Continuous Spatial Process Models for Spatial Extreme Values

HUIYAN SANG AND ALAN E. GELFAND

We propose a hierarchical modeling approach for explaimirapllection of point-referenced ex-
treme values. In particular, annual maxima over space ane &ire assumed to follow Generalized
Extreme Value (GEV) distributions, with parametgrso, andé specified in the latent stage to reflect
underlying spatio-temporal structure. The novelty herthé we relax the conditionally independence
assumption in the first stage of the hierarchial model, anrapton which has been adopted in previous
work. This assumption implies that realizations of the thiage of spatial maxima will be everywhere
discontinuous. For many phenomena including, e.g., teatpex and precipitation, this behavior is in-
appropriate. Instead, we offer a spatial process modelxiveime values which provides mean square
continuous realizations, where the behavior of the surifadeiven by the spatial dependence which is
unexplained under the latent spatio-temporal specifiodtio the GEV parameters. In this sense, the
first stage smoothing is viewed as fine scale or short rangetsing while the larger scale smoothing
will be captured in the second stage of the modeling. In &iditas would be desired, we are able to
implement spatial interpolation for extreme values baseths model. A simulation study and a study
on actual annual maximum rainfalls for a region in South édrare used to illustrate the performance

of the model.

Key words: Copula Gaussian process models; generalized extreme diglubution; maximum pre-

cipitation surfaces; spatial interpolation.

1 INTRODUCTION

Extreme value analysis finds wide application in areas ss@ngronmental science (e.g., Lou Thomp-
son et al. (2001)), financial strategy of risk managemeqgt,(Bahan and Mendelson (2001)) and biomedical

data processing (Roberts (2000)). Analysis of extremepatia data has become of increasing interest as
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we seek to study surfaces of extremes arising from, say daibther data or pollution data. We acknowl-
edge that,in studying such surfaces, the extremes needcwt at the same times. So, spatial dependence
in extremes is anticipated to be weaker than in the daily itk but is still of interest.

In this article, we analyze spatial extremes for precigtagvents. The motivating data are annual max-
ima of daily precipitations derived from daily weather siatrecords over South Africa. It is not uncommon
to find extreme climate events driven by more than one spatik, say, large regional forcings and small
scale local forcings. Therefore, an attractive modelingraach in such cases would have the potential to
characterize the multi-scale dependence between losdiioextreme values of the spatial process. Addi-
tionally, spatial interpolation is a problem of interespeSifically, given observed extreme values, the goal
is to learn about the predictive distribution of the unolkedrextreme value at an unmonitored location.
Prediction of extreme values is useful in monitoring quatitie risk of extreme climate events. Moreover,
prediction methods in extreme climate studies have thenfiateto be applied in statistical downscaling
techniques for extremes. Also, interpolation schemes earsbd to develop explanatory variables in spatial
regression settings. For instance, extreme climate maydye influential with regard to performance of
plants at given locations than say average climate.

By now modeling of extremes has received considerabletattein the literature. Many existing ap-
proaches have been developed, following the path of utdizxtreme value distribution theory (EVT) (see,
e.g., Coles (2001); Beirlant (2004)). One of the challegdgsues in extending this work to spatial extreme
value modeling lies in the need for multivariate extremeaugakchniques in high dimensions. Most of the
multivariate extreme value theory to date is feasible far thmensional extreme values. For example, the
logistic type of multivariate extreme value distributicseé Coles and Tawn (1991)) has a parametric form
too restrictive to capture general dependence structordarfje dimension extremes. Some nonparametric
models such as the tilted Dirichlet model (Coles (1993)uiregintegration over the spectral function, which
is typically infeasible, especially for high dimensions.

Recently, there has been some work focusing on spatial &iespemporal) characterization of extreme
values (see, e.g., Kharin and Zwiers (2005), Cooley et @D{2and Sang and Gelfand (2008)), including
several papers discussing spatial interpolation for ex¢realues (see, e.g., Cooley et al. (2008) and Buis-

hand et al. (2008)). Cooley et al. (2007) and Sang and Gelf20@8) use a Bayesian hierarchical model
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which assumes the extreme value at each location followsvanete EVT distribution and the parame-
ters of this distribution follow a spatial model in order tapture spatial dependence. de Haan and Pereira
(2006) proposed a stationary max-stable process as anaditerway to introduce spatial dependence. They
have applied this max-stable process to predict the diginifrs of extreme rainfalls across the Netherlands.
However, the integration in the distribution function oéligations of their proposed spatial process is in-
tractable, providing a major computational obstacle fardtiag the dimensionality needed in practice (e.g.,

n = 200 in our application).

The contribution of this paper is to extend the hierarchinalkdeling approach developed in Sang and
Gelfand (2008). Their model assumes first stage conditiodapendence which, at the data level, yields an
everywhere discontinuous spatial surface for the spatimums. We introduce a fine scale spatial model
for the maxima to provide mean square continuous realizati®Ve retain the second stage specifications
of Sang and Gelfand (2008) which allow for spatial dependdndhe parameters of the GEV. Thus, we
achieve, for example, larger scale spatial dependenceeiGEV location parameters with very local de-
pendence in the extreme surface itself. This first stageegsomodel is created through a copula approach
where the copula idea is applied to a Gaussian spatial macgsg suitable transformation. In addition,
we demonstrate how to apply this smoothed spatial proceskelnio implement spatial interpolation for
extreme values. Though our focus here is on use of this giratecreate a spatial GEV process, we note
that it is more generally applicably to create process nwgielding smooth realizations for other spatial
contexts where we seek marginal distributions in a spedifialfy.

We acknowledge that our Gaussian copula model falls intac#ttegory of asymptotic independence
rather than the customary extreme value theory models wiédth asymptotically dependent random vec-
tors (see e.g., Ledford and Tawn (1996) and Ledford and TA®87)). In application, it may be difficult
for the data to distinguish these two asymptotic cadsasd, more importantly, the Gaussian copula model
does enable us to work with high dimensional settings.

The format of the paper is as follows. In Section 2 we briefljiew extreme value distribution theory
and the hierarchical modeling approach for spatial extrgatees proposed in Sang and Gelfand (2008).

In Section 3, we develop the spatial Gaussian copula modedetuss its properties. In Section 4 we

1The approach of Heffernan and Tawn (2004) can handle botsdast is limited to the bivariate setting.
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employ this spatial process model for extreme values astatage specification in a hierarchical Bayesian
modeling framework. Model implementation is illustratadSection 5 using MCMC methods. In Section 6,
we illustrate the proposed approach with a simulated dataseell as a real data example of precipitation

extremes in South Africa. Finally, Section 7 concludes withrief discussion including future work.

2 HIERARCHICAL MODELING FOR SPATIAL EXTREMES

Extreme value theory begins with a sequewice, . .. of independent and identically distributed random
variables and, given, asks about the distribution fod, = max{Yi,...,Y,}. If the distribution of theY; is

specified, the exact distribution bf,, is known. In the absence of such specification, extreme \hk@ry
Mn - bn

considers the existence of limn. P( < y) = F(y) for two sequences of real numbexs> 0O, b,.
If F(y) is a non degenerate distribution function, it belongs teegithe Gumbel, the Fréchet or the Weibull
class of distributions, which can all be usefully expresseder the umbrella of the GEV distribution, i.e.,

the family of distributions with c.d.f

G(y,u,0,¢&) =exp{— {HE <¥>}M} (2.1)

for {y:1+&(y—u)/o > 0}. In (2.1), u € R is the location parameteg > 0 is the scale parameter
andé € R is the shape parameter. It is easy to see th¥t+f GEV (u,0,&), thenZ = (1+ E%)l/‘f
follows a unit Fréchet distribution, with distribution riation exg—z1), i.e., a GEV(1,1,1). Therefore,
in studying multivariate extreme value distributions,sittommon to restrict the marginals to be standard
Fréchet distributions.

Working with annual maxima over some regibn let Y (s) denote, say the annual maximum of daily
highest temperature at locatisnlt is plausible to assume th¥(s) approximately follows a GEV distribu-
tion with parametersgi(s), o(s) and& (s), respectively. Then, second stage models are specifiedepr,
o’s and¢’s. As with spatial generalized linear models (see, e.gggl®@i et al. (1998)) and with customary
Gaussian process models where a nugget is introduced, gheation is that they (s) are conditionally in-
dependent given the second stage parameters (spatiahmaaftirts). Similarly, Sang and Gelfand (2008)

imposed a conditional independence assumption in the fagedor the response data given the), o(s)

andé (s).
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However, one might question the desirability of this coiodidl independence assumption. Despite the
fact that large scale spatial dependence may be accounténl thie GEV parameter specifications, there
may still remain unexplained small scale spatial deperelémthe extreme data itself. In different words,
many extreme climate events such as temperatures andisaranticipated to be smooth across space.

In this regard, consider interpolation under conditiondependence. Supposés)|(L(s),a(s),&(s)) ~
GEV(u(s),a(s),é(s)). Given a new sitesy, we are interested in the predictive distributionYdfy) condi-

tional on all the observed annual maxima. This distributfogiven by:

(YY) ~ [ P(Y(s)lH(s).0(s0),E(9)
xP((H(%0),0(%0):€(8))[K,0,€,Q)

xP(u,0,&,QlY)dudodédQ (2.2)

where(u,0,&) = ({u(s)},{o(s)},{é(s)},i =1,---,n) andQ denotes any remaining parameters in the
model. Under sampling based model fitting, expression @gpests that (sy) should be sampled from
its predictive distribution by composition. We first obtaire posterior samplg$: (o), 0(S), € (s0)) condi-
tional on the posterior draws of, g, &, Q. In the next step, th¥(sy) are drawn independently, one-for-one
given the samples dfi (), 0/(%0). & (0))-

Even assuming continuous process realizations for the Git&hpeters, the conditional independence
assumption imposed in the first stage will result in everywhdiscontinuous prediction surfaces. More

precisely, the first stage of the hierarchical model can beearas:
Y(S) = W)+ (2959 -1 (2.3)

whereZ(s) follows a standard Fréchet distribution. We may Vi#{®) as the “standardized residual” in the
first stage GEV model. The conditional independence assomis equivalent to the assumption that the
Z(s) arei.i.d. So, again, even if the surface for each model parameterastsiywe will obtain a nonsmooth
realized surface under the conditional independence aasmm Our goal is to remove this assumption in
order to obtain mean square continuous surface realization

We conclude this section with a related point. It can be atgbat we can avoid the foregoing concerns

by building a space-time model for the daily data and theeriirig about the the annual maximums under
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this model. LetW = {W(s,t)} denote all of the daily data and Iét(s) = maxW(s,t),i.e., the annual
maximum at locatiors; for yearl. Then, under a space-time model, spatial interpolatiorYfiap) would
be provided by the predictive distributiorf,(Y(s)|W). Instead, our approach modefs= {Y(s),i =
1,2,...n;1 =12 ... T} and, thus provides interpolation usifigY; (s)|Y). While it seems that the former
should be preferred, it requires more model specificatian the latter and also, we will find that the needed
computation will become intractable.

Moreover, a serendipitous benefit may accrue to the lattartbe former, we would interpolate tivg
to achieve interpolation tOM (so,t) } and, thus, to obtain predictive sample¥df); we would be “averag-
ing” and then taking the maximum. Working with thés; ), we are taking the maximums and then averaging
to achieve the interpolation. The latter is expected to peedstochastically larger distributions since the
maximum of averages is at most the average of maximums. Btlt,professed interest in interpolating
extremes and recognizing that interpolation is expectesirtooth, the former may mask or underestimate

“realized” extremes; we prefer the latter.

3 ASMOOTH SPATIAL PROCESSFOR EXTREME VALUES

We wish to introduce spatial dependence toZlig) while retaining Fréchet marginal distributions. A
frequent strategy for introducing dependence subject égifipd marginal distributions is through copula
models. With a stochastic processZif)’s, we need to apply the copula approach to a stochastic gsoce
The Gaussian process, which is determined through its fliitensional distributions, offers the most con-
venient mechanism for doing this. With a suitable choiceafalation function, mean square continuous
surface realizations result for the Gaussian processehfendransformed surfaces under monotone trans-
formation. In other words, through transformation of a Giars process, we can obtain a continuous spatial
process of extreme values with standard Fréchet margistaibditions.

Copulas have received much attention and application ipasetwo decades (see, Nelsen (2006) for a
review). In our context, the idea of using a Gaussian coputanstruct a bivariate extreme value distribution
is discussed in, e.g., Coles et al. (1999), Schlather andh Ta@03), and Poon et al. (2004)). Consider a

random vector distributed according to a standard bivar@aussian distribution with correlatign The



CONTINUOUS SPATIAL PROCESSMODELS FORSPATIAL EXTREME VALUES 7

Gaussian copula function is defined as follow@s(u,v) = ®, (®~1(u),®~1(v)) where theu,v € [0,1], @
denotes the standard normal cumulative distribution foncand®, denotes the cumulative distribution
function of the standard bivariate Gaussian distributiathworrelationp. The bivariate random vector
(X,Y) having GEV distributions as marginals, denotedsasand G, respectively, can be given a bivariate
extreme value distribution using the Gaussian copula dswel Let(X,Y) = (Gi1®(X*),G 1o(Y*)) ,
whereG; ! and G;l are the inverse marginal distribution functions ¥@andY and (X*,Y*) ~ ®,. Then
the distribution function ofX,Y) is given byH (X,Y; p) = C, (®(X*),®(Y*)) and the marginal distributions
of X andY are stillGx andGy.

A key point to make is that we introduce the Gaussian copukysto create a spatial process with
Fréchet marginals, hence yielding bivariate distribngi@as above. We do not proceed from the class of
limiting bivariate distributions for a pair of maxima, eabhving a Fréchet marginal. The latter is a well
studied problem with a long history (see, e.g., BeirlanO@0Qfor details and development), allowing both
asymptotic dependence and independence. It is charaxteatirough a representation which is parameter-
ized by a c.d.f. o0, 1] with mean 1/2. This representation does not include thedoercept in a limiting
sense; the Gaussian copula implies asymptotic indepeadsrttthe representation for asymptotic indepen-
dence is achieved through a particular choice of cZdNlore precisely, Coles et al. (1999) discuss several
measures of extreme dependence using either the bivaibteriction or the conditional tail function. For
the Gaussian dependence model, using approximationsgrahtexpressions, they are able to compute the
limiting behavior of these measures and recognize it as pmtino independence.

In this regard, again, our goal is to specify a tractableiapptocess model for extremes. We are not
interested in using the limiting distribution theory for xiraa associated with a Gaussian copula since, from
above, this would return us to the conditional independersseimption we seek to avoid. Furthermore, we
are not trying to diagnose whether asymptotic dependenaedependence is an appropriate assumption.
This is a challenging issue both formally (see Figure 6 ofeGadt al. (1999), and associated discussion)
and empirically (see Coles et al. (1999), Section 3.4) bdtessing it in the context of a spatial process

specification is beyond the scope of the current work.

2This representation has nothing to do with the Gaussiamgstian. It only says that, were we to use the limiting theary t

create an approximate distribution for the pairwise maxithia distribution would be a product of Fréchet distribas.
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Formalizing the details, suppose we start with a standaatisdpgGaussian process’(s) with mean
0, variance 1, and correlation functiqr(s,s'; 0). The standard Fréchet spatial process is the transformed

Gaussian process defined as:
Z(s) = G lo(z*(s)) (3.1)

where® is the distribution function of a standard normal distribnf andG is the distribution function of
a standard Fréchet distribution. It is clear tH&s) defined in (3.1) is a valid stochastic process since it is
induced by a strictly monotone transformation of a Gausgraness. Indeed, this standard Fréchet process
is completely determined hty(s,s’; 0).

More precisely, suppose we observe extreme values at a see®fs, - ,s,}. The realization€* =
(Z(s1),- - ,Z(sn)) follow a multivariate normal distribution which is detemeid byp. Let
Z = (G 10(Z*(s1)),--- ,GtD(Z*(sy))) and Z* = (Z*(s1),--- ,Z*(sn)). Givenp(s,s;8), we obtain the

Gaussian copul@z- for the distribution function oZ* as:
Cz+ (U1, ,Un) = Fz+ (@7 (Un), -+, @~ (un)) (3.2)

where(uy, -, Un) € [0, 1]" andF is the multivariate distribution function of MV{0,H) with H = [p(s;,sj; 0)]";_; -

Let F(Z) denote the multivariate distribution @ ThenF (Z) = C,:(®~1G(z),---,® 1G(z,)), where
z=(z1,---,zy) € R". Itis clear that, undeF (z), the marginal distribution for each of tl#s) is standard
Frechet, i.e.GEV(1,1,1).

Useful properties of the transformed Gaussian processdecl

¢ Joint, marginal and conditional distributions are all inthagely obtained from standard multivariate

normal distribution theory once the covariance structdnde process has been specified.

e There are numerous choices for the correlation functiorfadty the Matérn class (see Stein (1999))
with smoothness parameter greater than 0 assures thaspn@adizations are mean square continu-

ous.

o Efficient computational algorithms that have been esthbtifor Gaussian processes can be utilized

after inverse transformation.



CONTINUOUS SPATIAL PROCESSMODELS FORSPATIAL EXTREME VALUES 9

e The transformation in (3.1) retains the stationarity propdf the Gaussian procegs (s) is a station-
ary spatial process with a valid correlation functipfs— s, 8), thenZ*(s) is also strongly stationary,

which implies thaf(s) is a strongly stationary process.

e Evidently, p characterizes the dependence in the Fréchet procesglthrou
p(h) = E(G1d(Z%(s))) (G 1d(Z*(s+h))). However, sincés has no moments, non-moment based

dependence metrics may be considered through the bivartateor p.d.f.

e Evidently, the transformed Gaussian approach is not lghtibeextreme value analysis. For any spatial
response data set where, for each locagione seek to have a common marginal distribut@®nor,
more generally, a specified marginal distribution functi@g at s, G5 1®(Z*(s)) described in (3.1)

provides a valid spatial process to achieve this.

4 MODELING DETAILS

Here, we formalize the hierarchical modeling specificatifor extremes in space. We take (2.3) as
our first stage model where tlzgs) follow a standard Fréchet process defined as above, witltiarsary
correlation functiorp(s—¢s’; 8,). That is, we have a hierarchical model in which the first sm&litional
independence assumption is removed. Now, we turn to spaaificof the second stage processes and, in
addition, offer a MCMC approach for the implementation af firoposed hierarchical model at the end of
this section.

For the second stage model, specifications (f¢s), o(s) and & (s) have to be made with care. In
particular, we assume there is spatial dependence fouthéut thato and & are constant across the
study region. The latter assumptions are limiting but spatariation in the locations is often of primary
interest and a single static spatial dataset is not likelge@ble to inform about a process fofs) and,
even less likely forf (s). More precisely, suppose we propose the specificatits) = X (s) 3 +W(s).

X (s) is the site-specific vector of potential explanatory vdeab TheW(s) are spatial random effects,
capturing the effect of unmeasured or unobserved covanetl large operational scale spatial pattern. The
most common specification fo¥(s) is a zero-centered Gaussian Process determined by a vaéidamce

functionC(s;,s;). Below, we will takeC(s;,sj) = 02

1P(S —sj; 8y). Here Cis apart fromp introduced at the
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first stage. In fact, from (2.3), plugging in the model fofs) we obtain

Y(s) =X(9)3 +W(S)+g(Z(s)f 1), 4.1)

We see that we have a model f6fs) with two sources of spatial error. With distinct correlatifunctions,
from a single sample of spatial maxima, due to the structgpatial dependence, it is possible to learn
about the parameters of the two processes producing theseentributions. In particular, we assume that
the scale associated with tMé(s) process is coarse scale while that associated wittZtkg process is
more fine scale. For instance, with isotropic correlatiamcfions, we would assume the range for\Wiés)
process is greater than that for thgs) process (see Section 5 below).

Since interpolation is a key objective, we clarify how to lempent it. Given a new locatiog,, the

posterior predictive distribution of(sp), conditional on all the observed annual maxima, is given by

Y)Y ~ [ P(Y(0)lH(50),1.0.8. 64,65, Y)
xP((H(s0)I1;0:¢,6,,6,,Y)

<P(1,0,&,6,,6,Y))dudodEde,de,. (4.2)

In (4.2), the first two expressions under the integral sifpplihe first becomeB(Y (o) |u(S0), 4, 0,&,6,,Y)
and is sampled through*(so)|Z* using (4.1) and (3.2). The second becorRéqu(so) |, B,) which, from
above, is a conditional normal distribution. And so, pdstesamples ofu, o,¢&, 6,, 6,), with composition,
yield predictive samples fof(sp). The essential difference between (4.2) and (2.2) is theepiee ofY in
the first term under the integral in the former. This necassit sample draws from the Gaussian process

rather than independent Fréchet draws.

4.1 EXTENSION TO SPATIO-TEMPORAL PROCESSES

Often, we collect space-time data over long periods of tieng., many years, and we seek to study say,
annual spatial maxima. Now, we are given a set of extrefivés,,t),i = 1,...,nt =1,...,T}. The first
stage of the hierarchical model now becomes a space timdasthfrréchet process for tizgs,t), again,
built from a space-time Gaussian process. Time would nitdra discretized to yield, e.g., annual maxima

in which case we need only provide a dynamic Gaussian proceds! (see, Banerjee et al. (2004)) though
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we might view time as continuous in order to explicitly captgpace-time interaction, using a valid space-
time covariance function, see Stein (2005). In fact, we magisumeZ;’(s) andZ;(s) are two independent
Gaussian processes whieg t'. That is, it is often plausible to assume temporal indepecelsince annual
block size may be long enough to yield approximately indeipahannual maximum observations.

Model specifications fop(s,t), o(s,t) andé (s,t) could account for dependence structures both within
and across location and time. Exploratory analysis is beipfterms of learning about temporal trend in
these parameters and learning about spatial dependenicesim parameters. For example, GEV parame-
ter estimation based on independent GEV models typicallygrade us towards formal spatial temporal
specifications for these parameters. Once again, inteittdikely focus on u(s,t) with perhaps a spatially
varying o(s) and a constané. Sang and Gelfand (2008) offers detailed discussion wiglaneto these

latent specifications. We provide an illustration in Set#o

5 BAYESIANIMPLEMENTATION

Given the complexity of the proposed hierarchical modesemploy MCMC methods to do the model
fitting. We begin with prior specifications for the paramsteCustomarily, we sgf ~ MVN(uB,ZB).
In our model, a vague normal prior is assigned to the shapameré, and an inverse gamma prior for
o. For the two spatial processes, for convenience, we empkjamiliar exponential covariance function,
hence introducing range parameteggsand ¢,. In addition, we need a variance parameter for\thes)
process which we denote lagﬁ In general, it is difficult to identify both the spatial vanice and the spatial
range parameters for a process (see Zhang (2004)); somiefdratative prior specifications are necessary.
With presumed interest in letting the data inform about thegtial variability, we impose informative priors
on the ranges based upon the size of the associated domaitherffuore, since, in our model, spatial
random effects exist at two spatial scales, without any tcaimés on the decay/range parameters, further
identifiability issues arise regarding inference abousé¢hgpatial ranges. Therefore, arguing as we have
above, we impose the restriction, > ¢.

Posterior inference for the model parameters is complesathuGibbs sampling (Gelfand and Smith

(1990)) with Metropolis-Hastings updating (Gelman et aD@4)). Givenu(s), we directly samplg3 and
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W = (W(s1),...,W(sn)). Parameters without closed form full conditional disttibons are updated using
Metropolis-Hastings step<. and log o) are sampled by random walk Metropolis-Hastings with Gaumssi
proposals. The conditional distribution of the latent EdatomponentZ* is a high dimensional, non-
Gaussian distribution and difficult to sample from usingqhderd Metropolis-Hastings. So, we employ the
Metropolis-adjusted Langevin Algorithm (MALA), also knovas Langevin-Hastings, to help the mixing
of the MCMC in this regard. Gradient information of the postedistribution is used in making proposal
distributions. See Stramer and Tweedie (1999), Christeesal. (2003), Robert and Casella (2004) for

more detailed discussion on this algorithm.

6 EXAMPLES

6.1 A SIMULATION STUDY

In this section we present a simulation study designed tm&athe performance of the transformed
Gaussian process model relative to the non-smoothed k@i models. The set up of the study is as
follows. Sampling is done at a set of 1200 locations ové®,&0] x [0,10] rectangle. 300 locations are
obtained by sampling using a uniform distribution over thetangle and 900 locations are specified on a
regular lattice. All locations are shown in Figure 1. IYet= (Y(s1),---,Y(Sy)) denote a response vectaf.

is obtained according to the GEV model discussed above:

s = X(9B8+W(S)

Z(s) = G lozi(s). (6.1)

Realizations ofN(s) are obtained from a Gaussian process with exponential iamwfunctionaﬁp((pﬂ)
with range parameteg, = 4 and scale parametey, = 1. We se€ = 0.5, 0 = 3. We include only a constant
intercept,u = 10, in the covariate part, yielding thgs). TheZ(s) are generated frorZ* = (Z;,...,Z}),
obtained as part of a realization of a Gaussian process withrential correlation functiop(¢z) and unit
spatial scale parameter at observed location{sgt-- ,s,}, whereg@, = 1.4 is the range parameter. The

resulting 1200r (s) yield the surface shown at pixel scale in Figure 2.
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We hold out the 900 regular lattice locations for validatmmrpose and fit the model in (6.1) using the
simulated extreme values at the 300 uniformly sampled ilmest To make comparison, using the same data

set, we also fit the corresponding model with &{s) i.i.d:

) = X(9B8+W(S)

Z(s) ~ GEV(1,1,1) iid (6.2)

We seek to investigate whether or not the spatial signalearstandardized residuals can be successfully
detected by fitting the model with smoothed residuals.

For each model, we ran 200,000 iterations to collect pastsamples after a burn in period of 50,000
iterations, thinning using every fifth iteration. Tracetslof parameters indicate good convergence of the
respective marginal distributions. The long burn in pensdaused mainly by the slow mixing &*,
yielding, as expected, longer run times for the model in)(6dmpared with (6.2).

Table 1 displays the posterior means for the parametershendarresponding 95% credible intervals
under the model in (6.1) and the model in (6.2), respectivéll} 95% credible intervals cover the true
parameter values for the model we simulated from.

We now consider the performance of these models based oittwador the holdout set of 900 lo-
cations. Specifically, we obtain the empirical coverage probability of nominal 95% preadeintervals.

In addition, using posterior medians, we check the perforaaof prediction by computing the average
absolute predictive error&APE) of each model. Given the observed valuer¢$) in the holdout data set,
AAPE is given by
1 990
AAPE = @;W(s) -Y(s)| (6.3)
whereY (s) is the posterior median.

Table 2 compares the predictive performance under the twaelso The prediction performance for
the model in (6.1) is roughly 25% better than that of the maa€b.2) based on th&APE criterion and
empirical coverage is closer to the nominal level. Extremees with positive shape parameters are heavy

tailed. So, we display the predictive median surface foretkteeme values as well as the associated surface
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for the lengths of the 95% predictive intervals in Figure Btfie models in (6.1) and (6.2), respectively.

Comparing Figure 3 and Figure 2, the predictive surfacelferextreme values based on the model in (6.1)
recovers the true surface and the local spatial patternth&simulated extreme values reasonably well.
In contrast, the predictive median surface obtained froentiodel in (6.2) only reflects large scale spatial
dependence and fails to capture the local peaks. In adddgimaverage, the model in (6.2) has longer 95%

predictive intervals compared with the model in (6.1).

6.2 A REaL DATA EXAMPLE

We consider precipitation data collected at 200 monitositgs in the Cape Floristic Region (CFR) in
South Africa. The Cape Floristic Region is home to the higbessity of plant species in the world. Itis rec-
ognized as one of the world’s floristic kingdoms and as a dlblmaliversity hotspot, including about 9000
plant species, 69% of which are found nowhere else. Mostektady region has a Mediterranean-type
climate, typically characterized by cool, wet winters anarmv, dry summers. Our “big picture” motiva-
tion is the challenging ecological problem of trying to chcterize the effect of extreme climate events on
the distribution and abundance of species. It is anticip#tat extreme climate events, such as drought,
heavy rainfall and very high or low temperatures will be @msential in explaining plant performance.
This issue is well-discussed for vegetation in South Afrisee, for instance, the website of G. Midgley
(http://'www.sanbi.org/gcrg/midgleypubs.pdf) who hagtien extensively on this problem.

We illustrate using the annual maximum of daily rainfalls hoe years 1956, 1976, 1996 and 2006. We
fit the model in (6.1) for each selected year aiming to complaeedistributions of extreme precipitations
at different years. In particular, we fit both models in (6abd (6.2) for the annual maxima in 2006 for
comparison purposes. Models are fitted using two paraligihsh Again, Model (6.1) takes longer to run,
completing roughly 200 iterations per minute using Matlabewith dual 2.8 GHz Xeon CPUs and 12GB
memory. We ran 20,0000 iterations to collect posterior damafter a burn in period of 50,000 iterations,
thinning using every fifth iteration. Trace plots of paraerstindicate good convergence of the respective
marginal distributions.

Table 3 displays the posterior means for the parametershendarresponding 95% credible intervals

under the model in (6.1) for each selected year and the mndél2) for the year 2006. In particular, we
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have the point estimates of the small scale range parametel0.042 and the large scale range parameter
@, = 0.161 at the year 2006. For the model in (6.2), we only have apandom effects in the location
parameters. The point estimate @f under this model is 0.079. The posterior estimation&aeveals a
small positive value, indicating the GEV distributions ofnaial maximum rainfalls in CFR have slightly
heavy upper tails. The GEV distribution of the annual maxima996 has a significantly larger location
parameter and scale parameter compared with other selgsdesl In fact, the heavy rainfalls recorded in
1996 caused heavy losses to agriculture and infrastruirtihe Western Cape province of South Africa(see
e.g., van Bladeren (2000)).

Each of the models enables prediction for any new sites isttidy region. Annual maximum rainfalls
at a new site could be simply obtained by updating samplas {#2) for the smoothed model and from
(2.2) for the non-smoothed model. In fact, we held out theuahmaximum rainfalls at 64 new sites from
2006 for validation purposes, in order to compare modelgiims of the prediction performance. Again,
posterior medians are adopted as the point estimates ofatliefed annual maxima because of the skewness
of the predictive distribution foks,. Again, we study the prediction performance by computirgaterage
absolute predictive error®\MAPE) as defined in (6.3) and, Table 4 summarizeis and AAPE for the two
models. The model in (6.1) has the smaller prediction erdeims of AAPE. In addition, ther Tor the
model in (6.1) is slightly closer to 0.95 compared with thedeldn (6.2).

Finally, return levels for the occurrence of extreme evandsoften of practical interest in climate studies.
The return levek, is defined as the threshold which is exceeded by the extrelme wéth probabilityp (see
Coles (2001)). Equivalentlys, can be viewed as a threshold which is such that we expect aedance
once every 1p years. Given posterior samples@f o andé andZ* under the smoothed model in (6.1),
we infer the return level surface with a return period of 2&rge presenting the estimated,s surfaces for
each of the four years in Figure 4. We can see considerabtalspariability in return levels. Of course,
return levels lose their importance when the process clsaoggr time. However, we can, for instance, see
much higher return levels based upon fitting the 1996 datapeosa with fitting the 2006 data. Accordingly,
plants will be exposed to dramatically different risks ifoof these patterns prevails rather than the other in

the future.
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7 DISCUSSION

We have presented a spatial process for extreme values paidbices mean square continuous realiza-
tions. The joint distribution function of the realizatioagses from a transformed Gaussian process and can
be expressed explicitly for any given set of locations. Welemthis process as a first stage specification
in a hierarchical model using a GEV distribution to desctiie asymptotic distributions of maxima taken
from a time series of daily records. The second stage of @unaithical models specifies variations in time
and large scale dependence in space for the parametersGicMeistributions. We showed that the overall
model ismulti-scale. In addition to the illustrative analyses we have supplied also can use this method-
ology as a spatial interpolation tool to produce risk mapsxtfeme values, for example, the risk of having
annual maximum of daily highest temperatures greater tBan 4

Extensions for this work will take us to more general spdgahtporal contexts as discussed in Section
4.1. Computationally more efficient algorithms will be neddo fit these hierarchical models. Further
extensions can involve multivariate data collected at éacdtion, providing multivariate extremes in space
and time. Can the extremes for one variable help us to inkg@xtremes for another, essentially co-

kriging with extremes?
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Table 1. Posterior sample means of parameters and the corresponding 95% credible intervals for Model (6.1) and
the model in (6.2). U is the intercept, O is the scale parameter of GEV, and & is the shape parameter of
GEV; @ is the spatial range parameter in the location parameters and ¢ is the spatial range parameter
in the GEV residuals

Model 6.1 (Smoothed residuals)Model 6.2 (Non-smoothed residual

True Mean 95% CI Mean 95% CI

ul| 10 9.77 (9.11, 10.46 9.71 (9.34, 10.52

o 3 2.98 (2.61, 3.40 3.17 (2.92, 3.53

&l 05 0.47 (0.12,1.31 0.42 (0.12, 1.22

0y 4 2.66 (0.47,5.63 2.81 (0.44, 5.62
¢ | 14 1.51 (0.27, 3.69
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Table 2. Performance of the model in (6.1) and the model in (6.2) using averaged absolute predictive errors
(AAPE) and the empirical coverage probability F.

AAPE f
Smoothed GEV, 2.65 0.96
Nonsmoothed GE\f 3.53 0.97

Table 3. Real data analysis: posterior sample means of parameters and the corresponding 95% credible intervals
for the model in (6.1) and (6.2). B is the intercept.o is the scale parameter of GEV and & is the shape

parameter of GEV

Model

o2

62

Model 6.1(Smoothed GEV)

t = 1956
t=1976
t = 1996
t = 2006

14.7(13.2,15.9)
19.3(18.4,21.0)
24.3(21.6,29.2)

18.7(16.9,19.9)

6.71 (5.92, 7.46)
7.22 (6.56, 8.00)
14.3 (11.7, 16.4)

5.14 (4.57, 5.38)

0.039 (0.027, 0.0
0.030 (0.014, 0.0
0.058 (0.021, 0.1

0.019 (0.009, 0.0

Model 6.2 (Non-smoothed GEV

t = 2006

19.9(18.3, 20.9)

4.93(4.33, 5.21)

87)
81)
04)

57)

0.024 (0.011, 0.0

59)

Table 4. Real data analysis: performance of the model in (6.1) and (6.2) using averaged absolute predictive errors
(AAPE) and the empirical coverage probability F.

AAPE f
Smoothed GEV| 4.62 0.94
Nonsmoothed GEM 5.60 0.94




CONTINUOUS SPATIAL PROCESSMODELS FORSPATIAL EXTREME VALUES

True extreme value surface

Figure 2. Observedurface (see text for details)
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Predictive median surface (nonsmoothed) Length of the predictive intervals (non smoothed)

a

Length of the predictive intervals (smoothed)

2}

Figure 3. From left to right, top to bottom: (a) The predictive median surface for extreme values using the model in

Predictive median surface (smoothed)

lon
lon

(6.1) (smoothed residuals); (b) The lengths of the 95% predictive intervals for the model in (6.1) (smoothed residuals);
(c) The predictive median surface for extreme values using the model in (6.2) (non-smoothed residuals); (b) The

lengths of the 95% predictive intervals for the model in (6.2) (non-smoothed residuals)
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Figure 4. Posterior sample means of the 1/25 return levels for the study regionin South Africa
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