Any model that satisfies

f(yil0i, @) = exp [(y;0; — b(0;)) /¢ + c(y;, ¢)]
with
6; =0(n;) and n;==x!p

is called a generalized linear model (GLM).

Distributions and their canonical links:

Distribution Canonical link

Normal n=pu

Poisson n = log u

Binomial n=log(u/(1—pu))
Gamma n=1/u

198



Before discussing Bayesian inference in the GLM,
we'll discuss maximum likelihood estimation and
frequentist inference.

In general, MLEs do not have a ‘“closed” form
for GLMs. Need to rely on Newton-Raphson
or Fisher scoring to approximate MLEs.

We'll derive the likelihood equations for 3. We
have

WB,e) = 3° {Wi ‘qj’(@m + c(y;, ¢>}
1=1

= ) 4(0;,0) =) ¢
i—1 i=1
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In the previous equation we have

0; = 0(zX'B) = 0(m;).

For any GLM, the likelihood function depends
on B only through n;. Now,

36(5,@ _ i 0 ¢,

9B, i=1 95
&0 99; oy

B Z; d0; On; 90B;
ool 09;

= 200 on

Define A; = 00,/0n;, which is sometimes called
the link adjustment. If the canonical link is
used, then A; =1, since in this case 6; = n;.
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We now have

0t _ yi —b'(6:) _ yi—
00, ¢ ¢

The likelihood equations may thus be written

0 <

0
—
55,£(8.9

mn
> Wi—p)hjzy; = 0, j=1,...,p
i=1

These equations can be written in matrix form
as
X'A(y—p) =0,

where X is n x p with element z;; in the sth
row and jth column, A is an n X n diagonal
matrix with diagonal elements Aq,...,An, y =

(yla' . °7yn)T and l’l' — (Mla"'vun)T'
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Letting S = (y — i), the equations are
xtas=o.

When using a canonical link, A = 1.

In general, the equations are nonlinear in 3.
We can use Newton-Raphson for obtaining the
MLE of 3, call it 8.

Note that the likelihood equations do not de-
pend on ¢, and hence estimation of 3 is not
dependent on ¢.

The Newton-Raphson procedure may be ex-
pressed as follows:

B(t—|—1) B(t) (XTAS)] —1

B
< (XTA8) |5 _g0-
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The book Matrix Algebra from a Statistician’s
Perspective, by David A. Harville, is a great re-
source. Among many other things it has vari-
ous formulas for differentiating matrices.

According to p. 298 of Harville,

iXTAS = x7 Aas + ‘MS] .
0p; 0B~ 9B;
Using the definition of S,
0S T
o5, = — (000 (a1, 0" (0n)6 () ny)
J

— —VA(aclj, ¢« o ,xnj)T,

where V is the n x n diagonal matrix with di-
agonal elements b/(0;), i =1,...,n.
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It follows that

xTA2% — _xTavax.
op
Also,
% = diagonal matrix with
9B,
diagonal entries
o on;
—6/ ) — 9// . L
85]' (1;) (Z)aﬁj

Qll(ni)mz'j, 1= 1, e ..y M.

It follows that
OA .
=S =AH(z1i...,2,:)%,
aﬁj (ajlj xng)

where A and H are diagonal with diagonal en-
tries 0"(n;) and y; —pu;, respectively, i = 1,...,n.
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Finally then

9 XTAg = ~XT'(AvA - AH)X.

B

V is called the matrix of variance functions.

Recalling the form of 04(3, ¢)/03, we see that
82
0363"
So, the Newton-Raphson iterations may be writ-
ten

(B, ¢) = —%XT(AVA ~ AH)X.

gUtD = g 4 [XT(AVA - AHX| "

(XTA8) |5_g0-

When using a canonical link, A =TI and A = 0,
in which case

—1
U = g0+ (XTVX) T XTS5 g
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In the canonical link case, the Newton-Raphson
scheme is an iteratively reweighted least squares
(IRLS) algorithm. Define

zW = xBW +v-1g .

Since
B = (xTvx) 1 (xTvx)sW
and
(xXTvx)y 1xTs=(x'vx)y'xt(vv—1)s,
we have
Uty = (XTvx)  (XTV) ‘ g0 2

_ ( xTy®) X)—l (xTvyz(®)
where

v® = v‘ |
B=p"

Therefore, B¢t corresponds to a weighted

least squares regression of Z(®) on X with weight
matrix V{1,
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What should be used as an initial estimate for
37 Let g be the p-link. Then

9(V)) =~ g(u) + (Vi — p)g' (us)
= x; B+ (V; — 1) (115).

So, we have an approximate linear model

where E(Z;) = 0, i = 1,...,n. This suggests
that we take

B8O = (XTx)"1xTy(Y),

where g(Y) = (g(Y1),...,9(¥a))".

207



Fisher Scoring

In Fisher scoring, the expected Hessian is used
instead of the Hessian as in Newton-Raphson.

The Hessian is
~XTavAa - AH)X,
which has expectation —XTAVAX since

E(H)=0.
The Fisher Information matrix for 3 is
I(B) = —(-XTAVAX)
= XTAVAX.

The Fisher scoring algorithm is

D = g L (XTAVAX) 1XTAS 530

When using a canonical link, the Fisher scoring
algorithm is identical to Newton-Raphson.
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Example: Logistic Regression

In this case ¢ is known and equal to 1. The
link is canonical and the log-likelihood is
n

((B) =) [yiwiTﬂ — log (1 + e‘””zm)

i=1
For Newton-Raphson, we need V and S.
T
< 10 oL
— Yyl — yee ey Yn —
14 %10 Co1 et
0
e
v'(0) =
(0) T o
20 0
() = _—_© e
() (1+69)2+1+69
- (14ef)?
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V is the n x n diagonal matrix with diagonal
elements v/(69;), i = 1,...,n, where 0; = =!8,

1=1,...,n.

The inverse of ¥ is the p-link.

i
log|——— | =0¢
g(l—u>

To obtain an initial estimate of 3, we can’'t use
the method mentioned before, at least without

modification.
log ( i ) = +o0
1 —y;

To take care of this problem, define

,,._{0.99, ify; =1
%= 0.01, ify;=0.
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As an initial estimate of 3, use

B = (XTx)1xTy(m),

where
71 j g
g(.@')z(log< ..>,---,Iog< . )) .
1 -1 1 —yn
wWe'll illustrate Newton-Raphson with a simu-

lated example where there is only one covari-
ate, but X is n x 3 since 6 is modeled as a
quadratic function of the covariate.
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In the simulated example, we have observations
Y1,..., Yos that are independent and such that

Y; ~ Bin(1,u(d;)), i=1,...,25

where d; = (1 —1/2)/25,i=1,...,25,

Iog(lf(jz d)> = "0t 1p1(@) + Bapa(d),
0<d<1,

and p1 and po are known linear and quadratic
functions that are orthogonal on [0, 1].

Observations were generated from this model
with g = 6.66, 81 = 17.307 and (B, = 3.712.
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The X matrix has columns (1) z£(2) and £(3)
where

+D = (1/5,...,1/5)T,

(2 = (p1(dy),...,p1(dos))”

and

2(3) = (pa(dy), ..., pa(dos))”.

A plot of the generated data along with the
true mean curve and two estimates is shown
on the next page.

The initial estimate of 3 was gotten using the
method described on pp. 210-211N.
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regression data
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Newton-Raphson iterations

iteration gYY g gl
0  0.184 16.568 0.277
1 5.581 10.404 5.490
2 3596 12.162 3.588
3 2,504 12.690 2.473
4 2203 12861 2.118
5 2269 12.877 2.090
6 2269 12.877 2.090
7 2269 12.877 2.090
Truth  6.660 17.307 3.712
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Frequentist Inference

Sampling distributions of statistics in GLM are
generally not known in closed form. We can
use asymptotic theory to approximate sampling
distributions.

Under general conditions, when n is sufficiently
large B3 is approximately normally distributed
with mean vector 3 and covariance matrix

H(XTAVAX) L.

This fact can be used to test hypotheses about
B or construct confidence regions for 3.
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