Hierarchical Models

A hierarchy is a classification system having
different levels.

A hierarchical model has levels as well.
Simple example:

Observed datum is X.

e X|0~ N(6,1)

e First stage prior: 9|T2 ~ N(O,TQ)

e Second stage prior: 72 ~ w, where = is
completely specified.
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In some instances we would specify 72 accord-
ing to our prior beliefs about 8. Then we would
have only the first stage prior. (Or, we could
think of 7 as a distribution degenerate at 72.)

If we can’t easily quantify our uncertainty about
0, then the second stage prior could be used.

Of course, we could carry the process further.
We might say

e Second stage prior: 72|a ~ gamma(a, 1)

e [ hird stage prior: o has exponential den-
Sity with mean 1.
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Connection of hierarchical and empirical Bayes
methods

Example 21

Suppose that, conditionalon 64,...,0n, X1,...,
Xn are independent with

and 01,...,0n are i.i.d. N(u,c?), where p and
o2 are unknown.

In empirical Bayes, u and o2 are estimated
from the observations Xq,..., Xy, and then the
estimated ‘“prior” for 0 is employed in usual
Bayesian fashion to obtain estimates of 64, ...,
On,.

Let’'s see how this works.
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The joint density of X4,..., Xy and 64,...,0, is

f(fBl,...,%n,Hl,...,@n) —

—n . 0; — 1
1=1

o

n L h—
7;1;[1 ¢(z; —0;) o 7;1;[1 ¢ ( 'u) =

Now let’s find the marginal of X¢,...,X,. We
need to integrate out 64,...,60y,, Which can be
done separately for each 6;.

[~ bt~ 690 (") a0 =

1 1( o, ¥

/OO exp {—% [63(1 +072) — 20, (mz + %)]} do,.

o0 o
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Using our cherished device of completing the
square, the previous quantity can be shown to
equal

1 o 5 T;— W
Vemi /o241 \ o2 41
It follows that, marginally, X4,..., Xy, are i.i.d.
N(p,02 4+ 1).

In the empirical Bayes approach, frequentist
methods are often used to estimate parameters
of the prior.

The MLEs of u and 62+ 1 are X and S2, re-
spectively. The MLE of 62 is 2 = max(0, 52 —

1).
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If 4 and o2 were known, the Bayes estimate of
6; would be

0; = wr; + (1 —w)p, (%)

where w = 02/(c? + 1).

The empirical Bayes estimate of 6; plugs esti-
mates of x and o2 into (x):

0, pp = wz; + (1 —0)X,
where @ = 52/(62 + 1).
The estimate @;EB has an interesting interpre-
tation. When o2 (and hence 52) is large, most

of the weight is put on z;, and when ¢2 is small,
most of the weight is on X.
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Note that

c° =0== all 0;s equal pu,

in which case we should estimate each 6; by X.

When o2 is big relative to 1, information from
other 6;s doesn’'t help in estimating 6;.

Empirical Bayes (EB) uses the hierarchy idea:

e First stage: X;|6; ~ N(6;,1)

e Second stage: 6;|(u,02) ~ N(u,o?)

Bayesian “purists”’ don't like EB since it uses
the data to estimate the prior.
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A hierarchical Bayes model in the setting of
Example 21 would use a second level prior for
(u,0). Call this prior w». If only one extra
level is used, m» would be completely specified.
Then a proper Bayesian analysis could be done
in which a posterior for (61,...,0n,u,0) iS Ob-
tained.

The posterior is
(0, u,0°lT) o £(@6, 4, 0)m(Blu, )2 (11, 0)

121 o —
n% o (" “)@m,a).
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Note: mo(u,o0) = mo(ulo)p(o). For the setting
on the previous page, It's ok to use

mo(plo) o« 1,

but p(o) < o1 results in an improper posterior.
Using p(o) o 1 yields a proper posterior.

A discussion of more general normal hierarchi-
cal models is given in Chapter 5 of GCSR.
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