Example 5 Silvey, Statistical Inference

An airline has the option of buying 10 second-
hand aircraft.

6 of these 10 will give 1000 hours flying time
without major breakdown.

$1000p profit on each plane that doesn’t break
down.

Airline loses $1000g on each plane that does
break down within 1000 hrs.

One plane may be tested at a cost of $1000r.

The two elements in Y are y1, the tested plane
is satisfactory, and y», the tested plane is un-
satisfactory.
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0 0
f(yl|9)=ﬁ f(yzl9)=1—ﬁ

The action space is A = {a1,ao}, where

a1 = ‘“‘purchase ten planes”
a> = ‘“don’t purchase the planes.”

The loss function is defined as

L(eaa’l) r_9p+(10_9)Q7
L(6,ar) = r V.

Now consider four decision rules:
(a) d1(y) =a1. R(0,61) =r —0p+ (10 —0)gq.
(b) 9>(y) =an. R(O,55) = r for all 4.

(c) 43(y1) = a1, 63(y2) = as
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R(0,63) = Ep[L(0,03(Y))]

= (0/10)[r — 6p + (10 — 6)q]
+(1—6/10)r

= r—(6/10)[6p — (10 — 6)q].

(d) 64(y1) = a2, 04(y2) = a1

R(0,04) = (1—0/10)[r —0p+ (10 — 0)q]
+(0/10)r

For illustration’s sake, suppose r =1, p = 2
and g = 3. In this case,

R(0,681) = 31 — 50, R(0,65) =1
R(6,63) =1+ 360 —02/2
and
R(6,54) = 31 — 86 + 6°/2.
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Risk functions for airplane example
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One can verify that whenr =1, p=2 and q =
3, 04 is inadmissible, since R(6,63) < R(0,d4)
at each § =0,1,...,10.

Suppose we incorporate prior information into
the problem and use the Bayes principle to
choose a rule. Let

1

H=-— 6=0,1,...,10.
m(0) =

For the most general version of the problem,

T(ﬂ-aél) :T+5(q_p)7 74(71-752) — T,

r —3.5(p+ q) + 5¢
r—3.5p+4+ 1.5¢

r(m, 63)

and

r(m,64) =r — 1.5p + 3.5¢.
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Note that, regardless of the values of r, p and
q,

7“(7'(', 53) < T(ﬂ-a 54)

Now suppose »r =1, p = 2 and ¢ = 3. Then
r(m,01) = 6, r(md>) = 1, r(m,d63) = —1.5,
r(m,04) = 8.5 and hence 3 is the Bayes rule.

While d4 is inadmissible in the special case a-
bove, it is not inadmissible in general. Suppose
0 is somewhat large. Then according to 64 we
are not likely to purchase the planes. This is
good when ¢q/p is sufficiently large.
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