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2.4 (a). For 2 and 3 dimensions, one has

V olr(A) =

{
πA2 r = 2;
4
3πA3 r = 3;

(b). Let ε be any positive number less than A, then

V olr(A)− V olr(A− ε)
V olr(A)

=
Ar − (A− ε)r

Ar
= 1− (1− ε/A)r → 1

as r → ∞ for any ε. Therefore, almost all the volume inside the sphere tends to be concentrated
along a ”thin shell” closer to the surface of the sphere than to the center.

2.5
V olsphere,r

V olcube,r
=

SrA
r/r

(2A)r
=

πr/2

2rΓ(r/2 + 1)

Note that
πr/2

2r
→ 0 as r →∞

and Γ(r/2 + 1) →∞, one has
V olsphere,r

V olcube,r
→ 0

as r →∞.

3.6 Since any linear combination of random variables is still normal, it surffices to find the expectation and
covariance matrix of Y ,

E(Y ) = E(AX + b) = A(EX) + b = Aµ + b

and
V ar(Y ) = V ar(AX + b) = AV ar(X)AT = AΣAT

therefore
Y ∼ Ns(Aµ + b, AΣAT )

3.9 (a). Obviously, Y − ΣY XΣ−1
XXX is normal, and

E(Y − ΣY XΣ−1
XXX) = EY − ΣY XΣ−1

XX(EX) = µY − ΣY XΣ−1
XXµX

and

V ar(Y − ΣY XΣ−1
XXX) = V ar(Y )− 2ΣY XΣ−1

XXCov(X, Y ) + ΣY XΣ−1
XXV ar(X)Σ−1

XXΣXY

= ΣY Y.X

therefore, Y − ΣY XΣ−1
XXX ∼ Ns

(
µY − Σ)Y XΣ−1

XXµX , ΣY Y.X

)
.
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(b). Since Y |X = (Y −ΣY XΣ−1
XXX)|X + ΣY XΣ−1

XXX, by the property of normal random variables, we
have Y |X is normally distributed with

E(Y |X) = µY − Σ)Y XΣ−1
XXµX + ΣY XΣ−1

XXX = µY + ΣY XΣ−1
XX(X − µX)

and
V ar(Y |X) = ΣY Y.X

that is , Y |X ∼ Ns

(
µY + ΣY XΣ−1

XX(X − µX), ΣY Y.X

)
.

(c). If ΣXX is singular, then it is easily to show that

E(Y − ΣY XΣ−XXX) = µY − ΣY XΣ−XXµX

and

V ar(Y − ΣY XΣ−XXX) = ΣY Y − ΣY XΣ−XXΣXXΣ−XXΣXY

= ΣY Y − ΣY XΣ−XXΣXY

let Σ∗Y Y.X = ΣY Y − ΣY XΣ−XXΣXY , one has Y − ΣY XΣ−XXX ∼ Ns

(
µY − Σ)Y XΣ−XXµX , Σ∗Y Y.X

)
.

Following the same arguments in part (b), we can get

Y |X ∼ Ns

(
µY + ΣY XΣ−XX(X − µX), Σ∗Y Y.X

)

3.20 Suppose R is a n× n matrix, then

det(R) = (1 + (n− 1)ρ)(1− ρ)n−1

and notice that J = 1n×11T
n×1, one has

R−1 = [(1− ρ)I + ρJ ]−1 =
1

1− ρ
I − ρ

(1− ρ)[1 + (n− 1)ρ]
J


