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Invariance-based estimating equations
for skew-symmetric distributions

Summary - We develop estimating equations for the parameters of the base density of
a skew-symmetric distribution. The method is based on an invariance property with
respect to asymmetry. Various properties of this approach and the selection of a root
are discussed. We also present several extensions of the methodology, namely to the
regression setting, the multivariate case, and the skew-t distribution. The approach is
illustrated on several simulations and a numerical example.
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1. Introduction

Consider the general framework of distributions whose probability density
function is, up to a location parameter, of the form

fSS(z) = 2 f0(z)π(z), z ∈ R, (1)

where f0(·) is a symmetric density in R, that is f0(−z) = f0(z) for all z ∈ R,
and π(·) is a skewing function satisfying π(−z) = 1 − π(z) ≥ 0 for all z ∈ R.
Location and scale parameters, ξ and ω respectively, can be introduced by
means of Y = ξ + ωZ , where Z is a random variable with density (1). In
the construction (1), the base density f0(z) is recovered when π(z) ≡ 1/2.
Wang et al. (2004a) adopted the term skew-symmetric (SS) for distributions
whose density is of the form given by (1). Azzalini & Capitanio (2003)
considered a class of distributions equivalent to (1) but with the parametriza-
tion π(z) = G(w(z)), where G(·) is a one-dimensional cumulative distribution
function whose derivative G ′ exists and satisfies G ′(−z) = G ′(z), and w(·)
is an odd function, that is w(−z) = −w(z) for all z ∈ R. The choices
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G = F0, the cumulative distribution function associated with the base den-
sity f0, and w(z) = αz, where α ∈ R is a shape parameter controling the
skewness in (1), have received particular attention in the literature, see Genton
(2004) and Azzalini (2005) for overviews. The most popular distribution is ob-
tained on setting f0(z) = φ(z), the N (0, 1) density, and π(z) = 
(αz), where

 is the N (0, 1) cumulative distribution function. It yields the skew-normal
(SN) distribution studied by Azzalini (1985) and denoted by SN(ξ, ω2, α), with
density

fSN(y) = 2ω−1 φ(z) 
(αz), y ∈ R, (2)

where z = ω−1(y − ξ).
The class of distributions (1) can be obtained via a suitable censoring mech-

anism, regulated by π(·), applied to samples generated by the base density f0,
see Arellano-Valle et al. (2006) and references therein. Under this perspective,
it is of interest to estimate the parameters of f0 via a method which does not
depend, or depends only to a limited extent, on the component π(·), which in
many cases is not known, or is not of interest to be estimated. This is the key
motivation of the present work.

The class of skew-symmetric distributions possesses a property of distri-
butional invariance. It has been noted by several authors in various particular
settings and is stated in the context of (1) in the following proposition.

Proposition 1 (Distributional Invariance). Denote by X and Z two random
variables having density function f0 and (1), respectively. If T (·) is an even
function, that is T (−x) = T (x) for all x ∈ R, then

T (X)
d= T (Z). (3)

The proof of Proposition 1 can be found in Wang et al. (2004a, Prop. 6,
p. 1264) and in Azzalini & Capitanio (2003, Prop. 2, p. 374) for the equiv-
alent parametrization π(z) = G(w(z)). Other authors have derived similar
proofs for particular cases; see for instance Azzalini (1986), Azzalini & Capi-
tanio (1999), Genton et al. (2001), Wang et al. (2004b), Genton & Loperfido
(2005).

The extension of the previous developments to the multivariate case is
straightforward. In particular, Proposition 1 still holds for multivariate skew-
symmetric distributions. The choices f0(z) = φd(z), the multivariate normal
density, and π(z) = 
(α�z), αz ∈ R

d , yield the multivariate skew-normal dis-
tribution studied by Azzalini & Dalla Valle (1996). Further generalizations of
Proposition 1 to skewed distributions arising from arbitrary selection mecha-
nisms can be found in Arellano-Valle & Genton (2010).

Ma et al. (2005) have derived locally efficient semiparametric estimators
of the parameters of the base density f0(·) in (1) based on the theory of
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regular asymptotically linear (RAL) estimators and their influence functions.
The resulting estimators are consistent and asymptotically normal regardless
of the possible misspecification of the function π(z). The construction of
these optimal estimators relies on the identification of the space tangent to
the nuisance parameter π(·) and its orthogonal complement. The latter, not
surprisingly, consists of even functions as suggested by Proposition 1. Further
results along those lines, based on constrained local likelihood estimators, were
reported by Ma & Hart (2007).

In this paper, we consider invariance-based estimating equations (IBEE) of
the parameters of the base density f0(·) in (1). Although IBEE can be consid-
ered a particular case of the RAL formulation, we view their introduction via
the conceptually simpler motivation provided by the property of distributional
invariance, without involving more elaborate concepts of the RAL formulation;
this also explains the different term adopted. As a consequence of the selected
scheme, we do not consider optimality aspects which are extensively discussed
by Ma et al. (2005). Instead, we focus on the construction of simple estimating
equations and on the identification of their roots, a problem which has been
discussed only very briefly by Ma et al. (2005).

The paper is organized as follows. In Section 2, we derive estimating
equations for the parameters of the base density f0 based on the distributional
invariance given in Proposition 1. We discuss various properties of this approach
and the selection of a root. Several extensions of our methodology are described
in Section 3, namely to the regression setting, the multivariate case, and the
skew-t distribution. We illustrate our methodology on several simulations and
a numerical example in Section 4 and conclude with a discussion in Section 5.
Proofs are given in an Appendix.

2. Invariance-based estimating equations

The property of distributional invariance (3) leads immediately to the con-
struction of quantities which are pivotal with respect to the location and scale
parameters of f0 as well as the skewing factor π(z). From this key fact, one
can build an estimation method for the parameters of f0. To explore this path,
we shall proceed by examining initially the simplest possible setting, and extend
later the methodology to more elaborate cases.

A point to bear in mind, and the key challenge of the problem, is that ξ

and ω represent different entities for f0 and for f . For instance, if f0 = φ, then
ξ and ω correspond to the mean and the standard deviation of the distribution,
respectively, but this is not the case for f , where they represent another location
and another scale parameter; this explains why we do not use the traditional
symbols μ and σ .
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2.1. Estimation equations in the basic case

Consider initially the case of a simple random sample y1, . . . , yn drawn
from a random variable Y with density function (1). Property (3) ensures that,
for any choice of even functions T1, T2, . . . , the expected values

E

{
Tk

(
Y − ξ

ω

)}
= ck, (k = 1, 2, . . . ), (4)

depend on f0 only, provided they exist.
To build a set of estimating equations, we replace the above expected

values by sample averages for two such functions, T1 and T2, evaluated with
Y replaced by the observed values. Hence we consider the solutions of

1

n

n∑
i=1

Tk

(
yi − ξ

ω

)
− ck = 0, (k = 1, 2), (5)

as estimates of ξ and ω.
To completely define the estimation method, we must select two specific

functions Tk(z)’s. Among the many options, a quite natural one is to consider
powers of |z|, in particular the first two of such functions, hence setting T1(z) =
|z|, T2(z) = z2. Other options could be considered, and some of them will be
discussed later.

At first sight, we are now within the classical framework of unbiased
estimating equations, with an apparently standard development, but a closer
look reveals immediately some peculiar aspects. To ease discussion of this
point and because of its central role, we shall now focus on the specific case
when f0 in (1) is the normal density.

Assume then that the variable Z = (Y − ξ)/ω has density function of
“generalized skew-normal” type, namely of the form

f̄GSN(z) = 2 φ(z) π(z), z ∈ R, (6)

for some arbitrary skewing function π(·), provided that π(−z) = 1−π(z) ≥ 0.
Hence |Z | ∼ χ1 and it is well known that

ck = E

{
|Z |k

}
= 2k/2 �(k/2 + 1/2)

�(1/2)
, (k > 0),

which provides the coefficients (4) when Tk(z) = |z|k . From the second equation
in (5), the estimate ω̂ of ω is such that

ω̂2 = 1

n

n∑
i=1

(yi − ξ̂ )2, (7)
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where ξ̂ is the estimate of ξ , which must be a solution of the equation

q(t) = 1

n

n∑
i=1

|yi − t | −
√

2

π

(
1

n

n∑
i=1

(yi − t)2

)1/2

= 0. (8)

To study the large-sample behaviour of this equation, we consider the corre-
sponding equation obtained by replacing the sample averages by their expected
values. Hence we are led to consider

Q(t) = E{|Z − t |} −
√

2

π
E

{
(Z − t)2

}1/2 = 0. (9)

In principle, one should consider the broader class of densities generated by
a transformation of type Y = ξ + ωZ , but it suffices to examine the case
with ξ = 0 and ω = 1, and notice that the solutions of (8) and of (9) are
location and scale equivariant. By construction, (9) has always as root t = 0
which corresponds to the value of ξ , since Z = (Y − ξ)/ω in (9) has location
parameter 0.

Computation of the moments involved by Q(t) requires to work with a
specific function π(·). In the context recalled in Section 1, the skew-normal
distribution plays a central role, and in the following discussion we adopt
π(z) = 
(α z); in this case, we denote the density function of Z by φα(·). It
is known that

E{Z} =
√

2

π

α√
1 + α2

= μα, var{Z} = 1 − μα
2 = σ 2

α , (10)

and the distribution function 
α(·) has a known expression; see Azzalini (1985).
After some algebraic work reported in detail in the Appendix, Q(t) takes the
specific form

Qα(t) = μα − t + 2{φα(t) + t 
α(t) − μα 
(t
√

1 + α2)}

−
√

2

π

{
σ 2

α + (μα − t)2
}1/2 (11)

for which it is immediate to confirm that t = 0 is always a zero. Further
results proved in the Appendix ensure that there is at least a second root of
(11), if α �= 0. This second root has the same sign of α, and it is numerically
close to μα. When α = 0, t = 0 is a stationary point. As a by-product of a
more general result, the Appendix includes an expression for the mean absolute
deviation of a skew-normal variate.
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Figure 1. Plot of function Qα(t) for α = −2, 0, 4; the × signs on the horizontal axis mark the mean μα

for α = −2, 4.

Figure 1 illustrates graphically Qα(t) for α = −2, α = 0 and α = 4. From
here, it is visible that Qα(t) has exactly two zeroes except in the case α = 0
when there is a single root. The fact that there are no more than two roots has
been confirmed numerically in all cases which we have inspected, although it
has not been proved analytically.

Since (9) represents the limiting behaviour of the sample version (8), there
is clearly a radical difference from more familiar cases of estimating equations,
where one has often reasons to believe that the equations have a single solution,
at least for large samples.

As already noticed, the root of (9) at t = 0 corresponds to the true value
of ξ and any other root represents a spurious solution to be discarded. In actual
use of the method, one deals with the sample version (8), working with the un-
normalized variable Y instead of Z , and the problem of recognising the “good
root” arises. After ξ̂ has been obtained as a root of (8), the corresponding
estimate of ω2 is given by (7).

The problem of selecting a root of (8) is inevitably exacerbated in finite
samples, where q(t) exhibits a more irregular behaviour than Q(t), including
possibly the presence of more than two roots or alternatively of no roots.
Examples of this sort are illustrated in Figure 2 which refers to two samples
of size n = 50 from a SN(0,1,2) variate; in the present context, n = 50 must
be regarded to be a rather small sample size, and the behaviour of q(t) is still
affected by much random fluctuations. The meaning of the circles in the plots
will be explained later on.
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Figure 2. Plot of the function q(t) associated with two samples of size n = 50 from SN(0,1,2) whose
component values are indicated by the ticks at the bottom. The function of the left panel has
four zeroes, of which the circles mark those which include the minimum of the function, and
the solid circle denotes the one elected to be ξ̂ . The function of the right panel has no zeroes
and the circle denotes the point of minimum.

Before moving to the next stage, we discuss briefly alternative choices for the
function T1 appearing in (5). The choice T2(z) = z2 has been kept fixed, since it
allows a simple solution (7) and hence it ensures the reduction to consideration
of a single non-linear function which has to be solved numerically.

The alternative choices to T1(z) = |z| which have been considered are the
following even functions:

T1(z) : E{T1(Z)} :
|z|3 √

8/π

I(−a,a)(z) 
(a) − 
(−a)

cos(a z) exp(−a2/2)

cosh(a z) exp(a2/2)

where IA(z) is the indicator function of the set A and a is an arbitrary con-
stant, with the condition a > 0 for the second option. Using the property
of distributional invariance, E{T1(Z)} can be computed under the assumption
Z ∼ N (0, 1), even if the parent distribution of Z is (6).

Of these alternative choices to T1 = |z|, |z|3 appears the less appealing
because it is known that sample moments of higher moments are affected by
higher variability of the lower moments. A similar remark holds for cosh.
For three of the above functions T1(z), a value of a must be specified. Some
exploratory work has indicated that a choice not too far from a = 1 is reasonable
for all of them. The other indication which emerged was that these alternatives
behave broadly in a similar way of T1 = |z|, and they did not ease identification
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of the appropriate root ξ̂ , which soon emerged as the more critical aspect of
the current approach. We therefore retained our original choice of T1, and
focused our attention on the far more critical issue which is discussed in the
next subsection.

2.2. The problem of selecting one root

As explained in Section 2.1, a criterion is required to distinguish the “good
root” of (8) from the spurious ones. On the other hand, when there are no
solutions, a replacement for the “missing root” must be provided. Notice that
the issue of selecting the appropriate root is logically separated from the one
of establishing the estimating equations, in the sense that, once the estimating
equations (7)-(8) have been adopted, there could be different options for the
problem to be discussed in the present section. To some extent, also the
opposite statement holds, in the sense that the criteria to follow could be
applied to different estimating equations, as it will be clarified later.

The following appear to be reasonable criteria to dismiss the more peculiar
cases, and reduce the problem to a standard form. There is some subjective
component in these choices, but we have found that alternative variant forms
do not change much the behaviour of the overall procedure.

R1. If there are more than two roots, like in the left panel of Figure 2, argue
that the lower portion of the function is the one approaching more closely
the large-sample behaviour exhibited in Figure 1, and take into account
only those two roots which include the minimum value of q(t), discarding
the others.

R2. If there are no roots, like in the right panel of Figure 2, argue that the
point of minimum of q(t) is where the function is closer to having a zero,
and take this point as the estimate.

In a few cases, where R2 has been applied, an estimate ξ̂ has already been
selected at this stage, and so also ω̂. In the majority of cases, however, we are
then left with the problem of choosing among two roots, ξ̂1 and ξ̂2, say; this
situation could possibly hold after application of rule R1. This is the problem
to be discussed for the rest of this subsection.

Our first solution to this problem was as follows. Recall that, from the
results of Section 2.1, the spurious root of (9) is close to the mean value
of the distribution. This fact indicates that, in the sample version (8) of the
equation, the root closer to the sample mean must be discarded. Therefore,
after computing from (7) the two values, ω̂1 and ω̂2, say, associated with ξ̂1

and ξ̂2, we select the root ξ̂j whose matching ω̂j is larger.
In the example exhibited in the left panel of Figure 2, two roots have been

discarded by application of rule R1, retaining only those marked by circles.
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Of these two roots, the ξ̂j associated to higher ω̂2
j has been selected, denoted

by the solid circle. In the case of the right panel, where no roots exist, rule
R2 has produced the estimate indicated by the solid circle.

While the above-described criterion, based on the value of ξ̂j with larger ω̂j ,
has a simple motivation and implementation, it suffers of the major drawback of
being strongly linked to the assumption that π(z) = 
(α z), for some parameter
α. When this assumption and hence (11) do not hold, the support for this
criterion disappears. One would hope that the spurious root of Q(t) remains
closer to the smaller value of ω̂2

j , a fact which would keep the criterion operating
successfully. Unfortunately, this is not the case. An explicit computation of
(9) is difficult to achieve for most plausible alternative choices of π(z), but
it is easy to compute Q(t) by numerical quadrature, and this has shown that,
for many other choices of π(z), the required condition does not hold. The
alternative forms of π(z) considered were of the form

π(z) = 


(
K∑

k=1

α2k−1 z2k−1

)
, (12)

for some small integer K and various choices of the coefficients α2k−1. This
class of functions leads to a family of densities of type (6) with a large variety
of shapes, even for K = 2 only; see Ma & Genton (2004) for formal properties
of this family, and for a set of graphical illustrations.

Clearly, if K = 1 in (12), we return to the skew-normal density, and in
this case the method worked well, since it has been tailored for this case. If
K > 1 and the coefficients α2k−1 are chosen to depart from the skew-normal
shape, then the method failed.

Another approach to select one of ξ̂1 and ξ̂2 is based on the quadratic infer-
ence function (QIF) proposed by Qu et al. (2000). In its original formulation,
this is an estimation method which in the present context leads to estimate ξ

by minimizing

q∗(t) =
( g1

g3

)T
{

1

n

n∑
i=1

( g2
i1 gi1gi3

gi3gi1 g2
i3

)}−1 ( g1

g3

)

where g1 is the left side of the first estimating equation in (5), evalutated at
ξ = t , and g3 can be chosen either in the form

g3(t) = 1

n

n∑
i=1

∣∣∣∣ yi − t

ω̂

∣∣∣∣
3

− c3,
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or equal to some of the alternative functions proposed in Section 2.1. We have
however considered the QIF criterion as a supplement to our IBEE method, to
select the preferred root of (8). Some numerical exploration, not reported here,
has however shown that q∗(t) has several minima, and they coincide almost
perfectly with the roots of (8). While in a sense it is reassuring that the two
approaches provide reciprocally consistent indications, we were left with our
selection problem unsolved.

A further criterion for choosing between ξ̂1 and ξ̂2 is based on the use of
a nonparametric estimate f̂ (y) of the density function f (y) of the observed
variable Y and on the adequacy of (ξ̂j , ω̂j ) to match f̂ once these estimates
are inserted in the semiparametric formulation

fGSN(y) = 2

ω
φ

(
y − ξ

ω

)
π

(
y − ξ

ω

)
, (13)

which corresponds to (6) after the transformation Y = ξ + ωZ . More specifi-
cally, the method is as follows:

1. on the basis of the sample y1, . . . , yn , construct a nonparametric estimate
f̂ of f , for instance via the kernel method;

2. from ξ̂j , ω̂j obtained earlier, produce the “standardized” samples zi j = (yi −
ξ̂j )/ω̂j (for i = 1, . . . , n, j = 1, 2), and the corresponding nonparametric
estimates f̃1(z), f̃2(z);

3. on setting

rj (z) = f̃ j (z)

2 φ(z)
, π̂j (z) = rj (z)

rj (z) + rj (−z)
,

obtain estimates π̂j (z) which fulfill the condition π̂j (z) + π̂j (−z) = 1, and
then the semiparametric estimates

f̂ j (y) = 2

ω̂j
φ

(
y − ξ̂j

ω̂j

)
π̂j

(
y − ξ̂j

ω̂j

)
; (14)

4. compare the semiparametric and the nonparametric estimates by a distance
criterion such as

Dj =
∫

R

| f̂ j (y) − f̂ (y)|2dy, j = 1, 2,

and adopt the pair (ξ̂j , ω̂j ) with smaller Dj .

This procedure was tested via a set of simulations, sampling data from various
alternatives of type (12)-(13) and examining when the new criterion led to
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selection of the appropriate root ξ̂j . Unfortunately, even this new procedure
did not provide a satisfactory methodology in the sense of producing reliable
results over a wide set of alternatives. It does not make much sense to allocate
space here for details on the numerical outcomes, but we can summarize the
essence by saying that the new method worked well where the first one did
not, that is with choices of (12) where K > 1, and vice versa.

Clearly there are various ways in which the above procedure could be
better tuned, such as changing the distance criterion of the densities entering in
the final step, or modifying the rule for choosing the smoothing parameter of
the nonparametric estimate. However these variations do not alter substantially
the final outcome.

One feature which we observed systematically in the estimates (14) was
that, even when the “wrong” pair (ξ̂j , ω̂j ) was used, still the density estimate
was adequate, due to a suitable compensation of the skewing factor π̂j (·). The
latter one was grossly different from the real π(·), and typically much more
erratic, but the final f̂ j was close to the actual f .

There are other criteria for selecting ξ̂j which we have considered, but
with performance which was similar to the one just described, in the sense
of working well when K > 1 and the shape is different from the normal or
skew-normal density, but poorly in these more regular cases. Therefore, it is
not appealing to give a more detailed description.

The overall message from these attempts seems to be that the formulation
is trapped in some form of non-identifiability. This reading is plausible if one
considers that the set of admissible functions π(·) is extremely wide. On the
basis of this remark, and on the observation that the estimated f̂ j associated
to the wrong estimate is typically more erratic than the correct f̂ j , we have
adopted a final strategy which aims at selecting the “less complex” model,
where model complexity is related to the degree of variability of the estimated
function. There are many possible choices for a numerical quantifier of the
idea of model complexity, but a very simple and commonly employed one is

Cj =
∫

R

(
π̂ ′′

j (y)
)2

dy. (15)

The finally adopted criterion was therefore to select the root ξ̂j leading to the
smaller Cj ( j = 1, 2). Detailed outcome of some numerical work using the
above criterion are reported in Section 4.

2.3. Some properties

To obtain the asymptotic distribution of the estimate θ̂ of θ = (ξ, ω), we
regard the estimate as a solution of the pair of estimating equations which are
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the sum of n independent and identically distributed components whose generic
term is formed by the pair

g =
( g1

g2

)
= 0,

where

g1 = |Y − ξ |
ω

−
√

2

π
,

g2 = (Y − ξ)2 − ω2,

which can be viewed within the general framework of Godambe (1991). The
corresponding theory works by expanding locally g = 0 near the true parameter
point; this effectively corresponds to the requirement that the consistent root
of the equations has been selected. Under this assumption, θ̂ is asymptotically
normal with mean θ and asymptotic variance

�(θ̂) = E{−ġ}−1
E

{
g g�

} [
E{−ġ}−1

]�
, (16)

where

ġ =
(

∂gi

∂θj

)
.

See also the related problem considered by Cox (1993), specifically his for-
mula (4).

For the specific choice of g adopted here, computations are much simplified
if one takes into account that |Y −ξ | is distributed as |U | where U ∼ N (0, ω2).
Then some simple algebra leads to

E

{
g2

1

}
= 1 − 2/π, E{g1 g2} = ω2

√
2/π, E

{
g2

2

}
= 2 ω4,

while computation of

E{−ġ} = E

⎛
⎝

sgn(Y − ξ)

ω

|Y − ξ |
ω2

2 (Y − ξ) 2 ω

⎞
⎠
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involves specification of the distribution of Y for computing the elements of
the first column. Under the assumption that Y is of skew-normal type, one
obtains

E{−ġ} =
⎛
⎝

2

π ω
arctan α

√
2

π

1

ω

2ωμα 2 ω

⎞
⎠ ,

where we have used the fact that

P{Y − ξ > 0} = P{Z > 0} = 1

2
+ 1

π
arctan α.

To appreciate what is the practical effect of replacing the maximum likelihood
estimate (MLE) by the semiparametric IBEE as well as the validity of the above
asymptotic results, some numerical evidence is reported in Table 1, as a part of
a somewhat more extended numerical work not reported here in full. The table
reports first the asymptotic variance matrix for IBEE (16) computed under the
assumption of skew-normality for Y with shape parameter α = 5, and compares
it with the analogous matrix for the MLE when the parametric formulation is
exploited and the shape parameter is regarded as known. In addition, Table 1
shows the outcome of a simulation experiment with samples of size n = 250
by reporting n times the sample variance matrix of the estimates over 5000
replicates, both for IBEE and MLE.

Table 1: Asymptotic variance matrices of (ξ̂ , ω̂2)
sampling from a SN(0,1,5) variate.

Theoretical
IBEE MLE

0.721 −0.564 0.527 −0.412
−0.564 0.941 −0.412 0.826

Empirical for n = 250
IBEE MLE

0.782 −0.610 0.592 −0.467
−0.610 0.974 −0.467 0.867

3. Extensions

3.1. Regression

It is possible to extend the above approach to the regression case setting
where

yi = ξi + ω zi , (i = 1, . . . , n), (17)

ξi = x�
i β = β0 +

p∑
j=1

xi jβj , (18)
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where xi denotes a (p + 1)-dimensional vector of covariates whose first com-
ponent xi0 is assumed to be identically 1, β = (β0, . . . , βp)

� is a vector of
parameters, and the error terms z1, . . . , zn are independently sampled values
from (6).

To estimate the set of parameters (β0, β1, . . . , βp, ω)�, reconsider the re-
lationships used in Section 2.1, namely

E{|Y − ξ |} − √
2/π ω = 0,

E

{
(Y − ξ)2

}
− ω2 = 0,

which imply

1

n

n∑
i=1

E
{|Yi − ξi | xi j

} − √
2/π ω x̄ j = 0,

1

n

n∑
i=1

E

{
(Yi − ξi)

2
}

− ω2 = 0,

for j = 0, . . . , p; here x̄ j denotes the sample mean of the j-th covariate.
Obviously, we obtain estimates of the parameters from solution of the sample
analogue of (6)-(7), namely

1

n

n∑
i=1

|yi − ξi | xi j − √
2/π ω x̄ j = 0, (19)

1

n

n∑
i=1

(yi − ξi)
2 − ω2 = 0. (20)

For solving these equations, it is convenient to assume that x̄ j = 0 for j =
1, . . . , p. If this is not the case, we effectively work with shifted variables
such that the required conditions hold; at the end of the estimation process, an
appropriate adjustment of the intercept term provides the estimate referred to
the original variables. With the above condition, (19) becomes

1

n

n∑
i=1

|yi − ξi | xi j =
{ √

2/π ω̂ if j = 0,

0 if j = 1, . . . , p,
(21)
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where ξi is expressed by (18) and of course

ω̂2 = 1

n

n∑
i=1

(yi − ξi)
2.

For solving (21), we can make use of a Gauss-Seidel type of procedure, which
works as follows: at each stage of the iterative solution process and for the
j-th component of β, define the j-th working variable as

u( j)
i = yi −

∑
r �= j

βr xir , (i = 1, . . . , n),

where the βr ’s on the right-hand side denote the current values of the remaining
parameters, and consider the p + 1 equations

1

n

n∑
i=1

|u( j)
i − βj xi j | xi j =

{ √
2/π ω̂ if j = 0,

0 if j = 1, . . . , p,
(22)

which are all equations in one variable each. These equations must be solved
cyclically in turn, for j = 0, 1, . . . , p, 0, 1, . . . , p, 0, 1, . . . until convergence.

Of the equations in (22), the one for j = 0 is identical to the one considered
for the case of a simple sample, hence we make use of the same strategy
developed earlier. If j > 0, the terms xi j ’s take on positive and negative
values. This remark suggests that there is always a solution to these equations,
a fact which appears supported by some numerical experimentation, not reported
here. In a large proportion of cases, this solution was also unique.

3.2. Multivariate case

Consider a random sample y1, . . . , yn drawn from a random vector Y =
(Y1, . . . , Yd)

� with multivariate generalized skew-normal density function given
by

fGSN(y) = 2φd(y − ξ ; �)π{ω−1(y − ξ)}, y ∈ R
d, (23)

where ξ ∈ R
d is a location vector, � = (ωi j ) is a p × p covariance matrix,

π(·) is a skewing function, and ω = diag(ω1, . . . , ωd) with ωi = √
ωi i . Hence

�̄ = ω−1�ω−1 is a correlation matrix. Let Z = ω−1(Y − ξ). As mentioned in
the introduction, the distributional invariance in Proposition 1 still holds in the
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multivariate setting. Therefore, we start by solving estimating equations of the
type (5) component-wise, that is, we treat the solutions of

1

n

n∑
i=1

Tk

(
yi j − ξj

ωj

)
− ck = 0, (k = 1, 2; j = 1, . . . , d), (24)

as estimates of ξ and ω, where the choice of the even functions T1 and T2 has
been discussed in Section 2.1. Then, we solve for the off-diagonal elements
of � from the equation E(ωZ Z�ω) = �. This leads to the following explicit
estimator for the d(d − 1)/2 off-diagonal elements of �:

�̂ = 1

n

n∑
i=1

(yi − ξ̂ )(yi − ξ̂ )�. (25)

Note that, since only the off-diagonal elements of � are estimated by (25),

the estimate of the normalized matrix, ˆ̄� = ω̂−1�̂ω̂−1, is guaranteed to be a
correlation matrix by construction, that is, it has 1’s on the diagonal.

3.3. Generalized skew-t

So far we have considered only cases where the base function f0 in (1) is
the normal density, possibly multivariate. The above formulation can however
easily be adapted to consider other distributions for f0, and a special interest lies
in families of distributions which allow regulation of their tail behaviour, which
is what we consider next. In the recent related literature, interest has focused on
the so-called skew-t distribution; see specifically Azzalini & Capitanio (2003)
and Azzalini & Genton (2008). The common ingredient with these papers is
that f0 is taken to be the Student’s t distribution. The key difference is that here
the skewing factor π(z) is treated nonparametrically rather than parametrically,
which explains the term “generalized skew-t”, similarly to the term “generalized
skew-normal” for (6).

Consider then the case that f0 in (1) is the t density with ν degrees of
freedom, where ν is a parameter to be estimated alongside the location ξ and
the scale factor ω. Hence we need to consider three equations similar to those
in (5). If we choose again Tk(z) = |z|k , then the equations become

E{|Y − ξ |} = c′
ν E

{
(Y − ξ)2

}1/2
,

E

{
(Y − ξ)2

}
= ν

ν − 2
ω2,

E

{
|Y − ξ |3

}
= c′′

ν E

{
(Y − ξ)2

}3/2
,
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where the coefficients c′
ν, c′′

ν can be computed by exploiting the property of
distributional invariance plus the fact that T m is distributed as Fm/2 if T ∼ tν
and F ∼ F(1, ν), leading to

c′
ν = (ν − 2)1/2

π1/2

�

(
ν − 1

2

)

�

(
ν

2

) , c′′
ν = (ν − 2)3/2

π1/2

�

(
ν − 3

2

)

�

(
ν

2

) ,

where ν > 3 is assumed. In practical work, the above equations must clearly
be replaced by the sample counterparts.

4. Simulations and a numerical example

To illustrate the validity of the procedure, we simulated data from various
distributions. We mainly selected specifications of the generalized skew-normal
type (12)-(13), with a number of different parameters set, (α1, α3), in order
to consider a wide range of possible shapes for the distribution function and
therefore for the censoring mechanism. As already mentioned, a polynomial
with K = 2 in (12) is sufficient to produce a rich variety of density shapes.
The numerical work is based on the R package sn (Azzalini, 2008).

For each choice of (α1, α3), we generated 3000 samples of n = 250 values
from the sampling distribution and, for each sample, we applied rules R1-R2
followed by selection of the root ξ̂j leading to the smaller Cj , when at least
two roots were observed. Therefore we examined when the criterion led to
selection of the appropriate root.

Table 2 shows the results obtained for some choices of the coefficients
(α1, α3). A small plot of each density function is shown, as well as the
proportion (P1) of samples for which rules R1 has been applied to obtain
an estimate, that is, samples for which at least two roots of the estimating
equation (8) exist.

By assuming the correct root to be the one closest to the true value, ξ = 0
in our simulation, we report the proportion (P2) of correct choices for each
simulation as measure of appropriate selection. Mean and standard deviation
of the sampling distributions of the parameters are also presented.

We evaluated, also, the performance of the procedure in situations not
coherent with model (12). Therefore, a second set of simulations has been
performed by considering as cumulative distribution function in (12) the Cauchy
distribution rather than the normal one; these are reported in Table 2.

Another set of simulations has been produced in order to illustrate the
performance of the procedure for the extension related to the generalized skew-t
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Table 2: Simulation study. For each sampling distribution we report the polynomials coef-
ficients α1 and α3, a plot of the density function and the values of mean and standard error of the
sampled random variable, the proportion of samples which yield at least two roots of the estimating
equation (P1) and the percentage of estimates well selected among the roots (P2) , as well as the
mean and standard deviation of the simulated distribution of the estimates for the location and scale
parameters.

G(·) (α1, α3) Density μ σ P1 P2 ξ ω

Mean SD Mean SD

Normal (2, 0)

−4 0 2 4

0.
0

0.
2

0.
4

0.
6

0.71 0.70 0.97 0.75 0.2 0.32 0.91 0.13

Normal (0, 0.3)

−4 0 2 4

0.
0

0.
2

0.
4

0.36 0.93 0.76 0.49 −0.23 0.35 1.14 0.15

Normal (0, 1)

−4 0 2 4

0.
0

0.
2

0.
4

0.55 0.71 0.59 0.63 0.07 0.42 1.04 0.12

Normal (0, 2)

−4 0 2 4

0.
0

0.
2

0.
4

0.63 0.78 0.58 0.54 0.26 0.43 0.95 0.12

Normal (1, 1)

−4 0 2 4

0.
0

0.
2

0.
4

0.67 0.74 0.83 0.71 0.22 0.35 0.92 0.13

Normal (1, 2)

−4 0 2 4

0.
0

0.
2

0.
4

0.70 0.71 0.89 0.75 0.2 0.31 0.91 0.14

Normal (2, −1)

-4 0 2 4

0.
0

0.
2

0.
4

0.05 1.00 1.00 0.87 0.19 0.46 1.08 0.22

Cauchy (2, 0)

−4 0 2 4

0.
0

0.
2

0.
4

− − 0.98 0.48 0.57 0.58 1.01 0.09



Invariance-based estimating equations 293

distribution presented in Section 3.3. We simulated 3000 samples of n = 250
values from a skew-t distribution with a variety of values for the skewness
parameter (α = 0, 0.2, 0.5, 1, 3, 5, 7.5, 10) and of the degree of freedom
(ν = 4, 5, 10, 20). Mean and standard deviation of the estimates of the
parameters ξ and ω are plotted in Figure 3.
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Figure 3. Simulation study. Plot of means and standard deviations of the estimates of ξ and ω obtained by
applying the invariance-based estimating equations to simulated data from skew-t distributions
with α = 0, 0.2, 0.5, 1, 3, 5, 7.5, 10 and ν = 4, 5, 10, 20.

An example of application of the method on real data has been performed by
studying the relationship between lean body mass (LBM) and body mass index
(BMI) for a subset of the athletes collected at the Australian Institute of Sport
(AIS). The data have been examined by Cook & Weisberg (1994) and Azzalini
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& Capitanio (1999), among others. Figure 4 displays the scatter plot of the
data and the fit of the line obtained by estimating parameters using IBEE. This
line is compared with the corresponding lines fitted by least squares regression
and MLE. The IBEE and MLE lines are fairly similar.

40 50 60 70 80 90 100

20

25

30

35

LBM

B
M

I

IBEE
LS
MLE

Figure 4. AIS data. Fitted lines obtained by using IBEE, least squares and MLE which assumes a SN
error distribution.

It is also possible to include the generalized skew-t case in the regression
setting (17)-(18). However, the actual implementation of the method in this
case proved to be quite awkward, due to high multiplicity of the solutions of
the estimating equations. Therefore we omit a detailed discussion of this case.

5. Discussion

The IBEE methodology aims at estimating the location and scale parame-
ters (plus possibly others) of the base function f0 in (1) avoiding a parametric
specification of the perturbation factor π(·). The essential idea of the formula-
tion is to construct pivotal quantities which exploit the distributional invariance
of Proposition 1 to derive a set of estimating equations for the parameters of
f0.

From a technical viewpoint, the formulation is a special case of the RAL
methodology of Ma et al. (2005). The IBEE proposal is however based on a
simpler, more intuitive idea, and in this sense it can be regarded as having its
own motivation behind it; on the other hand, IBEE does not attempt to obtain
optimal estimating equations.

The analysis carried out in this paper has however shown that the more
critical point of this sort of approach lies not so much in the search for the most
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efficient variant form of the estimating equations, but rather in the recurrent
presence of multiple roots of these equations. In a typical situation, two roots
exist, with the consequent problem of choosing one of these roots as the actual
estimate.

The construction of a scheme for selecting the appropriate root of the
estimating equations turned out to be a very challenging problem. This difficulty
can be seen to be a direct consequence of the flexibility of the semiparametric
scheme (1) when π(·) is treated nonparametrically. In such a case, there appear
to exist two parameters sets (ξ, ω, π) effectively equivalent in representing f , a
fact which leads to a sort of nearly non-identifiability situation. These remarks
apply equally to the RAL formulation of Ma et al. (2005), where the question
of selection of the appropriate root is only mentioned very briefly.

Provided the problem of choosing the root can be solved satisfactorily, the
methodology appears to provide a viable approach, which allows to estimate
the parameters of interest without specification of the nuisance component π(·),
with limited loss of efficiency compared with the MLE associated to a correct
parametric specification of π(·). The earlier part of the discussion supports
the adoption of the rule based on the minimal value of (15). This choice has
proved to work fairly well in a range of cases, although not universally. It is
not surprising that more difficulties have emerged with the generalized skew-t
distribution, since the increased flexibility produced by choosing the base f0

equal to the t density instead of φ, combined with the maximal flexibility of π ,
exacerbates the problem described earlier of near indeterminacy of the solution.

Our overall conclusion is that the IBEE approach is worth to be considered
when the parameters of interest are those of f0 and one does not wish to specify
the form of the nuisance component π . The approach must however be used
with appropriate care, since a mindless application of the methodology can
be seriously misleading. Even if we have put forward a criterion, (15), for
choosing one of the existing roots, it is wise to inspect directly each of the
candidate densities (14), and compare them with background information on
the specific problem under consideration, as well as with the outcome from
alternative approaches associated to parametric forms of π(z). Elaborated forms
of f0 involving several parameters are not recommended.

Appendix: Proof of some properties of the curve Qα(t)

We study some properties of the function Q(t) defined in (9) under the
assumption that Z ∼ SN (0, 1, α). For the first term of Q(t), write

E{|Z − t |} =
∫ t

−∞
(t − x)φα(x)dx +

∫ ∞

t
(x − t)φα(x)dx,
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and then make use of the expression given by Chiogna (1998) for the incomplete
moments of a skew-normal variable. After some simple algebra, one arrives at

E{|Z − t |} = μα − t + 2{ φα(t) + t 
α(t) − μα 
(t
√

1 + α2)},
where μα and 
α(·) have been introduced in (10) and the subsequent passage.
For the second term of Q(t), the general fact

E

{
(Z − t)2

}
= var{Z} + (t − E{Z})2

applies, where in the present case the mean and variance are given in (10). On
combining the above ingredients, one obtains Qα(t) as given in (11).

As a by-product of these computations, one obtains the expression of
the mean absolute deviation of a skew-normal variate, by setting t = μα in
E{|Z − t |}. This leads to an explicit expression for the mean absolute deviation

E{|Z − μα|} = 2{φα(μα) + μα[
α(μα) − 
(μα

√
1 + α2)]},

which is a result of independent interest. Some numerical work has shown that
an approximation to the mean absolute deviation is provided by

E{|Z − μα|} ≈
√

2

π
σα,

a fact which is well-known to hold exactly for the normal distribution, when
α = 0.

We now want to obtain some properties of the function Qα(t). Specifically
we are interested in locating the zeroes of Qα(t). It is immediate to recognise
that one zero always exists at t = 0; the rest of the discussion aims at locating
at least another zero.

It can be checked that Q−α(−t) = Qα(t); this follows easily by evaluating
(11) with reversed sign of α and t , and taking into account the property

1 − 
α(−t) = 
−α(t),

(Azzalini, 1985). Therefore, in the following discussion, there is no loss of
generality in assuming that α ≥ 0.

The derivative of Qα(t), taking into account that φ′
α(t) = −t φα(t) +

2αφ(t)φ(αt), can be written as

Q′
α(t) = 2 
α(t) − 1 −

√
2

π

t − μα√
1 − 2 t μα + t2

,



Invariance-based estimating equations 297

which converges to ±(1−√
2/π) when t → ±∞. Evaluation of this derivative

at t = 0, with use of the property


α(0) = 1

2
− 1

π
arctan α,

leads to

h(α) = Q′
α(0) = 2

π

(
α√

1 + α2
− arctan α

)
,

such that h(0) = 0 and

h′(α) = 2

π(1 + α2)

(
1√

1 + α2
− 1

)
≤ 0,

where the equality sign holds only for α = 0. For α > 0, h′(α) < 0 ensures
that Q′

α(0) < 0 and hence Qα(t) < 0 for some t > 0, since Qα(0) = 0. This
fact, combined with Qα(t) → ∞ when t → ±∞, leads to the conclusion that
a second zero of Qα(t) exists for some t > 0. Similarly, when α < 0, a second
root exists for some t < 0.
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