Linear Regression

The classical linear model is

Y = X3+ €,
whereY isnx1l, Xisnxp, Bispx1 and

e ~ N(0,5°1).

Let M = X(XTX)"1XT and + = 1/62. As-
sume that

e 7(B) x 1,

e 7 iS known, and
e X is of full rank p.

Then the posterior distribution of 3 (given y)
is N(B, 1 (XTX)1), where

B=(XxX'x)"1x"y.
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We use the familiar technique of completing
the square to prove the last statement.

"(Bly) o exp |~ (y— X (y - XB)|
o< exp _—g (BTXTXB - QBTXTy)

xX €eXp

|
_—% (B7XTXp - QﬁTXTXB)]

x exp :—%(6 -B)IxTx(B - B)]

It follows immediately that the posterior of 3
is N3, 1(XTXx) D).

Jeffreys prior for - known

The log-likelihood is

log f(y|B) = —glog(Qw)JrglogT

—w-X8)"(y - XB).
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a n Yy n
£y log f(WIB) =7 > wimij — 7 D Bi D ThjTh
B i=1 i=1 k=1

2

90,0

log f(Y|B) = —7 > xpwi;
k

=1
So, the information matrix is
I1(8) =7(X"X),
and the Jeffreys prior is
m(8) x| XTXx|1/?2 1.
Verify that when B and v are both unknown
the Jeffreys prior is

(3, 7T) x p/2-1
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Let ¢, (p,>) denote the p-variate t-distribution
with k& degrees of freedom, mean p and disper-
sion matrix X (p. 577 GCSR).

When using the noninformative prior n(3,7)
—1, we have

Bly ~ tn—p(B,s*(XT X)),

where s2 =Y '(I — M)Y /(n —p), and

n—p (n—p)s?
~ gamma : :
Ty ~ g ( 5 5 >

The joint posterior is

m(B,7ly) o« 7271

X exp [—%(y - XB) ! (y - Xﬂ)] :
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Simple algebra shows that

(y—XB)(y—XpB) =

y'(I - M)y + (8- B)T'X"X(B-pB)=Q().

So,
m(Bly) /OOOT”/Q_lexp [—%Q(B)] dr
x Q(B)™/?
1
* 1+ 26

(BB XTx (8- p)) "2

and hence Bly ~ t,—p(B, s2(XTX)™1).
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We have also

n/2—1

w(rly) o< T exp [—%(n — p)32]

< [ exp|-2au(8)] 48,

where

Q1(B) =B - XT'X(B- 7).

Now,
/%p exp [—EQl(ﬂ)] dB =
m)PP|(XTX) " /7|12 =

(27_(_)10/2|)(T‘X—|—1/27_—p/27
and therefore

m(7|y) 7 (n=p)/2=1 oy [—%(n — p)82] :
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Prediction

Prediction is often an important problem in re-
gression analysis. The Bayesian paradigm pro-
vides an ideal mechanism for constructing pre-
dictions and prediction regions.

Suppose we have X and observations y from
the linear model on p. 166N.

We wish to predict the ¢ x 1 vector Z of future
observations corresponding to the g x p matrix
of covariates X ;. We have

Z =X¢B+e€y,

where € is independent of e and e ~ N(0,5°1).
We assume that Xf is of full column rank.

Again using the noninformative prior n(3,7)
r—1, we will show that Z|y has the g-variate ¢
distribution

trp <XfB, 52 <I + Xf(XTX)—l_X}Z)) .
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The proof of this result is actually somewhat
tedious, and so not every step will be shown.

To begin with, the conditional density of Z
given y is

m(zly) = [ [ £(z18,7)n(8,ly) dBdr.

The integrand is proportional to
rlatm)/2= L exp [ -5 (z = X 18)T (= — X ;B)]
xexp {~5 [(n—p)s® +Q1(8)]} -

The quadratic form in the first exp term may
be written

(B-B)"X:X(B-PB2)+ 22U —-Mjp)z=
Q2(8) + z1'(I — My)z,
using notation that parallels that on p. 166N.
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“Completing the square’” for matrices

Consider ul'Au — 2ula. Want to “complete
the square.”

wl Au—2ul'a = wl'Au—-2ul'AA 1o

= uwlAu—-2uTAA 1o
—I—aTA_la —alf'A la

= (u—Ata)TA(u—- A"1a)
—al'A 1l

Now apply this result to
QR1(B) + Q2(B) =

—~ T —_~
B'XIXiB-28"X[X B, +B-X ;X B,

8TxTx3—-28TxTx3+ 3 XxTXx3.
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Using the notation on the first half of p. 174N,
write

u=p8 A=X;X;+X'X
and
a=X:X:B, +X"XpB.
Now we have

R1(B) + Q2(B) =

(B-—A"1a)TAB - A1a) - aTA 1la
+B'XTXB+ B XTX B,
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Deft matrix algebra shows that
—aTA Yo+ B XTXB+ B, XEX B, =
(B-B)'AXTX(B-By),
where
Ap=T-X"X(XIX;+X"X)"".

A key in the "deft algebra” is recognizing the
fact that

T T T —1 T —
XiX I (XPX 4+ XTX) X7 X | =
T
ArXTX.

At first, this seems like voodoo, but it's just
the matrix analog of the identity

a(l_aib>:b(1_aib>'
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So, now we see that the integrand of the inte-
gral on p. 173N is proportional to

r(atm)/2=1 exp [~ Z(n — p)s?]
X exp [—5(5 A la)TAQB - A—la)]
xexp |—5(B - B)TA;XTX (B - B))|
X exp [—%zT(I — Mf)z] .

More matrix algebra shows that
(B-B)TAXTX(B-B)+2T(T-Mjp)z=
B'AXTX]p
—22TX (X5 X+ X1 X)"1XTX]
+2T(I - X p(X( X+ X" X)X )z,
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We need a couple of identities to finish the
proof.

T Tyy—1vT]" 1 _
1L [T-Xp(XFX;+XTX)7IXT| 7~ =
I+ X,(X'"X)"'X}

— T —1 T
2. X;=(T+X(X"X)'X}) X,
(XX, +X'X)"I XX

Proof of 1.

The equality is true iff
—1 T T —1yvT| _
T-XA'XT] [T+ X (XTX) X} =1

The |lhs immediately above is
—1 T T —1 T
I-X,ANXT + X (XTX) 71X
~XATIX P X (X X)X =
I+ X(X"X)" ' X%
1 —1+T T —1 T
X AT ATIX X (XTX) T XT
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It suffices to show that
AN I+ XPXp(xTx)~ 1 =(xTx)~ L
But the last equality is true iff
I+ X Xp(X'X)™7 = Ax'x)!
= I+ X:X(X"xX)"".
Q.E.D.

Proof of 2.

This equality is true iff
(I + Xf(XTX)—lx?) X;=Xp(XTXx) 1A
Now,
X (X'X)TTA=Xp(XTX)' XP X+ Xy
But
T —1yvT —
(T+ X, (XTX)1XT) X, =
T — T
X (X' X)1 X X+ Xy,
and hence Q.E.D.
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Now, continuing from the last expression on
p. 177N, and using yet again our ‘“complete
the square’” trick,

B'AXTXB—22TX ;A1 XTX ]
+21(1 - XfA_lX?)z =

B'AXTX]p
+(z — p2)T (I - XfA_lX:]C)(z — pz)
—pE(I = XA X Dpz, ()
where
pz = I-XA' X)) I X,A XX
T+ X (X'X)"'X)H)X,AXTXP
X /B.

We can write (%) as

-~

T
BT AsXTX - X7X [+ X{X AL B
+(=z - XB)'(I - XA X ) (2 — X 4B).
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Now, since Ay = X?XfA_l,

T T T T __
ApXTX - XTX 4+ XTx AT =

T —1yvT T
xXTx,A71xTx - XTX,

T —1+T
Claim:
T 1T T —1vTv
XfoA Xfo—|—XfoA X' X =
T
The claim is true iff
ATIXIX+ATIXTX =1,
which is true iff
XiX;+X'X=A,

which is true by definition.
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Putting everything together, m(z|y) is propor-
tional to
J§° Jyw T(aF™M/2= L exp [_%(n — p)SQ]
X exp [—5(5 A la)TAQB - A—la)]
x exp[—5(z — XfB)f(I — XfA—l_X},F)
x(z — X ¢08)] dBdr,

which is proportional to

f(())o T(q_p+n)/2_1 exp [—%(n — p)sz]
x exp[—5(z — XB)T(I - XA~ XT)
X(Z — XfB)] dr.

The last integral is proportional to the g-variate

t-distribution

thp(X B,5°(I + X ((XTX)71XT)).

182



