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2.4 (a). For 2 and 3 dimensions, one has
TA?  r =2
Vol.(A) = ’
o ( ) {g’/TAg r = 3;
(b). Let € be any positive number less than A, then

Vol,(4) ~ Vol (A=) _ A"~ (A~ o)
Vol,.(A) o AT

=1-(1-¢/A)" —1

as 7 — oo for any e. Therefore, almost all the volume inside the sphere tends to be concentrated
along a ”"thin shell” closer to the surface of the sphere than to the center.

2.5
Volspherer Sy A" [r B ar/?
Volewpe, (247 270(r/2+1)
Note that
71.1"/2
o —0 as r— o

and I'(r/2 4+ 1) — oo, one has
VOlsphere,r
VOlcube,r
as r — OQ.

3.6 Since any linear combination of random variables is still normal, it surffices to find the expectation and
covariance matrix of Y,

E(Y)=E(AX +b) = A(EX)+b=Au+b

and
Var(Y) = Var(AX +b) = AVar(X)AT = AxAT

therefore
Y ~ Ny(Ap + b, AXAT)

3.9 (a). Obviously, Y — Xy x ¥ X is normal, and
E(Y —Syx255xX) = EY — Sy xS (BX) = uy — Sy xSk pix
and

Var(Y — Syx S5 X) = Var(Y) = 22V X215 Cov(X,Y) + Sy x Dk Var(X) 2 Exy

=Yyv.x

therefore, Y — Sy xSk X ~ Ny (uy — D)Y XS px, Syyx).
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(b). Since Y|X = (Y — Sy x X35 X)|X + By x X5y X, by the property of normal random variables, we
have Y| X is normally distributed with

E(Y|X) = py — Z)YXE)_(lX,uX =+ ZYXE)_(IXX = py + EYXZ)_(lx(X — pix)

and
VCLT(YlX) = EYY.X

that is , Y| X ~ N, (py + Sy xExx (X — 1x), Syy.x).
(c). If ¥xx is singular, then it is easily to show that
E(Y = YyxXyxX) = py — SyxXyxpix
and
Var(Y — Sy xSy x X) = Oyy — Dy xDxx Sx xSy Dxy

=Yyy = YyxZxx XXy

let Z;Y.X = Eyy - nyz)_(XZXy, one has Y — nyz)_(XX ~ NS (,uy - E)YXZ)_(X/,L)(,Z;YX)
Following the same arguments in part (b), we can get

Y[X ~ Ny (py + By xSy (X = px), Xy x)
3.20 Suppose R is a n X n matrix, then
det(R) = (1+ (n — 1)p)(1 - )"~

and notice that J = 1,,.;1Z;, one has

-1 _ -1 _ ! P
RY=[1-pI+pJ) = l,pl_(1fp)[1+(nf1)/)r]




