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ABSTRACT. Consider repeated events of multiple kinds that occur according to a right-
continuous semi-Markov process whose transition rates are influenced by one or more time-
dependent covariates. The logarithms of the intensities of the transitions from one state to
another are modelled as members of a linear function space, which may be finite- or infinite-
dimensional. Maximum likelihood estimates are used, where the maximizations are taken
over suitably chosen finite-dimensional approximating spaces. It is shown that the L, rates of
convergence of the maximum likelihood estimates are determined by the approximation
power and dimension of the approximating spaces. The theory is applied to a functional
ANOVA model, where the logarithms of the intensities are approximated by functions having
the form of a specified sum of a constant term, main effects (functions of one variable), and
interaction terms (functions of two or more variables). It is shown that the curse of
dimensionality can be ameliorated if only main effects and low-order interactions are
considered in functional ANOVA models.
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1. Introduction

Event history analysis is closely related to survival analysis and heavily used in economics,
sociology and other social sciences. See, for example, Allison (1984), Hamerle (1989),
Mayer & Tuma (1990) and Yamaguchi (1991) for general discussions and applications of
this subject. Typically, an “event history” can be characterized by a multi-state stochastic
process moving among a finite number of states as time progresses with events correspond-
ing to transitions between states. Event history analysis is concerned with the (possibly
repeated) occurrence and duration of events and, typically, their dependence on some
explanatory variables (covariates). Censoring and time-dependent covariates are the two
typical features among the event history data that create difficulties in the statistical
analysis.

In this paper, we consider events that occur according to a right-continuous semi-Markov
process. As illustrated on p. 59 of Allison (1984), transitions are allowed from a state to itself.
For example, the transitions could be job changes and the states could be employer types:
academic positions in “high-quality” departments, academic positions in other departments, and
non-academic positions; and one can make a transition from a non-academic employer to
another non-academic employer. This setup has general applicability in event history analysis
and, in particular, it includes survival and competing risk models as special cases. Since the
intrinsic time scale of the semi-Markov process is duration rather than “calendar” time, we
model the log-intensity of a transition from one state to another as a function of duration in the
former state.

Let 1, ..., K index the possible states (kinds of events) of the system; set T) = 0 and let
Ty, Ty, ... denote the successive transitions of the system; and let Y(¢#) and X(¢) denote,
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respectively, the state of the system and the value of the covariates at time 7 = 0. It is assumed
that X(7) ranges over a known subset .%" of some Euclidean space. We refer to the successive
transitions 7, 75, ... and the state process Y = Y(-) as together forming the event history
system. The covariate process X = X(*) is assumed to be external, that is, not directly involved
with the event history system [see p. 123 of Kalbfleisch & Prentice (1980)]. It is also assumed
that the log-intensity for a transition from state w to state y at time ¢ has the form a.,,(t — T,—1,
X(#)) = log Ay (t — T—1, X(1)) for T,_; < t <T,. Then the log-intensity for a transition from
state w at time ¢ is given by

aw(t - Tv—l’ X(t)) = loglw(t - T‘V—la X(t))

= log (ley(t =Ty, X(i))), T,y <t<T,.
y

Here if a transition from state w to state y is impossible, then a,, = —oco and 4,, = 0;
otherwise, it is assumed that a,, (¢, X) is finite for all =0 and x € .2". The state w is
said to be absorbing if a, = —oo and 4,, = 0 and non-absorbing otherwise. Which states
are absorbing and which are non-absorbing is assumed to be known. From now on, we
ignore pairs w, y with a,, = —oo and let & = (a,,) denote the collection of finite log-
intensity functions; we refer to the functions a,, as the constituents of e. In traditional
applications to survival analysis, there are two states (K = 2), one of which is absorbing
and the other non-absorbing, the semi-Markov process starts out in the non-absorbing state
and, at the one and only one transition, it moves to the absorbing state, which corresponds
to death or other form of failure.

Let the system be observed during the time period [0, C], where C is the censoring time. It is
assumed that the censoring time and the event history system are conditionally independent
given the covariate process. Set ¢, = ind (7, < C and T, <oo) and write min (¢, ¢) as 7 A c.
Then, conditioned on the covariate process, the log-likelihood corresponding to the candidate
a = (a,,) for & equals

TyAC

Z <6vaY(Tvl),Y(Tv)(Tv =Ty 1, X(Ty)) — J exp{ayr, H(t— Tr1, X(1))} df) ;

v Ty NC
here exp (ay) = >, exp (atyy), exp (a,y) and exp (a,,) are defined to be zero when w is an
absorbing state, and the indicated integral over [7,_; A C, T, A C] is defined to be zero
when 7,_;>C. Observe that the log-likelihood is concave in a. Let /(a) denote the
expected value of this log-likelihood.

Consider n pairs of event history systems and covariate processes that are independent of
each other and identically distributed as described above, which we refer to as the random
sample of size n. Let T}y, 05, Yi(7), Xi(£), and C; denote the values of T,, d,, Y(¢), X(#), and C
for the ith such case. Then the scaled log-likelihood corresponding to the candidate a for & and
the random sample is given by

1
l@)=—3 i),

where
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I(a) = Z (&vay,-(Tm,,l),y,»(TiV)(Tiv = Tip-1, Xi(Tw))

v

TiAC;
- J exp{avr, (t— Tiv-1, Xi(1))} df)-
Tiy—1ACi ’

In this paper, it is assumed that the constituents of & (that is, the log-intensity functions)
belong to a linear function space H, which specifies the functional form of the log-intensity
functions. Maximum likelihood estimation is used to fit the data, where the maximization is
carried out over the vectors whose constituents lie in a suitably chosen finite-dimensional
approximating subspace G of H. Let &, = (G.,), &, € G, denote the maximum-likelihood
estimate. We can think of @, as an estimate of @. In general, the constituents of & need not
belong to H. In that case, we can think of @, as estimating the best approximation a™® = (O‘j:y)
to e, whose constituents ajy are chosen to maximize the expected log-likelihood among all
vectors with constituents in H. In fact, we shall see that the rate of convergence of &, to a* is
determined by the approximation power and dimension of G.

The general setup in the previous paragraph allows us to give a unified treatment of the
parametric and non-parametric approaches in estimation. If H is finite-dimensional, we can
chose G = H,; this corresponds to the parametric approach. On the other hand, if H is infinite-
dimensional, we chose G as a finite-dimensional subspace of H whose dimension goes to
infinity with sample size, for example, a space of polynomials or splines; this corresponds to the
non-parametric approach. The unrestricted non-parametric approach is well known to be subject
to the curse of dimensionality when there are many covariates. A remedy is to restrict the form
of functions in H. A natural approach is to consider the functional ANOVA model, where H
consists of functions having the form of a specified sum of a constant term, main effects
(functions of one variable), and selected interaction terms (functions of two or more variables);
see Stone et al. (1997). As special cases, in an additive model only the constant term and the
main effects are considered, while the saturated model includes all possible interaction terms in
addition to the terms considered by an additive model. We shall see that the rates of convergence
in functional ANOVA models are determined by the smoothness of the components in the
ANOVA decomposition of o and the highest order of interactions considered. By considering
only main effects and low-order interactions, we can ameliorate the curse of dimensionality that
the saturated model suffers.

Recently, Kooperberg et al. (1995a) developed an adaptive methodology (HARE) using
polynomial splines and their tensor products to estimate the conditional log-hazard function in
the context of survival analysis. The rate of convergence for the corresponding non-adaptive
procedure, which provides a guide for the adaptive methodology, was given in Kooperberg et al.
(1995b). We extend this result in several directions: first, we can handle repeated events of
multiple kinds; secondly, we allow time-dependent covariates; finally, we use virtually arbitrary
linear spaces of functions and their tensor products as building blocks for the approximating
space. The implication of our result is that HARE methodoloy can be extended to handle the
event history data with time-dependent covariates, and moreover, that linear spaces other than
splines can be used in the estimation procedure.

The rest of the paper is organized as follows. Section 2.1 discusses the existence of the best
approximation to the target log-intensity functions in the model space. Section 2.2 provides a
general result on the rate of convergence of the maximum likelihood estimate. The functional
ANOVA model is considered in section 2.3. We provide some useful preliminary results in
section 3. The proofs of the theorems are given in sections 4, 5, and 6. Some technical details
are collected in the appendix.
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For any function a on.7 X .2, set ||alloc = supresxez |a(t, x)|; for a = (ayy,), with each a,,
a function on .7 X %", set ||alloo = D wyll@wyllco- Given positive numbers a, and b, for n = 1,
let a, =< b, mean that a,/b, is bounded away from zero and infinity. Given random variables
W, for n = 1, let W, = Op(b,) mean that lim._,limsup, P(|W,| = cb,) = 0.

2. Statement of results
2.1. Existence of the best approximation

Let A() now denote the restriction of the expected log-likelihood function to vectors
a = (a,,) with constituents in H, which we refer to as the expected log-likelihood function
corresponding to H. The first goal is to prove that this expected log-likelihood function has
a maximum and that this maximum equals the vector e of the true log-intensities if the
constituents of a are in H. Suppose that P(C =< 7) = 1, where 7 is a fixed positive number,
and set .7 = [0, 7].

Condition 1
(1) P(Y(0) = w|X) is bounded away from zero uniformly in X and non-absorbing states w;,
(ii) P(C = 7|X) is bounded away from zero uniformly in X;
(iii) the density function of X(t) exists and is bounded away from zero and infinity on .2~
uniformly over t € .7,
(iv) the constituents of @ are bounded on .7 X 2.

In the context of hazard regression, condition 1 is implied by cond. 1 and 2 of Kooperberg et
al. (1995b). The first part of condition 1 is needed to estimate a,,(#) efficiently near time 7.
According to condition 1(ii), censoring automatically occurs at time 7 if it does not occur before
this time.

Condition 2
The space H is closed in the following sense: if h, € H and h, — h in measure, then
heH.

This condition is satisfied by finite-dimensional spaces H and, in the interesting multivariate
situation, it is also satisfied by the space of functions having the form of a specified sum of
functions of selected variables; see lem. 4.1 of Stone (1994).

Theorem 2.1

Suppose conditions 1 and 2 hold. Then there exists an essentially uniquely determined
function a* = (aj,y) whose constituents are in H that maximizes the expected log-likelihood
function corresponding to H. If the constituents of a are in H, then a* =a almost
everywhere.

In the statement of theorem 2.1, “essentially uniquely determined” means that any two such
functions are equal almost everywhere.

2.2. Maximum likelihood estimation

We first introduce the theoretical and empirical inner products that will be used later on to
define the ANOVA decompositions of functions. The corresponding norms will be used to
measure the distance between the estimator and the target function.
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Given a non-absorbing state w, set y,,, = ind(7,_; <oc and Y(7,_;) = w). The correspond-
ing theoretical inner product and norm for functions on.”” X .Z" are defined by

(TyAC
<a1,az>w:EZyWJ a(t = Ty1, X(1)as(t — Ty, X(1)) dt
" T,_1AC
and |la|’, = (a, a),, for square-integrable functions aj, a5, a on .7 X .2". Given a = (awy)

where each a,, is square-integrable, set [[a]> =", yHauyHW Similarly, let (-, -}, and ||,
denote the empirical inner product and squared norm corresponding to the random sample
of size n defined by

TiyNC;
(@1, @2)m ZZMJ a1t = Ty, Xi(Oan(t — Ty, Xi(0) e
y—1NCi

and ||a||iw = (a, a)ny, where y;,,, = ind(T;,_1 <oo and Yi(T;,_1) = w). For any vector of
functions a = (ay,), set [} = S uyllaw |-

Let |27 denote the Lebesgue measure of .%". For any square-integrable functions a;, ay, a on
7 X . %", define the inner product and norm induced by Lebesgue measure as (aj, az)L2 =
([7 [7 ar(t, X)ax(t, x) dx and ||a||L = (a, a)1,. According to lemma 3.1, |||,
is equivalent to the theoretical norm ||-||,.

Next, we present a general theorem on rates of convergence. Let G = G, C H be a finite-
dimensional linear space of bounded functions on .%" having dimension N, = 1. We require that
the space G to be theoretically identifiable in that, if g € Gand }_,||g|l» = 0, then it identically
equals zero. Since we hope to choose G such that the functions in H can be well approximated
by functions in G, we refer to G as the approximating space. The space G is said to be
empirically identifiable if the only function g in the space such that >, g||l. = 0 is the
function that identically equals zero.

The log-likelihood function, restricted to vectors whose constituents are in G, is concave.
Suppose G is identifiable. Then this log-likelihood is strictly concave; thus, there is at most one
maximum-likelihood estimate corresponding to G. According to lemma 5.5, the maximum-
likelihood estimate @, exists except on an event whose probability tends to zero as n — oo.

Set 4, = SUPgeg {||g||00/”gHL2} Set Pwy = inngG Hg - a:l:/y ] and Pn = Zw,ypwy-

Theorem 2.2
Suppose conditions 1 and 2 hold and that lim, A2N 2/n=0 and lim, A,p, =0. Then
i — | = Op(, + Nofn) and lan — &I, = O (g2 + No /).

2.3. Functional ANOVA models

Suppose .#" is the Cartesian product of compact sets .2°j, ...,.2"r. For x € 2", write
x=(xy, ..., x.), where x;,€.2; for 1<I<L Given a non-empty subset s of
{0,1,..., L}, let H; denote the space of functions on [0, c0) X .2" that depend on the
variable ¢ if 0 € s and on the variable x; for / € sN {1, ..., L} and on no other variables.
Let Hy denote the space of constant functions on [0, c0) X .Z". Let . be a non-empty
collection of subsets of {0, 1, ..., L}. It is assumed that ./ is hierarchical: if s €. and
rCs, then r€.. Set H={> scras: as € Hy}. By lem. 4.1 of Stone (1994), the space
H satisfies condition 2. It follows from theorem 2.1 that if condition 1 holds, then the best
approximation a® to & always exists.

To introduce the notion of ANOVA decompositions, it is necessary to restrict our attention to
square-integrable functions. For s € .77, let Hf denote the space of square-integrable functions
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in H;. Let w be an arbitrary non-absorbing state. For a & H?, let al, H % mean that
(a, a,), =0 for a, € H%. Set H? = {> sevay: a € H%} It follows from lemma 3.3 that,
under condition 1, every function a € H? can be written in an essentially unique manner as
D e Aus, Where dy € H§ and a,s L WHZV for every proper subset r of s. We refer to
> sesays as the theoretical ANOVA decomposition of a corresponding to the inner product
<" >w

We now construct the approximating space G. Let Gz denote the space of constant functions
on .7~ X .2, which has dimension Ny = 1. Given /€ {0, 1, ..., L}, let G; C H; denote a
linear space of bounded functions, which varies with sample size and has finite, positive
dimension N;. Given a subset s of {0, 1, ..., L}, let G, be the tensor product of G;, [ € s, which
is the space of functions on .7~ X .2" spanned by functions g of the form g(¢, x) = [] jesg:(x)),
where xp =+ and g; € G, for [ € s. Then the dimension Ny, of Gy is []esN;. Set
G={>scrgs g € Gs}. Then the dimension N, of G satisfies max,ey Ny <
N, <Y o Ny < #(Y) maxes Ns. Suppose G is empirically identifiable and let g be a
member of this space. As a consequence of lemma 3.4, g can be written uniquely in the form
> ses Gws» Where gy € Gy and gL, G, for every proper subset r of s. We refer to Y e s
as the empirical ANOVA decomposition of g corresponding to the inner product (-, -) .

Set Ay = supgegs {l|gllo/lIgllL, } for s € 7. Suppose the constituents of &* are members of
H? and let Y v ajf,ys be the ANOVA decomposition of ajjy corresponding to the inner product
<‘9 '>W‘ Set Pwys = inngGs ”g - a;kyys”OO fors €./ and p, = ZWJ’ZS/)W)/S'

Theorem 2.3
Suppose conditions 1 and 2 hold and that lim, A;p,,y = 0 and lim, AgNSf/n =0 for each
pair s, s' €. and each pair w, y. Then the results of theorem 1 hold with p, replaced by

Do

Proof. Since A, < (3 ser A2, N, < Y i Ny, and p, < 3 e/ Prys» the desired results
follow from theorem 2.2.

The ANOVA decomposition of @, has the form @,y = > scs Oy, Where @,y € G5 and
QyysLnwG, for every proper subset r of s. The next result demonstrates that ., provides
consistent estimate of a:’;ys foreach s €./

Theorem 2.4

Suppose conditions 1 and 2 hold and that lim, AiNSf/n =0 and lim, A;p,,y = 0 for each
pair s, s' € 7 and each pair w, y. Then, for each s € .7, |Gy — ajysui = 0p(p* + N,/n)
and ||y — a:’jwniw = Op(p% + N,/n).

This result is parallel to th. 3 of Huang (1998) for regression. We can obtain rate of
convergence results when polynomials, trigonometric polynomials, splines, or wavelets and their
tensor products are used as building blocks for the approximating spaces. To get such results,
we need only find upper bounds for the constants 4, and p,,, by employing results from
approximation theory literature.

Suppose 2", C R*! with d; = 1. Set d = max,c, S jesdy. If dy =1 for 1 < <L, then
d = maxc o #(s), where #(s) denotes the number of members of s. Typically, the spaces G; are
chosen such that 5, < N, ?/? and N, < n?/@r+d_where p is a suitable defined measure of
smoothness of aj,ys. Correspondingly, the rate of convergence in the theorem has the order
P2+ N,/n= O(n‘zl’/(zl’+d)), which is of the standard form; see Stone (1982, 1994), and Huang
(1998).
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Example (univariate splines). Assume that .2" is the Cartesian product of compact intervals
2, ... .27 in R. Without loss of generality, it is assumed that each of these intervals equals
[0, 1]. Let k = 0 be an integer and 0 < < 1. Set p = k + . As in Stone (1994), a function on
2" is said to be p-smooth if it is k times continuously differentiable on .2 and its partial
derivatives of total order k satisfy a Holder condition with exponent 3. We assume that
conditions 1 and 2 hold. In addition, we assume that ajw is p-smooth for each s € .”"and each
pair w, y. Set d = maxc o #(s). ’

Let m = p — 1 be an integer. For / =1, ..., L, let G; be the space of splines of degree m
with J = J, equally spaced interior knots. Then A, < J#©), Ny < J#¥ and p,,, < J7; see
Huang (1998). Suppose p>d/2 and J>? = o(n). Then the conditions in theorems 2 and 3
are satisfied. Thus, [y —ak, 2 = 0p(J/n+J72P) for s€.7 and |d, — ay, 2=
Op(J4/n+ J72P). Taking J =< n'/Crtd we get that [|Gys — a‘tySH%V = Op(n~2P/@rtd)y for
s €. and ||dw—aj:y||i, = Op(n22/Cr+d) The rate n~27/r+d is the optimal rate for
estimating a p-smooth, d-dimensional function; see Stone (1982). This result generalizes that of
Kooperberg et al. (1995b), where there are only two states, one and only one of which is
absorbing, and the covariates do not depend on time.

The result from the previous example tells us that the rates of convergence are determined by
the smoothness of the ANOVA components of aj:y and the highest order of interactions included
in the model. It also demonstrates that, by using models with only main effects and low-order
interactions, we can ameliorate the curse of dimensionality that the saturated model suffers. In
particular, by considering additive models (d = 1) or by allowing interactions involving only
two factors (d = 2), we can get faster rates of convergence than by using the saturated model
(d=1).

Using univariate functions and their tensor products to model aj:y restricts the domain of a:"vy
to be a hyper-rectangle. By allowing bivariate or multivariate functions and their tensor products
to model aj‘vy, we gain flexibility, especially when some predictor variable is of spatial type. Our
theorems also apply to these cases when the approximating spaces are built with multivariate
splines and their tensor products or more general finite element spaces and their tensor products.
We can proceed as in Huang (1998) to check the conditions of theorems 2.3 and 2.4 and get the
rate of convergence results. Similar results for other statistical contexts, such as regression, are
available in Hansen (1994) and Huang (1998). Recently, Hansen ef al. (1996) developed the
Triogram method for function estimation using piecewise planar, bivariate splines based on
adaptively constructed triangulation. Hopefully, their method can be used to model interactions
of two-dimensional components in the context of event history analysis.

3. Preliminaries

Let p,(-, y|w, X) denote the density function of
P(Ty € -, Y(T)) = y[Y(0) = w, X).
Then

J ou(t, ylw, X)dt = P(T, € B, Y(T,) = y|Y(0)=w,X), BC.J.
B
In particular,

T
J ou(t, ylw, X)dt = P(T, < 7, Y(T,) = y|Y(0) = w, X).
0
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Now
pl(t’ y|W, X) = lwy(ta X(t))exp<_Jo/lw(us X(u)) du),

by condition 1, this is bounded away from zero and infinity uniformly over ¢ € .7, X, and
states w, y (where a direct transition from w to y is possible).
Let v = 2. It follows from the semi-Markov property that

(2, ylw, X) = Z J prv-1(s, v|lw, X) Ay, (1 — 5, X(1)) exp (f‘[ ﬂl/L;(Lt, X(s + u)) du) ds.
v 0 0
3.1)
Consequently,
S ot yw, X) = Zj P15, 0w, X) Aol — 5, X(1) exp(—J e, XGs + u))du) ds,
y v JO 0

SO

r va(t, yiw, X)dt = Z r Pr—1(s, v|w, X) [l — exp(fjrislu(u, X(s + u)) du)} ds.
Jo5 = Jo 0

Thus, by condition 1, there is a fixed number ¢ with 0 <e¢ <1 such that
T T
J > oot ylw, Xydt < (1 —e)J > pva(t ylw, Xy dt.
0y 0y
Therefore,

T T
|| Sotesim @< -0t | Sy Xd v=1,
0y 0y

Thus, by (3.1) and another application of condition 1 (for v = 2), there is a fixed positive
number M; such that

va(t, yw, X) = M(1—-¢)”, v=landtes.
¥

Integrating with respect to ¢, we get that

PT,=<17Y0)=w,X) < Mi7(1 —¢)", v=1.
Hence we have proved the following result.
Proposition 3.1

Suppose condition 1 holds. Then there is a fixed number ¢ with 0<e<<1 and a fixed
positive number My such that

Sty X)<sMi(1—¢, v=landt €.7.
S

As a consequence,

P(T, < 7|Y(0) = w, X) < Myr(1 —¢)’, v=1.

Recall that 6, = ind (T, < C and T, < o0) and y,,, = ind(7,_; <oo and Y(T,_;) = w). Set
My = ind (T, < oo and Y(T,) = y). Let fx(; denote the density function of X(7). Set
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Biw(t, X) = fx(n(XE

P(Y(0) = w|X)P(C = 1]X)exp (—rzw(u, X(u)) du) X(1) = x}
0

and, for v = 2, set

Byu(t, X) = Jof Fxieo@ Y E {P(Y(O) = 0|X)P(C = t + s|X)

t
pv—1(s, wlv, X) exp (7[ Aw(u, X(u + 5)) du) 'X(t +5) = x} ds.
Jo
Then we have the following result.

Proposition 3.2.
For any square-integrable functions a, a\ and ay on .7 X .2,

E[avzwmyam—Tv,l,xm))]=j J a(t, X)oy(1, X)Bon(t, x) dx. d
T N2
and

E

TyNC
AJ a(t — ooy, X(Oa(t — Tyo1, X(1)) dr]
T,_|AC

= J J ai(t, X)ax(t, X)B,,,(t, X) dx dt.
Ve ks

Proof. The proof is deferred to the appendix.

Throughout the remaining part of this section, let w be a non-absorbing state. The next
lemma shows that the norm [|-[| ., is equivalent to the theoretical norm |-[|,, for any such a w.

Lemma 3.1
Suppose condition 1 holds. Then there are positive constants M, and M5 such that for any
square-integrable function f on .7 X .2,

M| fll, < Ifllw < Ms||fll,-

Proof. By proposition 3.2, ||f||i = [7 [ f2(t, X)B,(t, X) dx dt, where B,(t, x) =
> Buw(t, x). Tt follows from condition 1 and propositions 3.1 that B,.(z, x) is bounded away
from zero and infinity on.7” X .Z".

The following lemma tells us that the empirical inner product is uniformly close to the
theoretical inner product on the approximating space G. As a consequence, the empirical and
theoretical norms are equivalent over G.

Lemma 3.2
Suppose lim,, AiN,,/n =0 and let t > 0. Then, except on an event whose probability tends
to zero as n — 00,

Ifs @ — (s @l < dfIlglw,  f.g€G.

Consequently, except on an event whose probability tends to zero as n — oo,

2 2 2
gl = lglh < 2lgl.  g€G.
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Proof. Given functions ay, a on.7 X .Z". Set
Ty AC

lpw(ala a, Xa Y) = Z lVWJ al(t - Tv—la X(t))az(t - TV—l’ X(t)) dt.

T,_1AC

Then W,(a;, ap, X, Y) is bilinear in @; and a,,
1
nw = ll’W s s X[a Yi s

(a1, az) n Z (a1, a2 )
and (aj, @) = E[W,(a1, a2, X, ¥)]. Now |W,(ai1, az, X, V)| < 7]ai||lwllaz]«  since
P(C = 1) = 1. It is shown in the appendix that

var [W,(a1, az, X, V)] < |3 ||az|, . (3.2)
Thus, the desired results follow from lem. 10 of Huang (1998).

Corollary 3.1
Suppose lim, AiN,,/ n=20. Then, except on an event whose probability tends to zero as
n — oo, G is empirically identifiable.

Let M), M5 be defined as in lemma 3.1. Set ¢; = 1 — /1 — (M, /M3)?.

Lemma 3.3
Suppose condition 1 holds. Then ||a|’, = €7 S e ||as
ays € Hy and awstHf, for every proper subset r of s.

2
o forall a =3 o ayg, where

Proof. This lemma can be proved by using lemma 3.1 and arguing as in the proof of lem.
3.1 of Stone (1994).

The previous lemma reveals that the components of the theoretical ANOVA decomposition
are not too confounded. As a consequence, each function in H? has a unique ANOVA
decomposition with respect to norm ||-||,.

According to the next result, the components of the empirical ANOVA decomposition are not
too confounded, either empirically or theoretically.

Lemma 3.4

If G is empirically identifiable, then each g € G has a unique representation g =Y e us»
where g, € Gy and gy L,wG, for every proper subset r of s. Suppose condition 1 holds and
that lim, Ai N,/n=0. Let 0<e¢; <¢,. Then, except on an event whose probability tends to
zero as n— o0, lglf = " T gl and Il = 47 Sesllgusll, for ai
&= ser Qws» Where g € Gy and g5 LG, for every proper subset r of s.

Proof. The first part of the lemma was proved in lem. 3.2 of Stone (1994). The second part of
the lemma can be proved by using lemmas 3.1 and 3.2 and arguing as in the proof of lem. 3.1 of
Stone (1994).

4. Proof of theorem 2.1

By proposition 3.2,
A(a) = Z J7J/,[am’(t’ X) Ay(t, X) — exp {a,, (1, X)}] Z B,(t, X) dx dt. 4.1

w,y
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By condition 1, the functions 4,, are bounded away from zero and infinity. Thus there are
positive numbers A4; and A, such that

awy;Lwy — eXp (awy) <4, — A2|awy|‘

Hence, A(a) < A1 Y ouwy |7 [ 2> vBow — 42> wy [7 [27|auy|> v Biw. Now by condition 1
and proposition 3.1, >, B,, is bounded away from zero and infinity. Consequently, if
[7 [2]awy| = oo for some w, y, then A(a) = —co. Moreover, the function A(-) is bounded
above by some constant A3. Therefore, the numbers A(a), a = (a.y), aw, € H, have a finite
least upper bound L. Choose a; = (@), aiwy € H, such that A(a;)>—oo and
A(ag) — L as k — co. Observe that the numbers [ [4-|asy|, & = 1, are bounded.

Let @1 = (a1wy) and @, = (az,,) be vectors of functions with ay,y, azy, € H such that
A(eey) > —o0 and A(ety) > —o0. For u € [0, 1], set ™ = (1 — w)er; +ua, and ®(u) = A(a™).
Then @(-) is a concave function. It follows from the argument of th. 4.1 in Stone (1994) that
there is a vector of integrable functions &* = (a};,) such that ay,,, — aj,

w

Since H satisfies condition 2, we can assume that aj‘w € H. It follows fryom Fatou’s Lemma that
A(ay) — A(@*) = L = maxue s A(a) as k — oo. Furthermore, if awy € H and A(a) = A(a™),
then it follows from the concavity described above that a = a* almost everywhere. Hence the
first statement of the theorem is valid. The second statement follows from (4.1) and the fact that

al — e, as a function of a, has a unique maximum at a = log A.

in measure as k — oo.

5. Proof of theorem 2.2

When it exists, we refer to @ = argmax {/(g): g = ( gw)> 8wy € G} as the best approxi-
mation to @ with constituents in G. We have the decomposition @, —a* = (&, —a’) +
(@ — a™), where the first term on the right side of the equation is referred to as the
approximation error and the second term as the estimation error. In lemmas 5.2-5.5, we
assume the conditions in theorem 2.2 hold.

5.1. Approximation error

Lemma 5.1
Suppose condition 1 holds and ||a*|« <oo. Let U be a positive constant. Then there are
positive constants My and Ms such that

—Mylla — a*|’ < AQ@) — A(a*) < —Msa — ™|
Jor all a = (ayy) with ay, € H and ||all < U.
Proof.  Given a = (a,,) with a,, € H and [allc < U and given u € [0, 1], set al}) =
- u)at,y + ua,y. Then dA(a™)/dul,—y = 0 and hence, by integration by parts,
1 d2
A(a) — A(a™) = J (1 —u)——A@"™) du.
0 du
Observe that

d2 TvAC "
5 AGE") = - 3 EZ /IJ [y — @l (1 = Ty, X(2)

w,y Tv—l/\c

X exp {[(1 — way, + uay](t — Ty_1, X(1)} du.

The desired result now follows from condition 1 and the definition of |-||.

© Board of the Foundation of the Scandinavian Journal of Statistics 1998.



614 J. Z. Huang & C. J. Stone Scand J Statist 25

Lemma 5.2

The best approximation & to a with constituents in G exists for n sufficiently large and
satisfies ||la* — a*||> = O(p?) and ||la* — a*||i = Op(p?). Moreover, for any positive number
U> "o l@*]lcc < U holds for n sufficiently large,

Proof. Since o

wy 18 bounded, by a compactness argument, there is a function g,,, € G such
that [ gF, —a,
large,

o = Puy- Write g° = (g}). Then [g" —a*| < p, and, for n sufficiently

lg*ll < llg* = a*ll + @™o < pu + lla*[loc < 1+ " |-

Let ¢ denote a positive constant (to be determined later). Choose g = (gy,) with g,, € G
and ||g — &™|| = cp,. Then, by lemma 3.1 and the triangle inequality,

lg —g"llc < 4uM3 ' llg — ¥l < Au M3 (cpu + pu)-
Thus, for » sufficiently large,

lglle < 4,M5 " (cpn + pu) + pu + € oo < 1+ 0¥l
Now applying lemma 5.1 with U = 1 + ||a™* ||, we get that, for » sufficiently large,

A(g") — A(@™) = —Mup,, (5.1)
and

A(g) — A(a™) < —Msc?p;, (5.2)

for all g=(gy,) with g,, € G and |g—a*| =cp,. Let ¢ be chosen such that ¢>
/My/Ms. Then ||g* — a*| <cp,, and it follows from (5.1) and (5.2) that, for n suffi-
ciently large,

A(g) <A(g*) for all g = (g,,) with g, € G and ||g — &™|| = cp,.

Therefore, by the definition of @ and the concavity of A(g) as a function of g, & exists
and satisfies |@* — a*|| <cp, for n sufficiently large. Thus, [&* —a*|]> = O(p?). This
result together with the triangle inequality and lemma 3.2 implies that [e’ — a*||i
= Op(p%l). The last part of the lemma follows from the first part, lim, 4,p, = 0, and the
inequality .o = la* o + Aul? — ¥ + l* — g*]...

5.2. Estimation error

Let {¢,;, ] <j=<N,} be an orthonormal basis of G relative to the theoretical inner
product |||,. Then each g € G can be represented uniquely as g =Y _; BujPn;, Where
Pwi = (g, Pwj)w for j=1,..., N, Let B, denote the N,-dimensional vector with entries
Bwj. To indicate the dependence of g on f,, we write g(-, -) = g(:, -; B). Let || denote
the Euclidean norm of vectors. Then || g(-, ; Bu)llw = |Bw

Given a (column) vector f,, having entries S, j=1,..., N,, set f=(f,,y) and
g, 5 B) = (g, -5 Pwy)), Where gy (-, 5 Buy) = D BuyjPw;- Then the log-likelihood func-
tion corresponding to g, viewed as a function of 8, is concave. Recall that &, is the maximum
likelihood estimate and a* is the best approximation to @ with constituents in G. Let ﬁ and f§*
be given by the equations @,(-, )= g(, ; p) and a*(,) =g, f*). Then |a, —a*|
=B

Set 7, = ind (T, <oo and Y;(Ty) = y). Then the (scaled) log-likelihood function cor-
responding to the candidate g = (g.,) for & can be written as
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1
@) =—> lfg), where lig) =) In(®) = [mn(®)+ln(®)]
with

livl(g) = 61'1/ Z ‘}’ivw”/ivygwy(Tiv - Ti,v—l: Xi(Tiv))

W,y
and
TiyNC
ha® ==Y 7 | exp {guy (1 — Tiy1, Xi(0)}dr.
w,y Ti,vfl NC;
Let

S(B) = 8l(g) Z Z 8lzv(g)

denote the score at f; that is, the vector whose entries are given by

8I[vl (g)
(‘)ﬂ wyj

= CS}iv'}/ivw’?ivy(,bwj(Tiv - Ti,V*la Xi(Tiv))

and

aliv2(g): . JTiVACi
aﬁwyj ww

Tiy—1NCi

Let

2l 1 P 1;,(g)
DB = opopT ZZ.: Z opopT

Duj(t — Tip—1, Xi() exp { guy(t — Tip-1, Xi(1)} dt.

denote the Hessian of /(g); that is, the matrix whose possibly non-zero entries are given by

Plag) JWC"
OBy OBy Tiy—1NCi

(ijz(l‘ —Tip-1, X;(1)) exp {gwy(t —Tip-1, Xz(t))} dt.
Then the following identity holds:
1B) = 1B+ (B~ B S(B")

¢Wj1(t - Ti,V*la Xl(t))

1
BB “0 (1— HD* + r(ﬂﬁ*)dr](ﬂﬁ*»

Lemma 5.3
For any positive constant M,

N2
lim limsup P| [S(8%)| = Mc(—”) =0.
€70 n—oo n

Proof. By the definition of 8%, E(0l(a)/p.,;) = 0. Hence
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ol(a™) 2 1 Oli(a™®) ?
E n —_FE ! n
(8ﬂwyj ) n ( 8ﬁwyj )
<% E Z aliul(aj:) ’ L E Z 81;‘1»2(“;(;) ’
T OBy OBy

We claim that there are positive constants Mg, M; such that

_ .
Ol (a)) 2
E —5 < Mg|pwll,, (5.5
<Z Py !
and
£ (5 2| Ly 5:6)
" aﬂwyj N ’ Wi ‘

[The proofs of (5.5) and (5.6) are deferred to the appendix.] Consequently,

2

“ ol(a* p

E|SBH? = Z Z E <%> < 2(M6+M7)K2N7.
wy Wy

The desired result follows.

Lemma 5.4
There is a positive constant Mg such that, for any fixed ¢ > 0,

1
BB UO (1 — D" + u(— %) du} -5

12
< MyB—FP  forall B=(Buy) with |B—B"| = (ﬂ)

n

on an event Q,(c) with lim, P(Q,(c)) = 1.

Proof.  Choose a(:, -) = a(, -; B) such that | — | = ¢(N,/n)'/?. Then by the triangle
inequality and lemma 3.1, [|a]|o < 4,M5'c(N,/n)'/? + |l&*| . Thus by lemma 5.2,

lim P(|ale < 1+ [a®||lx for all a = (a,,)
n—0o0

with a,, € G and [a — &*|| = c(N,/n)'/?) = 1. (5.7)
Recall that a¥ = g(-, -; 7) = (a¥,,). Tt follows from (5.3) that, for u € [0, 1],

nwy

B-BHDB" +uPB—-BNB-F)
TiyNCi

= _% Z Z Z VWWJAT [awy - arwy]z(t - Ti,v—b Xi(t))

v w,y i,v—l/\ci

X eXp {[ajwy + u(awy - O(j;wy)](t - Ti,v—b Xt(t))} dt'

Therefore, by (5.7) and condition 1, except on an event whose probability tends to zero as
n — 0o,
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B-BYDB +uB—FNB-B)<-Ms > llaw, — ak, .

w,y

for all B = (B.y) with [B—B%| = c(N,/n)'/* and all u € [0, 1]. Hence, it follows from
lemma 3.2 that, except on an event whose probability tends to zero as n — oo,

1
G- UO (1 WD@* + u(— B*)) du| (B — B
= _MS Z ”awy - aj:wy”%v = —Mg”ﬂ - “t”z = _M8|ﬁ _ﬂ*|2’
w,y

for all B = (B.y;) with |B —B*| = c(N,/n)'/>. This completes the proof of the lemma.

Lemma 5.5
The maximum-likelihood estimate @, exists except on an event whose probability tends to
zero as n — oo. Moreover |, — a*|> = Op(N,/n).

Proof.  Since I(f) is a concave function of §, we conclude from (5.4) and lemma 5.4 that,
A R N2
B exists and | — | < c(—n> NQ,(c)
n
N2
DN IB) — IF*)<0 for all B = (B.,,) with |B - f*| = c<—”> NQ,(c)

n
1/2
) {|S(ﬁ*)| < MW(%) } NQ,(c).

Hence, by lemma 5.3,

A ) N2
lim liminf P f exists and | — | < c(—")
c—00 n—00 n

1/2
N,
= lim liminf{P<|S(ﬂ*) <M8c(—> > + P(Q,(c)) — 1} =1
c—00 n—00 n
The conclusion of the lemma follows.

Theorem 2.2 follows from lemmas 3.2, 5.2 and 5.5.

6. Proof of theorem 2.4

The estimation error has the ANOVA decomposition 6, — a’,’fwy = e (O — a’,’fws). It
follows from theorem 3 and lemmas 3.4 and 5.5 that, for each s €.7, |Gy — aj,, 2
X 2
= Op(N,/n) and ||cyys — apll, = Op(N, /).
The approximation error has the ANOVA decomposition &y, — oy, = > e (G, — @h.)-

By the same argument as in lemma 7 of Huang (1998), for each s € .7, there are functions
gs € Gy, with g1 ,,,G, for every proper subset » of s, such that

2 Nv
e = &l = 0P< > 7+piys> (©6.1)

rCs,r#s
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and

2 Ns

e 0P< Y. o+ piw). (6.2)
rCs,r#s

Write g =Y s gs. Then |g— aini, = 0p(Xser Nu/n+ Y ser ph,,). Thus, by the tri-

angle inequality and lemma 5.2,

*

”g - army .

nwy

2 2
o =<2llg — ay, Il +2llel, — @

w

i,:OP<Z%+ﬁ%,>~

s€Y

Therefore, by lemma 3.4, except on an event whose probability tends to zero as n — oo,

- N,
s = @l = & *llg = o, I = Or <Z,; + pi>.

s€sS

Hence, it follows from (6.1), (6.2), the triangle inequality and lemma 3.2 that, for each
se, ok, —at |2 = Op(N/n+72) and |la¥,, — a¥ 2, = Op(Nu/n+p>). This

x (12
nwys wys nwys wys || nw
completes the proof of theorem 2.4.
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Appendix

Proof of proposition 3.2. We prove only the first equality. The proof for the second equality is
similar. For v > 1, by conditioning, we get that

E[0vywttya(Ty — Tomt, X(T)] = Y E[P(Y(0) = v[X)E(ind (T, < C)ind (Y(T,—1) = w)
ind(Y(T,) = y)a(T, — Tv—1, X(T1))| Y(0) = v, X)].

By the semi-Markov property of the process Y, the last expression equals

Z E[P( Y(0) = v|X) JZ dsr dtpy—1(s, wlv, X)Aw(t — s, X(7))
0 K

exp(=[ At X0+ 9 )t 5, Xy P(C = 0]

Then by change of variable and changing the order of integration, we can see that the
previous expression equals f; j 2a(t, X)Ayy(t, X)B,, (1, X) dx dt. The case for v =1 can be
proved similarly.

Proof of (3.2). We have that
T
var [W,(a1, az, X, Y)] < EU > ywwind(T,o AC< t< T, AC)
[

2
ai(t — Ty—1, X()ax(t — Ty—1, X(0)) dt

By the Cauchy—Schwartz inequality, the last expression is bounded above by

TyANC

E Y vaj @t — Tooy, X(0)ad(t — Tyoy, X(1) dt < T} oo

T,_1AC

Proof of (5.5). We have

M 2
Al (e
E (Z a/;iz-)) —E [Z 0uYuutnyPui(Ty — Ty1, X(T))

By the Cauchy—Schwartz inequality, the right side of this equation is bounded above by

2

E Z 6v:| |:Z 6v'}/vwnvy¢%q‘(Tv - Tv—la X(TV))

:Ez

v2

Z + Z :|{6v1 6V27V2w77v2y¢%¢j(TV2 —Ty,y-1, X(Tvz))}

’Vlg'l/z Vl >'V2

= Z E|:V26V2VV2W7]V2y¢%W'(TV2 - TV271’ X(Tvz))]
v2

+ Z Z E[évlavzyvzwnv2y¢%vj(Tv2 - Tvz—ls X(Tvz))}-

vy v >V

From the semi-Markov property and proposition 3.1, if v; >v,, then
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E[évl 61/2 Yvow nv2y¢wj(TV2 V2 B X( ))]
< E[ind(Ty; < 000,12,y 3Ty, = Tyt X(T2)|

< Myz(l — 2™ E[aVZVVZMVZy(pW(TVZ ~ Ty, 1, X(T, ))].

> Oi(@®)\’
v 0ﬂw/w’
<>

V2

Thus,

vit Y Myz(l— e

vy =)

[ VZ'J/VzwrlvzbeWJ(Tvz Tv2—1a X(Tvz)):|-

Applying proposition 3.2, we can write the right side of this inequality as

Z 1/2+M1T17

vy =

¢ J J $2,(1, Vo (£, X)Byyou(t, X) dx . (7.1)
17 )z
Proposition 3.1 and condition 1 together imply that

- 1=
Z vy + Mt . lwy(t, X)szw(t, X)
vy - -

is bounded above uniformly in 7 €.7 and x € X. Therefore, the expressmn (7.1) is less
than a multiple of [[¢,.,, and hence, by lemma 3.1, by a multiple of |||

Proof of (5.6). Plugging into the expression for
ol iv2(aj:)
aﬁwyj ’

we have that

Zalwz(a ) :E|:J Z Yowind (o) NC<t<T,ANC)
Py 0

v

2
¢w/(t V 1, X(t)) €Xp (anwy( - val, X([))) dt:| .
Applying the Cauchy—Schwartz inequality, we bound the last expression by
T
E J Z;/Wind(n,1 ANC<t<T,AC)
0

¢ (1 = Tomy, X(D) exp aty,, (1 — Ty, X(1)) dt.

By condition 3, a,my is bounded. Thus, the above expression is bounded above by a

constant multiple of

TyNC

EY | g T X@)d =gl

T,_1AC
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