7)

Let ¢ >0, let £ be a positive integer, and let y,y € I' be such that {(y,7) < csé”.
Then, as in the proof of Lemma 4.2, ||ij, — ;|| < ¢se*%, ||, — iTlln < ¢5€"* on Q,,
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and |77, — ;)00 < esNy 292 Tt follows from (3.9) that
P <En (/ 2(t) [17,(, X (1)) — i1(2, X (1))][dY (¢) — n(t,X(t))dt]) ’ > i Qn)

a*(1)

2 —k/2
nege
< 2exp ( 232 ) . (4.8)

By Theorem 2.3(i) of this paper and SH (2002, Lemma 3.5), ||ij,— || < c7[{(2, 91"
and [17, — 7]l 00 < NPy )]V for p,f e Let 0 < & < 1. Then, as in SH (2002),
there exist subsets = of I" for k > 1 such that

#(Er) < exp(cskN,), k=1, (4.9)

and, for k > 1, every point in I" is within & (in { distance) of some point in 5. Let
or denote a function from I' to = such that g,(y) is within & of y for y € I'. Then
ox(y) is within & + &1 of a4, 1().

Set

7.(6, X (1)) —n(t, X(t))][dY(t) — n(t,X(t))dt .
Wn(y)En</Z(t)['”( () —n( (6)2)(]t[) (t) — n(t, X(1)) ]) el

It follows from Lemma 3.3 in this paper together with SH (2002, Lemma 3.5), by
arguing as in the proof of Lemma 3.4 of this paper, that

P (Klimoo Wo(ox(y)) = Wi(y) for y€ r) —1. (4.10)
We want to verify that, for some b > 0,

Tim P(IW, ()| > b(log"? [, — nl|(Na/m)"* + N,/n] for some y € I') =0.
To this end, by (4.10) and Fatou’s lemma, it suffices to show that, for some b > 0,

lim lim sup P(|W,(ox(y))| > b(log"* m{[|i7,, — nl|(Na/m)"* + Ny/n]

=00 K—oo

for some yeI';Q,)=0. (4.11)

Let 1 < Ky < K. Then

K—1

(Wox ] < ok, + D [Wa(or1(0)) = Walax ()], (4.12)
k=Ko,

By (4.7)

P([Wa(ak,(0)| = e3(log" m)[|[ilg,, ) = Nll(Na/n) > + N,y /n])

< 3exp(—2ci N, logn)
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for y € I'. Suppose that cg logn < Ky < ¢y logn, where cgcio < c¢;. Then, by (4.9),
Tim P(|W(ax,(1))| = es(log" )il () — nll(Na/n)"? + Ny/n]

for some yeI')=0.
Moreover, by SH (2002, Lemma 3.5),

||’/_IJK0(;)) - ’1” < ||7_Iy - ’1” + Hﬁy - ﬁgKO(y)”
< |7, = nll + e

< 7y = nll + gm0

< iy = nll + Wa/m)'?

provided that ¢y is sufficiently large. Consequently, by choosing c¢; larger if necessary,
we conclude that

Tim P(|W,(ax, ()| = es(log"? m){[if,, — nll(Na/n)'* + N,/n] for some y€ I')

= 0. (4.13)
It follows from (4.8) that
P(lW(0k+1(v))— Wa(or(1)] = et 2,) < 2exp(—nene™?)
for Ko <k <K —1 and y€I'. Consequently, by (4.9),
P(IW,(0k11(7)) = Wa(or(y))| = cse* for some y € I'502,)

<2 exp(zcg(k + DN, Jexp(—nene ™)
for Ko k < K — 1. Observe that

—collogl/e)/4 |

k4 ol
E e L ————F+— < —
1 —el4 n
k=K,

for n sufficiently large provided that ¢y and ¢ are chosen appropriately. Observe also
that

exp(2cg(k + 1)N,) < exp(ncns*k/z/Z), k = cylogn,

provided that n is sufficiently large, in which case
K—1

Z 2 exp(2cs(k + 1)N, )exp(—ncy € —k2y <2 Z exp(—ncy & —k2/2)
k= Ko k= KO

o)
4
k/2
<— > &
nch e
k:Ko

4p—c log(1/¢)/2

S ——5
ncire(l — gl/?)
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which tends to 0 as n — oco. (Note that e < 1/(xe) for x > 0.) Therefore,

K—1
1
lim lim sup P (Z [Wo(ors1(y)) — Wa(oe(y))| = - for some yeF) =0.

n—o0 g_,~o e
(4.14)

Equation (4.11) follows from (4.12)—(4.14). [
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Appendix A. Improved convergence rate of free knot spline estimate over fixed-knot
spline estimate

In this Appendix, we give the necessary technical details for the example given at
the end of Section 2.3. Suppose (X;,Y;), i=1,...,n, is an iid sample of (X, Y) which
follows the regression model ¥ = n(X) + ¢. Define the empirical and theoretical inner

products as (f1, f2), = (1/n) 31, f1(X)f2(X;) and (f1, f2) = E[f1(X)f2(X)]. The

induced norms are denoted as || - ||, and || - ||, respectively. Let i and 7 denote the
orthogonal projection of # on the estimation space G relative to the empirical and
theoretical inner product respectively. Since 77 — # is orthogonal to G relative to the
empirical inner product,

17 =l =l — a7+ 7 = nll5- (A1)
Set b=1/(2J, — 1). We have that

_ _ 1 b
=l > =l > Jmin [ {Gao + @) o)) dr = 7o
anar J_p 24

Using the Bernstein inequality and noting that 5(x) = x> + |x|, we can show that

g —nl?

sup
llg — nl?

geG

- 1’ = op(1). (A2)

(See Lemma 4 of Huang 1998a.) Hence, for some positive constant c,
17 —=nlla = ¢, >, (A.3)
with probability tending to 1. On the other hand, no=2||/j — j||> has a y>-distribution

with J, degrees of freedom. This implies that

1
lim P(n|ij — 7| >aan)=5. (A.4)
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Combining (A.1), (A.3) and (A.4), we obtain that

. . J, _ 1
i (1=l > % ) = 5.
n n 2

Hence, by (A.2),

. . Jn _ 1
lim P (|;7 P =Lt 3) =
n n 2
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