
Multivariate normal data with both µ and Σ

unknown

When both sets of parameters are unknown, a

conjugate family of priors is one in which

Σ ∼ Inverse-Wishartν(Λ
−1)

and

µ|Σ ∼ N(η,Σ/κ).

The inverse-Wishart distribution is defined on

p. 575 of GCSR. The Wishart distribution is a

multivariate analog of the gamma distribution.

If matrix U has the Wishart distribution, then

U−1 has the inverse-Wishart distribution.

The quantity ν is a positive scalar, while Λ is a

positive definite matrix. They play roles anal-

ogous to those played by α and β, respectively,

in the Gamma(α, β) distribution.
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The other parameters of the prior are the mean

vector η and κ, the latter of which represents

the a priori number of observations.

The prior has the form

π(µ,Σ) ∝ |Σ|−[(ν+d)/2+1]

× exp
(
−1

2tr(ΛΣ−1)− κ
2(µ− η)TΣ−1(µ− η)

)
.

The posterior has this same form but with dif-

ferent parameters: ν, Λ, η and κ become νn,

Λn, µn and κn, respectively, where

νn = ν + n, κn = κ + n,

µn =
(

κ

κ + n

)
η +

(
n

κ + n

)
ȳ

and

Λn = Λ + nS2 +
(

κn

κ + n

)
(ȳ − η)(ȳ − η)T ,
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where

S2 =
1

n

n∑

i=1

(yi − ȳ)(yi − ȳ)T .

Finally, we have the following properties of com-

ponent distributions of the posterior:

• The conditional distribution of µ given Σ

and the data is N(µn,Σ/κn).

• The marginal posterior of µ is multivariate

t.

• The marginal posterior of Σ is

Inverse-Wishartνn(Λ
−1
n ).
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The Jeffreys noninformative prior when µ and

Σ are unknown is

π(µ,Σ) ∝ |Σ|−(d+1)/2,

which is the limit of the conjugate prior as κ →
0, ν → −1 and |Λ| → 0.

The resulting posterior is proper and given by

Σ|y ∼ Inverse-Wishartn−1

(
(nS2)−1

)

and

µ|Σ, y ∼ N(ȳ,Σ/n).
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Example 14 Structured µ and Σ

This example involves a case where µ and Σ

are unknown, but highly structured. By struc-

tured, we mean that there are fewer than d

mean parameters and fewer than d+d(d−1)/2

covariance parameters that are unknown.

The data are Y T = (Y1, . . . , Yn), and our model

is as follows:

(Yi − µ) = ρ(Yi−1 − µ) + εi, i = 2, . . . , n

The quantities ε2, . . . , εn are unobserved ran-

dom variables that are i.i.d. N(0, σ2) and in-

dependent of Y1. We assume also that Y1 ∼
N(µ, σ2/(1− ρ2)).

The vector of unknown parameters is θ = (ρ, µ,

σ), and the parameter space is

{(ρ, µ, σ) : −1 < ρ < 1,−∞ < µ < ∞, σ > 0}.
140



This model is known as an autoregressive pro-
cess, since the Yi’s are regressed on them-
selves. It is a common model in time series
analysis.

In this context, the i in Yi represents time,
and Y1, . . . , Yn are observations made in chrono-
logical order, typically at evenly spaced time
points.

It can be verified that Y1, . . . , Yn have a multi-
variate normal distribution such that E(Yi) =
µ, i = 1, . . . , n, and

Cov(Yi, Yj) =

(
σ2

1− ρ2

)
ρ|i−j|, i = 1, . . . , n,

j = 1, . . . , n.

Note that, for k = 1,2, . . ., ρk is the correlation
between Yi and Yi+k, which does not depend
on i.

So, in this autoregressive process the correla-
tion between observations depends only upon
how far apart in time they are made.
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One can verify that the likelihood function is

f(y|θ) ∝ σ−n
√

1− ρ2 exp

(
−(y1 − µ)2

2σ2
ρ

)

× exp


− 1

2σ2

n∑

i=2

ε2i


 ,

where

σ2
ρ =

σ2

1− ρ2
.

To a good approximation, the likelihood is

f̂(y|θ) ∝ σ−(n−1) exp


− 1

2σ2

n∑

i=2

ε2i


 .
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Sufficient statistics in f̂ are

ȳ1 =
1

n− 1

n∑

i=2

yi, ȳ2 =
1

n− 1

n∑

i=2

yi−1,

s21 =
1

n− 1

n∑

i=2

(yi − ȳ1)
2,

s22 =
1

n− 1

n∑

i=2

(yi − ȳ2)
2

and

ρ̂ =
1

n− 1

n∑

i=2

(yi − ȳ1)(yi−1 − ȳ2)/s22.
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Use of the likelihood f̂ simplifies the computa-

tion of Jeffreys prior. One can verify that the

information matrix is

I(θ) = (n− 1)




1
(1−ρ2)

0 0

0 (1−ρ)2

σ2 0

0 0 2
σ2


 ,

and hence the Jeffreys prior is

π(ρ, µ, σ) ∝ 1

σ2

(
1− ρ

1 + ρ

)1/2

I(−1,1)(ρ)I(0,∞)(σ).

According to this prior, the three parameters

are a priori independent. The prior is improper

as it is constant in µ. The marginal prior for σ

is also improper, but the marginal prior for ρ is

proper.

144



The posterior is

π(ρ, µ, σ|y) ∝ σ−(n+1)
(
1− ρ

1 + ρ

)1/2

× exp


− 1

2σ2

n∑

i=2

ε2i


 .

Some component distributions are as follows:

1. The marginal of ρ is

π1(ρ|y) ∝
(1− ρ2)−1/2

[
(ρ− ρ̂)2 +

(
s1
s2

)2 − ρ̂2
]−(n−1)/2

.

2. The conditional posterior of 1/σ2 given ρ

is gamma with shape parameter (n − 1)/2

and rate

1

2

n∑

i=2

[
(yi − ȳ1)− ρ(yi−1 − ȳ2)

]2 .
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3. The conditional posterior of µ given ρ and

σ is

N

(
ȳ1 − ρȳ2

(1− ρ)
,

σ2

(n− 1)(1− ρ)2

)
.

One hundred observations were generated from

the model on p. 140N with ρ = .6, µ = 0 and

σ = 1. The resulting sufficient statistics were

ȳ1 = −0.08241449, ȳ2 = −0.08725065,

s21 = 1.728523, s22 = 1.734809

and

ρ̂ = 0.6134537

146



Noninformative prior for ρ

π(ρ) =
1

π

(
1− ρ

1 + ρ

)1/2

I(−1,1)(ρ)
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Marginal posterior of ρ

for generated data
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The mode of this posterior is at 0.620.
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Posterior of σ conditional on ρ
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At ρ = 0.62, the mode of the conditional is
1.032.
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Posterior of µ conditional on ρ and σ
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The red curve corresponds to ρ = 0.62 and the
other two to ρ = 0.4 and 0.8.
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Posterior of µ conditional on ρ and σ
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The blue curve corresponds to ρ = 0.62 and
the other two to ρ = 0.4 and 0.8.
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Posterior of µ conditional on ρ and σ
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The red curve corresponds to ρ = 0.62 and the

other two to ρ = 0.4 and 0.8.
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