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ABSTRACT. Consider repeated events of multiple kinds that occur according to a right-

continuous semi-Markov process whose transition rates are in¯uenced by one or more time-

dependent covariates. The logarithms of the intensities of the transitions from one state to

another are modelled as members of a linear function space, which may be ®nite- or in®nite-

dimensional. Maximum likelihood estimates are used, where the maximizations are taken

over suitably chosen ®nite-dimensional approximating spaces. It is shown that the L2 rates of

convergence of the maximum likelihood estimates are determined by the approximation

power and dimension of the approximating spaces. The theory is applied to a functional

ANOVA model, where the logarithms of the intensities are approximated by functions having

the form of a speci®ed sum of a constant term, main effects (functions of one variable), and

interaction terms (functions of two or more variables). It is shown that the curse of

dimensionality can be ameliorated if only main effects and low-order interactions are

considered in functional ANOVA models.

Key words: ANOVA decomposition, intensity functions, maximum likelihood, semi-Markov

process, tensor product splines, time-dependent covariates

1. Introduction

Event history analysis is closely related to survival analysis and heavily used in economics,

sociology and other social sciences. See, for example, Allison (1984), Hamerle (1989),

Mayer & Tuma (1990) and Yamaguchi (1991) for general discussions and applications of

this subject. Typically, an `̀ event history'' can be characterized by a multi-state stochastic

process moving among a ®nite number of states as time progresses with events correspond-

ing to transitions between states. Event history analysis is concerned with the (possibly

repeated) occurrence and duration of events and, typically, their dependence on some

explanatory variables (covariates). Censoring and time-dependent covariates are the two

typical features among the event history data that create dif®culties in the statistical

analysis.

In this paper, we consider events that occur according to a right-continuous semi-Markov

process. As illustrated on p. 59 of Allison (1984), transitions are allowed from a state to itself.

For example, the transitions could be job changes and the states could be employer types:

academic positions in `̀ high-quality''departments, academic positions in other departments, and

non-academic positions; and one can make a transition from a non-academic employer to

another non-academic employer. This setup has general applicability in event history analysis

and, in particular, it includes survival and competing risk models as special cases. Since the

intrinsic time scale of the semi-Markov process is duration rather than `̀ calendar'' time, we

model the log-intensity of a transition from one state to another as a function of duration in the

former state.

Let 1, . . ., K index the possible states (kinds of events) of the system; set T0 � 0 and let

T1, T2, . . . denote the successive transitions of the system; and let Y(t) and X(t) denote,
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respectively, the state of the system and the value of the covariates at time t > 0. It is assumed

that X(t) ranges over a known subset X of some Euclidean space. We refer to the successive

transitions T1, T2, . . . and the state process Y � Y (:) as together forming the event history

system. The covariate process X � X(´) is assumed to be external, that is, not directly involved

with the event history system [see p. 123 of Kalb¯eisch & Prentice (1980)]. It is also assumed

that the log-intensity for a transition from state w to state y at time t has the form áwy(t ÿ Tíÿ1,

X(t)) � log ëwy(t ÿ Tíÿ1, X(t)) for Tíÿ1 < t , Tí. Then the log-intensity for a transition from

state w at time t is given by

áw(t ÿ Tíÿ1, X(t)) � log ëw(t ÿ Tíÿ1, X(t))

� log
X

y

ëwy(t ÿ Tíÿ1, X(t))

 !
, Tíÿ1 < t , Tí:

Here if a transition from state w to state y is impossible, then áwy � ÿ1 and ëwy � 0;

otherwise, it is assumed that áwy(t, x) is ®nite for all t > 0 and x 2 X . The state w is

said to be absorbing if áw � ÿ1 and ëw � 0 and non-absorbing otherwise. Which states

are absorbing and which are non-absorbing is assumed to be known. From now on, we

ignore pairs w, y with áwy � ÿ1 and let á � (áwy) denote the collection of ®nite log-

intensity functions; we refer to the functions áwy as the constituents of á. In traditional

applications to survival analysis, there are two states (K � 2), one of which is absorbing

and the other non-absorbing, the semi-Markov process starts out in the non-absorbing state

and, at the one and only one transition, it moves to the absorbing state, which corresponds

to death or other form of failure.

Let the system be observed during the time period [0, C], where C is the censoring time. It is

assumed that the censoring time and the event history system are conditionally independent

given the covariate process. Set äí � ind (Tí < C and Tí ,1) and write min (t, c) as t ^ c.

Then, conditioned on the covariate process, the log-likelihood corresponding to the candidate

á � (áwy) for á equals

X
í

äíaY (Tíÿ1),Y (Tí)(Tí ÿ Tíÿ1, X(Tí))ÿ
�Tí^C

Tíÿ1^C

exp fáY (Tíÿ1)(t ÿ Tíÿ1, X(t))g dt

 !
;

here exp (áw) �P y exp (áwy), exp (áwy) and exp (áw) are de®ned to be zero when w is an

absorbing state, and the indicated integral over [Tíÿ1 ^ C, Tí ^ C] is de®ned to be zero

when Tíÿ1 . C. Observe that the log-likelihood is concave in a. Let Ë(a) denote the

expected value of this log-likelihood.

Consider n pairs of event history systems and covariate processes that are independent of

each other and identically distributed as described above, which we refer to as the random

sample of size n. Let Tií, äií, Yi(t), Xi(t), and Ci denote the values of Tí, äí, Y(t), X(t), and C

for the ith such case. Then the scaled log-likelihood corresponding to the candidate a for á and

the random sample is given by

l(a) � 1

n

X
i

li(a),

where
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li(a) �
X
í

�
äiíaYi(Ti,íÿ1),Yi(Tií)(Tií ÿ Ti,íÿ1, Xi(Tií))

ÿ
�Tií^Ci

Ti,íÿ1^Ci

exp faYi(Ti,íÿ1)(t ÿ Ti,íÿ1, Xi(t))g dt

�
:

In this paper, it is assumed that the constituents of á (that is, the log-intensity functions)

belong to a linear function space H, which speci®es the functional form of the log-intensity

functions. Maximum likelihood estimation is used to ®t the data, where the maximization is

carried out over the vectors whose constituents lie in a suitably chosen ®nite-dimensional

approximating subspace G of H. Let á̂n � (á̂wy), á̂wy 2 G, denote the maximum-likelihood

estimate. We can think of á̂n as an estimate of á. In general, the constituents of á need not

belong to H. In that case, we can think of á̂n as estimating the best approximation á� � (á�wy)

to á, whose constituents á�wy are chosen to maximize the expected log-likelihood among all

vectors with constituents in H. In fact, we shall see that the rate of convergence of á̂n to á� is

determined by the approximation power and dimension of G.

The general setup in the previous paragraph allows us to give a uni®ed treatment of the

parametric and non-parametric approaches in estimation. If H is ®nite-dimensional, we can

chose G � H ; this corresponds to the parametric approach. On the other hand, if H is in®nite-

dimensional, we chose G as a ®nite-dimensional subspace of H whose dimension goes to

in®nity with sample size, for example, a space of polynomials or splines; this corresponds to the

non-parametric approach. The unrestricted non-parametric approach is well known to be subject

to the curse of dimensionality when there are many covariates. A remedy is to restrict the form

of functions in H. A natural approach is to consider the functional ANOVA model, where H

consists of functions having the form of a speci®ed sum of a constant term, main effects

(functions of one variable), and selected interaction terms (functions of two or more variables);

see Stone et al. (1997). As special cases, in an additive model only the constant term and the

main effects are considered, while the saturated model includes all possible interaction terms in

addition to the terms considered by an additive model. We shall see that the rates of convergence

in functional ANOVA models are determined by the smoothness of the components in the

ANOVA decomposition of á�wy and the highest order of interactions considered. By considering

only main effects and low-order interactions, we can ameliorate the curse of dimensionality that

the saturated model suffers.

Recently, Kooperberg et al. (1995a) developed an adaptive methodology (HARE) using

polynomial splines and their tensor products to estimate the conditional log-hazard function in

the context of survival analysis. The rate of convergence for the corresponding non-adaptive

procedure, which provides a guide for the adaptive methodology, was given in Kooperberg et al.

(1995b). We extend this result in several directions: ®rst, we can handle repeated events of

multiple kinds; secondly, we allow time-dependent covariates; ®nally, we use virtually arbitrary

linear spaces of functions and their tensor products as building blocks for the approximating

space. The implication of our result is that HARE methodoloy can be extended to handle the

event history data with time-dependent covariates, and moreover, that linear spaces other than

splines can be used in the estimation procedure.

The rest of the paper is organized as follows. Section 2.1 discusses the existence of the best

approximation to the target log-intensity functions in the model space. Section 2.2 provides a

general result on the rate of convergence of the maximum likelihood estimate. The functional

ANOVA model is considered in section 2.3. We provide some useful preliminary results in

section 3. The proofs of the theorems are given in sections 4, 5, and 6. Some technical details

are collected in the appendix.
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For any function a on T 3 X , set iai1 � sup t2T ,x2X ja(t, x)j; for a � (awy), with each awy

a function on T 3 X , set iai1 �
P

w,y iawy i1. Given positive numbers an and bn for n > 1,

let an � bn mean that an=bn is bounded away from zero and in®nity. Given random variables

W n for n > 1, let W n � OP(bn) mean that limc!1lim supn P(jW nj > cbn) � 0.

2. Statement of results

2.1. Existence of the best approximation

Let Ë(´) now denote the restriction of the expected log-likelihood function to vectors

a � (awy) with constituents in H, which we refer to as the expected log-likelihood function

corresponding to H. The ®rst goal is to prove that this expected log-likelihood function has

a maximum and that this maximum equals the vector á of the true log-intensities if the

constituents of á are in H. Suppose that P(C < ô) � 1, where ô is a ®xed positive number,

and set T � [0, ô].

Condition 1

(i) P(Y (0) � wjX) is bounded away from zero uniformly in X and non-absorbing states w;

(ii) P(C � ôjX) is bounded away from zero uniformly in X;

(iii) the density function of X(t) exists and is bounded away from zero and in®nity on X
uniformly over t 2 T ;

(iv) the constituents of á are bounded on T 3 X .

In the context of hazard regression, condition 1 is implied by cond. 1 and 2 of Kooperberg et

al. (1995b). The ®rst part of condition 1 is needed to estimate áwy(t) ef®ciently near time ô.
According to condition 1(ii), censoring automatically occurs at time ô if it does not occur before

this time.

Condition 2

The space H is closed in the following sense: if hn 2 H and hn ! h in measure, then

h 2 H .

This condition is satis®ed by ®nite-dimensional spaces H and, in the interesting multivariate

situation, it is also satis®ed by the space of functions having the form of a speci®ed sum of

functions of selected variables; see lem. 4.1 of Stone (1994).

Theorem 2.1

Suppose conditions 1 and 2 hold. Then there exists an essentially uniquely determined

function á� � (á�wy) whose constituents are in H that maximizes the expected log-likelihood

function corresponding to H. If the constituents of á are in H, then á� � á almost

everywhere.

In the statement of theorem 2.1, `̀ essentially uniquely determined'' means that any two such

functions are equal almost everywhere.

2.2. Maximum likelihood estimation

We ®rst introduce the theoretical and empirical inner products that will be used later on to

de®ne the ANOVA decompositions of functions. The corresponding norms will be used to

measure the distance between the estimator and the target function.
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Given a non-absorbing state w, set ãíw � ind (Tíÿ1 ,1 and Y (Tíÿ1) � w). The correspond-

ing theoretical inner product and norm for functions on T 3 X are de®ned by

ha1, a2iw � E
X
í

ãíw

�Tí^C

Tíÿ1^C

a1(t ÿ Tíÿ1, X(t))a2(t ÿ Tíÿ1, X(t)) dt

and iai2

w � ha, aiw for square-integrable functions a1, a2, a on T 3 X . Given a � (awy),

where each awy is square-integrable, set iai2 �Pw, y iawy i2

w. Similarly, let k´, ´lnw and i:i2

nw

denote the empirical inner product and squared norm corresponding to the random sample

of size n de®ned by

ha1, a2inw � 1

n

X
i

X
í

ãiíw

�Tií^Ci

Ti,íÿ1^Ci

a1(t ÿ Ti,íÿ1, Xi(t))a2(t ÿ Ti,íÿ1, Xi(t)) dt

and iai2

nw � ha, ainw, where ãiíw � ind (Ti,íÿ1 ,1 and Yi(Ti,íÿ1) � w). For any vector of

functions a � (awy), set iai2

n �
P

w,y iawy i2

nw.

Let |X | denote the Lebesgue measure of X . For any square-integrable functions a1, a2, a on

T 3 X , de®ne the inner product and norm induced by Lebesgue measure as ha1, a2iL2
�

(
�

T
�

X a1(t, x)a2(t, x) dx dt=(ôjX j))1=2 and iai2

L2
� ha, aiL2

. According to lemma 3.1, i:i L2

is equivalent to the theoretical norm i´iw.

Next, we present a general theorem on rates of convergence. Let G � Gn � H be a ®nite-

dimensional linear space of bounded functions on X having dimension Nn > 1. We require that

the space G to be theoretically identi®able in that, if g 2 G and
P

w i giw � 0, then it identically

equals zero. Since we hope to choose G such that the functions in H can be well approximated

by functions in G, we refer to G as the approximating space. The space G is said to be

empirically identi®able if the only function g in the space such that
P

w i gi nw � 0 is the

function that identically equals zero.

The log-likelihood function, restricted to vectors whose constituents are in G, is concave.

Suppose G is identi®able. Then this log-likelihood is strictly concave; thus, there is at most one

maximum-likelihood estimate corresponding to G. According to lemma 5.5, the maximum-

likelihood estimate á̂n exists except on an event whose probability tends to zero as n!1.

Set An � sup g2G fi gi1=i gi L2
g. Set rwy � inf g2G i g ÿ á�wy i1 and rn �

P
w, yrwy.

Theorem 2.2

Suppose conditions 1 and 2 hold and that limn A2
n Nn=n � 0 and limn Anrn � 0. Then

iá̂n ÿ á� i2 � OP(r2
n � Nn=n) and iá̂n ÿ á� i2

n � OP r2
n � Nn=n

ÿ �
.

2.3. Functional ANOVA models

Suppose X is the Cartesian product of compact sets X 1, . . ., X L. For x 2 X , write

x � (x1, . . ., xL), where xl 2 X l for 1 < l < L. Given a non-empty subset s of

f0, 1, . . ., Lg, let Hs denote the space of functions on [0, 1) 3 X that depend on the

variable t if 0 2 s and on the variable xl for l 2 s \ f1, . . ., Lg and on no other variables.

Let H0 denote the space of constant functions on [0, 1) 3 X . Let S be a non-empty

collection of subsets of f0, 1, . . ., Lg. It is assumed that S is hierarchical: if s 2 S and

r � s, then r 2 S . Set H � fPs2S as: as 2 Hsg. By lem. 4.1 of Stone (1994), the space

H satis®es condition 2. It follows from theorem 2.1 that if condition 1 holds, then the best

approximation á� to á always exists.

To introduce the notion of ANOVA decompositions, it is necessary to restrict our attention to

square-integrable functions. For s 2 S , let H2
s denote the space of square-integrable functions
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in Hs. Let w be an arbitrary non-absorbing state. For a 2 H2
s, let a?w H2

r mean that

ha, ariw � 0 for ar 2 H2
r. Set H2 � fPs2S as: as 2 H2

sg. It follows from lemma 3.3 that,

under condition 1, every function a 2 H2 can be written in an essentially unique manner asP
s2S aws, where aws 2 H2

s and aws ? w H2
r for every proper subset r of s. We refer toP

s2S aws as the theoretical ANOVA decomposition of a corresponding to the inner product

h:, :iw.

We now construct the approximating space G. Let GÆ denote the space of constant functions

on T 3 X , which has dimension NÆ � 1. Given l 2 f0, 1, . . ., Lg, let Gl � H l denote a

linear space of bounded functions, which varies with sample size and has ®nite, positive

dimension Nl. Given a subset s of f0, 1, . . ., Lg, let Gs be the tensor product of Gl, l 2 s, which

is the space of functions on T 3 X spanned by functions g of the form g(t, x) �Q l2s g l(xl),

where x0 � t and gl 2 Gl for l 2 s. Then the dimension Ns of Gs is
Q

l2s N l. Set

G � fPs2S gs: gs 2 Gsg. Then the dimension Nn of G satis®es maxs2S Ns <

Nn <
P

s2S Ns < #(S ) maxs2S Ns. Suppose G is empirically identi®able and let g be a

member of this space. As a consequence of lemma 3.4, g can be written uniquely in the formP
s2S gws, where gws 2 Gs and gws?nwGr for every proper subset r of s. We refer to

P
s2S gws

as the empirical ANOVA decomposition of g corresponding to the inner product h:, :inw.

Set As � sup g2Gs fi gi1=i giL2
g for s 2 S . Suppose the constituents of á� are members of

H2 and let
P

s2S á�wys be the ANOVA decomposition of á�wy corresponding to the inner product

h:, :iw. Set rwys � inf g2Gs i g ÿ á�wys i1 for s 2 S and rn �
P

w,y

P
srwys.

Theorem 2.3

Suppose conditions 1 and 2 hold and that limn Asrwys9 � 0 and limn A2
s Ns9=n � 0 for each

pair s, s9 2 S and each pair w, y. Then the results of theorem 1 hold with rn replaced by

rn.

Proof. Since An < (
P

s2S A2
s)1=2, Nn �

P
s2S Ns, and rwy <

P
s2S rwys, the desired results

follow from theorem 2.2.

The ANOVA decomposition of á̂nwy has the form á̂nwy �
P

s2S á̂wys, where á̂wys 2 Gs and

á̂wys?nwGr for every proper subset r of s. The next result demonstrates that á̂wys provides

consistent estimate of á�wys for each s 2 S .

Theorem 2.4

Suppose conditions 1 and 2 hold and that limn A2
s Ns9=n � 0 and limn Asrwys9 � 0 for each

pair s, s9 2 S and each pair w, y. Then, for each s 2 S , iá̂wys ÿ á�
wys

i2

w � OP r2 � Nn=n
ÿ �

and iá̂wys ÿ á�wys i2

nw � OP r2
n � Nn=n

ÿ �
.

This result is parallel to th. 3 of Huang (1998) for regression. We can obtain rate of

convergence results when polynomials, trigonometric polynomials, splines, or wavelets and their

tensor products are used as building blocks for the approximating spaces. To get such results,

we need only ®nd upper bounds for the constants As and rwys by employing results from

approximation theory literature.

Suppose X l � R
d l with d l > 1. Set d � maxs2S

P
l2sd l. If d l � 1 for 1 < l < L, then

d � maxs2S #(s), where #(s) denotes the number of members of s. Typically, the spaces Gl are

chosen such that rn � Nÿ p=d
n and Nn � nd=(2 p�d), where p is a suitable de®ned measure of

smoothness of á�wys. Correspondingly, the rate of convergence in the theorem has the order

r2 � Nn=n � O(nÿ2 p=(2 p�d)), which is of the standard form; see Stone (1982, 1994), and Huang

(1998).
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Example (univariate splines). Assume that X is the Cartesian product of compact intervals

X 1, . . ., X L in R. Without loss of generality, it is assumed that each of these intervals equals

[0, 1]. Let k > 0 be an integer and 0 , â < 1. Set p � k � â. As in Stone (1994), a function on

X is said to be p-smooth if it is k times continuously differentiable on X and its partial

derivatives of total order k satisfy a HoÈlder condition with exponent â. We assume that

conditions 1 and 2 hold. In addition, we assume that á�wys is p-smooth for each s 2 S and each

pair w, y. Set d � maxs2S #(s).

Let m > pÿ 1 be an integer. For l � 1, . . ., L, let Gl be the space of splines of degree m

with J � J n equally spaced interior knots. Then As � J#(s), Ns � J#(s) and rwys � Jÿ p; see

Huang (1998). Suppose p . d=2 and J 2d � o(n). Then the conditions in theorems 2 and 3

are satis®ed. Thus, iá̂wys ÿ á�wy i2

w � OP(J d=n� Jÿ2 p) for s 2 S and iá̂wy ÿ á�wy i2

w �
OP(J d=n� Jÿ2 p). Taking J � n1=(2 p�d), we get that iá̂wys ÿ á�wys i2

w � OP(nÿ2 p=(2 p�d)) for

s 2 S and iá̂wy ÿ á�wy i2

w � OP(nÿ2 p=(2 p�d)). The rate nÿ2 p=(2 p�d) is the optimal rate for

estimating a p-smooth, d-dimensional function; see Stone (1982). This result generalizes that of

Kooperberg et al. (1995b), where there are only two states, one and only one of which is

absorbing, and the covariates do not depend on time.

The result from the previous example tells us that the rates of convergence are determined by

the smoothness of the ANOVA components of á�wy and the highest order of interactions included

in the model. It also demonstrates that, by using models with only main effects and low-order

interactions, we can ameliorate the curse of dimensionality that the saturated model suffers. In

particular, by considering additive models (d � 1) or by allowing interactions involving only

two factors (d � 2), we can get faster rates of convergence than by using the saturated model

(d � L).

Using univariate functions and their tensor products to model á�wy restricts the domain of á�wy

to be a hyper-rectangle. By allowing bivariate or multivariate functions and their tensor products

to model á�wy, we gain ¯exibility, especially when some predictor variable is of spatial type. Our

theorems also apply to these cases when the approximating spaces are built with multivariate

splines and their tensor products or more general ®nite element spaces and their tensor products.

We can proceed as in Huang (1998) to check the conditions of theorems 2.3 and 2.4 and get the

rate of convergence results. Similar results for other statistical contexts, such as regression, are

available in Hansen (1994) and Huang (1998). Recently, Hansen et al. (1996) developed the

Triogram method for function estimation using piecewise planar, bivariate splines based on

adaptively constructed triangulation. Hopefully, their method can be used to model interactions

of two-dimensional components in the context of event history analysis.

3. Preliminaries

Let rí(:, yjw, X) denote the density function of

P(Tí 2 :, Y (Tí) � yjY (0) � w, X):

Then�
B

rí(t, yjw, X) dt � P(Tí 2 B, Y (Tí) � yjY (0) � w, X), B � T :

In particular,�ô
0

rí(t, yjw, X) dt � P(Tí < ô, Y (Tí) � yjY (0) � w, X):
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Now

r1(t, yjw, X) � ëwy(t, X(t))exp ÿ
� t

0

ëw(u, X(u)) du

� �
;

by condition 1, this is bounded away from zero and in®nity uniformly over t 2 T , X, and

states w, y (where a direct transition from w to y is possible).

Let í > 2. It follows from the semi-Markov property that

rí(t, yjw, X) �
X

v

� t

0

ríÿ1(s, vjw, X) ëv y(t ÿ s, X(t)) exp ÿ
� tÿs

0

ëv(u, X(s� u)) du

� �
ds:

(3:1)

Consequently,X
y

rí(t, yjw, X) �
X

v

� t

0

ríÿ1(s, vjw, X) ëv(t ÿ s, X(t)) exp ÿ
� tÿs

0

ëv(u, X(s� u))du

� �
ds,

so �ô
0

X
y

rí(t, yjw, X) dt �
X

v

�ô
0

ríÿ1(s, vjw, X) 1ÿ exp ÿ
�ôÿs

0

ëv(u, X(s� u)) du

� �� �
ds:

Thus, by condition 1, there is a ®xed number E with 0 , E, 1 such that�ô
0

X
y

rí(t, yjw, X) dt < (1ÿ E)
�ô

0

X
y

ríÿ1(t, yjw, X) dt:

Therefore,�ô
0

X
y

rí(t, yjw, X) dt < (1ÿ E)íÿ1

�ô
0

X
y

r1(t, yjw, X) dt, í > 1:

Thus, by (3.1) and another application of condition 1 (for í > 2), there is a ®xed positive

number M1 such thatX
y

rí(t, yjw, X) < M1(1ÿ E)í, í > 1 and t 2 T :

Integrating with respect to t, we get that

P(Tí < ôjY (0) � w, X) < M1ô(1ÿ E)í, í > 1:

Hence we have proved the following result.

Proposition 3.1

Suppose condition 1 holds. Then there is a ®xed number E with 0 , E, 1 and a ®xed

positive number M1 such thatX
y

rí(t, yjw, X) < M1(1ÿ E)í, í > 1 and t 2 T :

As a consequence,

P(Tí < ôjY (0) � w, X) < M1ô(1ÿ E)í, í > 1:

Recall that äí � ind (Tí < C and Tí ,1) and ãíw � ind (Tíÿ1 ,1 and Y (Tíÿ1) � w). Set

çí y � ind (Tí ,1 and Y (Tí) � y). Let fX( t) denote the density function of X(t). Set
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B1w(t, x) � fX( t)(x)E P(Y (0) � wjX)P(C > tjX) exp ÿ
� t

0

ëw(u, X(u)) du

� �����X(t) � x

" #
and, for í > 2, set

Bíw(t, x) �
�ôÿ t

0

fX( t�s)(x)
X

v

E

�
P(Y (0) � vjX)P(C > t � sjX)

ríÿ1(s, wjv, X) exp ÿ
� t

0

ëw(u, X(u� s)) du

� �����X(t � s) � x

�
ds:

Then we have the following result.

Proposition 3.2.

For any square-integrable functions a, a1 and a2 on T 3 X ,

E[äíëíwçí ya(Tí ÿ Tíÿ1, X(Tí))] �
�

T

�
X

a(t, x)ëwy(t, x)Bíw(t, x) dx dt

and

E ëíw

�Tí^C

Tíÿ1^C

a1(t ÿ Tíÿ1, X(t))a2(t ÿ Tíÿ1, X(t)) dt

" #

�
�

T

�
X

a1(t, x)a2(t, x)Bíw(t, x) dx dt:

Proof. The proof is deferred to the appendix.

Throughout the remaining part of this section, let w be a non-absorbing state. The next

lemma shows that the norm i:i L2
is equivalent to the theoretical norm i´iw for any such a w.

Lemma 3.1

Suppose condition 1 holds. Then there are positive constants M2 and M3 such that for any

square-integrable function f on T 3 X ,

M2 i f i L2
< i f iw < M3 i f i L2

:

Proof. By proposition 3.2, i f i2

w �
�

T
�

X f 2(t, x)Bw(t, x) dx dt, where Bw(t, x) �P
í Bíw(t, x). It follows from condition 1 and propositions 3.1 that Bw(t, x) is bounded away

from zero and in®nity on T 3 X .

The following lemma tells us that the empirical inner product is uniformly close to the

theoretical inner product on the approximating space G. As a consequence, the empirical and

theoretical norms are equivalent over G.

Lemma 3.2

Suppose limn A2
n Nn=n � 0 and let t . 0. Then, except on an event whose probability tends

to zero as n ! 1,

jh f , ginw ÿ h f , giwj < ti f iw i giw, f , g 2 G:

Consequently, except on an event whose probability tends to zero as n ! 1,

1
2
i gi2

w < i gi2
nw < 2i gi2

w, g 2 G:

Scand J Statist 25 Event history regression 611

# Board of the Foundation of the Scandinavian Journal of Statistics 1998.



Proof. Given functions a1, a2 on T 3 X . Set

Øw(a1, a2, X, Y ) �
X
í

ëíw

�Tí^C

Tíÿ1^C

a1(t ÿ Tíÿ1, X(t))a2(t ÿ Tíÿ1, X(t)) dt:

Then Øw(a1, a2, X, Y ) is bilinear in a1 and a2,

ha1, a2inw � 1

n

X
i

Øw(a1, a2, Xi, Yi),

and ha1, a2iw � E[Øw(a1, a2, X, Y )]. Now jØw(a1, a2, X, Y )j < ôia1 i1 ia2 i1 since

P(C < ô) � 1. It is shown in the appendix that

var [Øw(a1, a2, X, Y )] < ôia1 i2

w ia2 i2

1: (3:2)

Thus, the desired results follow from lem. 10 of Huang (1998).

Corollary 3.1

Suppose limn A2
n Nn=n � 0. Then, except on an event whose probability tends to zero as

n!1, G is empirically identi®able.

Let M2, M3 be de®ned as in lemma 3.1. Set E1 � 1ÿ ������������������������������
1ÿ (M2=M3)2

p
.

Lemma 3.3

Suppose condition 1 holds. Then iai2

w > E#(S )ÿ1
1

P
s2S iaws i2

w for all a �Ps2S aws, where

aws 2 Hs and aws?w H2
r for every proper subset r of s.

Proof. This lemma can be proved by using lemma 3.1 and arguing as in the proof of lem.

3.1 of Stone (1994).

The previous lemma reveals that the components of the theoretical ANOVA decomposition

are not too confounded. As a consequence, each function in H2 has a unique ANOVA

decomposition with respect to norm i´iw.

According to the next result, the components of the empirical ANOVA decomposition are not

too confounded, either empirically or theoretically.

Lemma 3.4

If G is empirically identi®able, then each g 2 G has a unique representation g � Ps2S gws,

where gws 2 Gs and gws?nwGr for every proper subset r of s. Suppose condition 1 holds and

that limn A2
n Nn=n � 0. Let 0 , E2 , E1. Then, except on an event whose probability tends to

zero as n!1, i gi2

w > E#(S )ÿ1
2

P
s2S i gws i2

w and i gi2

nw > E#(S )ÿ1
2

P
s2S i gws i2

nw for all

g �Ps2S gws, where gws 2 Gs and gws?nwGr for every proper subset r of s.

Proof. The ®rst part of the lemma was proved in lem. 3.2 of Stone (1994). The second part of

the lemma can be proved by using lemmas 3.1 and 3.2 and arguing as in the proof of lem. 3.1 of

Stone (1994).

4. Proof of theorem 2.1

By proposition 3.2,

Ë(a) �
X
w, y

�
T

�
X

[awy(t, x) ëwy(t, x)ÿ exp fawy(t, x)g]
X
í

Bíw(t, x) dx dt: (4:1)
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By condition 1, the functions ëwy are bounded away from zero and in®nity. Thus there are

positive numbers A1 and A2 such that

awyëwy ÿ exp (awy) < A1 ÿ A2jawyj:
Hence, Ë(a) < A1

P
wy

�
T
�

X
P

íBíw ÿ A2

P
wy

�
T
�

X jawyj
P

íBíw. Now by condition 1

and proposition 3.1,
P

íBíw is bounded away from zero and in®nity. Consequently, if�
T
�

X jawyj � 1 for some w, y, then Ë(a) � ÿ1. Moreover, the function Ë(:) is bounded

above by some constant A3. Therefore, the numbers Ë(a), a � (awy), awy 2 H , have a ®nite

least upper bound L. Choose ak � (akwy), akwy 2 H , such that Ë(ak) .ÿ1 and

Ë(ak)! L as k !1. Observe that the numbers
�

T
�

X jakwyj, k > 1, are bounded.

Let á1 � (á1 wy) and á2 � (á2wy) be vectors of functions with á1wy, á2wy 2 H such that

Ë(á1) .ÿ1 and Ë(á2) .ÿ1. For u 2 [0, 1], set á(u) � (1ÿ u)á1 �uá2 and Ö(u) � Ë(á(u)).

Then Ö(:) is a concave function. It follows from the argument of th. 4.1 in Stone (1994) that

there is a vector of integrable functions á� � (á�wy) such that akwy ! a�wy in measure as k!1.

Since H satis®es condition 2, we can assume that á�wy 2 H . It follows from Fatou's Lemma that

Ë(ak)! Ë(á�) � L � maxa2H Ë(a) as k !1. Furthermore, if awy 2 H and Ë(a) � Ë(á�),
then it follows from the concavity described above that a � á� almost everywhere. Hence the

®rst statement of the theorem is valid. The second statement follows from (4.1) and the fact that

aëÿ e a, as a function of a, has a unique maximum at a � log ë.

5. Proof of theorem 2.2

When it exists, we refer to á�n � arg max fË(g): g � (gwy), gwy 2 Gg as the best approxi-

mation to á with constituents in G. We have the decomposition á̂n ÿ á� � (á̂n ÿ á�n ) �
(á�n ÿ á�), where the ®rst term on the right side of the equation is referred to as the

approximation error and the second term as the estimation error. In lemmas 5.2±5.5, we

assume the conditions in theorem 2.2 hold.

5.1. Approximation error

Lemma 5.1

Suppose condition 1 holds and iá� i1,1. Let U be a positive constant. Then there are

positive constants M4 and M5 such that

ÿM4 iaÿ á� i2 < Ë(a)ÿË(á�) < ÿM5 iaÿ á� i2

for all a � (awy) with awy 2 H and iai1 < U .

Proof. Given a � (awy) with awy 2 H and iai1 < U and given u 2 [0, 1], set a(u)
wy �

(1ÿ u)á�wy � uawy. Then dË(a(u))=duju�0 � 0 and hence, by integration by parts,

Ë(a)ÿË(á�) �
�1

0

(1ÿ u)
d2

du2
Ë(a(u)) du:

Observe that

d2

du2
Ë(a(u)) �ÿ

X
w, y

E
X
í

ëíw

�Tí^C

Tíÿ1^C

[awy ÿ á�wy]2(t ÿ Tíÿ1, X(t))

3 exp f[(1ÿ u)á�wy � uawy](t ÿ Tíÿ1, X(t))g du:

The desired result now follows from condition 1 and the de®nition of i:i.
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Lemma 5.2

The best approximation á�n to á with constituents in G exists for n suf®ciently large and

satis®es iá�n ÿ á� i2 � O(r2
n) and iá�n ÿ á� i2

n � OP(r2
n). Moreover, for any positive number

U . iá� i1, iá�n i1 < U holds for n suf®ciently large,

Proof. Since á�wy is bounded, by a compactness argument, there is a function g�wy 2 G such

that i g�wy ÿ á�wy i1 � rwy. Write g� � (g�wy). Then ig� ÿ á� i < rn and, for n suf®ciently

large,

ig� i1 < ig� ÿ á� i1 � iá� i1 < rn � iá� i1 < 1� iá� i1:

Let c denote a positive constant (to be determined later). Choose g � (gwy) with gwy 2 G

and igÿ á� i � crn. Then, by lemma 3.1 and the triangle inequality,

igÿ g� i1 < An Mÿ1
2 igÿ g� i < An Mÿ1

2 (crn � rn):

Thus, for n suf®ciently large,

igi1 < An Mÿ1
2 (crn � rn)� rn � iá� i1 < 1� iá� i1:

Now applying lemma 5.1 with U � 1� iá� i1, we get that, for n suf®ciently large,

Ë(g�)ÿË(á�) > ÿM4r2
n (5:1)

and

Ë(g)ÿË(á�) < ÿM5c2r2
n (5:2)

for all g � (gwy) with gwy 2 G and igÿ á� i � crn. Let c be chosen such that c .����������������
M4=M5

p
. Then ig� ÿ á� i , crn, and it follows from (5.1) and (5.2) that, for n suf®-

ciently large,

Ë(g) ,Ë(g�) for all g � (gwy) with gwy 2 G and igÿ á� i � crn:

Therefore, by the de®nition of á�n and the concavity of Ë(g) as a function of g, á�n exists

and satis®es iá�n ÿ á� i , crn for n suf®ciently large. Thus, iá�n ÿ á� i2 � O(r2
n). This

result together with the triangle inequality and lemma 3.2 implies that iá�n ÿ á� i2

n

� OP(r2
n). The last part of the lemma follows from the ®rst part, limn Anrn � 0, and the

inequality iá�n i1 < iá� i1 � An iá�n ÿ g� i � iá� ÿ g� i1.

5.2. Estimation error

Let föwj, 1 < j < Nng be an orthonormal basis of G relative to the theoretical inner

product i´iw. Then each g 2 G can be represented uniquely as g �P j âwjöwj, where

âwj � hg, öwjiw for j � 1, . . ., Nn. Let âw denote the Nn-dimensional vector with entries

âwj. To indicate the dependence of g on âw, we write g(:, :) � g(:, :; âw). Let |´| denote

the Euclidean norm of vectors. Then i g(:, :; âw)iw � jâwj.
Given a (column) vector âwy having entries âwyj, j � 1, . . ., Nn, set â � (âwy) and

g(:, :; â) � (gwy(:, :; âwy)), where gwy(:, :; âwy) �P j âwyjöwj. Then the log-likelihood func-

tion corresponding to g, viewed as a function of â, is concave. Recall that á̂n is the maximum

likelihood estimate and á�n is the best approximation to á with constituents in G. Let â̂ and â�
be given by the equations á̂n(:, :) � g(:, :; â̂) and á�n (:, :) � g(:, :; â�). Then iá̂n ÿ á�n i
� jâ̂ÿ â�j.

Set çií y � ind (Tií ,1 and Yi(Tií) � y). Then the (scaled) log-likelihood function cor-

responding to the candidate g � (gwy) for á can be written as
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l(g) � 1

n

X
i

li(g), where li(g) �
X
í

lií(g) �
X
í

[lií1(g)� lií2(g)]

with

lií1(g) � äií

X
w, y

ãiíwçií y gwy(Tií ÿ Ti,íÿ1, Xi(Tií))

and

lií2(g) � ÿ
X
w, y

ãiíw

�Tií^Ci

Ti,íÿ1^Ci

exp fgwy(t ÿ Ti,íÿ1, Xi(t))gdt:

Let

S(â) � @ l(g)

@â
� 1

n

X
i

X
í

@ lií(g)

@â

denote the score at â; that is, the vector whose entries are given by

@ lií1(g)

@âwyj

� äiíãiíwçií yöwj(Tií ÿ Ti,íÿ1, Xi(Tií))

and

@ lií2(g)

@âwyj

� ÿãiíw

�Tií^Ci

Ti,íÿ1^Ci

öwj(t ÿ Ti,íÿ1, Xi(t)) exp fgwy(t ÿ Ti,íÿ1, Xi(t))g dt:

Let

D(â) � @2 l(g)

@â@âT
� 1

n

X
i

X
í

@2 lií(g)

@â@âT

denote the Hessian of l(g); that is, the matrix whose possibly non-zero entries are given by

@2 lií(g)

@âwyj1
@âwyj2

�ÿ ãiíw

�Tií^Ci

Ti,íÿ1^Ci

öwj1
(t ÿ Ti,íÿ1, Xi(t))

öwj2
(t ÿ Ti,íÿ1, Xi(t)) exp fgwy(t ÿ Ti,íÿ1, Xi(t))g dt: (5:3)

Then the following identity holds:

l(â) � l(â�)� (âÿ â�)T S(â�)

� (âÿ â�)T

�1

0

(1ÿ t) D(â� � t(âÿ â�) dt

" #
(âÿ â�): (5:4)

Lemma 5.3

For any positive constant M,

lim
c!1 lim sup

n!1
P jS(â�)j > Mc

Nn

n

� �1=2
 !

� 0:

Proof. By the de®nition of â�, E(@ l(á�n )=@âwyj) � 0. Hence
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E
@ l(á�n )

@âwyj

 !2
24 35 � 1

n
E

@ li(á�n )

@âwyj

 !2
24 35

<
2

n
E

X
í

@ lií1(á�n )

@âwyj

 !2
24 35� E

X
í

@ lií2(á�n )

@âwyj

 !2
24 358<:

9=;:
We claim that there are positive constants M6, M7 such that

E
X
í

@ lií1(á�n )

@âwyj

 !2
24 35 < M6 iöwj i

2

w (5:5)

and

E
X
í

@ lií2(á�n )

@âwyj

 !2
24 35 < M7 iöwj i

2

w: (5:6)

[The proofs of (5.5) and (5.6) are deferred to the appendix.] Consequently,

EjS(â�)j2 �
X
w, y

X
j

E
@ l(á�n )

@âwyj

 !2
24 35 < 2(M6 � M7)K2 Nn

n
:

The desired result follows.

Lemma 5.4

There is a positive constant M8 such that, for any ®xed c . 0,

(âÿ â�)T

�1

0

(1ÿ u)D(â� � u(âÿ â�)) du

" #
(âÿ â�)

< ÿM8jâÿ â�j2 for all â � (âwyj) with jâÿ â�j � c
Nn

n

� �1=2

on an event Ùn(c) with limn P(Ùn(c)) � 1.

Proof. Choose a(´, ´) � a(´, ´; â) such that jâÿ â�j � c(Nn=n)1=2. Then by the triangle

inequality and lemma 3.1, iai1 < An Mÿ1
2 c(Nn=n)1=2 � iá�n i1. Thus by lemma 5.2,

lim
n!1 P(iai1 < 1� iá� i1 for all a � (awy)

with awy 2 G and iaÿ á�n i � c(Nn=n)1=2) � 1: (5:7)

Recall that á�n � g(:, :; â�) � (á�nwy). It follows from (5.3) that, for u 2 [0, 1],

(âÿ â�)TD(â� � u(âÿ â�)) (âÿ â�)

�ÿ 1

n

X
i

X
í

X
w, y

ãiíw

�Ti,í^Ci

Ti,íÿ1^Ci

[awy ÿ á�nwy]2(t ÿ Ti,íÿ1, Xi(t))

3 exp f[á�nwy � u(awy ÿ á�nwy)](t ÿ Ti,íÿ1, Xi(t))g dt:

Therefore, by (5.7) and condition 1, except on an event whose probability tends to zero as

n ! 1,
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(âÿ â�)TD(â� � u(âÿ â�))(âÿ â�) < ÿM8

X
w, y

iawy ÿ á�nwy i2
nw,

for all â � (âwyj) with jâÿ â�j � c(Nn=n)1=2 and all u 2 [0, 1]. Hence, it follows from

lemma 3.2 that, except on an event whose probability tends to zero as n ! 1,

(âÿ â�)T

�1

0

(1ÿ u)D(â� � u(âÿ â�)) du

" #
(âÿ â�)

< ÿM8

X
w, y

iawy ÿ á�nwy i2

w � ÿM8 iaÿ á�n i2 � ÿM8jâÿ â�j2,

for all â � (âwyj) with jâÿ â�j � c(Nn=n)1=2. This completes the proof of the lemma.

Lemma 5.5

The maximum-likelihood estimate á̂n exists except on an event whose probability tends to

zero as n ! 1. Moreover iá̂n ÿ á�n i2 � OP(Nn=n).

Proof. Since l(â) is a concave function of â, we conclude from (5.4) and lemma 5.4 that,

â̂ exists and jâ̂ÿ â�j, c
Nn

n

� �1=2
( )

\Ùn(c)

� l(â)ÿ l(â�) , 0 for all â � (âwyj) with jâÿ â�j � c
Nn

n

� �1=2
( )

\Ùn(c)

� jS(â�)j, M8c
Nn

n

� �1=2
( )

\Ùn(c):

Hence, by lemma 5.3,

lim
c!1 lim inf

n!1 P â̂ exists and jâ̂ÿ â�j, c
Nn

n

� �1=2
 !

> lim
c!1 lim inf

n!1 P jS(â�)j, M8c
Nn

n

� �1=2
 !

� P(Ùn(c))ÿ 1

( )
� 1:

The conclusion of the lemma follows.

Theorem 2.2 follows from lemmas 3.2, 5.2 and 5.5.

6. Proof of theorem 2.4

The estimation error has the ANOVA decomposition á̂wy ÿ á�nwy �
P

s2S (á̂wys ÿ á�nwys). It

follows from theorem 3 and lemmas 3.4 and 5.5 that, for each s 2 S , iá̂wys ÿ á�nwys i2

w

� OP(Nn=n) and iá̂wys ÿ á�nwys i2
nw � OP(Nn=n).

The approximation error has the ANOVA decomposition á�nwy ÿ á�wy �
P

s2S (á�nwys ÿ á�wys).

By the same argument as in lemma 7 of Huang (1998), for each s 2 S , there are functions

gs 2 Gs, with gs?nwGr for every proper subset r of s, such that

iá�wys ÿ gs i2

w � OP

X
r�s,r 6�s

Ns

n
� r2

wys

 !
(6:1)
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and

iá�wys ÿ gs i2

nw � OP

X
r�s,r 6�s

Ns

n
� r2

wys

 !
: (6:2)

Write g �Ps2S gs. Then i g ÿ á�wy i2

w � OP(
P

s2S Nn=n�Ps2S r2
wys). Thus, by the tri-

angle inequality and lemma 5.2,

i g ÿ á�nwy i2

w < 2i g ÿ á�wy i2

w � 2iá�wy ÿ á�nwy i2

w � OP

X
s2S

Ns

n
� r2

n

 !
:

Therefore, by lemma 3.4, except on an event whose probability tends to zero as n ! 1,

i gs ÿ á�nwys i2
w < E1ÿ#(s)

2 i g ÿ á�nwy i2
w � OP

X
s2S

Ns

n
� r2

n

 !
:

Hence, it follows from (6.1), (6.2), the triangle inequality and lemma 3.2 that, for each

s 2 S , iá�nwys ÿ á�wys i2

w � OP(Nn=n� r2
n) and iá�nwys ÿ á�wys i2

nw � OP(Nn=n� r2
n). This

completes the proof of theorem 2.4.
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Appendix

Proof of proposition 3.2. We prove only the ®rst equality. The proof for the second equality is

similar. For í . 1, by conditioning, we get that

E [äíãíwçí ya(Tí ÿ Tíÿ1, X(Tí))] �
X

v

E P(Y (0) � vjX)E ind (Tí < C) ind (Y (Tíÿ1) � w)��
ind(Y (Tí) � y) a(Tí ÿ Tíÿ1, X(Tí))jY (0) � v, X��:

By the semi-Markov property of the process Y, the last expression equalsX
v

E P(Y (0) � vjX)

�ô
0

ds

�ô
s

dtríÿ1(s, wjí, X)ëwy(t ÿ s, X(t))

�

exp ÿ
� tÿs

0

ëw(u, X(u� s)) du

� �
a(t ÿ s, X(t))P(C > tjX)

�
:

Then by change of variable and changing the order of integration, we can see that the

previous expression equals
�

T
�

X a(t, x)ëwy(t, x)Bíw(t, x) dx dt. The case for í � 1 can be

proved similarly.

Proof of (3.2). We have that

var [Øw(a1, a2, X, Y)] < E

��ô
0

X
í

ãíw ind (Tíÿ1 ^ C < t < Tí ^ C)

a1(t ÿ Tíÿ1, X(t))a2(t ÿ Tíÿ1, X(t)) dt

�2

:

By the Cauchy±Schwartz inequality, the last expression is bounded above by

ôE
X
í

ãíw

�Tí^C

Tíÿ1^C

a2
1(t ÿ Tíÿ1, X(t))a2

2(t ÿ Tíÿ1, X(t)) dt < ôia1 i2

w ia2 i2

1:

Proof of (5.5). We have

E
X
í

@ lií1(á�n )

@âwyj

 !2
24 35 � E

X
í

äíãíwçí yöwj(Tí ÿ Tíÿ1, X(Tí))

" #2

:

By the Cauchy±Schwartz inequality, the right side of this equation is bounded above by

E
X
í

äí

" # X
í

äíãíwçí yö
2
wj(Tí ÿ Tíÿ1, X(Tí))

" #

� E
X
í2

X
í1<í2

�
X

í1 . í2

" #
äí1

äí2
ãí2 wçí2 yö

2
wj(Tí2

ÿ Tí2ÿ1, X(Tí2
))

n o
�
X
í2

E í2äí2
ãí2 wçí2 yö

2
wj(Tí2

ÿ Tí2ÿ1, X(Tí2
))

h i
�
X
í2

X
í1 . í2

E äí1
äí2

ãí2 wçí2 yö
2
wj(Tí2

ÿ Tí2ÿ1, X(Tí2
))

h i
:

From the semi-Markov property and proposition 3.1, if í1 . í2, then
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E[äí1
äí2

ãí2 wçí2 yö
2
wj(Tí2

ÿ Tí2ÿ1, X(Tí2
))�

< E ind (Tí1
< ô)äí2

ãí2 wçí2 yö
2
wj(Tí2

ÿ Tí2ÿ1, X(Tí2))
h i

< M1ô(1ÿ E)í2ÿí1 E äí2
ãí2 wçí2 yö

2
wj(Tí2

ÿ Tí2ÿ1, X(Tí2
))

h i
:

Thus,

E
X
í

@ lií1(á�n )

@âwyj

 !2
24 35
<
X
í2

í2 �
X

í1 . í2

M1ô(1ÿ E)í1ÿí2

" #
E äí2

ãí2 wçí2 yö
2
wj(Tí2

ÿ Tí2ÿ1, X(Tí2
))

h i
:

Applying proposition 3.2, we can write the right side of this inequality asX
í2

í2 � M1ô
1ÿ E
E

� ��
T

�
X
ö2

wj(t, x)ëwy(t, x)Bí2 w(t, x) dx dt: (7:1)

Proposition 3.1 and condition 1 together imply thatX
í2

í2 � M1ô
1ÿ E
E

� �
ëwy(t, x)Bí2 w(t, x)

is bounded above uniformly in t 2 T and x 2 X. Therefore, the expression (7.1) is less

than a multiple of iöwj i L2
, and hence, by lemma 3.1, by a multiple of iöwj i

2

w.

Proof of (5.6). Plugging into the expression for

@ lií2(á�n )

@âwyj

,

we have that

E
X
í

@ lií2(á�n )

@âwyj

 !2
24 35 � E

��ô
0

X
í

ãíw ind (Tíÿ1 ^ C < t < Tí ^ C)

öwj(t ÿ Tíÿ1, X(t)) exp (á�nwy(t ÿ Tíÿ1, X(t))) dt

�2

:

Applying the Cauchy±Schwartz inequality, we bound the last expression by

ôE

�ô
0

X
í

ãíw ind (Tíÿ1 ^ C < t < Tí ^ C)

ö2
wj(t ÿ Tíÿ1, X(t)) exp (2á�nwy(t ÿ Tíÿ1, X(t))) dt:

By condition 3, á�nwy is bounded. Thus, the above expression is bounded above by a

constant multiple of

E
X
í

ãíw

�Tí^C

Tíÿ1^C

ö2
wj(t ÿ Tíÿ1, X(t)) dt � iöwj i

2

w:
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