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Abstract

We consider the nonparametric estimation of the drift coe3cient in a di%usion type process in
which the di%usion coe3cient is known and the drift coe3cient depends in an unknown manner
on a vector of time-dependent covariates. Based on many continuous realizations of the process,
the estimator is constructed using the method of maximum likelihood, where the maximization
is taken over a 8nite dimensional estimation space whose dimension grows with the sample size
n. We focus on estimation spaces of polynomial splines. We obtain rates of convergence of the
spline estimates when the knot positions are prespeci8ed but the number of knots increases with
the sample size. We also give the rates of convergence for free knot spline estimates, in which
the knot positions of splines are treated as free parameters that are determined by data.
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1. Introduction

Di%usion type processes form a large class of continuous time processes that are
widely used for stochastic modeling with application to physical, biological, medical,
economic, and social sciences. Statistical estimation and inference for di%usion type
processes are of considerable importance and have been extensively studied in the past
20 years; see Prakasa Rao (1999a,b) and the many references cited therein, especially
in the latter book.
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In this paper we consider the nonparametric estimation of the drift coe3cient in
a di%usion type process with time-dependent covariates. As is usual in this context
(see Prakasa Rao, 1999b), we assume that the di%usion coe3cient is a known, pos-
sibly random, function of time. We are interested in estimating the drift coe3cient
as an unknown function of time and a vector of possibly internal time-dependent co-
variates. The estimator is constructed based on many continuous realizations of the
process. To study the asymptotic properties of estimators, we let the number n of in-
dependent realizations of the process observed over a 8xed time period [0; T ] tend to
in8nity. The same type of asymptotics for estimation in di%usion type processes has
been considered by Nguyen and Pham (1982), McKeague (1986), Beder (1987), and
Leskow and Rozanski (1989), among others.
To estimate the drift coe3cient, we employ the method of maximum likelihood,

where the maximization is taken over a 8nite dimensional estimation space G whose
dimension grows with the sample size n. The estimation space can be chosen as a
space of polynomials, trigonometric polynomials, or polynomial splines. Our approach
is a special case of the method of sieves (Grenander, 1981). We focus on poly-
nomial splines in this paper. First, we give rates of convergence for spline esti-
mates when the knot positions are prespeci8ed. To allow better approximation for large
samples, the number of knots will increase with the sample size. Secondly, we will
consider free knot splines, that is, when the knot positions are treated as free para-
meters that are determined by data. Our theoretical study of free knot splines is
motivated by various methodological considerations in the literature involving free
knot splines; see, for example, Stone et al. (1997) and the references therein, Lindstrom
(1999), Hansen and Kooperberg (2002), Zhou and Shen (2001), and Kooperberg
and Stone (2002a,b). From the theoretical point view, the bene8t of using free knot
splines versus 8xed knot splines lies in the potential for better rates of
convergence.
It turns out that the estimation problem we consider can be cast in the frame-

work of extended linear models; see Stone et al. (1997). The general theory of ex-
tended linear modeling has developed gradually over the last couple of decades: see
Stone (1985, 1986, 1990, 1991, 1994); Hansen (1994); Kooperberg et al. (1995a,b);
Huang (1998a,b); Huang and Stone (1998); Huang et al. (2000). A general treatment
is given in Huang (2001). Recently, Stone and Huang (2002), referred to in the sequel
as SH (2002), have adapted the theory to handle free knot splines.
An important advantage of the extended linear modeling framework is that it allows

for a common approach to a wide variety of seemingly separate contexts: ordinary
regression; generalized regression, including logistic and Poisson regression; multiple
logistic regression and multiple classi8cation; density estimation; conditional density
estimation; spectral density estimation; hazard regression; and counting process re-
gression, with or without marks. It is also very convenient to discuss dimensionality
reduction through structural models such as additive models in extended linear models.
However in the paper, for brevity, we will restrict attention to saturated models; that is,
we will not consider additive models or ANOVA models involving selected low-order
interaction terms (see the Remark at the end of Section 2 for discussion of results
along this line).
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Huang (2001) and SH (2002) laid down the theoretical framework for extended lin-
ear modeling and provided general results under very broad conditions, the veri8cation
of which in each speci8c context (ordinary regression, density estimation, and so forth)
using primitive conditions in that context is necessary and could be a challenging task.
The main contributions of this paper lie in realizing that estimating the dependence of
the drift coe3cient of a di%usion type process on a vector of time-dependent covariates
is a mathematically tractable special case of extended linear modeling and in establish-
ing results under primitive conditions on the process. This paper can be thought of as
a novel application of the extended linear model framework to a new context.
There are several extensions of the results in this paper that would be of practical

interest. One would be to construct an estimator based on one long continuous realiza-
tion of the process; that is, the process would be observed over the time interval [0; T ],
where T tends to in8nity. Another interesting extension would be to processes that are
observed at discrete time instants. We anticipate that substantial further technical ad-
vances would be necessary to treat these extensions, but the techniques developed in
this paper should be helpful.
A more straightforward extension would be to handle di%usion processes with jumps

(Prakasa Rao, 1999a) and time-dependent covariates. The special case of pure jump
processes (that is, without a continuous component) was treated theoretically by
Li (2000), where an application to continuous-time currency exchange rate data was
also given. Li’s dissertation and the possible extension that it suggested provided the
initial motivation for the present paper.
In Section 2 we describe the basic setup and state the main results of estimation

of the drift coe3cient. Sections 2.2 and 2.3 give rates of convergence for 8xed knot
spline estimates and free knot spline estimates, respectively. Section 3 provides some
preliminary lemmas. The proofs of the main results are given in Section 4.
We conclude this section by introducing some notation. Given positive numbers

an and bn for n¿ 1, let an . bn mean that an=bn is bounded and let an � bn

mean that an . bn and bn . an. Given random variables Vn for n¿ 1, let Vn =
OP(bn) mean that limc→∞ lim supn P(|Vn|¿ cbn) = 0, and let Vn = oP(bn) mean that
lim supn P(|Vn|¿ cbn) = 0 for all c¿ 0. For a random variable V , let En denote ex-
pectation relative to its empirical distribution; that is, En(V ) = n−1 ∑

i Vi, where Vi,
16 i6 n, is a random sample from the distribution of V . We use c1; c2; : : : to denote
positive constants that may change from context to context.

2. Statement of results

2.1. Setup

Consider a one-dimensional di%usion type process Y (t) that satis8es

dY (t) = �(t;X(t)) + �(t) dW (t); 06 t6 �;

where 0¡�¡∞ and W (t) is a Wiener process. It is assumed that the di%usion
coe3cient �2(t) at time t is a known, predictable, random function of time. It is also
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assumed that the value at time t of the drift coe3cient is an unknown function �(t;X(t))
of t and the value at time t of a predictable covariate process X(t)=(X1(t); : : : ; XL(t)),
06 t6 �. We refer to � as the regression function. Let Z(t), 06 t6 �, be a predictable
{0; 1}-valued process. The process Z(t) can be thought of as a censoring indicator:
the processes X(t) and Y (t) are only observed when Z(t) = 1. We will consider
inference for the regression function based on a random sample of n realizations of
{(X(t); Y (t)): 06 t6 � and Z(t) = 1}. Nguyen and Pham (1982) and McKeague
(1986) have considered the special case of this setup when �(t;X(t))=X(t)T �(t) with
�(t) = (�1(t); : : : ; �L(t)) and Z(t) ≡ 1.
The (partial) log-likelihood corresponding to a candidate h for � based on a single

observation is given by

l(h) =
∫

Z(t)
h(t;X(t))

�2(t)
dY (t)− 1

2

∫
Z(t)

h2(t;X(t))
�2(t)

dt:

This can be seen either by passing to the limit from a discrete-time approximation
or by modeling (X(t); Y (t)), 06 t6 �, as a multidimensional di%usion process and
determining the appropriate partial log-likelihood. The expected log-likelihood is given
by

�(h) = E
(∫

Z(t)
h(t;X(t))

�2(t)
dY (t)− 1

2

∫
Z(t)

h2(t;X(t))
�2(t)

dt
)

= E
(∫

Z(t)
h(t;X(t))�(t;X(t))

�2(t)
dt − 1

2

∫
Z(t)

h2(t;X(t))
�2(t)

dt
)

:

For a random sample of size n from the process (X(t); Y (t); Z(t)), 06 t6 �, the
corresponding (normalized) log-likelihood is given by

‘(h) =
1
n

∑
i

∫
Zi(t)

h(t;Xi(t))
�2
i (t)

dYi(t)− 1
2n

∑
i

∫
Zi(t)

h2(t;Xi(t))
�2
i (t)

dt:

As in the framework of extended linear models (Huang, 2001), we will estimate the
unknown function � by maximizing this log-likelihood over a 8nite dimensional esti-
mation space (or approximation space).
Let [al; bl] be a compact interval for 16 l6L, let X denote the Cartesian product

of [al; bl], 16 l6L, and set U=[0; �]×X. Suppose that, for 06 t6 �, Z(t)=0 unless
X(t)∈X. Then we can think of the regression function � and the candidate functions
h as being functions on U. Given such a function h, set ‖h‖∞ = supu∈U |h(u)| and
let ‖h‖L2 denote the standard L2 norm relative to Lebesgue measure on U. We restrict
attention to bounded candidates h for �.
The following technical assumptions will be used in this paper.

Assumption 2.1. ‖�‖∞6M0 for some constant M0 ¿ 0.
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Assumption 2.2. There are constants M1 ¿ 0 and M2¿M1 such that M16 �−2(t)6M2

for t ∈ [0; �] such that Z(t) = 1.

Let  (A) denote the Lebesgue measure of a Borel subset A of U.

Assumption 2.3. There are constants M3 ¿ 0 and M4¿M3 such that

M3 (A)6E
(∫

Z(t)ind((t;X(t))∈A) dt
)
6M4 (A)

for every Borel subset A of U:

Suppose that, for 06 t6 �, the conditional distribution of X(t) given that Z(t) = 1
has a density fX(t)|Z(t)=1(x), x∈X. Given a Borel subset A of U, set At={x∈X: (x; t)
∈A} for 06 t6 �. Then

E
(∫

Z(t)ind((t;X(t))∈A) dt
)
=
∫

P(Z(t) = 1)
(∫

At

fX(t)|Z(t)=1(x) dx
)

dt:

Thus a su3cient condition for Assumption 2.3 is that (i) P(Z(t)=1) is bounded away
from zero uniformly over t ∈ [0; �] and (ii) fX(t)|Z(t)=1(x) is bounded away from zero
and in8nity uniformly over (t; x)∈U.

2.2. Spline estimation: 6xed knots

We consider in this section the maximum likelihood estimation over an appropriate
8nite dimensional space of spline functions. Here, the number of knots is allowed to
increase deterministically with the sample size while, for each sample size, the knot
positions are 8xed. We 8rst provide a result for general estimation space and then
specify to spline estimation.
Consider an estimation space G = Gn whose dimension Nn is 8nite and may tend

to in8nity with the sample size n. Let �̂ denote the maximum likelihood estimate
in G of �; that is, �̂ = argmaxg∈G ‘(g), where ‘(g) is the normalized log-likelihood
de8ned above. We now give conditions for the consistency of �̂ and derive the rate of
convergence.
Since �̂ maximizes the scaled log-likelihood ‘(g), which should be close to the

expected log-likelihood �(g) for g∈G when sample size is large, it is natural to think
that �̂ is directly estimating the best approximation P�= argmaxg∈G�(g) in G to �. If
G is chosen such that P� is close to � then �̂ should provide a reasonable estimate of
�. This motivates the decomposition

�̂− �= ( P�− �) + (�̂− P�);

where P� − � and �̂ − P� are referred to, respectively, as the approximation error and
estimation error.
Set An = supg∈G;‖g‖L2 �=0 {‖g‖∞=‖g‖L2}¿ 1, and "n = inf g∈G ‖g− �‖∞.
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Theorem 2.1. Suppose Assumptions 2.1–2.3 hold and that limn An"n = 0 and limn

A2
nNn=n = 0. Then P� exists uniquely for n su:ciently large and ‖ P� − �‖2L2

= O("2
n).

Moreover, �̂ exists uniquely except on an event whose probability tends to zero as
n → ∞ and ‖�̂ − P�‖2L2

= OP(Nn=n). Consequently, ‖�̂ − �‖2L2
= OP(Nn=n + "2

n). In
particular, ‖�̂− �‖L2 = oP(1); that is, �̂ is consistent.

The bounds for the magnitudes of the estimation and approximation errors can be
interpreted intuitively as follows: Nn=n is just the inverse of the number of observations
per parameter, and "n is the best possible approximation rate in the estimation space
to the target function �.
Let us now specialize to spline estimation. To this end, write U =U0 × · · · ×UL,

where U0 = [0; �] and Ul = [al; bl] for 16 l6L. For each l, let ml be an integer
with ml¿ 2 (not depending on n), let Jl be a positive integer, and let %lj, 16 j6 Jl,
be such that a¡%l16 · · ·6 %lJl ¡b and %l; j−1 ¿%l;j−m for 26 j6 Jl + ml, where
%lj=a for 1−ml6 j6 0 and %lj=b for Jl+16 j6 Jl+ml. Let Gl�l be the space of
polynomial splines of order ml (degree ml − 1) on Ul with the interior knot sequence
�l = (%l1; : : : ; %lJl), whose dimension Jl + ml is denoted by Nnl to indicate its possible
dependence on the sample size n. For �= (�0; : : : ; �L), let G� be the tensor product of
Gl�l , 06 l6L, (that is, the linear space spanned by g0(u0) · · · gL(ul) as gl runs over
Gl�l) which has dimension Nn =

∏
l Nnl.

Let the knot speci8cation � possibly depend on the sample size but otherwise be
8xed. For 06 l6L, let PMl¿ 1 be a 8xed positive number and suppose the knot
sequence �l = (�l1; : : : ; �lJl) on Ul satis8es

%l; j2−1 − %l; j2−ml

%l; j1−1 − %l; j1−ml

6 PMl; 26 j1; j26 Jl + ml; (2.1)

where %l;1−ml = · · · = %l0 = a and %l;Jl+1 = · · · = %l;Jl+ml = b. It follows from (2.1)
and (3.1) that An . N 1=2

n ; see SH (2002, proof of Lemma 3.3). Thus the condition
limn A2

nNn=n= 0 reduces to limn N 2
n =n= 0.

To get a precise result, let us introduce a commonly used smoothness condition. Let
0¡(6 1, let k be a nonnegative integer, and set p = k + (. A function on U is
said to be p-smooth if it is k times continuously di%erentiable on U and Di satis8es
a HQolder condition with exponent ( for all i with [i] = k. Suppose � is p-smooth and
that Nnl � Nnl′ for 06 l; l′6L. Then "n � N−p

nl � N−p=(L+1)
n (see Schumaker, 1981,

Equation 13.69 and Theorem 12.8). It follows from Theorem 2.1 that, if p¿ (L+1)=2,
limn Nn = 0 and limn N 2

n =n= 0, then ‖�̂− �‖2L2
= OP(Nn=n+ N−2p=(L+1)

n ). In particular,
for Nn � n(L+1)=(2p+L+1), we have that ‖�̂− �‖2L2

= OP(n−2p=(2p+L+1)).

2.3. Spline estimation: free knots

We now apply the maximum likelihood method to free knot splines to estimate the
regression function.
For 06 l6L, let PMl¿ 1 be a 8xed positive number and let ,l denote the collection

of free knot sequences �l = (�l1; : : : ; �lJl) on Ul such that (2.1) holds. Let , denote
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the Cartesian product of ,l, 06 l6L, which can be viewed as a subset of RJ with
J =

∑
l Jl. We consider the use of the collection G�; �∈,, which can be viewed as a

(nonlinear) space of free knot splines, in estimating the regression function.
For each 8xed �∈,, the maximum likelihood estimate is given by �̂�=maxg∈G� ‘(g).

To let the data pick the knot positions, we choose �̂∈, such that ‘(�̂�̂)=max�∈, ‘(�̂�).
We refer to �̂�̂ as the free knot spline estimator. We will study the bene8t of using
free knot splines through the rate of convergence of �̂�̂ − �. The following theorem is
about the existence of �̂.

Theorem 2.2. Suppose Assumptions 2.1–2.3 hold. There is a �∗ ∈, such that "n�∗ =
inf �∈,"n�. Moreover, almost surely there is a �̂∈, such that ‘(�̂�̂) = max�∈, ‘(�̂�).

It follows from Theorem 2.1 that, ‖�̂� − �‖2L2
=OP("2

n� +Nn=n) for each 8xed �∈,.
Let �∗ be such that "n�∗ = inf �∈,"n�. (Such a �∗ exists; see Theorem 2.2.) Then

inf
�∈,

‖�̂� − �‖2L2
6 ‖�̂�∗ − �‖2L2

= OP("2
n�∗ + Nn=n) = OP

(
inf
�∈,

"2
n� + Nn=n

)
:

It is natural to expect that, with high probability, ‖�̂�̂−�‖2L2
will be not much larger than

inf �∈, ‖�̂� − �‖2L2
or inf �∈, "2

n� + Nn=n. The next theorem is concerned with justifying
this heuristic under suitable conditions. Ideally, we would like to show that ‖�̂�̂−�‖2L2

=
OP(inf �∈, "2

n� + Nn=n), but as in SH (2002) we are able only to prove a somewhat
weaker result.
For �∈,, set Nn = dim(G�), "n� = inf g∈G� ‖g − �‖∞, and "n = sup�∈, "n�. Also,

let ,̃ be de8ned in the same way as ,, but with PMl in (2.2) replaced by 3 PMl. Set
"̃n = sup�∈,̃ "n�.

Condition 2.1. Nn =o(n1=2), N−(c−1=2)
n . log−1=2 n, and "̃n =O(N−c

n ) for some c¿ 1
2 .

If � satis8es a HQolder condition with exponent c¿ 1
2 (that is, if there is a positive

number % such that |h(u2)−h(u1)|6 %|u2−u1|c for u1; u2 ∈U), then "̃n=O(N−c
n ) (see

Schumaker, 1981, Eq. (13.69) and Theorem 12.8). In this case, a su3cient condition
for Condition 2.1 is that Nn � n- for some - with 0¡-¡ 1

2 .
Let Vn� = OP(bn�) uniformly over �∈, mean that limc→∞ lim supn P(|Vn�|¿ cbn�

for some �∈,)=0. Let Vn= POP(bn) mean that limn P(|Vn|¿ cbn)=0 for some c¿ 0,
where bn ¿ 0 for n¿ 1. Note that Vn = POP(bn) is a slightly stronger statement than
Vn =OP(bn). Let M ′

0 be any constant with M ′
0 ¿M0 for M0 in Assumption 2.1.

Theorem 2.3. Suppose Assumptions 2.1–2.3 and Condition 2.1 hold.
(i) For �∈ ,̃ there is a unique function P�� ∈G� that maximizes the expected

log-likelihood over G�. Moreover, sup�∈, ‖ P��‖∞6M ′
0 for n su:ciently large and

‖ P�� − �‖L2 = O("n�) uniformly over �∈,.
(ii) �̂� exists uniquely for �∈, and sup�∈, ‖�̂�‖∞6M ′

0 on an event whose prob-
ability tends to one as n → ∞. Moreover, sup�∈, ‖�̂� − P��‖2L2

= OP(Nn=n).
(iii) ‖ P��̂ − �‖2L2

= OP(inf �∈, "2
n�) + POP((log n)Nn=n).
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Note that it follows from (ii) and (iii) of Theorem 2.3 that ‖�̂�̂−�‖2L2
=OP(inf �∈, "2

n�)+
POP((log n)Nn=n).
It is interesting to compare the rate of convergence here for free knot splines with

that obtained in Section 2.2 for 8xed knots splines. The use of free knot splines pro-
vides smaller approximation error: free knot splines can achieve the smallest possible
approximation error (inf �∈, "n�) over a class of knot con8gurations. The cost is a small
inSation of the variance, as there is an extra logn term in the variance bound for free
knot splines.
To illustrate of the improved rate of convergence of free knot spline estimates over

8xed knot spline estimates, consider, for simplicity, estimating the regression function
�(x) in the regression model Y = �(X ) + /, where X has a uniform distribution on
[− 1; 1] and / has a normal distribution with mean 0 and variance �2. Suppose �(x)=
x2 + |x|. Clearly, the 8rst derivative of � at 0 does not exist, which implies a slow
8xed knot spline approximation rate if there is no knot very close to 0. Speci8cally,
let the estimation space G be the space of linear splines on [− 1; 1] with 2Jn equally
spaced knots located at ±(2k − 1)=(2Jn − 1), k = 1; : : : ; Jn, and let �̂ be the least
squares estimate on G. It can be shown (see Appendix A) that, for some positive
constant c and large n, P(‖�̂− �‖2 ¿cJn=n+ cJ−3

n )¿ 1
3 and thus for all choices of Jn,

P(‖�̂− �‖2 ¿cn−3=4)¿ 1
3 . On the other hand, let G% be the space of linear splines on

[− 1; 1] with 2Jn − 1 knots located at % and ±(2k − 1)=(2Jn − 1), k = 2; : : : ; Jn, where
−1=(2Jn−1)6 %6 1=(2Jn−1). Here, we simply replace two 8xed knots ±1=(2Jn−1)
in the previous setup by one free knot at %. Let �̂%̂ be the free knot spline least squares
estimate. It is easily seen that inf % "n%=O(J−2

n ). Using an analogue of Proposition 2.3
for the regression context (SH, 2002), we obtain that ‖�̂%̂−�‖2 =OP(J−4

n + Jn log n=n).
Hence, for Jn � (n=log n)1=5, the convergence rate of the free knot spline estimate
satis8es ‖�̂%̂ − �‖2 = OP((n−1 log n)4=5), which is faster than that of the 8xed knot
spline estimate.

Remark. At the expense of much additional notation, Theorems 2.1 and 2.3 could be
extended to additive and more general unsaturated ANOVA models. In the statement
of such results, it would be necessary to replace � by its best approximation having the
speci8ed form. For estimation based on 8xed knot splines of the components of the cor-
responding ANOVA decomposition, the results in Corollary 2.2 of Huang (2001) hold
in the current context. Moreover, these results can be extended to hold uniformly over
a class of knot con8gurations. Here the uniformity is in the same sense as in Theorem
2.3(i) and (ii). However, it is not obvious how to obtain a satisfactory analog of Theo-
rem 2.3(iii) that would apply to the ANOVA components of a free knot spline estimate.

3. Preliminary lemmas

3.1. Theoretical and empirical inner products and norms

As in the general theory of extended linear models (Huang, 2001), we introduce some
inner products and norms that are convenient for our technical arguments. Consider 8rst
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the theoretical inner product and norm given by

〈h1; h2〉= E
(∫

Z(t)
h1(t;X(t))h2(t;X(t))

�2(t)
dt
)

and ‖h‖2 = 〈h; h〉. Under Assumptions 2.2 and 2.3,

M5‖h‖2L2
6 ‖h‖26M6‖h‖2L2

(3.1)

for some constants M5 ¿ 0 and M6¿M5. Hence in the statements of Theorems 2.1
and 2.3, the norm ‖ · ‖L2 can be replaced by ‖ · ‖.
The theoretical inner product and norm are connected to the expected log-likelihood

and its derivatives. In fact,

�(h) = 〈h; �〉 − 〈h; h〉
2

=
‖�‖2 − ‖h− �‖2

2
;

which is essentially uniquely maximized at h = �; that is, h maximizes the expected
log-likelihood if and only if h= � almost everywhere. Moreover,

d
d�

�(h1 + �h2)
∣∣∣∣
�=0

= 〈h2; �− h1〉 (3.2)

and

d2

d�2
�(h1 + �(h2 − h1)) =−‖h2 − h1‖2: (3.3)

We next introduce a data version of the theoretical inner product and norm. The
empirical inner product and norm are de8ned by

〈h1; h2〉n = En

(∫
Z(t)

h1(t;X(t))h2(t;X(t))
�2(t)

dt
)

=
1
n

∑
i

∫
Zi(t)

h1(t;Xi(t))h2(t;Xi(t))
�2
i (t)

dt

and ‖h‖2n = 〈h; h〉n. The next result, which is SH (2002, Lemma 4.2) with slightly
di%erent de8nitions of the theoretical and empirical inner products and norms, says
that the empirical inner product and its theoretical counterpart are close uniformly in
the estimation spaces.

Lemma 3.1. Suppose Assumptions 2.2 and 2.3 hold and that Nn = o(n1=2). Then

sup
�;�̃∈,

sup
f∈G�

sup
g∈G�̃

|〈f; g〉n − 〈f; g〉|
‖f‖‖g‖ = oP(1):

Consequently, except on an event whose probability tends to zero as n → ∞,

‖g‖2
2
6 ‖g‖2n6 2‖g‖2; �∈, and g∈G �:
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The empirical norm is related to second derivative of the log-likelihood; that is,

d2

d�2
‘(g1 + �(g2 − g1)) =−1

n

∑
i

∫
Zi(t)

[g2(t;Xi(t))− g1(t;Xi(t))]2

�2
i (t)

dt

=−‖g2 − g1‖2n:
Suppose that Assumptions 2.2 and 2.3 hold and that limn N 2

n =n= 0. Then, by Lemma
3.1, except on an event whose probability tends to zero as n → ∞,

d2

d�2
‘(g1 + �(g2 − g1))6− ‖g2 − g1‖2

2
; 06 �6 1; (3.4)

for �∈, and g1; g2 ∈G �.

3.2. Chaining argument

The following result and its proof are modi8cations of SH (2002, statement and proof
of Lemma 4.1). This chaining argument, which is useful for proving the main results
of this paper, is well known in the empirical process literature; see Pollard (1984).
However, we develop our own version of the chaining argument since we cannot 8nd
a version in the literature that is suitable to our purpose.

Lemma 3.2 (Chaining argument). Let S be a nonempty subset of S̃; let Vs, s∈ S̃, be
random variables; let Sk be a 6nite, nonempty subset of S̃ for k¿ 0 such that Vs=0
for s∈S0; let C1; : : : ; C4 be positive numbers; and let 3 be an event. Suppose that

P
(

lim
k→∞

min
s̃∈Sk

|Vs − Vs̃|= 0 for s∈S
)
= 1; (3.5)

#(Sk)6C1 exp(C2k); k¿ 1; (3.6)

and

max
s∈Sk

min
s̃∈Sk−1

P(|Vs − Vs̃|¿ 2−(k−1)C3;3)6C4 exp(−2C22k−1); k¿ 1: (3.7)

Then

P
(
sup
s∈S

|Vs|¿ 2C3

)
6

C1C4

C2
+ P(3c):

Proof. Let 30 be the event that limk→∞ mins̃∈Sk |Vs−Vs̃|=0 for s∈S. Then P(30)=1.
Let 0¡/¡∞. Given !∈30, choose s0 = s0(!)∈S such that |Vs0 |¿ sups∈S |Vs| − /.
Then

lim inf
k→∞

max
s̃∈Sk

|Vs̃|¿ |Vs0 |¿ sup
s∈S

|Vs| − /:

Since / can be made arbitrarily small, we conclude that

sup
s∈S

|Vs|6 lim inf
k→∞

max
s̃∈Sk

|Vs̃|
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on 30. Hence

lim inf
k→∞

ind
(
max
s̃∈Sk

|Vs̃|¿ 2C3

)
¿ ind

(
sup
s∈S

|Vs|¿ 2C3

)

on 30. Consequently, by Fatou’s lemma,

P
(
sup
s∈S

|Vs|¿ 2C3;3
)
6 lim inf

k→∞
P
(
max
s̃∈Sk

|Vs̃|¿ 2C3;3
)

:

Therefore it su3ces to verify that, for K¿ 1,

P
(
max
s∈SK

|Vs|¿ 2C3;3
)
6

C1C4

C2
: (3.8)

To this end, for 16 k6K , let �k−1 be a map from Sk to Sk−1 such that

P(|Vs − V�k−1(s)|¿2−(k−1)C3;3)6C4 exp(−2C22k−1); 16 k6K and s∈Sk ;

the existence of �k−1 follows from (3.7). Then, by (3.6),

P(|Vs − V�k−1(s)|¿ 2−(k−1)C3 for some k ∈{1; : : : ; K} and s∈Sk ;3)

6
K∑

k=1

C1 exp(C2k)C4 exp(−2C22k−1):

Since k6 2k−1 for k¿ 1, the right side of the above inequality is bounded above by

C1C4

K∑
k=1

exp(−C2k)6C1C4
exp(−C2)

1− exp(−C2)
6

C1C4

C2
:

Suppose that |Vs − V�k−1(s)|6 2−(k−1)C3 for 16 k6K and s∈Sk . Choose s∈SK

and set sK = s, sK−1 = �K−1(sK); : : : ; s0 = �0(s1). (We refer to sK ; : : : ; s0 as forming
a “chain” from the point s∈SK to a point s0 ∈S0.) Then Vs0 = 0 and |Vsk − Vsk−1 |
6 2−(k−1)C3 for 16 k6K , so

|Vs|=
∣∣∣∣∣

K∑
k=1

(Vsk − Vsk−1 )

∣∣∣∣∣6 2C3:

Consequently,

P
(
max
s∈SK

|Vs|¿ 2C3;3
)
6P(|Vs − V�k−1(s)|¿ 2−(k−1)C3

for some k ∈{1; : : : ; K} and s∈Sk ;3):

Thus (3.8) holds as desired.

We next introduce a useful device for checking condition (3.5) when applying the
chaining argument (Lemma 3.2).
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By assumption, the predictable variation of the martingale

Y (t)−
∫ t

0
�(s;X(s)) ds; 06 t6 �;

is given by
∫ t
0 �2(s) ds, 06 t6 �. Let h be a bounded function on U. Then the

predictable variation of the martingale∫ t

0
Z(s)

h(s;X(s))
�2(s)

[dY (s)− �(s;X(s)) ds]; 06 t6 �;

is given by∫ t

0
Z(s)

h2(s;X(s))
�2(s)

ds; 06 t6 �:

Given a positive integer n and a bounded function h on U, set

Wn(h) = En

(∫
Z(t)

h(t;X(t))
�2(t)

[dY (t)− �(t;X(t)) dt]
)

=
1
n

n∑
k=1

∫
Zi(t)

h(t;Xi(t))
�2(t)

[dYi(t)− �(t;Xi(t)) dt];

which is uniquely de8ned up to events of probability zero. Observe that Wn(h2) −
Wn(h1)=Wn(h2−h1). It follows from van de Geer (1995, Lemma 2.1), which is taken
from Shorack and Wellner (1986, p. 899), that, for a; b¿ 0,

P(|Wn(h)|¿ a and ‖h‖n6 b)6 2 exp
(
−na2

2b2

)
: (3.9)

As in SH (2002), let | · |∞ denote the l∞ norm on any Euclidean space and let 9
denote the metric on RJ given by 9(�; �̃) = maxl 9 PMlNn|�l − �̃l|∞=(bl − al).

Lemma 3.3. Suppose Assumptions 2.1–2.3 hold, let n be a positive integer, and let
0¡(¡ 1. Then, for each j, there are versions of the random variables Wn(B �j),
�∈,, such that Wn(B �j) is H?older continuous in � with index (.

Proof. Write Wn(B �j) as W (�). Let �; �′ ∈ ,̃. According to SH (2002, Lemma A.1),
‖B �−B �′‖∞6L9(�; �′) and hence ‖B �−B �′‖2n6 c192(�; �′), where c1 =L2M2�. Thus,
by (3.9), for a¿ 0,

P(|W (�)−W (�′)|¿ a)6 2 exp
(
− na2

2c192(�; �′)

)
:

Let k be a positive integer. Suppose that 9(�; �′)6 2−(k−3). Then

P(|W (�)−W (�′)|¿a2−((k−3))6 2 exp
(
−na222(1−()(k−3)

2c1

)
:
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For k¿ 1, let ;k be a subset of ,̃ such that #(;k)6 exp(c2kNn) and every point
in , is within 2−(k−1) of some point in ;k (in the metric 9); here c2 is a su3ciently
large positive constant. Such subsets exist according to SH (2002, Lemma 3.1). Let
A(1)
k denote the event that |W (�k)−W (�̃k)|¿a2−((k−3) for some �k ; �̃k ∈;k such that

9(�k ; �̃k)6 2−(k−3), and let A(2)
k denote the event that |W (�k+1)−W (�k)|¿a2−((k−3)

for some �k ∈;k and �k+1 ∈;k+1 such that 9(�k ; �k+1)6 2−(k−2). Then

P(A(1)
k )6 2 exp(2c2kNn)exp

(
−na222(1−()(k−3)

2c1

)

and

P(A(2)
k )6 2 exp(2c2(k + 1)Nn)exp

(
−na222(1−()(k−3)

2c1

)
:

Consequently (for 8xed n),∑
k

P(A(1)
k ∪ A(2)

k )¡∞:

Set 3K = (A(1)
K ∪ A(2)

K ∪ A(1)
K+1 ∪ A(2)

K+1 ∪ · · ·)c. Then 31 ⊂ 32 ⊂ · · · and limK P(3K) = 1.
Consequently, P(3) = 1, where 3 = 31 ∪ 32 ∪ · · · .
Given �; �̃∈, and k¿ 1, let �k ; �̃k ∈;k be such that 9(�; �k)6 2−(k−1) and 9(�̃; �̃k)

6 2−(k−1). Then 9(�k ; �̃k)6 9(�; �̃) + 2−(k−2), 9(�k ; �k+1)6 2−(k−2), and 9(�̃k ; �̃k+1)
6 2−(k−2). Observe that limk �k=� and hence that limk ‖B �j−B �k j‖∞=0. Consequently,
W (�k) converges to W (�) in probability as k → ∞. Since limk W (�k) exists on 3, we
conclude that limk W (�k) = W (�) with probability one. Similarly, limk W (�̃k) = W (�̃)
with probability one. Thus, for K¿ 1,

W (�)−W (�̃) =W (�K)−W (�̃K)

+
∞∑

k=K

{W (�k+1)−W (�k)− [W (�̃k+1)−W (�̃k)]} (3.10)

with probability one. By deleting an event of probability zero and rede8ning each W (�)
on an event of probability zero, we can assume that (3.10) holds on 3 for �; �̃∈, and
K¿ 1.

Suppose the event 3 occurs. Choose �; �̃∈, such that 9(�; �̃)6 2. Then there ex-
ists k¿ 1 such that 2−(K−1) ¡9(�; �̃)6 2−(K−2). Thus 9(�K ; �̃K)6 2−(K−3). Conse-
quently, |W (�K)−W (�̃K)|6 a2−((K−3); moreover, |W (�k+1)−W (�k)|6 a2−((K−3) and
|W (�̃k+1)−W (�̃k)|6 a2−((K−3) for k¿K . Thus, by (3.10),

|W (�)−W (�̃)|6 a22(
(
1 +

2
1− 2−(

)
2−((K−1)

6 a22(
(
1 +

2
1− 2−(

)
[9(�; �̃)](:
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We conclude that W (�), �∈,, is HQolder continuous with index ( on 3K for K¿ 1
and hence on all of 3.

Given �∈ ,̃, set B � = {g∈G �: ‖g‖6 1}. The following lemma will be used in the
proof of Lemma 4.2 to check (3.5) when applying the chaining argument.

Lemma 3.4. Suppose Assumptions 2.1–2.3 hold. Then, except on an event having
probability zero, the following is true: Let �∈,, �k ∈ ,̃ for k¿ 1, limk→∞ �k = �,
g∈B �, gk ∈B �k for k¿ 1, and limk→∞ ‖gk − g‖∞ = 0. Then

lim
k→∞

d
d�

l( P� �k + �gk)
∣∣∣∣
�=0

=
d
d�

l( P� � + �g)
∣∣∣∣
�=0

:

Proof. Now

d
d�

l( P� � + �g)
∣∣∣∣
�=0

=Wn(g) +
∫

Z(t)
g(t;X(t))[�(t;X(t))− P� �(t;X(t))]

�2(t)
dt:

Let �; �k ; g, and gk be as in the statement of the lemma. According to SH (2002,
Lemma 3.5), limk→∞ ‖ P� �k − P� �‖∞ = 0. Consequently,

lim
k→∞

∫
Z(t)

gk(t;X(t))[�(t;X(t))− P� �k (t;X(t))]

�2(t)
dt

=
∫

Z(t)
g(t;X(t))[�(t;X(t))− P� �(t;X(t))]

�2(t)
dt:

Next, we apply Lemma 3.3 with , replaced by ,̃. Let 3 be an event such that P(3)=1
and, on 3, Wn(B �j) is continuous in � over ,̃ for each j. Write g =

∑
j b �jB �j and

gk =
∑

j b �k jB �k j. Then Wn(g)=
∑

j b �jWn(B �j) and Wn(gk)=
∑

j b �k jWn(B �k j). Thus,
to prove the desired result, it su3ces to show that limk→∞ b �k j = b �j for each j.
Consider the inner product given by 〈h1; h2〉 =

∫
U
h1h2 d . Let M� denote the Gram

matrix of the basis functions B �j relative to this inner product, the entry in row j and
column k of which equals 〈B �j; B �k〉 ; let A�(g) denote the column vector the jth entry
of which equals

∫
B �jg d ; and let b� denote the column vector the jth entry of which

equals b �j. Then b�=M−1
� A�(g) and b�k =M

−1
�k
A�k (gk). Now limk→∞ A�k (gk)=A�(g)

and limk→∞M�k =M�, so limk→∞ b�k = b� as desired.

4. Proofs of the main results

4.1. Proof of Theorem 2.1

The theorem follows by applying Huang (2001, Theorems A.1 and A.2). Note that
Conditions A.2 and A.4(ii) in that paper are implied, respectively, by (3.3) and (3.4)
in the present paper. Condition A.4(i) in that paper is a simpli8ed version of Lemma
4.2 in the present paper. Its proof is simpler than that of Lemma 4.2 (no need for a
chaining argument) and is thus omitted.
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4.2. Proof of Theorem 2.2

The theorem follows from SH (2002, Lemma 2.1) and the following lemma.

Lemma 4.1. Suppose Assumptions 2.1–2.3 hold. Then, for any constant 0¡c¡∞,
the set {(�; g) : �∈,; g∈G �, and ‖g‖∞6 c} is compact and ‘(·) is almost surely
continuous on this set.

Proof. The 8rst conclusion of the lemma follows from DeVore and Lorentz (1993,
Chapter 5, Lemmas 2.1 and 4.1). It follows from Assumption 2.2 that∫

Z(t)
g2(t;X(t))

�2(t)
dt

is continuous in g. The second conclusion of the lemma now follows from Lemma 3.3
by arguing as in the proof of Lemma 3.4.

4.3. Proof of Theorem 4.3(i)

Clearly, P� � is the orthogonal projection of � onto G � corresponding to the theoretical
inner product. The result follows by arguing as in Huang (2001, proof of Theorem A.1)
or SH (2002, proof of Theorem 2.1). Note that SH (2002, Condition 2.2) is implied
by (3.2) and (3.3).

4.4. Proof of Theorem 2.3(ii)

The result follows from SH (2002, Theorem 2.2) and the following lemma. Note
that SH (2002, Condition 2.4(ii)) is implied by (3.4).

Lemma 4.2. Suppose Assumptions 2.1–2.3 and Condition 2.1 hold. Then

sup
�∈,

sup
g∈G�

|d=d�‘( P� � + �g)|�=0|
‖g‖ =OP

((
Nn

n

)1=2)
:

Observe next that

d
d�

‘( P� � + �g)
∣∣∣∣
�=0

=
1
n

∑
i

∫
Zi(t)

g(t;Xi(t))
�2
i (t)

[dYi(t)− P� �(t;Xi(t)) dt]

= En

(∫
Z(t)

g(t;X(t))
�2(t)

[dY (t)− �(t;X(t)) dt]
)

+En

(∫
Z(t)

g(t;X(t))[�(t;X(t))− P� �(t;X(t))]

�2(t)
dt
)
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for �∈, and g1; g2 ∈G �. We will use the chaining argument (Lemma 3.2) to show that
the two terms on the above right side are of order (Nn=n)1=2 uniformly over g and �.
In the proof of Lemma 4.2 below, we will use repeatedly the result that, for some

positive constant M7,

‖g‖∞6M7N 1=2
n ‖g‖; g∈ ,̃ and g∈G �; (4.1)

see SH (2002, proof of Lemma 3.3).

Proof of Lemma 4.2. By Theorem 2.3(i) applied to ,̃, sup �∈,̃ ‖ P� �‖∞6M ′
0 for n suf-

8ciently large.
Since N 1=2

n "̃n . N−(c−1=2)
n for some c¿ 1

2 by assumption, there is an /∈ (0; 1
16 ) and

there is a 8xed positive number c1 such that, for n su3ciently large,

N 1=2
n "̃n6 c1(N 1=2

n )−(log 4)=log [(4/1=2)−1]

and hence

min(c−1
1 N 1=2

n "̃n; N 1=2
n /(k−1)=2)6 4−(k−1) (4.2)

for k¿ 1. (If N 1=2
n /(k−1)=2¿ 4−(k−1), then N 1=2

n "̃n6 c14−(k−1).)
Let 3n, n¿ 1, be events such that limn P(3n)=1 and SH (2002, statement of Lemma

3.4) holds.
Let k be a positive integer, and let �; �̃∈ ,̃ be such that 9(�; �̃)6 /k−1. Then, by SH

(2002, Lemma 3.5), ‖ P� �− P��̃‖6 c2/(k−1)=2 and ‖ P� �− P��̃‖∞6 c2N
1=2
n /(k−1)=2 (for some

8xed positive constants c2). Let B�̃; k be as in SH (2002, Section 3) and let g∈B �.
Then, by Lemmas 3.3 and 3.4, as in the proof of SH (2002, Lemma 4.2), there is
a g̃∈B�̃; k−1 such that ‖g − g̃‖6 c3/k−1, ‖g − g̃‖n6 c3/k−1 on 3n, and ‖g − g̃‖∞
6 c3N

1=2
n /k−1. Now

g(�− P� �)− g̃(�− P��̃) = (g− g̃)(�− P� �) + g̃( P��̃ − P� �):

Observe that ‖(g−g̃)(�− P� �)‖6c4/k−1 and ‖(g−g̃)(�− P� �)‖∞6c4N
1=2
n /k−1. It follows from

(4.1) that ‖g̃(P��̃ − P� �)‖6c5N
1=2
n /(k−1)=2 and ‖g̃(P��̃ − P� �)‖∞6c5Nn/(k−1)=2. Consequently,

‖g(�− P� �)−g̃(�− P��̃)‖6c6N
1=2
n /(k−1)=2 and ‖g(�− P� �)−g̃(�− P��̃)‖∞6c6Nn/(k−1)=2. Moreover,

c6 can be chosen so that, in addition, ‖g−g̃‖6c6N
1=2
n /(k−1)=2 and ‖g−g̃‖∞6c6Nn/(k−1)=2.

Alternatively, by Theorem 2.3(i), ‖ P� �−�‖6 c7"̃n for �∈ ,̃. Given �; �̃∈ ,̃, we have
that ‖ P� �− P��̃‖6 2c7"̃n. Choose �′� ∈G � and �′�̃ ∈G�̃ such that ‖�′�−�‖∞6 "̃n and ‖�′�̃−
�‖∞6 "̃n. It follows from the triangle inequality and (4.1) that ‖�′�− P� �‖∞6 c8N

1=2
n "̃n.

Thus ‖ P� � − �‖∞6 (c8N
1=2
n + 1)"̃n. Similarly, ‖ P��̃ − �‖∞6 (c8N

1=2
n + 1)"̃n. Hence

‖ P� � − P��̃‖∞(c8N
1=2
n + 1)"̃n. Consequently, ‖g(� − P� �) − g̃(� − P��̃)‖6 c9N

1=2
n "̃n and

‖g(�− P� �)− g̃(�− P��̃)‖∞6 c9Nn"̃n.
Let 9(�; �̃)6 /k−1 and let g∈B � and g̃∈B�̃; k−1 be as above. It follows from (4.2)

that ‖g(�− P� �)− g̃(�− P��̃)‖6 c104−(k−1), ‖g(�− P� �)− g̃(�− P��̃)‖∞6 c10N
1=2
n 4−(k−1),

‖g− g̃‖6 c104−(k−1), ‖g− g̃‖n6 c104−(k−1) on 3n, and ‖g− g̃‖∞6 c10N
1=2
n 4−(k−1).
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Let ;k , B �k for �∈ ,̃, and Bk , k¿ 0, be as in SH (2002, Lemma 3.1 and the
following paragraph) with the current value of /. We will apply Lemma 3.4 of the
present paper with s= (�; g),

Vs =
d
d�

‘( P� � + �g)
∣∣∣∣
�=0

;

S={(�; g) : �∈, and g∈B �}, and Sk={(�; g): �∈;k and g∈B �k}. Now (3.5) follows
from Lemma 3.4. Moreover, #(Sk)6 (M ′/−2k)Nn for k¿ 1 by SH (2002, Equation
(3.3)), so (3.6) holds with C1 = 1 and any C2¿ 2 log(M ′/−1)Nn.
Given �∈;k and g∈B �k , choose �̃∈;k−1 and g̃∈B�̃; k−1 such that 9(�; �̃)6 /k−1,

‖g(� − P� �) − g̃(� − P��̃)‖6 c104−(k−1), ‖g(� − P� �) − g̃(� − P��̃)‖∞6 c10N
1=2
n 4−(k−1),

‖g − g̃‖6 c104−(k−1), ‖g − g̃‖n6 c104−(k−1) on 3n, and ‖g − g̃‖∞6 c10N
1=2
n 4−(k−1).

Write s= (�; g) and Vs = V1s + V2s, where

V1s = En

(∫
Z(t)

g(t;X(t))[�(t;X(t))− P� �(t;X(t))]

�2(t)
dt
)

and

V2s = En

(∫
Z(t)

g(t;X(t))[dY (t)− �(t;X(t)) dt]
�2(t)

)
:

Similarly, write s̃= (�̃; g̃) and Vs̃ = V1s̃ + V2s̃. Observe that

V1s − V1s̃ = En

(∫
Z(t)

h(t;X(t))
�2(t)

dt
)

= (En − E)
(∫

Z(t)
h(t;X(t))

�2(t)
dt
)

;

where h = g(� − P� �) − g̃(� − P��̃). It follows from Bernstein’s inequality (see
Hoe%ding, 1963, Equation 2.13) that, for C ¿ 0,

P(|V1s − V1s̃|¿C2−(k−1)(Nn=n)1=2)6 2 exp
(
− C22k−1Nn

2M2�c10(c10 + Cn−1=2Nn)

)
:

Similarly,

V2s − V2s̃ = En

(∫
Z(t)

[g(t;X(t))− g̃(t;X(t))][dY (t)− �(t;X(t)) dt]
�2(t)

)
;

so it follows from (3.9) that

P(|V2s − V2s̃|¿C2−(k−1)(Nn=n)1=2;3n)6 2 exp
(
−C222(k−1)Nn

2c210

)
:

Hence

P(|Vs − Vs̃|¿ 2C2−(k−1)(Nn=n)1=2;3n)6 4 exp
(
− 2C22k−1Nn

c11(c10 + Cn−1=2Nn)

)
;
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so (3.7) holds with

C2 =
C2Nn

c11(c10 + Cn−1=2Nn)
¿ 2 log(M ′/−1)Nn

for C su3ciently large, C3 = 2C(Nn=n)1=2, and C4 = 4. Consequently, by Lemma 3.2,

P

(
sup
�∈,

sup
g∈B�

∣∣∣∣ dd� ‘( P� � + �g)
∣∣∣∣
�=0

∣∣∣∣¿ 4C(Nn=n)1=2
)

6
4c11(c10 + Cn−1=2Nn)

C2Nn
+ P(3c

n);

which can be made arbitrarily close to zero by making n and C su3ciently large.

4.5. Proof of Theorem 2.3(iii)

The result follows from SH (2002, Theorem 2.3) and the following lemma.

Lemma 4.3. Suppose Assumptions 2.1–2.3 and Condition 2.1 hold. Then

(i) |‘( P� �∗)− ‘(�)− [�( P� �∗)− �(�)]|=OP

(
inf
�∈,

"2
n � +

Nn

n

)

and

(ii) |‘( P� �)− ‘(�)− [�( P� �)− �(�)]|= POP

(
(log1=2 n)

[
‖ P� � − �‖

(
Nn

n

)1=2
+

Nn

n

])

uniformly over �∈,.

Proof. The 8rst conclusion of the lemma follows by the argument used in SH (2002)
to verify the 8rst part of Condition 2.6 of that paper. To verify the second conclusion
we observe that

‘( P� �)− ‘(�)− [�( P� �)− �(�)]

= En

(∫
Z(t)

[ P� �(t;X(t))− �(t;X(t))][dY (t)− �(t;X(t)) dt]

�2(t)

)

− 1
2
(En − E)

(∫
Z(t)

[ P� �(t;X(t))− �(t;X(t))]2

�2(t)
dt

)
: (4.3)

We claim that, uniformly over �∈,,

(En − E)

(∫
Z(t)

[ P� �(t;X(t))− �(t;X(t))]2

�2(t)
dt

)

= POP((log
1=2 n)[‖ P� � − �‖(Nn=n)1=2 + Nn=n]) (4.4)
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and

En

(∫
Z(t)

[ P� �(t;X(t))− �(t;X(t))][dY (t)− �(t;X(t)) dt]

�2(t)

)

= POP((log
1=2 n)[‖ P� � − �‖(Nn=n)1=2 + Nn=n]): (4.5)

The desired result follows from (4.3)–(4.5). The proof of (4.4) is similar to the veri-
8cation in SH (2002) of Condition 2.6(ii) in the density estimation context.
To verify (4.5) we observe 8rst of all that, by Bernstein’s inequality, for a¿ 0,

P(‖h‖2n − ‖h‖2¿ a)6 exp
(
− na2

2M2�‖h‖2∞(‖h‖2 + a)

)
: (4.6)

We will apply (3.9) and (4.6) 8rst to h= P� �−�. According to arguments in SH (2002,

Section 4.2), ‖ P� � − �‖. "̃n and ‖ P� � − �‖∞ . log−1=2 n uniformly over �∈ ,̃. Let c1
be a 8xed positive number. Then, by (4.6), for c2 a su3ciently large positive number,

P(‖ P� � − �‖2n − ‖ P� � − �‖2¿ c22[‖ P� � − �‖(Nn=n)1=2 + Nn=n])

6 exp(−2c1Nn log n); �∈ ,̃:

Thus, for c2 a su3ciently large positive number,

P(‖ P� � − �‖n¿ c2[‖ P� � − �‖+ (Nn=n)1=2])6 exp(−2c1Nn log n); �∈ ,̃:

According to (3.9), for c3 a su3ciently large positive number,

P
(∣∣∣∣En

(∫
Z(t)

[ P� �(t;X(t))− �(t;X(t))][dY (t)− �(t;X(t)) dt]

�2(t)

)∣∣∣∣
¿ c3(log

1=2 n)[‖ P� � − �‖(Nn=n)1=2 + Nn=n] and

‖ P� � − �‖n6 c2[‖ P� � − �‖+ (Nn=n)1=2]
)

6 2 exp(−2c1Nn log n)

for �∈ ,̃. Consequently,

P
(∣∣∣∣En

(∫
Z(t)

[ P� �(t;X(t))− �(t;X(t))][dY (t)− �(t;X(t)) dt]

�2(t)

)∣∣∣∣
¿ c3(log

1=2 n)[‖ P� � − �‖(Nn=n)1=2 + Nn=n]
)

6 3 exp(−2c1Nn log n); �∈ ,̃: (4.7)

Let /¿ 0, let k be a positive integer, and let �; �̃∈ ,̃ be such that 9(�; �̃)6 c4/k .
Then, as in the proof of Lemma 4.2, ‖ P� � − P��̃‖6 c5/k=2, ‖ P� � − P��̃‖n6 c5/k=2 on 3n,
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and ‖ P� � − P��̃‖∞6 c5N
1=2
n /k=2. It follows from (3.9) that

P
(∣∣∣∣En

(∫
Z(t)

[ P� �(t;X(t))− P��̃(t;X(t))][dY (t)− �(t;X(t)) dt]

�2(t)

)∣∣∣∣¿ c6/k=4;3n

)

6 2 exp
(
−nc26/

−k=2

2c25

)
: (4.8)

By Theorem 2.3(i) of this paper and SH (2002, Lemma 3.5), ‖ P� �− P��̃‖6 c7[9(�; �̃)]1=2

and ‖ P� �− P��̃‖∞6 c7N
1=2
n [9(�; �̃)]1=2 for �; �̃∈ ,̃. Let 0¡/6 1

2 . Then, as in SH (2002),
there exist subsets ;k of ,̃ for k¿ 1 such that

#(;k)6 exp(c8kNn); k¿ 1; (4.9)

and, for k¿ 1, every point in , is within /k (in 9 distance) of some point in ;k . Let
�k denote a function from , to ;k such that �k(�) is within /k of � for �∈,. Then
�k(�) is within /k + /k+1 of �k+1(�).

Set

Wn(�) = En

(∫
Z(t)

[ P� �(t;X(t))− �(t;X(t))][dY (t)− �(t;X(t)) dt]

�2(t)

)
�∈ ,̃:

It follows from Lemma 3.3 in this paper together with SH (2002, Lemma 3.5), by
arguing as in the proof of Lemma 3.4 of this paper, that

P
(
lim

K→∞
Wn(�K (�)) =Wn(�) for �∈,

)
= 1: (4.10)

We want to verify that, for some b¿ 0,

lim
n→∞P(|Wn(�)|¿b(log1=2 n)[‖ P� � − �‖(Nn=n)1=2 + Nn=n] for some �∈,) = 0:

To this end, by (4.10) and Fatou’s lemma, it su3ces to show that, for some b¿ 0,

lim
n→∞ lim sup

K→∞
P(|Wn(�K (�))|¿b(log1=2 n)[‖ P� � − �‖(Nn=n)1=2 + Nn=n]

for some �∈,;3n) = 0: (4.11)

Let 16K0 ¡K . Then

|Wn(�K (�))|6 |Wn(�K0 (�))|+
K−1∑
k=K0

|Wn(�k+1(�))−Wn(�k(�))|: (4.12)

By (4.7)

P(|Wn(�K0 (�))|¿ c3(log
1=2 n)[‖ P��K0 ( �)

− �‖(Nn=n)1=2 + Nn=n])

6 3 exp(−2c1Nn log n)
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for �∈,. Suppose that c9 log n6K06 c10 log n, where c8c106 c1. Then, by (4.9),

lim
n→∞P(|Wn(�K0 (�))|¿ c3(log

1=2 n)[‖ P��K0 ( �)
− �‖(Nn=n)1=2 + Nn=n]

for some �∈,) = 0:

Moreover, by SH (2002, Lemma 3.5),

‖ P��K0 ( �)
− �‖6 ‖ P� � − �‖+ ‖ P� � − P��K0 ( �)

‖

6 ‖ P� � − �‖+ c7/K0=2

6 ‖ P� � − �‖+ c7n−c9(log /−1)=2

6 ‖ P� � − �‖+ (Nn=n)1=2

provided that c9 is su3ciently large. Consequently, by choosing c3 larger if necessary,
we conclude that

lim
n→∞P(|Wn(�K0 (�))|¿ c3(log

1=2 n)[‖ P� � − �‖(Nn=n)1=2 + Nn=n] for some �∈,)

= 0: (4.13)

It follows from (4.8) that

P(|Wn(�k+1(�))−Wn(�k(�))|¿ c6/k=4;3n)6 2 exp(−nc11/−k=2)

for K06 k6K − 1 and �∈,. Consequently, by (4.9),

P(|Wn(�k+1(�))−Wn(�k(�))|¿ c6/k=4 for some �∈,;3n)

6 2 exp(2c8(k + 1)Nn)exp(−nc11/−k=2)

for K06 k6K − 1. Observe that
K−1∑
k=K0

c6/k=46
c6n−c9(log 1=/)=4

1− /1=4
6

1
n

for n su3ciently large provided that c9 and / are chosen appropriately. Observe also
that

exp(2c8(k + 1)Nn)6 exp(nc11/−k=2=2); k¿ c9 log n;

provided that n is su3ciently large, in which case
K−1∑
k=K0

2 exp(2c8(k + 1)Nn)exp(−nc11/−k=2)6 2
∞∑

k=K0

exp(−nc11/−k=2=2)

6
4

nc11e

∞∑
k=K0

/k=2

6
4n−c9 log(1=/)=2

nc11e(1− /1=2)
;
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which tends to 0 as n → ∞. (Note that e−x6 1=(xe) for x¿ 0.) Therefore,

lim
n→∞ lim sup

K→∞
P

(
K−1∑
k=K0

|Wn(�k+1(�))−Wn(�k(�))|¿ 1
n

for some �∈,

)
= 0:

(4.14)

Equation (4.11) follows from (4.12)–(4.14).
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Appendix A. Improved convergence rate of free knot spline estimate over %xed-knot
spline estimate

In this Appendix, we give the necessary technical details for the example given at
the end of Section 2.3. Suppose (Xi; Yi); i= 1; : : : ; n, is an iid sample of (X; Y ) which
follows the regression model Y = �(X ) + /. De8ne the empirical and theoretical inner
products as 〈f1; f2〉n = (1=n)

∑n
i=1 f1(Xi)f2(Xi) and 〈f1; f2〉= E[f1(X )f2(X )]. The

induced norms are denoted as ‖ · ‖n and ‖ · ‖, respectively. Let �̃ and P� denote the
orthogonal projection of � on the estimation space G relative to the empirical and
theoretical inner product respectively. Since �̃ − � is orthogonal to G relative to the
empirical inner product,

‖�̂− �‖2n = ‖�̂− �̃‖2n + ‖�̃− �‖2n: (A.1)

Set b= 1=(2Jn − 1). We have that

‖�̃− �‖2¿ ‖ P�− �‖2¿ 1
2
min
a0 ;a1

∫ b

−b
{(a0 + a1x)− |x|}2 dx = b3

24
:

Using the Bernstein inequality and noting that �(x) = x2 + |x|, we can show that

sup
g∈G

∣∣∣∣‖g− �‖2n
‖g− �‖2 − 1

∣∣∣∣= oP(1): (A.2)

(See Lemma 4 of Huang 1998a.) Hence, for some positive constant c,

‖�̃− �‖n¿ cJ−3
n ; (A.3)

with probability tending to 1. On the other hand, n�−2‖�̂ − �̃‖2n has a =2-distribution
with Jn degrees of freedom. This implies that

lim
n

P(n‖�̂− �̃‖2n¿ �2Jn) =
1
2
: (A.4)
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Combining (A.1), (A.3) and (A.4), we obtain that

lim
n

P
(
‖�̂− �‖2n¿ �2 Jn

n
+ cJ−3

n

)
=

1
2
:

Hence, by (A.2),

lim
n

P
(
‖�̂− �‖2¿ �2 Jn

n
+ cJ−3

n

)
=

1
2
:

References

Beder, J.H., 1987. A sieve estimator for the mean of gaussian process. Ann. Statist. 15, 59–78.
DeVore, R.A., Lorentz, G.G., 1993. Constructive Approximation. Springer, Berlin.
Grenander, U., 1981. Abstract Inference. Wiley, New York.
Hansen, M., 1994. Extended linear models, multivariate splines, and ANOVA. Ph.D. Dissertation, Department

of Statistics, University of California at Berkeley.
Hansen, M.H., Kooperberg, C., 2002. Spline adaption in extended linear models. With discussion. Statist.

Sci. 17, 2–51.
Hoe%ding, W., 1963. Probability inequalities for sums of bounded random variables. J. Amer. Statist. Assoc.

58, 13–30.
Huang, J.Z., 1998a. Projection estimation in multiple regression with application to functional ANOVA

models. Ann. Statist. 26, 242–272.
Huang, J.Z., 1998b. Functional ANOVA models for generalized regression. J. Multivariate Anal. 67, 49–71.
Huang, J.Z., 2001. Concave extended linear modeling: a theoretical synthesis. Statist. Sinica 11, 173–197.
Huang, J.Z., Stone, C.J., 1998. The L2 rate of convergence for event history regression with time-dependent

covariates. Scand. J. Statist. 25, 603–620.
Huang, J.Z., Kooperberg, C., Stone, C.J., Truong, Y.K., 2000. Functional ANOVA modeling for proportional

hazards regression. Ann. Statist. 28, 960–999.
Kooperberg, C., Stone, C.J., 2002a. Con8dence intervals for logspline density estimation. In: Denison, D.D.,

Hansen, M.H., Holmes, C.C., Mallick, B., Yu, B. (Eds.), Nonlinear Estimation and Classi8cation. Springer,
New York, pp. 285–296.

Kooperberg, C., Stone, C.J., 2002b. Comparison of parametric, bootstrap, and Bayesian approaches to
obtaining con8dence intervals for logspline density estimation. Manuscript.

Kooperberg, C., Stone, C.J., Truong, Y.K., 1995a. The L2 rate of convergence for hazard regression. Scand.
J. Statist. 22, 143–157.

Kooperberg, C., Stone, C.J., Truong, Y.K., 1995b. Rate of convergence for logspline spectral density
estimation. J. Time Ser. Anal. 16, 389–401.

Leskow, J., Rozanski, R., 1989. Maximum likelihood estimation of the drift function for a di%usion process.
Statist. Decisions 7, 243–262.

Li, W., 2000. Modeling marked point processes with an application to currency exchange rates. Ph.D.
Dissertation, Dept. Statist., Univ. California, Berkeley.

Lindstrom, M.J., 1999. Penalized estimation of free-knot splines. J. Comput. Graph. Statist. 8, 333–352.
McKeague, I.W., 1986. Estimation for a semimartingale regression model using the method of sieves. Ann.

Statist. 14, 579–589.
Nguyen, H.T., Pham, D.T., 1982. Identi8cation of nonstationary di%usion model by the method of sieves.

SIAM J. Control Optimiz. 20, 603–611.
Pollard, D., 1984. Convergence of Stochastic Processes. Springer, New York.
Prakasa Rao, B.L.S., 1999a. Semimartingales and their Statistical Inference. Chapman & Hall/CRC, Boca

Raton, FL.
Prakasa Rao, B.L.S., 1999b. Statistical Inference for Di%usion Type Processes. Arnold, London.
Schumaker, L.L., 1981. Spline Functions: Basic Theory. Wiley, New York.
Shorack, G.R., Wellner, J.A., 1986. Empirical Processes with Applications to Statistics. Wiley, New York.



474 C.J. Stone, J.Z. Huang / Journal of Statistical Planning and Inference 116 (2003) 451–474

Stone, C.J., 1985. Additive regression and other nonparametric models. Ann. Statist. 13, 689–705.
Stone, C.J., 1986. The dimensionality reduction principle for generalized additive models. Ann. Statist. 14,

590–606.
Stone, C.J., 1990. Large-sample inference for log-spline models. Ann. Statist. 18, 717–741.
Stone, C.J., 1991. Asymptotics for doubly Sexible logspline response models. Ann. Statist. 19, 1832–1854.
Stone, C.J., 1994. The use of polynomial splines and their tensor products in multivariate function estimation.

With discussion. Ann. Statist. 22, 118–184.
Stone, C.J., Huang, J.Z., 2002. Free knot splines in concave extended linear modeling. J. Statist. Plann.

Inference 108, 219–253.
Stone, C.J., Hansen, M., Kooperberg, C., Truong, Y.K., 1997. Polynomial splines and their tensor products

in extended linear modeling. with discussion. Ann. Statist. 25, 1371–1470.
van de Geer, S., 1995. Exponential inequalities for martingales with application to maximum likelihood

estimation for counting processes. Ann. Statist. 23, 1779–1801.
Zhou, S., Shen, X., 2001. Spatially adaptive regression splines and accurate knot selection schemes. J. Amer.

Statist. Assoc. 96, 247–259.


	Statistical modeling of diffusion processes with free knot splines
	Introduction
	Statement of results
	Setup
	Spline estimation: fixed knots
	Spline estimation: free knots

	Preliminary lemmas
	Theoretical and empirical inner products and norms
	Chaining argument

	Proofs of the main results
	Proof of Theorem 2.1
	Proof of Theorem 2.2
	Proof of Theorem 4.3(i)
	Proof of Theorem 2.3(ii)
	Proof of Theorem 2.3(iii)

	Acknowledgements
	Appendix A. Improved convergence rate of free knot spline estimate over fixed-knotspline estimate
	References


