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Abstract

Many problems of practical interest can be formulated as the estimation of a certain function
such as a regression function, logistic or other generalized regression function, density function,
conditional density function, hazard function, or conditional hazard function. Extended linear
modeling provides a convenient framework for using polynomial splines and their tensor products
in such function estimation problems. Huang (Statist. Sinica 11 (2001) 173) has given a general
treatment of the rates of convergence of maximum likelihood estimation in the context of concave
extended linear modeling. Here these results are generalized to let the approximation space used
in the fitting procedure depend on a vector of parameters. More detailed treatments are given for
density estimation and generalized regression (including ordinary regression) on the one hand
and for approximation spaces whose components are suitably regular free knot splines and their
tensor products on the other hand.
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1. Introduction

Extended linear modeling has been introduced in Hansen (1994), Stone et al. (1997),
and Huang (2001) to synthesize the theory and methodology that uses polynomial
splines and their tensor products to model functions of interest. One prominent fea-
ture of such an approach of functional modeling is the ease of incorporating functional
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analysis of variance (ANOVA) decompositions. Typically, only selected low-order
terms in the ANOVA decomposition of the target function are considered and the
selected terms are unspecified except for the requirement of smoothness. Thus the desire
for flexibility in nonparametric modeling is balanced with the desire for interpretability
and for taming the “curse of dimensionality”. This approach provides a useful tool for
a broad range of statistical problems; see Stone et al. (1997) and the references therein.

In extended linear modeling, the function of interest, such as a regression function,
logistic regression function, density function, or conditional hazard function, is mod-
eled as a member of a finite- or infinite-dimensional linear model space, and maximum
“likelihood” estimation over a finite-dimensional linear approximation subspace is used
to fit the data. Here, the likelihood could be a true likelihood, pseudo-likelihood, con-
ditional likelihood, or partial likelihood, depending on the problem under consideration,
and letting the unknown function have specified terms in its ANOVA decomposition
corresponds to choosing an appropriate model space.

Theoretical properties of maximum likelihood estimation in extended linear mod-
eling have been obtained in a number of statistical contexts, including regression in
Stone (1985, 1994) and Huang (1998a); generalized regression in Stone (1986, 1994)
and Huang (1998b), density estimation in Stone (1990, 1994); conditional density es-
timation in Stone (1991, 1994) and Hansen (1994); hazard regression in Kooperberg
et al. (1995a); spectral density estimation in Kooperberg et al. (1995b); event history
analysis in Huang and Stone (1998); and proportional hazards regression in Huang
et al. (2000). Hansen (1994) synthesized the theory as it existed at the time.

Recently, Huang (2001) developed a unified theory to deal simultaneously with the
various statistical contexts. In this theory, the overall error of estimation is decomposed
into two parts—a stochastic part (estimation error) and a systematic part (approximation
error). Let NV, denote the dimension of the linear approximation space G, which is finite
and positive and may tend to infinity with the sample size n, and let p, denote the L.,
approximation rate corresponding to G (that is, the minimum L., norm of the error
when the target function is approximated by a function in G). Then the L, norms
of the estimation and approximation errors are bounded in probability by multiples
of \/N,/n and p,, respectively. These results provide considerable insight: the error
bound of the stochastic part can be obtained by a heuristic variance calculation, while
that of the systematic part is reduced to a problem in approximation theory. Huang
(2001) also considered estimation of the components in ANOVA decompositions of
unknown functions and the issue of model misspecification. Moreover, he worked out
the additional details for applying the general theory in the specific contexts of counting
process regression and conditional density estimation.

The main purpose of the present paper is to generalize the theory developed in Huang
(2001) by letting the approximation space depend on a vector of nonlinear parameters.
Specifically, we consider a collection G,, y €I, of linear estimation spaces having a
common dimension that may vary with the sample size. For each fixed y, the maximum
likelihood estimate is obtained. We let the data pick which estimation space G, to use,
again using the maximum likelihood. As an important application, y can be thought
as the knot positions when the estimation space consists of spline functions, and our
interest lies in choosing the knot positions using the data.
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Let N, denote the common dimension of G,, y€I', which may increase with the
sample size n. Let p,, denote the L, approximation rate corresponding to G,. We show
in this paper that, under regularity conditions that are satisfied by suitably constructed
polynomial spline spaces, the L, norms of the estimation and approximation errors
corresponding to G, are bounded in probability, uniformly over y € I', by multiples of
\/N,/n and p,, respectively. As an important consequence, the empirical selection of y
does not influence the magnitude of the estimation error. It is also shown that, when y is
appropriately selected by a data-driven method, the corresponding approximation rate is
close to the best possible approximation rate inf,cr p,,. See Proposition 2.1 for precise
statement of these results. Our results give additional insight into the various knot
placement methodologies (free knot splines) that have been discussed in the literature;
see Stone et al. (1997) and the references cited therein, Zhou and Shen (2001), and
Lindstrom (1999).

There is considerable recent interest in developing a general rate of convergence
theory of nonparametric estimation with the method of sieves using empirical process
theory; see, for example, Barron et al. (1999) and the references therein. Since poly-
nomial splines and their tensor products can be viewed as a sieve of particular type,
the aims of this paper overlap with that literature, although none of the papers in that
literature studied free knot splines explicitly. We should note that the formulation and
treatment are different in the two approaches. This paper follows the line of develop-
ment in Stone (1994) and Huang (2001). In our approach the variance-bias trade-off
and the effect of parameter selection are seen more explicitly. One difference in the for-
mulation of this paper and that in Barron et al. (1999) is that, for each y, we consider
maximum likelihood estimation over the entire linear space G,, while they consider
maximum likelihood over a subset of functions in G, having a common bound.

Section 2 of this paper contains the basic setup and the main results on rates of
convergence. In Section 3, we discuss the various properties of spaces of free knot
splines and tensor products of such spaces that are needed to verify the conditions
in our general results on rates of convergence. In Section 4 we verify the conditions
in the main results in Section 2 in the contexts of density estimation and generalized
regression, including ordinary regression as a special case. There, for simplicity, we
avoid the explicit consideration of ANOVA models and restrict attention to spaces G,,
y €I, that are tensor products of polynomial spline spaces. The Appendix contains the
proofs of results in Section 3.

We conclude this section by introducing some notation. For a function f on %, set
| flloc =sup,cy | f(u)|. Given positive numbers a, and b, for n > 1, let a, < b, mean
that a,/b, is bounded and let a, < b, mean that a, < b, and b, < a,. Given random
variables W, for n > 1, let W, =Op(b,) mean that lim._,, lim sup, P(|W,| = ¢b,) =0,
and let W, = op(b,) mean that lim sup, P(|W,| = cb,) =0 for all ¢ > 0. These notions
can be extended to hold uniformly over y<€I'. In particular, we let W,, = Op(b,;)
uniformly over y € I' mean that lim._,  lim sup, P(|W,,| = ¢b,, for some y € I')=0. For
a random variable ¥, let E,, denote expectation relative to its empirical distribution; that
is, E,(V)=n""! > Vi, where V;, 1 <i < n, is a random sample from the distribution
of V. We use My, M,,... to denote positive numbers that do not depend on n, y€ I,
or g € Gy.
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2. Main results
2.1. Basic setup and statement of main results

Consider a # -valued random variable W, where #" is an arbitrary set. Let % be a
compact subset of R? for some positive integer d, where % may or may not coincide
with #". For a (real-valued) function 4 on %, let I(h, W) be a log-likelihood and let
A(h) = E[I(h, W)] be the corresponding expected log-likelihood. There may be some
mild restrictions on /4 for the log-likelihood to be defined. We assume that, subject to
such restrictions, there is an essentially unique function # on % that maximizes the
expected log-likelihood.

Let H be a finite- or infinite-dimensional linear space of functions on %. We say
that the space H and the log-likelihood function I(h, W), h € H, together define an
extended linear model. Suppose the set of functions in H whose log-likelihood and
expected log-likelihood are well-defined is convex. The extended linear model is said
to be concave if /(h,w) is a concave function of 4 for each we ¥~ and A(h) is
a strictly concave function of 4 when restricted to those functions #&€H such that
A(h) > — oo. Typically, when the model is concave, there is an essentially unique
function #* that maximizes the expected log-likelihood over H, which we refer to as
the best approximation in H to #; moreover, if the function # is in H, then n* =5
almost everywhere with respect to an appropriate measure on %.

The class of concave extended linear models is extremely rich, containing many es-
timation problems as special cases, including ordinary and generalized regression, den-
sity and conditional hazard estimation, hazard and conditional density estimation, poly-
chotomous regression, marked counting process regression, and proportional hazards
regression. Many structural models can be dealt with in this framework. By choosing
H appropriately, we can get additive models, partly linear models, varying coefficient
models, and functional ANOVA models. See Stone et al. (1997) and Huang (2001)
for more discussion. In this paper we restrict our attention to concave extended linear
models.

Let W,..., W, be a random sample of size n from the distribution of W. When it
is well defined, the (normalized) log-likelihood corresponding to this random sample
is given by /(h)=n"" > l(h, W;). Let G,, y<I', be a collection of finite-dimensional
linear subspaces of H. We assume that each function in every such space G, is bounded
and that if it equals zero almost everywhere on %, then it equals zero everywhere on
%. We call G, an estimation space. For each fixed y €I, the maximum likelihood
estimate is given by 7, = argmax e, /(g). We let the data pick which estimation
space to use. To be specific, we choose y € I" such that /(1];) = max,er /(1,). (Such
a 7 exists under mild conditions; see Lemma 2.1 below.) We will study the benefit of
allowing the flexibility to pick estimation spaces among a big collection. Specifically
we will study the rate of convergence of 7j; — 7%, where 7" is the best approximation
in H to the function #n of interest.

In the above setup, we assume that G,, y€I’, have the same dimension and that
the index set I is a compact subset of R’ for some positive integer J. The dimension
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of G,, I and J are allowed to vary with the sample size n. Let || - || be a norm on
H such that ||4]| < oo and ||A]| < Cyl|h||s for 7€ H and a positive constant Cy. This
norm is used to measure the distance between two functions in H. Typically, it is
chosen to be an L,-norm on % relative to an appropriate measure that depends on the
estimation problem. In the regression context, for example, a natural choice is given
by ||4||> = E[#*(U)] where U is the random vector of covariates. In the following, we
assume without loss of generality that Cy =1 since, otherwise, we can apply the same

arguments to the norm || - ||/Cy. For y €T, set
N, = dim(G,),
Ay = su %:: %,
ey ol = 22 Tl
llgll#0
and

— inf ||lg — ||
Pry gglﬁyllg 0" [oo

Fix n > 1 and suppose that 4, =sup,cr 4,y < 0o. Then the norms || - || and [| - [|o are
uniformly equivalent on G,, y €I, i the sense that ||g|| < ||g|loc < 4ullg| for yeT'
and g € G,.

It follows from Theorem 2.1 of Huang (2001) that, under regularity conditions,
(|1, — n*|I> = Or(ps, + Nu/n) for each fixed y € I'. Let y* be such that p,,» =infycr ppy.
(Such a y* exists under mild conditions; see Lemma 2.1 below.) Then [/7,. — n*? =
Op(pyy- + Nu/n) = Op(infyer ph, + Ny/n). Thus infyer |4, — n*|* < |[J,- — n*||* =
Op(infyer pﬁy + N,/n). It is natural to expect that, with y estimated by 7, the squared
L, norm of the difference between the estimator and the target, ie., [|ij; — n*|)? will

be not much larger than the ideal quantity infyer (7], — n*||>. Hence we hope that
7y — n*||> will be not much larger than inf,cr piy + N,/n in probability. The main
results stated in the following proposition are concerned with justifying this heuristic
under suitable conditions.

Let V,, = O_p(bn) mean that lim, P(|V,| = ¢b,) =0 for some ¢ > 0, where b, > 0 for
n = 1. Let V,,=Op(b,,) uniformly over y € I mean that lim._, o lim sup,, P(|Vyy| = cby,
for some y€I') =0, where b,, >0 forn>1 and yer.

Proposition 2.1. Suppose Conditions 2.1-2.2 and 2.4-2.6 hold and that lim, sup, .
Anypny =0 and lim, sup,¢ AﬁyN,,/n:O. Then, for n sufficiently large, 1, =argmax,cg,
A(g) exists uniquely for y € I' and ||ﬁy—r/*||2:O(pf,y) uniformly over y € I'. Moreover,
except on an event whose probability tends to zero as n — oo, 1), exists uniquely for
yeT and sup,c |, — ii,|[> = Op(Ny/n). Consequently, i, — n*|* = Op(p?, + Nu/n)
uniformly over y € I'. In addition,

- N,
A k12 — . 2 n
l[7; — n™||I* = Op (;relt;pny> + Op <(logn)n ) _
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The proof of this result is broken up into three theorems (Theorems 2.1-2.3) that will
be given in the following subsections where technical conditions are stated explicitly.
The technical conditions will be verified in the contexts of density estimation and
generalized regression in Section 4 when G,, y € I, are spaces of tensor product splines.
The logn term in the final result of Proposition 2.1 plays an essential role in the proof
of that result, but we do not know whether it is essential to the result itself.

2.2. Uniformity in rates of convergence

If y is predetermined (independent of data) but N, = dim(G,) is allowed to increase
with the sample size, then the rate of convergence of 7, in the context of concave
extended linear models is thoroughly treated in Huang (2001). In this section, we
show that the rates of convergence results in Huang (2001) hold uniformly in y € I" if
the sufficient conditions in those results hold in a uniform sense. Theorems 2.1 and 2.2
below are in parallel to Theorems A.l and A.2 of the cited paper and can be proven
by similar arguments (details of proof are omitted to save space).

For each fixed y € I', decompose the error into a stochastic part and a systematic
part:

ﬁy - ’7* = (ﬁy - ﬁy) =+ (1’-[7, - 77*)7
where 17, — 17, is referred to as the estimation error and i, —n* as the approximation
error.

Condition 2.1. The best approximation n* in H to # exists and there is a positive
constant Ky such that ||5*||sc < Kp.

Condition 2.2. For each pair /1,4, of bounded functions in H, A(h; + o(hy — hy))
is twice continuously differentiable with respect to «. (i) For any positive constant
K, there is a fixed positive number M such that if hy,h, €H, ||A1]|co < K, and h; is
bounded, then

d
P A(hy + ohy)| =0 | < M| 2.
o

(ii) For any positive constant K, there are fixed positive numbers M; and M, < M,
such that
d2
2
—Mi[lhy — h||” < 12

for hy,hy € H with ||A1]|cc <K and ||h2]jcc <K and 0 < a < 1.

A(hy + o(hy — b)) < — My|hy — hy|?

Condition 2.1 is the same as Condition A.1 of Huang (2001). Condition 2.2 strength-
ens Condition A.2 of Huang (2001) by putting an additional requirement on the first
derivative of A(-). Condition 2.2(ii) implies that the restriction of A(-) to the bounded
functions in H is strictly concave. The following result extends Theorem A.1 of Huang
(2001).
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Theorem 2.1 (Approximation error). Suppose Conditions 2.1 and 2.2 hold and that
lim,, SUp,cp AnyPy =0. Let K, be a positive constant such that K| > Ky with Ky as in
Condition 2.1. Then, for n sufficiently large, i, exists uniquely and ||ij,|| < Ki for
y€I'. Moreover, ||ij, — n*||*> = O(p},) uniformly over yeT.

Condition 2.3. There is a positive constant Ko such that, for n sufficiently large, 7,
exists uniquely and [[i7,[|cc < Ko for y€ I,

Condition 2.4. For ycI' and g1,9, € G,,/(g1 + a(g> — ¢1)) is twice continuously dif-
ferentiable with respect to « €[0,1]. (i) The following holds:

|(d/do)/ (77, + ag)] o] <(Nn)”2>
sup sup =0p " .

vel g€y lgll

(ii) For any positive constant K, there is a fixed positive number M such that
2

d
@/(91 +agr—g1) < —Mllga—aqi]>, 0<a<l,

for yeI and g1,¢, € G, with ||g1]|cc <K and ||g2]lcc <K, except on an event whose
probability tends to zero as n — oo; moreover,

d2
g2 (1t ag2—91)) <0, —o0 <a <o,

for ye I and g¢,,9, € G,.

The above two conditions are strengthened versions of A.3 and A.4 of Huang (2001).
Condition 2.3 is in fact a consequence of Theorem 2.1. It is convenient to state it as
a separate condition in order to avoid having to specify conditions on the expected
log-likelihood when we study the estimation error in Theorem 2.2 below. Condition
2.4(ii) implies that /(-) is concave and largely strictly concave on each G,. The fol-
lowing result extends Theorem A.2 of Huang (2001).

Theorem 2.2 (Estimation error). Suppose Conditions 2.3 and 2.4 hold and that

lim,, supygAﬁyNn/nzo. Let K, be a positive constant such that K, > Ky with Ky as in

Condition 2.3. Then 1), exists uniquely and ||i},||c < K\ for y € I', except on an event
whose probability tends to zero as n — co. Moreover, sup,r Hﬁy — ﬁy||2 = Op(N,/n).
We have the decomposition
Ay —n" =0y —5) + (1, —n").
Note that Theorem 2.2 implies that ||if; — 7[|* = Op(N,/n). It remains to study the rate
of convergence of i7; — 7%, which is given in the next subsection.

2.3. Adaptive parameter selection

Condition 2.5. For K < oo, the set {(y,9): y€ T, g€ G,, and ||g||cc <K} is compact
and 7(-) is continuous on this set.
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When G, y €T, are spaces of tensor product splines as in Section 3, the first part of
Condition 2.5 follows from Lemmas 2.1 and 4.1 of Chapter 5 of DeVore and Lorentz
(1993). Under the further restriction to density estimation and generalized regression
in Section 4, the second part of Condition 2.5 follows from the corresponding explicit
forms of the log-likelihood function.

Lemma 2.1. Suppose Condition 2.5 holds. Then there is a y* €I such that p,,~ =
infyer ppy. Moreover, on the event that 1), exists uniquely and HﬁVHOO <K foryerl,
where Ky is a positive constant, there is a § € I' such that /(ij;) = sup,cp £(1],).

Proof. Given ye T, choose g, € G, such that ||g, — n*|| = p,. By Condition 2.5, we
can choose y, € I' such that y, — y* €I, p, — infycrp,, and |g, — g*[|cc — O as
v — 00, where g* € Gy-. Then ||g* — #*||oc =inf,cr p,, so y* has its desired property.

It follows from Condition 2.5 that, on the indicated event, we can choose y, €I’
such that y, — €T, /(ﬁv\‘) — sup,cr /(1,), and ﬁy“ — g as v — 0o, where g € G;.
Since /(-) is continuous, /(g) = sup,p/(7],), so g =1j; and hence y has its desired
property. [

Let ¥,; =Op(b,y) uniformly over y € I' mean that, for some ¢ € (0, 00), lim,, P(| V| >
¢b,, for some y€I') =0, where b,, >0 forn>1and yer.

Condition 2.6. (i) |/(7,-) — /(") — [A(ii,) — A(p*)]| = Op(inf,erp2, + 2=) and

(if) [£(if,) — £(n*) = [A(ii,) — A()]| = Oe((log* m)|[iT, — n*[|(32)"2 + (log )2
uniformly over yeI'.

In Section 4, we will verify that Condition 2.6 holds under reasonable conditions in
the contexts of density estimation and generalized regression. There, we will actually
verify a slight strengthening of the second property of Condition 2.6:

[2(i,) — £(n") — [A(T,) — A )|

12
- - e [ N N,
—Op ((IOg”2 n) [Ilny — | () +
n n
Theorem 2.3 (Parameter selection). Suppose Conditions 2.1-2.6 hold and that
lim,, sup, ¢ Auypwy =0 and lim, sup, . A% N,/n=0. Then ||ij;—n*||* = Op(inf,crps,) +
Op((log n)N,/n).

uniformly over yeI'.

Proof. We first show that

£(i,) —£(@7,) = Op (J\;") uniformly in ye I 2.1)
Write
fley=12Q, + (i, — 1)), vel.
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By Condition 2.4, /”(«) < 0 (except on an event whose probability tends to zero as
n — o0). Thus,

1
0</(h,)—2(1,) = f(1) —f(0)=f’(0)+/0 (I =) f"(2)dor < f7(0).

On the other hand, by Condition 2.4(i) and Theorem 2.2,

1/2
Ny . N
=0p [ (= — || =0p (=
=0 ! << n > ) ||’7y ’/’y” ' < n >

uniformly in y € I'. The desired result follows.
By Theorem 2.1, #; is bounded. Thus it follows from Lemma A.1 of Huang (2001)
that, for some positive constant M,

M|it; — n*|]* < A(n*) = AGiy)-

Since y* € I satisfies pny« = infyer puy, [T, — n*)? = O(infyerpﬁy) by Theorem 2.1.
We have the decomposition

A*) — A1) = A(n") =A@, ) + A, ) — A1)
=L +D5L—5L+1L,

d
f'(0)= a5 £ Gty + ey = 11,))

where

I = A(p) — AT, ),
L= A(T,.) = AW*) — [, — L)),
I = A7) — Ap™) — [£() — £

Iy = (7, ) — £(715)-

Note that [} = O(infvgpfw) by Theorem 2.1 and Lemma A.l of Huang (2001).
The terms I, and /3 can be bounded using Condition 2.6. Moreover, by using (2.1)
and /(7)) < /(5j;) [which follows from the definition of §], we get that

h_/mr)—A%)+opC?)<c»(20.

Hence

1,2
- . (N, N,
775 = n*|I* < Op | Qog" > m)lii; — |l (=) + (logn)—"
n n

N,
+Op (ig Pry + - > . (2.2)
U

Observe that, for positive numbers B and C, z> < Bz + C implies that 2z?> < (B* +
z2) + 2C and hence that z?> < B? + 2C. Therefore (2.2) yields the desired result. [
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3. Free knot splines and their tensor products

In this section we will develop some properties of spaces of free knot splines and
tensor products of such spaces, which will be used in Section 4 to verify Conditions
2.4 and 2.6.

For 1 <1 <L, let %;=[a;,b;] be a compact subinterval of R having positive length
by —a; and let % denote the Cartesian product of %,...,% . For each [, let m; be
an integer with m; > 2, let J; be a positive integer, and let y;;, 1 < j <J;, be such
that a <y <--- <y, <b and vy, ;1 >y j—pn for 2<j<J + my, where y;; =a
for 1 —m; <j<0and y; =0b for J; + 1 <j<J;+ my. Let Gy, be the space of
polynomial splines of order m; (degree m; — 1) on %; with the interior knot sequence
y;=n,...,y,), whose dimension J; + m; is denoted by N,; to indicate its possible
dependence on the sample size n. For y = (y,,...,y;), let G, be the tensor product of
Guy,, 1 <1 <L (that is, the linear space spanned by gi(u1)---gr(ur) as g; runs over
Gy, ), which has dimension N, =[], Nu.

For1 <I<L,let M; > 1 be a fixed positive number and let I'; denote the collection

of free knot sequences y;, = (y;;,--.,7,;,) on %, such that
yl,jz*l - yl,jzfm[ Y . .
—E————m— KMy, 2< jL, < I+ my, (3.1)
YLji—1 = VL ji—my

where V1, =---=yn=aand y; 41 ="--=7)1J+m =0b. Let I' denote the Cartesian

product of I';, 1 <[ < L, which can be viewed as a subset of R/ with J = >, Ji. We
consider the use of the collection G,, y € I', in fitting an extended linear model. Such a
collection of free knot splines has some properties that we will list below. (The proofs
will be given in Appendix A.) In the technical arguments, we need to approximate I’
by a finite subset of a larger set I, which is defined in the same way as I, but with
M, in (3.1) replaced by the larger constant 3M/;.

Let  denote the uniform distribution on % and let vol(%) denote the volume of
. Let H denote the space of (real-valued) functions on % that are square-integrable

with respect to ¥, and let (-,-), and || - ||, denote the inner product and norm on H
given by
1
hi,ha)y = | hi(u)h du) = h(u)h d
)y = | i ) = s [ G du

and (1], = (h, )y

In the statement of the main results, we were rather vague about the form of the
norm || - || used. To verify the technical conditions we need to be more specific.
Let U denote a %-valued random variable that is a transform (function) of W (for
example, W = (X,Y) and U = X). Partly for simplicity, we consider the theoreti-
cal inner product (-,-) and norm || - || on H given by (A, hy) = E[h(U)hy(U)] and
|a||> = (h,h) = E[h*(U)]. Define the empirical inner product and empirical norm by
(hroho)y = Ey(hihy) == S, i (Unho(Uy) and [|Al2 = (b, k), =1 S, (U,

Condition 3.1. The random variable U has a density function fy such that M, /vol(%)
< fu < My/vol(%) on U, where M, and M, are fixed positive numbers.
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It follows from Condition 3.1 that M| < 1 < M, and
Mi|[AllF, < |8 < Ma|lAll,  heH. (3.2)

Let | - [ denote the /5 norm on any Euclidean space. Let { denote the metric on
R/ given by {(y,7)=max; 9M Nu|y, — ¥,|0/(b1 — a;). The following lemmas will be
proved in the Appendix A.

Lemma 3.1. Let 0 <e<1/2 and let K be a positive integer. There is a positive
constant M and there are subsets Zi, 0 < k < K, of I' such that

#E) < Me ™, 1<k <K;
every point in I' is within e of some point in Ex (in { distance); and, for 1 <k <K,

every point in Zy is within ¢~ of some point in Zj_;.

Let 0 <e<1/2 and let Z¢, 0 < k < K be as in Lemma 3.1. Given yef, set B, =
{9€G,: ||g|]| < 1}. Let k be a nonnegative integer. If k=0, set B, = {0}; otherwise,
let By be a maximal subset of B, such that any two functions in B, are at least &
apart in the norm || ||. Then mingeg,, [lg — gl < &k for g € B,. Moreover,

Ky \ Ve
#(Byk)<(ljkf2/2) < Ge .

Set B = UyGEk B,«. Then, by Lemma 3.1,

#(By) < (M'e Y, 1<k <K, (33)
for some constant M’ >1. Also, set B = {g€U,cr Gy [l9]l <1} = U,er By
and B={ge€U,cr Gy 9l <1} =U,er By

Lemma 3.2. Suppose, for a given positive integer n, that i, exists uniquely and is

bounded for ye T and that i, —n*|l is a continuous function of yel. There is a
~/ ~

positive constant M such that, for 0 < ¢ < 1, there is a subset I of I' such that

~/
#(I") < exp(M[log(2/¢)IN,)
and every point y in I' is within ¢ (in { distance) of some point § in I such that

N7 — [l < lli, — n* |-

The condition that ||i7, —»*|| is a continuous function of y € I, which is used in the
above lemma, follows from the first conclusion of Lemma 3.5.

Lemma 3.3. Suppose Condition 3.1 holds. There is a positive constant M such that
lgllee < MN,2llgll, y€T and g€ G,. (34)
Lemma 3.4. There are positive numbers My and M, such that, for y,5 € I and g€G,,

there is a function g€ Gy such that ||| <9l Ig — gl <ML, D)gll, and
G = 9lloo < M2l(3,5)|9lloo. Suppose Condition 3.1 holds and that lim, N?/n = 0.
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Then there is a positive number M3 and an event Q, such that lim, P(Q,) =1
and the functions § above can be chosen to satisfy the additional property that
lg = glln < MLy, Dllgll on Qu for y.FET and g € G,

Lemma 3.5. Suppose Condition 2.2 holds. Let K be a positive number. There are pos-
itive numbers My and My such that if y,5€ T, {(,7) < 1, [|i],llc <K, and ||if;]| <K,
then |[il, — | < MiLLG, 92, (1, = Tslloo < MaN2[LCr. )12, Suppose, in addition
Condition 3.1 holds and that lim, N}/n = 0. Then there is an event Q, such that
lim, P(Q,) =1 and ||if, — i3], < M[L(y. 9] for . 5€T on Q,.

4. Verification of technical conditions

In this section we verify Conditions 2.2, 2.4 and 2.6 using primitive assumptions
in some specific statistical contexts. As a consequence, the conclusions of Proposition
2.1 hold under these primitive assumptions. For simplicity, we focus on two contexts:
density estimation in Section 4.2 and generalized regression, which includes ordinary
regression as a special case, in Section 4.3. Again for simplicity, we also restrict
attention to the saturated model (that is, there is no structural assumption and H is the
collection of all square integrable functions on %), so that n* =#. Thus Condition 2.1
amounts to the assumption that # is bounded. The case of unsaturated models can be
treated similarly at the expense of more complicated notation.

Throughout this section, we take G,, yeTl’, to be tensor product free-knot spline
spaces as defined in Section 3. It follows from (3.4) that 4, < MN, /2 for some constant
M, where N, is the common dimension of G,. Thus the requirements lim, sup,.r
Apy pry = 0 and lim,, supyerAﬁyN,,/n =0, which are used in Proposition 2.1, reduce to

lim,, SUp,cr p,wN,,1 2 =0 and lim,, an/n =0, respectively.

Condition 4.1. N, “7'? < log_l/zn and Ny sup,cf pny < 1 for some ¢ > 1/2.
4.1. Preliminary lemmas
Let ..., &, be independent random variables, and set E=(&, +- - -+ &, )/n. Suppose
that, for 1 <i <n, E& =0 and
E& < m7' bJH" 2, m>2, 4.1)

where H > 0. Set B2=(h?+- - - +b2)/n. Then, by Bernstein’s inequality (see Yurinskii,
1976),

_ 2
P =1) < 2exp<—2(32"itH)> (4.2)

for ¢ > 0. Suppose, in particular, that E¢; = 0, var(¢;) < ¢, and P(|&] < b) =1 for
1 <i<n, where b > 0. Then (4.1) and hence (4.2) hold with b; =0 for 1 <i < n,
B, =0, and H replaced by b. In this case, however, (4.2) also holds with H replaced
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by /3 (see (2.13) in Hoeffding, 1963). If we drop the assumption that ES; =0, we
need to multiply b by 2. (Note that |[E¢;| < b and hence |& — E&;| < 2b.) It follows
ecasily from (4.2) that

)
PUEI = o (8,4 ) 4 ) < 2exp (-2 ) (43)

for ¢ > 1. (Note that B2 + ¢[B,(N,/n)"?> + N,/n] < t[B, + (N,/n)"/?] for t > 1.)

In the proofs of Lemmas 4.2 and 4.6, we will use a “chaining argument” that is well
known in the empirical process theory literature; see Pollard (1984). For convenience,
we summarize a portion of this argument in the form of the following result.

Lemma 4.1 (Chaining argument). Let S be a nonempty subset of S; let Vi, s€'S, be
random variables; let K be a positive integer; let Sy be a finite, nonempty subset of
S for 0 <k <K such that V=0 for s€Sy; let Cy,...,Cq be positive numbers; let
0 <0 < 1/4; and let Q be an event. Suppose that

P(fgg;glry — V4 >C1,Q> < Gy (4.4)

#(Sk) < Cyexp(Cak), 1<k <K; (4.5)
and

grelaé)k(é%lkn P(|V, — V5| > 27%=D¢s; Q)

< Cgexp(—2C4(20)" %), 1<k <K (4.6)

Then

P <§gg|VS| > C) + 2c5> <G+ ﬁ + P(Q%)

<G+ Céc" + P(Q°)

Proof. Observe that

sup|Vs| < supm1n|V — Vs| + sup |Vl
SES SESSE sESK

So, in light of (4.4), it suffices to verify that

exp(—Cy)
1 —exp(—Cy)’

To this end, for 1 <k <K, let g;,_; be a map from S; to S;_; such that

P <max |V| 2Cs; ) < GG 4.7)

sESk

P(|V ('k 1(8‘)| 27(1{71)6‘539)

< Coexp(—2C4(20)~ %Dy, 1<k <K and seSy;
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the existence of g;_; follows from (4.6). Then, by (4.5),

P([Vs — Vo, _ 9] > 27%DCs for some k € {1,...,K} and s € Sy; Q)
K
< Cs eXp(C4k)C6 exp(_2c4(25)—(k—l))‘
k=1

Since k& < (28)~*~D for k > 1, the right side of the above inequality is bounded
above by

K K

C3C6 Y exp(—Cy(28)"471) < C3C Y | exp(—Cik)

k=1 k=1
-C

< C3C M.

1 —exp(—Cy)
Suppose that [V, — V,,_ ] <27%*"DCs for 1 <k <K and s€S;. Choose s € Sk
and set sx =5, Sx—1 = 0k—1(5k),.--,80 = go(s1). (We refer to sg,...,so as forming

a “chain” from the point s € Sk to a point sy €Sy.) Then V,, =0 and |V, — Vj
<27¢=DCs for 1 <k <K, so

K
Z (Vsk - I/Skf] )
k=1

ol

V| = <2Cs.

Consequently

P <maX|VS > 2C5;Q>
sESk

S P(|Vs — V9] > 27 7DCs for k€ {1,...,K} and s € Sy; Q).
Thus (4.7) holds as desired. [

Lemma 4.2. Suppose Condition 3.1 holds and that lim, N>/n = 0. Then

sup sup sup |<fag>n_<fag>|

=op(1).
yyerl f €6y 9By ”f””gH

Consequently, except on an event whose probability tends to zero as n — oo,

39l < gl <2lgll’, yel and g€G,.

This lemma extends Lemma 10 of Huang (1998a,b), which applies to fixed knot
splines and other such linear approximation spaces, except that Condition 3.1 is not
required there.

Proof of Lemma 4.2. It suffices to verify the lemma with I" replaced by I'. Let 0 < &
<1/4,1et 0 <t < o0, let K =K, be a positive integer to be specified later, and let B
and let =} and By, 0 <k < K, be as in Lemma 3.1 and the following paragraph with
6= 6. We will apply Lemma 4.1 with s = (£,9). Vs = (/.9)a — (f+9) = (Ex — EX[9),
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S={(f.9): f,9€B}, Sk ={(f.9): f,g€B;} for 0 <k <K, and Q°=10. It follows
from (3.3) that

#(Sp) < (M'o7HFyN 1 <k <K,

and hence that (4.5) holds with C; =1 and any C; > 4log(M'5~")N,.

Suppose Condition 3.1 holds, let 0 < e = < 1/4, let £ be a positive integer, let
y,€l with {(y,§) <!, and let g€ B,. Then, by (3.4) and Lemma 3.4, there
is a function ¢’ € B; such that |lg — ¢|| < M;6"! and [|g — ¢'|| < MMoN, o+,
Also, there is a function § € Bj;_; such that [|g’—§|| < 6! and hence [g'—§|lo0 <
MN,?5k=1. Observe that [|gllec < c1Na' lldllee < aiNa’?, llg — §ll < 20!, and
llg = dlloo < C3N,,l/25k71, where ¢; =M, c;=M, + 1, and c; = MM, +1).

Let k be a positive integer, and let f, f,g,d be functions on % such that || f]|cc <
AN N =Tl < a8 |1 f = Fllso < N2, lglloo < Va2, [lg =4 < 20571,
and ||g — §llcc < c3N220F=1. Then

119 = Fdlloo <ILf = Fllscllglloo + 1 Fllsollg = dllce < 2¢1¢3N, 8,
50 |(E, — E)(fg — fd)| < 4cic3N, 0. Moreover,
var(fg — f§) < 2var((f — [)g) +2var(f(g — §))
<2lgl2 N f = FI7 + 201 713 llg — all?
< 42 E3N, 70D,

Since 0 < 26 < 1, it now follows from Bernstein’s inequality (4.2) that, for ¢ > 0,

n?(26)" %D )

ML) T 48
8ci[c1¢3 + tes]N, (4.8)

P((E,—E)(fg— [ =27* )< 2eXp(
Let K be such that 4c;c3N,0% <t. Given f,g€B, let f,g~€ Bx be such that
1f = Fllee < esNi?65 and [lg = dlloc < esNy?65. Then || fg = Fdlloe < 2c103N, 0%,
so [(E, — E)(fg — fd)| < 4cic3N,05 < t. Consequently, (4.4) holds with C; = ¢ and
G, =0.
Let 1 <k <K. For f,geBy, let f,jeB_; be such that |f — f|| <c20*7",
1/ = Flloo < esNa6 ", |lg = ]| < 26", and ||g — dlloo < c3Na"*6*~". Since N, =
o(n'?), we now conclude from (4.8) that (4.6) holds with Cs=¢, Cs =2, Q° =0, and

nt?

- 16c1[clc§ + tc3 1N,

Cy > 4log(M'5~ )N,

for n sufficiently large. It now follows from Lemma 4.1 that, for n sufficiently large,

> < 3201[clc§ + tc3 1N,

>

P (sup sup sup [(f,9). — (f,9)| =3t s

vyel fE€By geBy

which tends to zero as n — oco. Since ¢ can be made arbitrarily small, the first conclu-
sion of the lemma is valid, from which the second conclusion follows easily. [
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Lemma 4.3. Suppose Condition 3.1 holds and that lim, N?/n =0, and let h, be uni-
formly bounded functions on U. Then

hns n hm ]Vn 1z
sup sup [ g)n — )| _ <> .
yel geGy gl n

Proof. The proof of this result is a slight simplification of the Proof of Lemma 4.2.
|

The next, obviously valid, lemma is useful in verifying the second property of
Condition 2.6 in a variety of contexts.

Lemma 4.4. Let Cy,...,Cy4 be fixed positive numb~ers with C3 > 1. Let 4,, y€ I, be
positive numbers that depend on n, and let V,, y € I', be random variables that depend
on n. Suppose that, for n sufficiently large, P(|V,| = Ci4,) < Cyexp(—2C3N, logn)
for yerl. Let " be a subset of I' such that

#(f”) < exp(CsN, logn)  for n sufficiently large. (4.9)

Suppose that, except on an event whose probability tends to zero as n — oo, for
every point y €T, there is a point j€ I such that Ay < Ay and |V, — Vi < Cad,.
Then |V,| = Op(4,) uniformly over yeT.

4.2. Density estimation

Let Y=W have an unknown density function fy on #=%, and let ¢=log f'y denote
the corresponding log-density function. Let H; be a linear space of functions on %
that contains all constant functions. We model the log-density function ¢ as a member
of H;. Note that ¢ satisfies the nonlinear constraint c(¢) = log f,{,/ expp(y)dy=0. It
is convenient to write ¢ =1 — c(n) such that 5 satisfies a linear constraint. To this end,
set H={heH,: [, h(y)dy=0}. If ¢ € H;, then there is a unique function n € H such
that ¢ =% — c(n). Thus the original problem is transformed to the estimation of 1 € H.
The log-likelihood is given by I(h; Y)=h(Y) — c(h), and the expected log-likelihood
is given by A(h) = E[I(h; Y)] = E[h(Y)] — c(h).

Assumption 4.1. The density fy is bounded away from zero and infinity on %.

In this section, we assume that #*=# and that Assumption 4.1 holds or, equivalently,
that # is bounded. Thus Condition 2.1 holds. We also take U=W =Y, so that Condition
3.1 holds. In addition, we assume that Condition 4.1 holds. We will verify Conditions
2.2, 2.4 and 2.6

Define the empirical inner product as (hy, hy), =E,[#(Y )h,(Y)] with corresponding
norm ||4||2 = (h,h),. The theoretical inner product and norms are defined as (hy,h,) =
E[hi(Y)hy(Y)] and ||h||> = (h,h). Let hy,h; € H be a pair of bounded functions on %.
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Set h, =hy + o(hy — hy) for 0 < o < 1. Then

d
o l(hy; p) = ha(y) — h1(¥) — E[h2(Y,) — hi(Yy)]
and
d2
K7 l(hy;y) = —var[ha(Y,) — hi(Y,)],
o

where Y, has the density fy,(y) = exp(h,(y) — c(hy)).

Verification of Condition 2.2. Part (i) of this condition follows from the Cauchy—

Schwarz inequality. To verify part (ii), note that
d2
g2 A + ol — b)) = —var[ha(Ya) — i (Ya)].

Since fy,(y) is bounded away from zero and infinity,

varlha(¥,) ~ (¥l =inf [ tha(s) = m(s) = o fr. 0y

2

. 1
<inf /y () — () — T dy

1
= // () — m()P dys

here, we use the fact that [, h,(y)dy = [, ha(y)dy = 0. Now the density of ¥ is
bounded away from zero and infinity, so the above right side is bounded above and
below by multiples of

E[(ha(Y) = hi(Y))'] = [lhy — |-
Verification of Condition 2.4. Note that, for g € G,,

d -
=E, (dal(ﬁﬁag) > = E,[9(Y)] — E[g(Y)],
=0

d  _
I (i1, + 0g) »

where Y has the density exp(17,(y)—c(i,)). Since 177, € G, maximizes A(g) over g € G,
we have that

=0, geG,,
a=0

d
P A(17, + ag)

which implies that E[g(Y)] — E[g(Y)] =0 for g € G,. Consequently,
(d/da)/ (i1, + ag)|4=0 _ (B = BE)g(Y)]
llgll gl '

Condition 2.4(i) now follows from Lemma 4.3.

Observe that, for g1,¢, € G,,
2 2

d d
iz (g1 + (g2 — 1)) = 12 A(gr + (g2 — g1))-

Condition 2.4(ii) now follows from Condition 2.2.
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Verification of Condition 2.6. Observe that

(i1,) — £(n) — [AG,) — An)] = (En — E)(77, — 1) (4.10)

The first property of Condition 2.6 follows from (4.10) with y=19*, Theorem 2.1, and
the consequence of Chebyshev’s inequality that

Iy — infy s ,
ooy =or () on () <o )
) (4.11)

uniformly over y € I'. The second property of Condition 2.6 follows from (4.10) and
(4.11).
Let us now verify (4.11). Condition 4.1 implies that N,,I/zsupy Py S log—

We claim that

_ NN\ N,
I(E, — E)(iT, — )| = Op ((IOgl/z n) [Hﬁy — | ( ) +

_n
n

1/2 n.

Now ||, = n|| < sup, pny (uniformly over yel’) by Theorem 2.1 and 17, — nlloo
< Nisup, pry < log™ " by (3.4). [Choose g; € G, such that [|g} — l|oc = puy]. Let
¢ be a fixed positive number. It follows from Bernstein’s inequality (4.3) that, for ¢’
a sufficiently large positive number,

P(|(E, — EX(#T, — )| = ¢/(log"* m){||it, — nl|(Na/n)"* + Ny/n})
< 2exp(—2cN, logn) (4.12)

for yerl.

Let ¢ be sufficiently large. Then, according to Lemma 3.2, there is a subset I’ :,/
of I' such that (4.9) holds with C3 = ¢ and every point y € I' is within n~2 of some
point § € f:,/ such that [|i7; — || < ||, —n]|. Let y and § be as just described. Then, by
Theorem 2.1 and Lemma 3.5,

N2 N,

[(En = EX(Ty — 1)l < 2/, = 5lloc S < (4.13)

The desired result (4.11) follows from (4.12), (4.13) and Lemma 4.4. This completes
the verification of Condition 2.6.

4.3. Generalized regression

Consider an exponential family of distributions on R of the form P(Y edy) =
exp[B(n)y — C(n)]¥(dy), where B(-) is a known, twice continuously differentiable
function on R whose first derivative is strictly positive on R, ¥ is a nonzero measure on
R that is not concentrated at a single point, and C(1)=1log fR exp[(B(n)y]P(dy) < o
for 1€ R. Observe that B(-) is strictly increasing and C(-) is twice continuously dif-
ferentiable on R. The mean of the distribution is given by u=A(n)= C'(n)/B'() for
n € R. It follows from the information inequality that E[B(h)Y — C(h)]=B(h)u— C(h)
is uniquely maximized at 4 =#. If B(n) =n for n € R, then 7 is referred to as the
canonical parameter of the exponential family; here u= A(n) = C'(n).
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Consider also a random pair W =(X,Y), where the random vector X of covariates
is Z-valued with 2 =% and Y is real-valued. Suppose the conditional distribution of
Y given that X = x € 2 has the form

P(Y €dy|X = x) = exp[B(n(x))y — C(n(x))]¥(dy). (4.14)

Here the function of interest is the response function #(-), which specifies the de-
pendence on x of the conditional distribution of the response Y given that the value
of the vector X of covariates equals x. The mean of this conditional distribution is
given by

ux)=EY|X =x)=A4A(n(x)), xeX. (4.15)
The (conditional) log-likelihood is given by

I(h,X,Y)=B(X))Y — C(h(X)),
and its expected value is given by

A(h) = E[B(h(X))u(X) — C(h(X))],

which is essentially uniquely maximized at A=n. This property of the response function
depends only on (4.15), not on the stronger assumption (4.14). In the application of
the theory developed in this paper to generalized regression, we require (4.15), but not
(4.14).

When the underlying exponential family is the Bernoulli distribution with parameter
7 and canonical parameter n = logit(n), we get logistic regression. Here p(x)=n(x)=
P(Y =1|X =x) and 5(x)=logit(n(x))=logit(x(x)). When the underlying exponential
family is the Poisson distribution with parameter 4 and canonical parameter # = log /,
we get Poisson regression. Here u(x)= A(x) and n(x)=1og A(x). When the underlying
exponential family is the normal distribution with canonical parameter n=p and known
variance, we get ordinary regression as discussed above.

In this subsection we verify the technical conditions required in Proposition 2.1 under
five auxiliary assumptions.

Assumption 4.2. B(-) is twice continuously differentiable and its first derivative B’(-)
is strictly positive on R. There is a subinterval S of R such that ¥ is concentrated on
S and

B'(&)y—C"(¢&) <0, —oo<<oo, (4.16)
for all yeg‘, where § denotes the interior of S. If S is bounded, (4.16) holds for at
least one of its endpoints.

Note that A(n) €§' for —oo < n < co. Thus by Assumption 4.2,
B"(OA() — C"(&) <0, —oo<&n< oo (4.17)

If 5 is the canonical parameter of the exponential family, then B(n) = n and hence
B"(¢)=0 and C"(¢) > 0 for —oo < & < 0o, so Assumption 4.2 automatically holds
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with S =R. This assumption is satisfied by many familiar exponential families, includ-
ing normal, binomial-probit, binomial-logit, Poisson, gamma, geometric and negative
binomial distributions; see Stone (1986).

Assumption 4.3. P(Y €S)=1 and E(Y|X =x)=4(n(x)) for x€ Z.

Observe that Assumption 4.3 is implied by the stronger assumption that the condi-
tional distribution of Y given that X = x has the exponential family form given by
(4.14).

Assumption 4.4. The response function #(-) is bounded.

Assumption 4.5. There are positive constants M; and M, such that E[el” M| X =]
<M, for xeZ.

It follows from Assumption 4.5 that there is a positive constant D such that
var(Y|X =x) <D for x€ Z.

Assumption 4.6. The distribution of X is absolutely continuous and its density function
fx is bounded away from zero and infinity on Z.

Throughout this section we assume that #* = and that Assumptions 4.2—4.6 hold.
Now 7 is bounded by Assumption 4.4, so Condition 2.1 holds. We take W =(X,Y) and
U =X, so Condition 3.1 follows from Assumption 4.6. We also assume that Condition
4.1 holds. We will verify Conditions 2.2, 2.4 and 2.6.

Define the empirical inner product as (hy, k), =E,[h1(X)h,(X)] with corresponding
norm ||4||? = (h,h),. The theoretical inner product and norms are defined as (hy,h,) =
E[h(X)hy(X)] and ||h||*> = (h,h). Recall that the log-likelihood based on the random
sample and its expected value are given by /(h) = E,[B(h)Y — C(h)] and A(h) =
E[B(h)Y — C(h)].

Let (X1,11),...,(X,,Y,) be a random sample of size n from the joint distribu-
tion of X and Y. Choose M| € (M;,00). It follows from Assumption 4.5 that P(|Y —
w(X)| = M| logn) < Myn=™/M: and hence that

lim P (113';15 |Y; — w(X))| = M| 10gn> =0. (4.18)

Moreover, by the power series expansion of the exponential function, for m > 2 and
1<i<n,

m! —
ENY; = u(X0|"|X) < % MEM M}, (4.19)

Thus, by Bernstein’s inequality (4.2), if 4 is a bounded function on %, then

nt?

for t > 0.
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Verification of Condition 2.2. Observe that

d
— A(hy + ahy)
do

= E(ha(X){B' (h(X)u(X) — C'(h(X))},
=0
where p(x)=E(Y|X = x). By Assumptions 4.2-4.4, u(-) is bounded. Since B’(-) and
C'(+) are continuous, they are bounded on finite intervals. Condition 2.2(i) then follows
from the Cauchy—Schwarz inequality. Let 4,4, € H be a pair of bounded functions on
%. Set hy ="h; + a(hy —hy) for 0 < a < 1. Then

d2
a2 Aha) = E{(ha(X) = (X)) Y’ [B" (ho( X NA((X)) — C" (hs(X))]}.

Condition 2.2(ii) now follows from (4.17), the boundedness of #(-), and the continuity
of A(+), B"(-), and C"().

Verification of Condition 2.4.
Lemma 4.5. Suppose lim, N?/n = 0. Then Condition 2.4(ii) holds.

Proof. The desired result follows from Lemma 4.2 and the argument used to prove
Lemma 4.3 of Huang (1998b). The requirement that lim, N2/n = 0 ensures the appli-
cability of Lemma 4.2. [J

Lemma 4.6. Suppose lim, N?/n=0 and SUp, ¢ Py =O(N, ) for some ¢ > 1/2. Then
Condition 2.4(i) holds.

Proof. In this proof, set p,=sup, ¢ pny. By Theorem 2.1 applied to I there is a positive
constant K; such that, for n sufficiently large, 7, exists uniquely and [|77,[|c < K for

yel. Let yeI and g € G,. Then

d - _
35 (1 + o)) = EalgD(i)] + EalgB'(,)(Y — )],
=0
where D(7,) = B'(, )1 — C'(i,) and E[gD(ii,)] = 0.
Let 0 < 0 < 1/4. Since an/z p, < N,,_(c_l/z) for some ¢ > 1/2 by Condition 4.1, there
is an £€(0,6%) and there is a fixed positive number c; such that, for n sufficiently
large,

N2 p, <cil N /2y~ (log 1/3)/(log 5/e"%)
and hence
min(c; 'N2p,, N2k —D2) < g1 (4.21)

for k > 1. (If N/2e®k=1/2 > §k=1 then an/zﬁn <61

Let Q,, lim, P(Q,) =1, be an event that depends only on Xj,...,X, and is such
that the statements in Lemma 3.4 and Lemma 3.5 hold.

Let k be a positive integer, and let y,5€I" be such that {(y,7) < &~'. Then, by
Lemma 3.5, |7, — ;]| < c2e® V2, [[il, — fglln < 2612 on Q,, and |7, — 7;]|oc
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< C3an/2s(k’”/2 (for some fixed positive constants c¢;,c3). Let By, be as in Sec-
tion 3 and let g € B,. Then, by Lemmas 3.3 and 3.4 (see the proof of Lemma 4.2),
there is a g€ Bj,—1 such that [|g — g|| < cae"™!, |lg — gll» < esef~! on Q,, and
g — §llso < ceNa?eF—1. Now

9B'(i1,) — §B'(il;) = (9 — §)B'(i1,) + g[B'(il,) — B'(7j;)]- (4.22)
Observe that [|(g—§)B'(7,)]l» < c7¢*~" on @, and [|(g—§)B'(i,)]|oc < c7Ns*e"~". Ob-
serve also that, [|G[B'(77,) —B'(ij;)]ll» < < ¢gN) 2% =112 on Q, and ||G[B’ (11,) = B' (1)1l 0o
< cgN,e® D2 Consequently, [gB'(7,) — GB'(7;)|ln < < coNy?e® =12 on Q, and
9B’ (71,) — GB' (1) | 0o < coN,e* =172 By the same argument, co can be chosen so that,
in addition, [[gD(7,) ~GD(i;)]| < coNye* =1 and [[gD(7,) = GD(;) | < coNe* D",

Alternatively, by Theorem 2.1 and Lemma 4.2,

||17y al _0(1) and sup 177, = 1l

=O(1)[1 + op(1)].
761: Py yef Pny

(Choose g* € Gy such that ||g* — nl[oc = puy.) Consequently, for n sufficiently large,
i, = nll < c10p, and ||if, — nll» < c10p, on Q, for y €I (provided that Q, is suitably
chosen).

Given y,j€ T, we have that i1, — 7i;l < 2c10p, and ||i7, — 73]l < 2¢10p, on Q.
Choose 1, € Gy and n; € Gy such that [y —nllec < p, and |05 —1nllec < P, It follows

from the triangle inequality and (3.4) that ||}, —1,[|cc < M(c10+ l)N,,l/zp'n. Thus [|i7, —
Moo < [M(c10+ l)Nn]/2 +11p,,. Similarly, oo < [M(c10+ I)an/2 +1]p,. Hence
I, = fi5lloe < 2[M(c10 + DN + 115,

Let {(y,5) <&~ and let geB, and jc B, be as above. Then [recall (3.4),
(4.21), and (4.22)], ||gB'(7,) — GB'(7;)|ln < 110" on @, [|gB'(7T,) — GB'(iT) |l <
enNa 21, [lgD(ir,) — gDl < ennd*~!, and [lgD(il,) — GD(i5)]|o < eV, 2okt

Let K = K be a positive integer simsfymg the two inequalities specified in the next
paragraph, and let Z;, B, for yeI', and B, 0 <k <K, be as in Lemma 3.1 and
the following paragraph with the current value of ¢. We will apply Lemma 4.1 with
s=(.9), Vs = E{g[D(,) + B' (7)Y — )]}, S={(y,9): v€I and g€B,}, and
Sk ={(y,9): yEE and g€ By }. Now #(Sy) < (M'e )V for 1 <k <K by (3.3),
so (4.5) holds with C; =1 and any C4 > 2log(M'e~")N,,.

Let Q0 denote the event that max; <;<, |¥; —u(X;)| < M| logn with M| as in (4.18).
Then lim, P(2,0) = 1. Choose y<€ I and g € B,. Let )76 Ex be such that {(y,7) < &
Then there is a § € By such that |lgD(7,) — < cenNY?oK and lgB'(i1,) —
gB' (1) oo < et NY*8K. Thus ||gD(;1v gD(17y~)||Oo < (N,/n)'? provided that K sat-
isfies the inequality c¢;;6% <n~'? and |E{[gB'(11,) — gB’(ﬁf)](Y — W} < WN,/m)'?
on Q, provided that K satisﬁes the inequality M/c;; 65 < 1/(n'?logn). Let K satisfy
both inequalities. Then (4.4) holds with C; =2(N,/n)"?, C, =0, and Q = Q,.

Let 1 <k <K. Given y€Z; and g<c By, choose € Z;_; and g B;;_; such
that {(y,7) <&, [9B'(,) — §B'(Giplln < end*~" on Q,, [|gB'(il,) — GB (7)o <
enNa 2=, gD, — 3Dy || < end* ™", and gD(i,) — FD(;) |00 < cniNa 265,
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Write s=(y,9) and Vy="V1,+ V2, where Vls:En[gD(’/_Iy)] and VZs:En[gB/(ﬁy)(Y_,u)]-
Similarly, write § = (y,g§) and Vi = Vi + Vo;, where Viz = En[gD(ﬁf)] and Vo =
En[gB’(ﬁf)(Y—u)]. Observe that Vi,—Vi5=(E,—E)[gD(7,)—gD(7];)]. Since 0 <26 < 1,
it follows from Bernstein’s inequality (4.2) that, for C > 0,

C2(28)" ¢,
2¢cii(ci1 + Cn='2N,) ) -

P(|Vis — V| = C2~% =N, /n)1?) < 2exp(

Similarly, Va5 — Vas = E,{[9B'(i1,) — §B'(i1;)I(Y — )}, so it follows from (4.20) that

C?(26)~*=Dp,
2¢yy(cy + Cn—12N,)

P(|Vas — Vas| = CZ*(k*I)(Nn/n)W\Qn) < 2exp<

provided that ¢;; is sufficiently large. Hence

2095)~(k—1)
P(le—Vfl>2cz—“‘—”<Nn/n>”2;9n><4exp(— e N )

2ci1(cy + Cl’lfl/an)
so (4.6) holds with

C2N,

Cy= > 2log(M'¢"")N,
Y7 4ep(ery + Cn— 12N, ogMe )

for C sufficiently large, Cs = 2C(N,/n)"?, C¢ =4, and Q = Q,. Consequently, by
Lemma 4.1,

d _
@/(nﬁag)

P | sup sup
’)’EFQEB'})

> 2(1 4 2C)(N,/n)"/?
=0
_ 16cii(en + Cn~'2N,)

P Qn Ql‘l c?
i + P((2 1 Q0))

which can be made arbitrarily close to zero by making n and C sufficiently large. [J

Verification of Condition 2.6. It follows from (4.19) and Bernstein’s inequality (4.3)
(with H = M A4) that if % is a bounded function on 2" and A > ||/||~, then

P(|E,{h(Y — )} = M A7 [MEML) 2[R (N /m)' 2 + No/nl X, X))

M—ZA—2
f1N> (4.23)

<2exp(— 2

fort > 1.
Observe that

(it,) = £(n) — [AQ7,) — A(n)]
=(E, — E){[B(7,) — Bp)u — [C(7,) — C(m]}
+E{[B(1,) — BINI(Y — )} (4.24)
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Lemma 4.7. Suppose Condition 4.1 holds. Then

(En — EX{[B(7,) — Bm]u — [C(i,) — C(n]}

12
- _ N, N,
=0p ((logm”) [My =1l (n) t

uniformly over y€T.

)

Proof. The proof of this result is similar to that of Condition 2.6(ii) in the density
estimation context. [J

Proof. Note that [|7j, — 1l < sup,cr puy and [[i7, — 1l < log™"? n uniformly over
ye I (see the arguments in Section 4.2). Set hy=B(ij,)—B(n) for y € . Then ||hy| <

7, —nll, Hh%H < (10g_1/2n)||ﬁv — || and thHoo < log™" n uniformly over ye I'. Let
c1 be a fixed positive number. It now follows from Bernstein’s inequality (4.2) (note
that ||,[|; = E,(h)) that, for ¢, a sufficiently large positive number,

12
_ N, N,
P(sznﬁ—nhyn»c% lIIm—n( ) 2

Lemma 4.8. Suppose Condition 4.1 holds. Then

1/2
[EALB(T,) = BIDI(Y — 1)}| = Op ((logl/zn) [Hﬁy —1 (JZ) N

n

uniformly over y€T.

n
n

) < 2exp(—2c¢i N, logn)

for y e I' and hence that, for ¢, a sufficiently large positive number,
P(2;,) < 2exp(—2¢iN, logn), yeT,

where @, denotes the event that ||k, |, < ca[ ||, — #] + (Na/n)"/?]. 1t follows from
(4.23) that, for a sufficiently large positive number c3,

PUE{Ry(Y = )} = eslog" m{lIit, = nl|(Na/m)'* + No/nl| X, X))
< 2exp(—2c¢)N, logn)
on Q,, for ycI' and hence that
PE{hy(Y = )} = e3(log" m{llity = nl|(Na/m)""* + Ny/n])
< 4exp(—2c 1N, logn) (4.25)

for yer.

Let ¢; be sufficiently large. Then, according to Lemma 3.2, there is a subset r :,/
of I' such that (4.9) holds with C3 = c; and every point y € I' is within n~> of some
point € f:,/ such that [|i7; — 0|l < ||, — nll. Let y and § be as just described.
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By Lemma 3.5,
EA[B(T,) = BAIY = )} < (I, = 500 max Y — u(X0)]
<NV =32 logn < Nyjn (4.26)

provided that |Y; — u(X;)| < M| logn for 1 <i < n.
The desired result follows from (4.9), (4.18), (4.25), (4.26), and Lemma 4.4.

Lemma 4.9. Suppose Condition 4.1 holds. Then Condition 2.6 holds.

Proof. Now E(E,{[B(i,-) — BDI(Y — 1)} Xi,..., X,) =0 and

- o ”ﬁy* - ’/IH%
var(E,{[B(iT,-) — BDI(Y — w}X1,....X,) =0 — |

SO
i oo (i =P
ENEAB(,) = B(Y = )] =0p | = |

Since |7, — n| = inf, 7 puy, it follows from Chebyshev’s inequality that

S
E[B(T,.) — BaDI(Y — i)} = Op <m§%py> ,

Similarly,
inf._-p,
(Ex = E){[B(y-) = Bl — [C(#,.) = COn)I} = Op (mvefrh> |

The first property of Condition 2.6 now follows from (4.24) with y = y*. The second
property follows from (4.24) and Lemmas 4.7 and 4.8. [

Ordinary regression: The framework of generalized regression, as considered above,
includes ordinary regression as a special case. Specifically, let B(n)=2# for n € R and
P(dy)=n""2e""dy for y€R. Then S=R. Also, C(15)=n* and A(n)=n for n€R,
so the regression function u equals the response function 7. Suppose that Y has finite
second moment. The pseudo-log-likelihood and its expectation are given, respectively,
by I(h; X,Y)=2h(X)Y —h*(X)=—[Y — h(X)* + Y2 and A(h)=—E{[Y — h(X)]} +
E(Y?). Assumption 4.4 is that the regression function is bounded. Let 4; and %, be
bounded functions on Z. Then

% A(hy + ahp)| = 2E{h(X)[(X) — hi(X)]}
=0

and

d2
@ A(h] =+ OC(hz — )) = —2Hh2 —h ||2,
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so Condition 2.2 follows from the boundedness of the regression function and of the
density function of X. Also,

d
iy +ag)| = 2E,{glY - (X1}
=0

and
a2 ,
12 (g1 + g2 — 91)) = —2llg2 — g1ll;-

Thus Condition 2.4(ii) follows from Lemma 4.2, while Condition 2.4(i) requires Lemma
4.6 for its verification.
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Appendix A. Proofs of lemmas in Section 3

In this appendix we prove Lemmas 3.1-3.5.

Consider a free knot sequence y = (y1,...,}s) such that a <y, <--- <y; <b and
V=1 = Vp—m SM, 2< i, ja <J +m, (A.1)

Yii—=1 = Vji—m

where y1_, = - =y =aand vy = =P m=>.
Observe that

J+m
> Gt = 2mm) = (m = Db~ a).
j=1
Thus it follows from (A.1) that
(m—1)b—a)
Viel = Vjem 2 ——=
M(J +m)
The requirement (A.1) is stronger than the bound on the global mesh ratio of y that
was considered by de Boor (1976). To see this, let y € I' and note that y; — y,_,, =
V1= V2—ms V4m — VY = VJ+m—1 — s, and
Yin = Vem Vel = Vio—m + Vi = Vjptl—m
Viv — Vii—m (Vj]*l - lefm)/2 + (Vj] - Vj1+17m)/2
for 1 < ji,j» <J + m (the numerator is increased and the denominator is decreased),
so it follows from (A.1) that

Vo = Vjp—m < 2M’ 1 <j1,jp <J +m. (A3)
Vv = Vi-m

, 2<j<J+m (A2)




C.J. Stone, J.Z. Huang/!Journal of Statistical Planning and Inference 108 (2002) 219-253 245

Observe that Z‘Hm(yj —Vj—m)=m(b — a). Thus it follows from (A.3) that
m(b — a)

) m= =, 1<j<J+m, A4
Vi — Vi- 00T+ m) J (A4)
and
2Mm(b — a) .
Vi = Vi-m T am 1<j<J+m, (A.5)

Proof of Lemma 3.1. We first verify this result when L=1, J=J; = 1, y;=v1;, y=7,,
U= =a,b] = [ql,bl], m=my =2, and N, = N,; =J + m. Here the metric { is
given by {(7,7) =9IMN,|y — 7|o/(b—a). Let 0 < & <2, let ye I, and let § be a free
knot sequence such that {(y,7) < & and hence
(b —a)
C4MN,

Thus, by (A.2), 7 satisfies (A.1) with M replaced by

i m—1+¢/4

m—1—¢/4

2|‘Y - ﬂoo <X

< 3M,

so jerl. Let I~: & denote the collection of all such free knot sequences y as y ranges
over I'. Then I', CI'and I'¢=1T
Given a positive integer A, let ¢(u; A) denote the function on [a, b] defined by

b— a1
Aap” a+y a<u<b,

Pl A)=a+ b—a 2

where [ -] denotes the greatest integer function. Observe that ¢(u; A) is nondecreasing
inu, p(a;A)=a, p(b; A)=>b, p(u; A)e{a+i(b—a)/A:i=0,...,4}, and

b— b—a
- < - <u<b.
u A <(;’>(u Ay <u+ A a<u<b

Given the free knot sequence y, consider the transformed sequence ¢(y; A)=(¢(y;; A)).
Let 0 < & < 1. Observe that

b—a
3 A) = Yoo <
lp(y; A) — v 7

and hence that if
A >4 'MN,, (A.6)

then {(y, p(y,A)) < e. Let A be the smallest integer satisfying (A.6). Then 4 — 1 <
4¢~'MN,. [Observe also that if (A.6) holds, u;,u; €[a,b], and

(b—a)
Uy —up = = 5
4MN,
then
A(uz — uy) > 1
b—a

and hence ¢(uz; A) > P(up; A).]
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Suppose that (A.6) holds and let 0 < gy < 1. Set IN"LO,S ={p(y; A):yeT,} C Ty
' . Observe that

Then every point in I’ & 1s within ¢ of some point in r .

I, < <(’”— 1)J(/l— 1)>.

(Note that the multiplicity of each free knot is at most m — 1.)
Let 7 be an integer with 7 > J. Then

RAVOICHSOIOICHN

y=0

ORI R O (R R R 2

(Observe that (d/dx)[x+(1—x)log(1—x)] > 0 for 0 <x < 1, so x+(1—x)log(1—x) > 0
for 0 < x < 1 and hence (1 —x)~ =D < ¢ for 0 < x < 1.) Consequently,

SO

- _ J _
HI,0) < [aee™ 01 0m = 1) (14 7)]" < Chea i)™
Consider now the general case L > 1. Here {(y,¥) = max; {;(y,.¥;) and
Ay =4 \MiNy, 1<I<L. (A7)

Let I' be the Cartesian product of I 5, 1 <I<L, and let I ¢, denote the Cartesian

product of I'j,, 1 </ <L. Then I',, C I' and 'y =TI Let f;o’s C I, denote the

Cartesian product of I’ ;80,8, 1 <1< L. Then every point in I';, is within & of some
~/

point in I'y .. Now N, =[], Nu =3, Nu, s0

Ny
#(T e < <4e£_lm?x]\;11m%> .

Let 0 <e<1/2, let K be a positive integer, and set Zx = fO’SK c T and 5 =
fsk+__,+sk+l’£k C T for 0 <k <K —1. Then

N,
#(Zr) < (4€£k m?x]\;l,mf) , 1<k<Kk

Moreover, every point in I' = I'y is within ¢ of some point in I'y « = Ex; and, for
1<k <K, every point in Z;CI ..., is within &¥~! of some point in Lok poppp o1 =
. O

Proof of Lemma 3.2. For each point y’ € I" :),5/2 (which is defined as in the proof of
Lemma 3.1), there is a point § in the compact set {y € I {(y,y) < ¢/2} that minimizes
the function ||, — n*|| over this set. Let I’y denote the collection of all such points

§. Then Iy, C I'; and #(I'g,,) < #(1:6,8/2) < (8ec" max; M ;m?)V. Given y € I', choose
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y' € f:),g/z such that {(y,7") < &/2 and let § € g, be as defined above. Then {(y,§) < ¢
and [[ij; = n*[| < (17, = n*[|l. O
Suppose that L = 1. Let B,; be the normalized B-spline corresponding to the

knot sequence y;_p,...,};. According to Theorem 4.2 of DeVore and Lorentz (1993,
Chapter 5), there is a positive constant D,, < 1 such that

2
Z bijj
J

D? )
m(b —a) ij(’/j = Vj—m) <
J

\m(b )Zb(v, Vj-m) (A3)

and

D,, max |b;| < < max |b;. (A9)
J J

> b;B,,
J I~

It follows from (A.4), (A.5) and (A.8) that
2

ijij

J

For general L, set m=]], my, D:HID,,,,, and M:H]Ml, and note that N,=[[,(J;+
my). Also, let # denote the Cartesian product of the sets {1,...,Ji1m,}, 1 <1 <L and,
for j = (j1,...,j.) € ¥, consider the tensor product B-spline Byj(u) = By, ;(u1)---
By, j,(ur). The support supp(h) of a function 4 on a set % is defined by supp(h) =
{ueU:h(u)#0}.

< b? T. A.10
J+mz IS (A.10)

2
_izbk
2M(J +m) &=

Lemma A.l. Let y,5€ 1 and j€ ¢. Then

2 -
D? 5 6M 5
g, 2= < || 220 < T 2 (A1)
J J v
Dmax [b;| < jBy|| < max |byf; (A.12)
J J
6L Mm
Y(supp(By)) < — (A.13)
n
#Hje £ B(u)#0} <m foruci; (A.14)
#{k € #: BBy is not identically zero on U} < 3850 m; (A.15)

1By — Bijlloo < LL(p.7); (A.16)
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L6t 2Mm
1By — Byllj < ——— L) (A17)
P sretastirtm? ?
D biBy =) biBy|| < =50 Zb Byl| 3 (A18)
A J v "]
and
2mlL
By — beBw iC(v,v) By (A.19)
j oo

Proof. Eq. (A.11) follows from (A.8), with M replaced by 3M, and induction; (A.12)
follows from (A.9) and induction; since Y(supp(By;)) = [1; [(v1.; — v1j—m)/(b1 — ar)],
(A.13) follows from (A.5) with M, replaced by 3M.

To verity (A.14), let u; € %; and suppose first that u; is not a knot. Then y; ;, < u; <
Vi,jo+1 Tor some jo. If By j(uy) > 0, then yyj_pm, <y < 7yp; and hence jo+1 </ < jo+
m;. Suppose, instead, that u =y, ;. If By ;(u;) >0, then y;;_m, <715, <714, S0 jo +
1 <j < jo+ my— L. In either case,

#je s By#0y = [[#e s By #0} < [[mi=
!

1

To verify (A.15), given j€ #,, let ki (kz) be the smallest (largest) value of & in
S 1 such that B, ;B; is not identically zero. Then §,, > v/ —m, and 7, ,,_, <7z;. It
follows from (A.5) (with M; replaced by 3M/) that
6M;m;(b - a)

Vidy—mm; < V0j < Vij—m T
/zml V]\y]ml Jl"'ml

Let 7 be the smallest integer such that [ > 6°M ? It follows from (A.4) that
- S5 4 Imy(b — a) - n Imy(b — a) -
’\ = _— i—m D — =2 —m
YLkiimg Z Tk 2,(Ji +m1) VLj—m 6M (J; + my) Lk —m
and hence that k, < k) + ({ + 1)m,;. Consequently,
#{k € 71 By,jB;, is not identically zero on %}
<+ Dymy < (6PM) + 2)m; < 38Mmy,

which yields the desired result.

To verify (A.16), we first observe that, as a consequence of Definitions 4.12 and
4.19 and Theorems 2.51, 2.55, and 4.27 of Schumaker (1981), the partial derivative of
B,,; with respect to the knot y;; for j —m; < k < j is bounded in absolute value by

1 1
max , .
Yij—1 = Vij—m V1 = Vlj+1—m
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Thus, by (A.2),

3M (m; + 1)N;
B, —Bj; oo X - 00
1By, 7l (m; — )by — al)h’z 7l

< Mt m;+1
3(m;—1)

The desired result now follows from the observation that normalized B-splines lie
between 0 and 1.

Eq. (A.17) follows from (A.13) and (A.16).

Set

L. 7) < Ly, 7). (A.20)

Ay;i =1k € #: (By; — Bjj,By — By)y 20}, v.5€l and j€ #.
Then #(4,5;) < 38L4M m by (A.15). Consequently, by (A.11) and(A.17),

2

> bBy—> b;By
j 7 v
:Z Z bjbk<Byj - B;FjaByk - Bfk)'ﬁ

J kedyy;

Z Z <b2 +b2> (”ij _ijHi/ + ”ka _Bszl//>
2

J kedyy

BL26E38EM m? ., s

8L262L38LM m?
S—p; YO ;

J2vj

so (A.18) holds.
It follows from (A.14) that, for y,7€ ' and u € %, there are at most 2m values of
J €% such that B,;(u) — Bjj(u) #0. Thus, by (A.12) and (A.16),

‘ > biBy — > biBy > b;By,
J J o J

so0 (A.19) holds. [

2mL
_ 2ml .
< (.7

E

oo

Proof of Lemma 3.3. It follows from (A.11) and (A.12) that
2 2
‘ z b;By; Z b;By,;
J o

J
The desired result now follows from (3.2). [

6" MN,
< max bf < u
R 2

v
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Recall that U is defined as a transform of W. Let Uy,..., U, be the corresponding
transforms of W1,..., W, respectively. Recall the definition of empirical inner product

and empirical norm in Section 3. Observe that E, (%) = (1,h),.

Lemma A.2. Suppose Condition 3.1 holds and that N,=o(n'~%) for some ¢ > 0. Then
there is a constant M and there is an event Q, such that lim, P(Q,) =1 and

2 2
> BiBy — Y BB
7 j .

for y,fef and B; R for je ¢.

< MC(1,9) on Q,

Proof. It follows from (A.16) that

1 )
1By — Byjlla < ||By; — Byjll% ;#({l: U; € supp(By;) U supp(Bj;)})

1
< Ly, 7)—#({i: Ui € supp(By;) U supp(By;)})

for y,5€ I and je ¢. It follows from Condition 3.1, (A.13), and the assumption on
N, by a straightforward application of Bernstein’s inequality (4.2) [or by Theorem 12.2
of Breiman et al. (1984)] that

6L2M Mym

sup max — #({z U; € supp(B,;) U supp(Bj;)}) < 72[1 + op(1)].

,yyer JES N NI‘I
Let Q, denote the event that

1 6LaM M

sup max — #({i: U; € supp(B,;) U supp(By;)}) < iy

yger J€S 1 ’ N,
Then lim, P(©2,) =1 and

4126EM Mym N
|1By; — Byjlls < ————C(1.7) on Q, (A21)

Na

for y,ief and je ¢/. ;
Set Ayj = = {ke #: (By; — Bj;,Byx — Bj)n#0} for y,7€I and je #. Then

#HApn) < 38L4M m by (A.15). Consequently, by (A.11), (A.21), and Condition 3.1,
2

BBy — Y BBy
J n
*Z Z B}ﬁk v — By, B *B}Tk>n

k kEdyy,

B} + Bt \ [ 11By — Bysl2 + 1By — Byl
ZZ( )( v/ i 5 bl bl )

J keAw/n
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1612653850 Mym? N
< v LoDy 6
n j
-4 2
161262238507 Mym?

)

~

> BBy
7

on Q, for y,5€I" and B;€R for je ¢, as desired. [

Proof of Lemma 3.4. Set ¢ = {(y,§). Write g =}, B;B,; and set g’ =3 . B;By;. It
follows from (3.2) and (A.18) that ||g — ¢'|| < ci¢||g| for some constant ¢, and it
follows from (A.19) that [|g — ¢'||cc < c2¢[|g]|oc for some constant c,.

If |||l < |lgll, then g=g’ has the properties specified in the first result of the lemma.
Suppose, instead, that ||¢’|| > |lg|| and set A = ||g||/||¢g'||. Then (1 + c1e)"' <A<,
129’ = llgll, and [lg — 29[| < [lg — ¢'|| < ciéllg||. (Note that (g,9") < [[4]/llg’l| by the
Cauchy—Schwarz inequality.) Moreover,

i = (Il — 9’ ll o
lg" — 29"l = (lg'll = lgll) =
lg'l
lg" — gll(lglloe + 19" — 9lls0)
h g

< c1e(1 + e2)||9]l o>

80 ||g — 29 ||co < (c1 4+ 2+ c1¢2)¢||g]lo and hence §= Ag’ has the properties specified
in the first result.

Let Q,1 be the event Q, in Lemma A.2, let Q,, be the event that ||g||> < 2||¢g|* for
yE f, and set 2,=0Q,; UQ,,. It follows from Lemmas A.2 and 4.2 that lim, P(Q,)=1.
Let ¢, ¢’, and /. be as in the proof of the first result of the lemma. Then for some
constant ¢, ||g —¢'||» < c3¢l|g|| on Q,. If ||¢']| < ||g]| , then §=¢’ satisfies the desired
additional property. Otherwise,

g =29 |ln < g = g'lla + (1 = Dlg [l
1
<esllol +2 (3 -1) ol

< (€3 + 2e1)el|g]|
on Q,, so §j = /g satisfies the desired additional property. []

Proof of Lemma 3.5. Let K, > K. Choose 7y,5€I" such that [7,lc <K and
[7;llc <K, and set & = {(y,7). By Lemma 3.4, there is a fixed positive number
c1 (not depending on y,7) and there are functions 1, € G, and n;€ Gy such that
1y = filc < cre and [0} — 7,]lcc < c16. Without loss of generality, we can assume
that ¢ < 1 and that ¢ is sufficiently small that [|17}][cc < K and [[n}l|cc < Ki. Then, by
Condition 2.2(ii), there is a fixed positive number ¢, such that A(ﬁy)—/l(n;) < ¢p¢ and
A1) = Any) < cz¢. Since A(n;) < A(7f;), we conclude that A(i7,) — A(1) < 2c2¢. On
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the other hand, by Condition 2.2(ii), A(i7,) — A(n;) > csli, — 11y||2 for some constant
c3, 50 ||, — || < (2c2¢5'€)"/? and hence

1, = 151l < i, = myll + Ny, — 75|
(2020 )1/2 + e
<[Qees )2+ er]e.
Moreover, by (3.2), (A.11), and (A.12), [|ii, — 1|0 < caNa[liT, — 1}l. So,
117, = iilloo < T, = Mylloo + 115 — 5]l 0o

2N\ 172
() e
c3

By Lemma 4.2, there is an event Q, such that lim, P(,)=1 and ||¢g||, < 2||g|| on Q,
foryel and g e Gy. Thus, by the first paragraph of this proof, |/i7, —n;|l, < 2|7, —n, |
< 2(2c2¢5 'e)"/? and hence ||i; — 7,/ < [2(2c2¢5 )" + ¢1)]e"? on @, for 3,7 as in
the first paragraph. [
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