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We propose a hierarchical modeling approach for explaininga collection of point-referenced ex-

treme values. In particular, annual maxima over space and time are assumed to follow Generalized

Extreme Value (GEV) distributions, with parametersµ , σ , andξ specified in the latent stage to reflect

underlying spatio-temporal structure. The novelty here isthat we relax the conditionally independence

assumption in the first stage of the hierarchial model, an assumption which has been adopted in previous

work. This assumption implies that realizations of the the surface of spatial maxima will be everywhere

discontinuous. For many phenomena including, e.g., temperature and precipitation, this behavior is in-

appropriate. Instead, we offer a spatial process model for extreme values which provides mean square

continuous realizations, where the behavior of the surfaceis driven by the spatial dependence which is

unexplained under the latent spatio-temporal specification for the GEV parameters. In this sense, the

first stage smoothing is viewed as fine scale or short range smoothing while the larger scale smoothing

will be captured in the second stage of the modeling. In addition, as would be desired, we are able to

implement spatial interpolation for extreme values based on this model. A simulation study and a study

on actual annual maximum rainfalls for a region in South Africa are used to illustrate the performance

of the model.

Key words: Copula Gaussian process models; generalized extreme valuedistribution; maximum pre-

cipitation surfaces; spatial interpolation.

1 INTRODUCTION

Extreme value analysis finds wide application in areas such as environmental science (e.g., Lou Thomp-

son et al. (2001)), financial strategy of risk management (e.g., Dahan and Mendelson (2001)) and biomedical

data processing (Roberts (2000)). Analysis of extremes in spatial data has become of increasing interest as
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we seek to study surfaces of extremes arising from, say dailyweather data or pollution data. We acknowl-

edge that,in studying such surfaces, the extremes need not occur at the same times. So, spatial dependence

in extremes is anticipated to be weaker than in the daily dataitself but is still of interest.

In this article, we analyze spatial extremes for precipitation events. The motivating data are annual max-

ima of daily precipitations derived from daily weather station records over South Africa. It is not uncommon

to find extreme climate events driven by more than one spatialscale, say, large regional forcings and small

scale local forcings. Therefore, an attractive modeling approach in such cases would have the potential to

characterize the multi-scale dependence between locations for extreme values of the spatial process. Addi-

tionally, spatial interpolation is a problem of interest. Specifically, given observed extreme values, the goal

is to learn about the predictive distribution of the unobserved extreme value at an unmonitored location.

Prediction of extreme values is useful in monitoring quantitative risk of extreme climate events. Moreover,

prediction methods in extreme climate studies have the potential to be applied in statistical downscaling

techniques for extremes. Also, interpolation schemes can be used to develop explanatory variables in spatial

regression settings. For instance, extreme climate may be more influential with regard to performance of

plants at given locations than say average climate.

By now modeling of extremes has received considerable attention in the literature. Many existing ap-

proaches have been developed, following the path of utilizing extreme value distribution theory (EVT) (see,

e.g., Coles (2001); Beirlant (2004)). One of the challenging issues in extending this work to spatial extreme

value modeling lies in the need for multivariate extreme value techniques in high dimensions. Most of the

multivariate extreme value theory to date is feasible for low dimensional extreme values. For example, the

logistic type of multivariate extreme value distribution (see Coles and Tawn (1991)) has a parametric form

too restrictive to capture general dependence structures for large dimension extremes. Some nonparametric

models such as the tilted Dirichlet model (Coles (1993)) require integration over the spectral function, which

is typically infeasible, especially for high dimensions.

Recently, there has been some work focusing on spatial (or spatial temporal) characterization of extreme

values (see, e.g., Kharin and Zwiers (2005), Cooley et al. (2007) and Sang and Gelfand (2008)), including

several papers discussing spatial interpolation for extreme values (see, e.g., Cooley et al. (2008) and Buis-

hand et al. (2008)). Cooley et al. (2007) and Sang and Gelfand(2008) use a Bayesian hierarchical model
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which assumes the extreme value at each location follows a univariate EVT distribution and the parame-

ters of this distribution follow a spatial model in order to capture spatial dependence. de Haan and Pereira

(2006) proposed a stationary max-stable process as an alternative way to introduce spatial dependence. They

have applied this max-stable process to predict the distributions of extreme rainfalls across the Netherlands.

However, the integration in the distribution function of realizations of their proposed spatial process is in-

tractable, providing a major computational obstacle for handling the dimensionality needed in practice (e.g.,

n = 200 in our application).

The contribution of this paper is to extend the hierarchicalmodeling approach developed in Sang and

Gelfand (2008). Their model assumes first stage conditionalindependence which, at the data level, yields an

everywhere discontinuous spatial surface for the spatial maximums. We introduce a fine scale spatial model

for the maxima to provide mean square continuous realizations. We retain the second stage specifications

of Sang and Gelfand (2008) which allow for spatial dependence in the parameters of the GEV. Thus, we

achieve, for example, larger scale spatial dependence in the GEV location parameters with very local de-

pendence in the extreme surface itself. This first stage process model is created through a copula approach

where the copula idea is applied to a Gaussian spatial process using suitable transformation. In addition,

we demonstrate how to apply this smoothed spatial process model to implement spatial interpolation for

extreme values. Though our focus here is on use of this strategy to create a spatial GEV process, we note

that it is more generally applicably to create process models yielding smooth realizations for other spatial

contexts where we seek marginal distributions in a specific family.

We acknowledge that our Gaussian copula model falls into thecategory of asymptotic independence

rather than the customary extreme value theory models whichyield asymptotically dependent random vec-

tors (see e.g., Ledford and Tawn (1996) and Ledford and Tawn (1997)). In application, it may be difficult

for the data to distinguish these two asymptotic cases1 and, more importantly, the Gaussian copula model

does enable us to work with high dimensional settings.

The format of the paper is as follows. In Section 2 we briefly review extreme value distribution theory

and the hierarchical modeling approach for spatial extremevalues proposed in Sang and Gelfand (2008).

In Section 3, we develop the spatial Gaussian copula model and discuss its properties. In Section 4 we

1The approach of Heffernan and Tawn (2004) can handle both cases but is limited to the bivariate setting.
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employ this spatial process model for extreme values as a first stage specification in a hierarchical Bayesian

modeling framework. Model implementation is illustrated in Section 5 using MCMC methods. In Section 6,

we illustrate the proposed approach with a simulated dataset as well as a real data example of precipitation

extremes in South Africa. Finally, Section 7 concludes witha brief discussion including future work.

2 HIERARCHICAL MODELING FOR SPATIAL EXTREMES

Extreme value theory begins with a sequenceY1,Y2 . . . of independent and identically distributed random

variables and, givenn, asks about the distribution forMn = max{Y1, . . . ,Yn}. If the distribution of theYi is

specified, the exact distribution ofMn is known. In the absence of such specification, extreme valuetheory

considers the existence of limn→∞ P

(

Mn −bn

an
≤ y

)

≡ F(y) for two sequences of real numbersan > 0,bn.

If F(y) is a non degenerate distribution function, it belongs to either the Gumbel, the Fréchet or the Weibull

class of distributions, which can all be usefully expressedunder the umbrella of the GEV distribution, i.e.,

the family of distributions with c.d.f

G(y;µ ,σ ,ξ ) = exp

{

−

[

1+ ξ
(

y−µ
σ

)]−1/ξ
}

(2.1)

for {y : 1+ ξ (y− µ)/σ > 0}. In (2.1), µ ∈ R is the location parameter,σ > 0 is the scale parameter

andξ ∈ R is the shape parameter. It is easy to see that ifY ∼ GEV (µ ,σ ,ξ ), thenZ = (1+ ξ
Y −µ

σ
)1/ξ

follows a unit Fréchet distribution, with distribution function exp(−z−1), i.e., a GEV(1,1,1). Therefore,

in studying multivariate extreme value distributions, it is common to restrict the marginals to be standard

Fréchet distributions.

Working with annual maxima over some regionD, let Y (s) denote, say the annual maximum of daily

highest temperature at locations. It is plausible to assume thatY (s) approximately follows a GEV distribu-

tion with parametersµ(s), σ(s) andξ (s), respectively. Then, second stage models are specified for theµ ’s,

σ ’s andξ ’s. As with spatial generalized linear models (see, e.g., Diggle et al. (1998)) and with customary

Gaussian process models where a nugget is introduced, the implication is that theY (s) are conditionally in-

dependent given the second stage parameters (spatial random effects). Similarly, Sang and Gelfand (2008)

imposed a conditional independence assumption in the first stage for the response data given theµ(s), σ(s)

andξ (s).
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However, one might question the desirability of this conditional independence assumption. Despite the

fact that large scale spatial dependence may be accounted for in the GEV parameter specifications, there

may still remain unexplained small scale spatial dependence in the extreme data itself. In different words,

many extreme climate events such as temperatures and rainfalls are anticipated to be smooth across space.

In this regard, consider interpolation under conditional independence. SupposeY (s)|(µ(s),σ(s),ξ (s))∼

GEV(µ(s),σ(s),ξ (s)). Given a new sites0, we are interested in the predictive distribution ofY (s0) condi-

tional on all the observed annual maxima. This distributionis given by:

(Y (s0)|Y) ∼

∫

P(Y (s0)|µ(s0),σ(s0),ξ (s))

×P((µ(s0),σ(s0),ξ (s))|µ ,σ ,ξ ,Ω)

×P(µ,σ ,ξ ,Ω|Y)dµdσdξ dΩ (2.2)

where(µ ,σ ,ξ ) = ({µ(si)},{σ(si)},{ξ (si)}, i = 1, · · · ,n) andΩ denotes any remaining parameters in the

model. Under sampling based model fitting, expression (2.2)suggests thatY (s0) should be sampled from

its predictive distribution by composition. We first obtainthe posterior samples(µ(s0),σ(s0),ξ (s0)) condi-

tional on the posterior draws ofµ ,σ ,ξ ,Ω. In the next step, theY (s0) are drawn independently, one-for-one

given the samples of(µ(s0),σ(s0),ξ (s0)).

Even assuming continuous process realizations for the GEV parameters, the conditional independence

assumption imposed in the first stage will result in everywhere discontinuous prediction surfaces. More

precisely, the first stage of the hierarchical model can be written as:

Y (s) = µ(s)+
σ(s)
ξ (s)

(Z(s)ξ (s)−1) (2.3)

whereZ(s) follows a standard Fréchet distribution. We may viewZ(s) as the “standardized residual” in the

first stage GEV model. The conditional independence assumption is equivalent to the assumption that the

Z(s) arei.i.d. So, again, even if the surface for each model parameter is smooth, we will obtain a nonsmooth

realized surface under the conditional independence assumption. Our goal is to remove this assumption in

order to obtain mean square continuous surface realizations.

We conclude this section with a related point. It can be argued that we can avoid the foregoing concerns

by building a space-time model for the daily data and then inferring about the the annual maximums under
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this model. LetW = {Wl(si, t)} denote all of the daily data and letYl(si) = maxtWl(si, t),i.e., the annual

maximum at locationsi for year l. Then, under a space-time model, spatial interpolation forYl(s0) would

be provided by the predictive distribution,f (Yl(s0)|W). Instead, our approach modelsY = {Yl(si), i =

1,2, ...,n; l = 1,2, ...,T } and, thus provides interpolation usingf (Yl(s0)|Y). While it seems that the former

should be preferred, it requires more model specification than the latter and also, we will find that the needed

computation will become intractable.

Moreover, a serendipitous benefit may accrue to the latter. For the former, we would interpolate theW

to achieve interpolation to{Wl(s0, t)} and, thus, to obtain predictive samples ofYl(s0); we would be “averag-

ing” and then taking the maximum. Working with theYl(si), we are taking the maximums and then averaging

to achieve the interpolation. The latter is expected to produce stochastically larger distributions since the

maximum of averages is at most the average of maximums. But, with professed interest in interpolating

extremes and recognizing that interpolation is expected tosmooth, the former may mask or underestimate

“realized” extremes; we prefer the latter.

3 A SMOOTH SPATIAL PROCESS FOR EXTREME VALUES

We wish to introduce spatial dependence to theZ(s) while retaining Fréchet marginal distributions. A

frequent strategy for introducing dependence subject to specified marginal distributions is through copula

models. With a stochastic process ofZ(s)’s, we need to apply the copula approach to a stochastic process.

The Gaussian process, which is determined through its finitedimensional distributions, offers the most con-

venient mechanism for doing this. With a suitable choice of correlation function, mean square continuous

surface realizations result for the Gaussian process, hence for transformed surfaces under monotone trans-

formation. In other words, through transformation of a Gaussian process, we can obtain a continuous spatial

process of extreme values with standard Fréchet marginal distributions.

Copulas have received much attention and application in thepast two decades (see, Nelsen (2006) for a

review). In our context, the idea of using a Gaussian copula to construct a bivariate extreme value distribution

is discussed in, e.g., Coles et al. (1999), Schlather and Tawn (2003), and Poon et al. (2004)). Consider a

random vector distributed according to a standard bivariate Gaussian distribution with correlationρ . The
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Gaussian copula function is defined as follows:Cρ(u,v) = Φρ
(

Φ−1(u),Φ−1(v)
)

where theu,v ∈ [0,1], Φ

denotes the standard normal cumulative distribution function andΦρ denotes the cumulative distribution

function of the standard bivariate Gaussian distribution with correlationρ . The bivariate random vector

(X ,Y ) having GEV distributions as marginals, denoted asGx andGy respectively, can be given a bivariate

extreme value distribution using the Gaussian copula as follows. Let (X ,Y ) = (G−1
x Φ(X∗),G−1

y Φ(Y ∗)) ,

whereG−1
x andG−1

y are the inverse marginal distribution functions forX andY and(X∗,Y ∗) ∼ Φρ . Then

the distribution function of(X ,Y ) is given byH(X ,Y ;ρ) =Cρ(Φ(X∗),Φ(Y ∗)) and the marginal distributions

of X andY are stillGx andGy.

A key point to make is that we introduce the Gaussian copula solely to create a spatial process with

Fréchet marginals, hence yielding bivariate distributions as above. We do not proceed from the class of

limiting bivariate distributions for a pair of maxima, eachhaving a Fréchet marginal. The latter is a well

studied problem with a long history (see, e.g., Beirlant (2004), for details and development), allowing both

asymptotic dependence and independence. It is characterized through a representation which is parameter-

ized by a c.d.f. on[0,1] with mean 1/2. This representation does not include the former except in a limiting

sense; the Gaussian copula implies asymptotic independence and the representation for asymptotic indepen-

dence is achieved through a particular choice of c.d.f.2 More precisely, Coles et al. (1999) discuss several

measures of extreme dependence using either the bivariate tail function or the conditional tail function. For

the Gaussian dependence model, using approximations to integral expressions, they are able to compute the

limiting behavior of these measures and recognize it as asymptotic independence.

In this regard, again, our goal is to specify a tractable spatial process model for extremes. We are not

interested in using the limiting distribution theory for maxima associated with a Gaussian copula since, from

above, this would return us to the conditional independenceassumption we seek to avoid. Furthermore, we

are not trying to diagnose whether asymptotic dependence orindependence is an appropriate assumption.

This is a challenging issue both formally (see Figure 6 of Coles et al. (1999), and associated discussion)

and empirically (see Coles et al. (1999), Section 3.4) but addressing it in the context of a spatial process

specification is beyond the scope of the current work.

2This representation has nothing to do with the Gaussian assumption. It only says that, were we to use the limiting theory to

create an approximate distribution for the pairwise maxima, this distribution would be a product of Fréchet distributions.
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Formalizing the details, suppose we start with a standard spatial Gaussian processZ∗(s) with mean

0, variance 1, and correlation functionρ(s,s
′
;θ ). The standard Fréchet spatial process is the transformed

Gaussian process defined as:

Z(s) = G−1Φ(Z∗(s)) (3.1)

whereΦ is the distribution function of a standard normal distribution, andG is the distribution function of

a standard Fréchet distribution. It is clear thatZ(s) defined in (3.1) is a valid stochastic process since it is

induced by a strictly monotone transformation of a Gaussianprocess. Indeed, this standard Fréchet process

is completely determined byρ(s,s
′
;θ ).

More precisely, suppose we observe extreme values at a set ofsites{s1, · · · ,sn}. The realizationsZ∗ =

(Z(s1), · · · ,Z(sn)) follow a multivariate normal distribution which is determined byρ . Let

Z = (G−1Φ(Z∗(s1)), · · · ,G−1Φ(Z∗(sn))) and Z∗ = (Z∗(s1), · · · ,Z∗(sn)). Given ρ(s,s
′
;θ ), we obtain the

Gaussian copulaCZ∗ for the distribution function ofZ∗ as:

CZ∗(u1, · · · ,un) = FZ∗(Φ−1(u1), · · · ,Φ−1(un)) (3.2)

where(u1, · · · ,un)∈ [0,1]n andF is the multivariate distribution function of MVN(0,H) with H = [ρ(si,s j;θ )]ni, j=1.

Let F(Z) denote the multivariate distribution ofZ. ThenF(Z) = Cz∗(Φ−1G(z1), · · · ,Φ−1G(zn)), where

z = (z1, · · · ,zn) ∈ R
n. It is clear that, underF(z), the marginal distribution for each of theZ(si) is standard

Fréchet, i.e.,GEV(1,1,1).

Useful properties of the transformed Gaussian process include:

• Joint, marginal and conditional distributions are all immediately obtained from standard multivariate

normal distribution theory once the covariance structure of the process has been specified.

• There are numerous choices for the correlation function. Infact, the Matérn class (see Stein (1999))

with smoothness parameter greater than 0 assures that process realizations are mean square continu-

ous.

• Efficient computational algorithms that have been established for Gaussian processes can be utilized

after inverse transformation.
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• The transformation in (3.1) retains the stationarity property. If the Gaussian processZ∗(s) is a station-

ary spatial process with a valid correlation functionρ(s− s
′
,θ ), thenZ∗(s) is also strongly stationary,

which implies thatZ(s) is a strongly stationary process.

• Evidently,ρ characterizes the dependence in the Fréchet process through

ρ(h) = E(G−1Φ(Z∗(s)))(G−1Φ(Z∗(s+ h))). However, sinceG has no moments, non-moment based

dependence metrics may be considered through the bivariatec.d.f. or p.d.f.

• Evidently, the transformed Gaussian approach is not limited to extreme value analysis. For any spatial

response data set where, for each locations, we seek to have a common marginal distributionG, or,

more generally, a specified marginal distribution function, Gs at s, G−1
s Φ(Z∗(s)) described in (3.1)

provides a valid spatial process to achieve this.

4 MODELING DETAILS

Here, we formalize the hierarchical modeling specifications for extremes in space. We take (2.3) as

our first stage model where theZ(s) follow a standard Fréchet process defined as above, with a stationary

correlation functionρ(s− s′;θz). That is, we have a hierarchical model in which the first stageconditional

independence assumption is removed. Now, we turn to specification of the second stage processes and, in

addition, offer a MCMC approach for the implementation of the proposed hierarchical model at the end of

this section.

For the second stage model, specifications forµ(s), σ(s) and ξ (s) have to be made with care. In

particular, we assume there is spatial dependence for theµ ’s but thatσ and ξ are constant across the

study region. The latter assumptions are limiting but spatial variation in the locations is often of primary

interest and a single static spatial dataset is not likely tobe able to inform about a process forσ(s) and,

even less likely forξ (s). More precisely, suppose we propose the specificationµ(s) = X(s)
′
β +W (s).

X(s) is the site-specific vector of potential explanatory variables. TheW (s) are spatial random effects,

capturing the effect of unmeasured or unobserved covariates with large operational scale spatial pattern. The

most common specification forW (s) is a zero-centered Gaussian Process determined by a valid covariance

functionC(si,s j). Below, we will takeC(si,s j) = σ2
µρ(si− s j;θµ ). Here,C is apart fromρ introduced at the
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first stage. In fact, from (2.3), plugging in the model forµ(s) we obtain

Y (s) = X(s)
′
β +W(s)+

σ
ξ

(Z(s)ξ −1). (4.1)

We see that we have a model forY (s) with two sources of spatial error. With distinct correlation functions,

from a single sample of spatial maxima, due to the structuredspatial dependence, it is possible to learn

about the parameters of the two processes producing these error contributions. In particular, we assume that

the scale associated with theW (s) process is coarse scale while that associated with theZ∗(s) process is

more fine scale. For instance, with isotropic correlation functions, we would assume the range for theW (s)

process is greater than that for theZ∗(s) process (see Section 5 below).

Since interpolation is a key objective, we clarify how to implement it. Given a new locations0, the

posterior predictive distribution ofY (s0), conditional on all the observed annual maxima, is given by

Y (s0)|Y ∼
∫

P(Y (s0)|µ(s0),µ ,σ ,ξ ,θµ ,θz,Y)

×P((µ(s0)|µ ,σ ,ξ ,θµ ,θz,Y)

×P(µ,σ ,ξ ,θµ ,θz|Y))dµdσdξ dθµdθz. (4.2)

In (4.2), the first two expressions under the integral simplify. The first becomesP(Y (s0)|µ(s0),µ ,σ ,ξ ,θz,Y)

and is sampled throughZ∗(s0)|Z∗ using (4.1) and (3.2). The second becomesP((µ(s0)|µ ,θµ) which, from

above, is a conditional normal distribution. And so, posterior samples of(µ ,σ ,ξ ,θµ ,θz), with composition,

yield predictive samples forY (s0). The essential difference between (4.2) and (2.2) is the presence ofY in

the first term under the integral in the former. This necessitates sample draws from the Gaussian process

rather than independent Fréchet draws.

4.1 EXTENSION TO SPATIO-TEMPORAL PROCESSES

Often, we collect space-time data over long periods of time,e.g., many years, and we seek to study say,

annual spatial maxima. Now, we are given a set of extremes{Y (si, t), i = 1, ...,n; t = 1, ...,T}. The first

stage of the hierarchical model now becomes a space time standard Fréchet process for theZ(s, t), again,

built from a space-time Gaussian process. Time would naturally be discretized to yield, e.g., annual maxima

in which case we need only provide a dynamic Gaussian processmodel (see, Banerjee et al. (2004)) though
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we might view time as continuous in order to explicitly capture space-time interaction, using a valid space-

time covariance function, see Stein (2005). In fact, we might assumeZ∗
t (s) andZ∗

t ′
(s) are two independent

Gaussian processes whent 6= t
′
. That is, it is often plausible to assume temporal independence since annual

block size may be long enough to yield approximately independent annual maximum observations.

Model specifications forµ(s, t), σ(s, t) andξ (s, t) could account for dependence structures both within

and across location and time. Exploratory analysis is helpful in terms of learning about temporal trend in

these parameters and learning about spatial dependence in these parameters. For example, GEV parame-

ter estimation based on independent GEV models typically can guide us towards formal spatial temporal

specifications for these parameters. Once again, interest will likely focus on µ(s, t) with perhaps a spatially

varying σ(s) and a constantξ . Sang and Gelfand (2008) offers detailed discussion with regard to these

latent specifications. We provide an illustration in Section 6.

5 BAYESIAN IMPLEMENTATION

Given the complexity of the proposed hierarchical models, we employ MCMC methods to do the model

fitting. We begin with prior specifications for the parameters. Customarily, we setβ ∼ MV N(µβ ,Σβ ).

In our model, a vague normal prior is assigned to the shape parameterξ , and an inverse gamma prior for

σ . For the two spatial processes, for convenience, we employ the familiar exponential covariance function,

hence introducing range parametersφµ and φz. In addition, we need a variance parameter for theW (s)

process which we denote byσ2
µ . In general, it is difficult to identify both the spatial variance and the spatial

range parameters for a process (see Zhang (2004)); somewhatinformative prior specifications are necessary.

With presumed interest in letting the data inform about the spatial variability, we impose informative priors

on the ranges based upon the size of the associated domain. Furthermore, since, in our model, spatial

random effects exist at two spatial scales, without any constraints on the decay/range parameters, further

identifiability issues arise regarding inference about these spatial ranges. Therefore, arguing as we have

above, we impose the restriction,φµ > φz.

Posterior inference for the model parameters is completed using Gibbs sampling (Gelfand and Smith

(1990)) with Metropolis-Hastings updating (Gelman et al. (2004)). Givenµ(s), we directly sampleβ and
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W = (W (s1), ...,W (sn)). Parameters without closed form full conditional distributions are updated using

Metropolis-Hastings steps.ξ and log(σ) are sampled by random walk Metropolis-Hastings with Gaussian

proposals. The conditional distribution of the latent spatial componentZ∗ is a high dimensional, non-

Gaussian distribution and difficult to sample from using standard Metropolis-Hastings. So, we employ the

Metropolis-adjusted Langevin Algorithm (MALA), also known as Langevin-Hastings, to help the mixing

of the MCMC in this regard. Gradient information of the posterior distribution is used in making proposal

distributions. See Stramer and Tweedie (1999), Christensen et al. (2003), Robert and Casella (2004) for

more detailed discussion on this algorithm.

6 EXAMPLES

6.1 A SIMULATION STUDY

In this section we present a simulation study designed to examine the performance of the transformed

Gaussian process model relative to the non-smoothed spatial GEV models. The set up of the study is as

follows. Sampling is done at a set of 1200 locations over a[0,10]× [0,10] rectangle. 300 locations are

obtained by sampling using a uniform distribution over the rectangle and 900 locations are specified on a

regular lattice. All locations are shown in Figure 1. LetY = (Y (s1), · · · ,Y (sn)) denote a response vector.Y

is obtained according to the GEV model discussed above:

Y (s) = µ(s)+
σ
ξ

(Z(s)ξ −1)

µ(s) = X(s)β +W(s)

Z(s) = G−1Φ(Z∗(s)). (6.1)

Realizations ofW (s) are obtained from a Gaussian process with exponential covariance functionσ2
µρ(φµ)

with range parameterφµ = 4 and scale parameterσµ = 1. We setξ = 0.5, σ = 3. We include only a constant

intercept,µ = 10, in the covariate part, yielding theµ(si). TheZ(si) are generated fromZ∗ = (Z∗
1, ...,Z

∗
n),

obtained as part of a realization of a Gaussian process with exponential correlation functionρ(φZ) and unit

spatial scale parameter at observed location set{s1, · · · ,sn}, whereφZ = 1.4 is the range parameter. The

resulting 1200Y (si) yield the surface shown at pixel scale in Figure 2.
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We hold out the 900 regular lattice locations for validationpurpose and fit the model in (6.1) using the

simulated extreme values at the 300 uniformly sampled locations. To make comparison, using the same data

set, we also fit the corresponding model with theZ(s) i.i.d:

Y (s) = µ(s)+
σ
ξ

(Z(s)ξ −1)

µ(s) = X(s)β +W(s)

Z(s) ∼ GEV(1,1,1) i.i.d (6.2)

We seek to investigate whether or not the spatial signals in the standardized residuals can be successfully

detected by fitting the model with smoothed residuals.

For each model, we ran 200,000 iterations to collect posterior samples after a burn in period of 50,000

iterations, thinning using every fifth iteration. Trace plots of parameters indicate good convergence of the

respective marginal distributions. The long burn in periodis caused mainly by the slow mixing ofZ∗,

yielding, as expected, longer run times for the model in (6.1) compared with (6.2).

Table 1 displays the posterior means for the parameters and the corresponding 95% credible intervals

under the model in (6.1) and the model in (6.2), respectively. All 95% credible intervals cover the true

parameter values for the model we simulated from.

We now consider the performance of these models based on prediction for the holdout set of 900 lo-

cations. Specifically, we obtain ˆr, the empirical coverage probability of nominal 95% predictive intervals.

In addition, using posterior medians, we check the performance of prediction by computing the average

absolute predictive errors (AAPE) of each model. Given the observed value ofY (s) in the holdout data set,

AAPE is given by

AAPE =
1

900

900

∑
i=1

|Ŷ (s)−Y (s)| (6.3)

whereŶ (s) is the posterior median.

Table 2 compares the predictive performance under the two models. The prediction performance for

the model in (6.1) is roughly 25% better than that of the modelin (6.2) based on theAAPE criterion and

empirical coverage is closer to the nominal level. Extreme values with positive shape parameters are heavy

tailed. So, we display the predictive median surface for theextreme values as well as the associated surface
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for the lengths of the 95% predictive intervals in Figure 3 for the models in (6.1) and (6.2), respectively.

Comparing Figure 3 and Figure 2, the predictive surface for the extreme values based on the model in (6.1)

recovers the true surface and the local spatial patterns forthe simulated extreme values reasonably well.

In contrast, the predictive median surface obtained from the model in (6.2) only reflects large scale spatial

dependence and fails to capture the local peaks. In addition, on average, the model in (6.2) has longer 95%

predictive intervals compared with the model in (6.1).

6.2 A REAL DATA EXAMPLE

We consider precipitation data collected at 200 monitoringsites in the Cape Floristic Region (CFR) in

South Africa. The Cape Floristic Region is home to the highest density of plant species in the world. It is rec-

ognized as one of the world’s floristic kingdoms and as a global biodiversity hotspot, including about 9000

plant species, 69% of which are found nowhere else. Most of the study region has a Mediterranean-type

climate, typically characterized by cool, wet winters and warm, dry summers. Our “big picture” motiva-

tion is the challenging ecological problem of trying to characterize the effect of extreme climate events on

the distribution and abundance of species. It is anticipated that extreme climate events, such as drought,

heavy rainfall and very high or low temperatures will be consequential in explaining plant performance.

This issue is well-discussed for vegetation in South Africa; see, for instance, the website of G. Midgley

(http://www.sanbi.org/gcrg/midgleypubs.pdf) who has written extensively on this problem.

We illustrate using the annual maximum of daily rainfalls for the years 1956, 1976, 1996 and 2006. We

fit the model in (6.1) for each selected year aiming to comparethe distributions of extreme precipitations

at different years. In particular, we fit both models in (6.1)and (6.2) for the annual maxima in 2006 for

comparison purposes. Models are fitted using two parallel chains. Again, Model (6.1) takes longer to run,

completing roughly 200 iterations per minute using Matlab code with dual 2.8 GHz Xeon CPUs and 12GB

memory. We ran 20,0000 iterations to collect posterior samples after a burn in period of 50,000 iterations,

thinning using every fifth iteration. Trace plots of parameters indicate good convergence of the respective

marginal distributions.

Table 3 displays the posterior means for the parameters and the corresponding 95% credible intervals

under the model in (6.1) for each selected year and the model in (6.2) for the year 2006. In particular, we
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have the point estimates of the small scale range parameterφZ = 0.042 and the large scale range parameter

φµ = 0.161 at the year 2006. For the model in (6.2), we only have spatial random effects in the location

parameters. The point estimate ofφµ under this model is 0.079. The posterior estimation forξ reveals a

small positive value, indicating the GEV distributions of annual maximum rainfalls in CFR have slightly

heavy upper tails. The GEV distribution of the annual maximain 1996 has a significantly larger location

parameter and scale parameter compared with other selectedyears. In fact, the heavy rainfalls recorded in

1996 caused heavy losses to agriculture and infrastructurein the Western Cape province of South Africa(see

e.g., van Bladeren (2000)).

Each of the models enables prediction for any new sites in thestudy region. Annual maximum rainfalls

at a new site could be simply obtained by updating samples from (4.2) for the smoothed model and from

(2.2) for the non-smoothed model. In fact, we held out the annual maximum rainfalls at 64 new sites from

2006 for validation purposes, in order to compare models in terms of the prediction performance. Again,

posterior medians are adopted as the point estimates of the predicted annual maxima because of the skewness

of the predictive distribution forYs0. Again, we study the prediction performance by computing the average

absolute predictive errors (AAPE) as defined in (6.3) and, ˆr. Table 4 summarizes ˆr andAAPE for the two

models. The model in (6.1) has the smaller prediction error in terms ofAAPE. In addition, the ˆr for the

model in (6.1) is slightly closer to 0.95 compared with the model in (6.2).

Finally, return levels for the occurrence of extreme eventsare often of practical interest in climate studies.

The return levelzp is defined as the threshold which is exceeded by the extreme value with probabilityp (see

Coles (2001)). Equivalently,zp can be viewed as a threshold which is such that we expect an exceedance

once every 1/p years. Given posterior samples ofµ , σ andξ andZ∗ under the smoothed model in (6.1),

we infer the return level surface with a return period of 25 years, presenting the estimatedz1/25 surfaces for

each of the four years in Figure 4. We can see considerable spatial variability in return levels. Of course,

return levels lose their importance when the process changes over time. However, we can, for instance, see

much higher return levels based upon fitting the 1996 data compared with fitting the 2006 data. Accordingly,

plants will be exposed to dramatically different risks if one of these patterns prevails rather than the other in

the future.



CONTINUOUS SPATIAL PROCESSMODELS FORSPATIAL EXTREME VALUES 16

7 DISCUSSION

We have presented a spatial process for extreme values whichproduces mean square continuous realiza-

tions. The joint distribution function of the realizationsarises from a transformed Gaussian process and can

be expressed explicitly for any given set of locations. We employ this process as a first stage specification

in a hierarchical model using a GEV distribution to describethe asymptotic distributions of maxima taken

from a time series of daily records. The second stage of our hierarchical models specifies variations in time

and large scale dependence in space for the parameters in theGEV distributions. We showed that the overall

model ismulti-scale. In addition to the illustrative analyses we have supplied,we also can use this method-

ology as a spatial interpolation tool to produce risk maps ofextreme values, for example, the risk of having

annual maximum of daily highest temperatures greater than 40◦.

Extensions for this work will take us to more general spatialtemporal contexts as discussed in Section

4.1. Computationally more efficient algorithms will be needed to fit these hierarchical models. Further

extensions can involve multivariate data collected at eachlocation, providing multivariate extremes in space

and time. Can the extremes for one variable help us to interpolate extremes for another, essentially co-

kriging with extremes?
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Figure 1. Simulated locations

Table 1. Posterior sample means of parameters and the corresponding 95%credible intervals for Model (6.1) and
the model in (6.2). µ is the intercept, σ is the scale parameter of GEV, and ξ is the shape parameter of
GEV; φµ is the spatial range parameter in the location parameters and φz is the spatial range parameter
in the GEV residuals

Model 6.1 (Smoothed residuals)Model 6.2 (Non-smoothed residuals)

True Mean 95% CI Mean 95% CI

µ 10 9.77 (9.11, 10.46) 9.71 (9.34, 10.52)

σ 3 2.98 (2.61, 3.40) 3.17 (2.92, 3.53)

ξ 0.5 0.47 (0.12, 1.31) 0.42 (0.12, 1.22)

φµ 4 2.66 (0.47, 5.63) 2.81 (0.44, 5.62)

φz 1.4 1.51 (0.27, 3.69)
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Table 2. Performance of the model in (6.1) and the model in (6.2) using averaged absolute predictive errors
(AAPE) and the empirical coverage probability r̂.

AAPE r̂

Smoothed GEV 2.65 0.96

Nonsmoothed GEV 3.53 0.97

Table 3. Real data analysis: posterior sample means of parameters and the corresponding 95% credible intervals
for the model in (6.1) and (6.2). β is the intercept.σ is the scale parameter of GEV and ξ is the shape
parameter of GEV

Model β σ2 ξ 2

Model 6.1(Smoothed GEV)

t = 1956 14.7(13.2,15.9) 6.71 (5.92, 7.46) 0.039 (0.027, 0.087)

t = 1976 19.3(18.4,21.0) 7.22 (6.56, 8.00) 0.030 (0.014, 0.081)

t = 1996 24.3(21.6,29.2) 14.3 (11.7, 16.4) 0.058 (0.021, 0.124)

t = 2006 18.7(16.9,19.9) 5.14 (4.57, 5.38) 0.019 (0.009, 0.057)

Model 6.2 (Non-smoothed GEV)

t = 2006 19.9(18.3, 20.9) 4.93(4.33, 5.21) 0.024 (0.011, 0.059)

Table 4. Real data analysis: performance of the model in (6.1) and (6.2) using averaged absolute predictive errors
(AAPE) and the empirical coverage probability r̂.

AAPE r̂

Smoothed GEV 4.62 0.94

Nonsmoothed GEV 5.60 0.94
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Figure 2. Observedsurface (see text for details)
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Figure 3. From left to right, top to bottom: (a) The predictive median surface for extreme values using the model in

(6.1) (smoothed residuals); (b) The lengths of the 95% predictive intervals for the model in (6.1) (smoothed residuals);

(c) The predictive median surface for extreme values using the model in (6.2) (non-smoothed residuals); (b) The

lengths of the 95% predictive intervals for the model in (6.2) (non-smoothed residuals)
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Figure 4. Posterior sample means of the 1/25 return levels for the study region in South Africa


