Hierarchical Linear Models

T he classical linear model is

Y = X3+ e
Y isnx1, X isnxJ,

BisJx1 and e€isn x 1.

Hierarchical linear model:
likelihood: Y |(X,3,¥) ~ N(X(3,X)
first-level prior: B|(X5, Q, EB) ~ N(Xﬁa, Eﬁ)

hyperprior: «a|(ag,2a) ~ N(ag, Xa)

Here it's assumed that 3, 25, 2 and «qg are
known. Of course, this could be generalized.
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Special cases

Simple random effects model:

(1) Given 81,...,8n and 62, Yq,...,Yy are inde-
pendent with Y; ~ N(B;,02).

(2) B1,...,0Bn are i.i.d. N(a,ag)
(3) o~ N(ag,03)

In this case, J =n and X = 1,,.

337



Intragroup correlation:

In a setting as just described, suppose the ob-
servations naturally fall into J groups, and we
wish to allow for correlation among the obser-
vations within a group, but assume that obser-
vations in different groups are independent.

Data in group j:

Y1j7Y2j7°°°7Ynjj
Given 81,...,37 and ¢2, assume that
Y%j, i=1,...,’n,j,j=1,...,J,

are mutually independent with Y;; ~ N(8;,02),
i=1,...,n,j=1,...J.

Then suppose that 51,...,08; are i.i.d. N(a,ag)
and a ~ N(ag,02).
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Consider the unconditional covariance between

Cov(Y;j, Yrs) = E(Yin'r‘s) - E(Y;jj)E(Yrs)-

79
We have

E(Y;;) E[E(Y;;185)]
= E(B))
= E[E(Bjla)]

E(a) = ap,

and

E(Y;jjy’rs) E[E(Y:inTSLB)]
— E(Bgﬁs)

E[E(5j58|04)]-

Now, if 5 = s, then

E[E(8;Bs|a)] = E(a®) = af + 02,
and if j ==

E[E(8jBsa)] = E(a® + 03) = aj + 04 + o5,
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So, we have

2 .
T4 E
Cov(Yij, Yrs) = {ag +0§ j=s
(8 ) -

To find the correlation between Y;; and Y;s, we
need the variance of each response.

Var(Y;;) = Var (E(Yijmj)) + FE (var(Y;-jlﬁj))
Var(3;) + o

Var(a) + ag + o2

ag + O'% —+ o2,

Therefore,
( 2
Oq .
ZForter J7
Corr (Y, Yrs) = 4 02+02
| 083+05+02 J=

Take oo = 0 and og > O to get the desired
model.
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Random effects with multiple populations:

Suppose the components of 3 fall into K groups.
The 5js in group k are a random sample from

N(Oék, ng) :
Many regressions:

To illustrate the idea, consider a case where
we have three different regression models.

Y1 =X181 +€1, Yo=Xo08,+ €,
Y3 = X303+ €3

YZI(X’M/BzaEz) NN(XZB@722)7 S 172737

with Y7, Y5, Y3 independent conditional on (X,
/Biazi); S 17273'
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We can see that this model falls within the
framework of HLM since Y! = (Y{,Yd, YY)
and Y = X3+ €, where

"'X; 0 0
X=|0 X, 0|,
0 0 X3

B = (B1,85,83) and € = (], €L, €3).

Gibbs sampler applied to the "many regres-
sions model”

For convenience, let's say the 3,5 have the
same dimension, p. Let ¥; = 0?1, i =1,2,3.

Given v, a and D, 34, B>, B3, 01, 02, 03 are
mutually independent with
o;~g(7v), 1=1,2,3,
and
Bi ~ N(a, D),

where D is diagonal and ~, a and D are inde-
pendent.
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Let
a ~ N(ag, Xp)
and
Y~ T

The diagonal elements of D arei.i.d. as inverse
gamma.

On each full iteration of the Gibbs sampler, we
need to generate

0 = (6701702703777Q7D>'

The conditional posterior distribution of 3, given
all other parameters is normal with mean vec-
tor

(XIX;+o?D 1)y XTy; + 07D ta)
and covariance matrix

c2(XIX; 4+ 02D 1)L,
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To apply the Gibbs sampler, one needs also
to derive all the other full conditional posterior
distributions. In doing so, one may treat as
constants all parameters besides the one whose
conditional distribution is being considered.

For example, suppose we want the conditional
posterior of o1. This distribution is propor-
tional to

_ 1
g(o1;v)o] "t exp —5 2 Wi - X:8)1 (y; — X:8;)
1

since none of the other multiplicative factors
in the posterior depend on o7.

344



