
Linear Regression

The classical linear model is

Y = Xβ + ε,

where Y is n× 1, X is n× p, β is p× 1 and

ε ∼ N(0, σ2I).

Let M = X(XTX)−1XT and τ = 1/σ2. As-

sume that

• π(β) ∝ 1,

• τ is known, and

• X is of full rank p.

Then the posterior distribution of β (given y)

is N(β̂, τ−1(XTX)−1), where

β̂ = (XTX)−1XTY .
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We use the familiar technique of completing

the square to prove the last statement.

π(β|y) ∝ exp
[
−τ

2
(y −Xβ)T (y −Xβ)

]

∝ exp
[
−τ

2

(
βTXTXβ − 2βTXTy

)]

∝ exp
[
−τ

2

(
βTXTXβ − 2βTXTXβ̂

)]

∝ exp
[
−τ

2
(β − β̂)TXTX(β − β̂)

]

It follows immediately that the posterior of β

is N(β̂, τ−1(XTX)−1).

Jeffreys prior for τ known

The log-likelihood is

log f(y|β) = −n

2
log(2π) +

n

2
log τ

−τ

2
(y −Xβ)T (y −Xβ).
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∂

∂βj
log f(y|β) = τ

n∑

i=1

yixij − τ
p∑

i=1

βi

n∑

k=1

xkjxki

∂2

∂βiβj
log f(y|β) = −τ

n∑

k=1

xkixkj

So, the information matrix is

I(β) = τ(XTX),

and the Jeffreys prior is

π(β) ∝ |XTX|1/2 ∝ 1.

Verify that when β and τ are both unknown

the Jeffreys prior is

π(β, τ) ∝ τp/2−1.
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Let tk(µ,Σ) denote the p-variate t-distribution

with k degrees of freedom, mean µ and disper-

sion matrix Σ (p. 577 GCSR).

When using the noninformative prior π(β, τ) ∝
τ−1, we have

β|y ∼ tn−p(β̂, s2(XTX)−1),

where s2 = Y T (I −M)Y /(n− p), and

τ |y ∼ gamma

(
n− p

2
,
(n− p)s2

2

)
.

The joint posterior is

π(β, τ |y) ∝ τn/2−1

× exp
[
−τ

2
(y −Xβ)T (y −Xβ)

]
.
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Simple algebra shows that

(y −Xβ)T (y −Xβ) =

yT (I −M)y + (β − β̂)TXTX(β − β̂) = Q(β).

So,

π(β|y) ∝
∫ ∞
0

τn/2−1 exp
[
−τ

2
Q(β)

]
dτ

∝ Q(β)−n/2

∝
[
1 +

1

s2(n− p)

×(β − β̂)TXTX(β − β̂)
]−(n−p+p)/2

,

and hence β|y ∼ tn−p(β̂, s2(XTX)−1).
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We have also

π(τ |y) ∝ τn/2−1 exp
[
−τ

2
(n− p)s2

]

×
∫

<p
exp

[
−τ

2
Q1(β)

]
dβ,

where

Q1(β) = (β − β̂)TXTX(β − β̂).

Now,
∫

<p
exp

[
−τ

2
Q1(β)

]
dβ =

(2π)p/2|(XTX)−1/τ |1/2 =

(2π)p/2|XTX|−1/2τ−p/2,

and therefore

π(τ |y) ∝ τ(n−p)/2−1 exp
[
−τ

2
(n− p)s2

]
.
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Prediction

Prediction is often an important problem in re-

gression analysis. The Bayesian paradigm pro-

vides an ideal mechanism for constructing pre-

dictions and prediction regions.

Suppose we have X and observations y from

the linear model on p. 166N.

We wish to predict the q×1 vector Z of future

observations corresponding to the q× p matrix

of covariates Xf . We have

Z = Xfβ + εf ,

where εf is independent of ε and εf ∼ N(0, σ2I).

We assume that Xf is of full column rank.

Again using the noninformative prior π(β, τ) ∝
τ−1, we will show that Z|y has the q-variate t

distribution

tn−p

(
Xf β̂, s2

(
I + Xf(X

TX)−1XT
f

))
.
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The proof of this result is actually somewhat

tedious, and so not every step will be shown.

To begin with, the conditional density of Z

given y is

m(z|y) =
∫ ∞
0

∫

<p
f(z|β, τ)π(β, τ |y) dβdτ.

The integrand is proportional to

τ(q+n)/2−1 exp
[
−τ

2(z −Xfβ)T (z −Xfβ)
]

× exp
{
−τ

2

[
(n− p)s2 + Q1(β)

]}
.

The quadratic form in the first exp term may

be written

(β − β̂z)TXT
f Xf(β − β̂z) + zT (I −Mf)z =

Q2(β) + zT (I −Mf)z,

using notation that parallels that on p. 166N.
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“Completing the square” for matrices

Consider uTAu − 2uTα. Want to “complete
the square.”

uTAu− 2uTα = uTAu− 2uTAA−1α

= uTAu− 2uTAA−1α

+αTA−1α−αTA−1α

= (u−A−1α)TA(u−A−1α)

−αTA−1α

Now apply this result to

Q1(β) + Q2(β) =

βTXT
f Xfβ − 2βTXT

f Xf β̂z + β̂
T
zXT

f Xf β̂z

βTXTXβ − 2βTXTXβ̂ + β̂
T
XTXβ̂.
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Using the notation on the first half of p. 174N,

write

u = β, A = XT
f Xf + XTX

and

α = XT
f Xf β̂z + XTXβ̂.

Now we have

Q1(β) + Q2(β) =

(β −A−1α)TA(β −A−1α)−αTA−1α

+β̂
T
XTXβ̂ + β̂

T
zXT

f Xf β̂z.
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Deft matrix algebra shows that

−αTA−1α + β̂
T
XTXβ̂ + β̂

T
zXT

f Xf β̂z =

(β̂ − β̂z)TΛfXTX(β̂ − β̂z),

where

Λf = I −XTX(XT
f Xf + XTX)−1.

A key in the “deft algebra” is recognizing the

fact that

XT
f Xf

[
I − (XT

f Xf + XTX)−1XT
f Xf

]
=

ΛfXTX.

At first, this seems like voodoo, but it’s just

the matrix analog of the identity

a

(
1− a

a + b

)
= b

(
1− b

a + b

)
.
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So, now we see that the integrand of the inte-

gral on p. 173N is proportional to

τ(q+n)/2−1 exp
[
−τ

2(n− p)s2
]

× exp
[
−τ

2(β −A−1α)TA(β −A−1α)
]

× exp
[
−τ

2(β̂ − β̂z)TΛfXTX(β̂ − β̂z)
]

× exp
[
−τ

2zT (I −Mf)z
]
.

More matrix algebra shows that

(β̂ − β̂z)TΛfXTX(β̂ − β̂z) + zT (I −Mf)z =

β̂
T
ΛfXTXβ̂

−2zTXf(X
T
f Xf + XTX)−1XTXβ̂

+zT (I −Xf(X
T
f Xf + XTX)−1XT

f )z.
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We need a couple of identities to finish the
proof.

1.
[
I −Xf(X

T
f Xf + XTX)−1XT

f

]−1
=

I + Xf(X
TX)−1XT

f

2. Xf =
(
I + Xf(X

TX)−1XT
f

)
Xf

×(XT
f Xf + XTX)−1XTX.

Proof of 1.

The equality is true iff
[
I −XfA−1XT

f

] [
I + Xf(X

TX)−1XT
f

]
= I.

The lhs immediately above is

I −XfA−1XT
f + Xf(X

TX)−1XT
f

−XfA−1XT
f Xf(X

TX)−1XT
f =

I + Xf(X
TX)−1XT

f

−Xf

[
A−1 + A−1XT

f Xf(X
TX)−1

]
XT

f .
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It suffices to show that

A−1
[
I + XT

f Xf(X
TX)−1

]
= (XTX)−1.

But the last equality is true iff

I + XT
f Xf(X

TX)−1 = A(XTX)−1

= I + XT
f Xf(X

TX)−1.

Q.E.D.

Proof of 2.

This equality is true iff
(
I + Xf(X

TX)−1XT
f

)
Xf = Xf(X

TX)−1A.

Now,

Xf(X
TX)−1A = Xf(X

TX)−1XT
f Xf + Xf .

But
(
I + Xf(X

TX)−1XT
f

)
Xf =

Xf(X
TX)−1XT

f Xf + Xf ,

and hence Q.E.D.
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Now, continuing from the last expression on

p. 177N, and using yet again our “complete

the square” trick,

β̂
T
ΛfXTXβ̂ − 2zTXfA−1XTXβ̂

+zT (I −XfA−1XT
f )z =

β̂
T
ΛfXTXβ̂

+(z − µz)T (I −XfA−1XT
f )(z − µz)

−µT
z(I −XfA−1XT

f )µz, (∗)
where

µz = (I −XfA−1XT
f )−1XfA−1XTXβ̂

= (I + Xf(X
TX)−1XT

f )XfA−1XTXβ̂

= Xf β̂.

We can write (∗) as

β̂
T

[
ΛfXTX −XT

f Xf + XT
f XfΛ

T
f

]
β̂

+(z −Xf β̂)T (I −XfA−1XT
f )(z −Xf β̂).
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Now, since Λf = XT
f XfA−1,

ΛfXTX −XT
f Xf + XT

f XfΛ
T
f =

XT
f XfA−1XTX −XT

f Xf

+XT
f XfA−1XT

f Xf .

Claim:

XT
f XfA−1XT

f Xf + XT
f XfA−1XTX =

XT
f Xf .

The claim is true iff

A−1XT
f Xf + A−1XTX = I,

which is true iff

XT
f Xf + XTX = A,

which is true by definition.
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Putting everything together, m(z|y) is propor-

tional to

∫∞
0

∫
<p τ(q+n)/2−1 exp

[
−τ

2(n− p)s2
]

× exp
[
−τ

2(β −A−1α)TA(β −A−1α)
]

× exp[−τ
2(z −Xf β̂)T (I −XfA−1XT

f )

×(z −Xf β̂)] dβdτ,

which is proportional to

∫∞
0 τ(q−p+n)/2−1 exp

[
−τ

2(n− p)s2
]

× exp[−τ
2(z −Xf β̂)T (I −XfA−1XT

f )

×(z −Xf β̂)] dτ.

The last integral is proportional to the q-variate

t-distribution

tn−p(Xf β̂, s2(I + Xf(X
TX)−1XT

f )).
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