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Summary. We develop a new statistic for testing the equality of two multivariate mean vectors. A scaled
chi-squared distribution is proposed as an approximating null distribution. Because the test statistic is based
on componentwise statistics, it has the advantage over Hotelling’s T 2 test of being applicable to the case
where the dimension of an observation exceeds the number of observations. An appealing feature of the new
test is its ability to handle missing data by relying on only componentwise sample moments. Monte Carlo
studies indicate good power compared to Hotelling’s T 2 and a recently proposed test by Srivastava (2004,
Technical Report, University of Toronto). The test is applied to drug discovery data.
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1. Introduction
Testing the equality of two multivariate mean vectors,

H0 : μ1 = μ2 vs. Ha : μ1 �= μ2, (1)

is a fundamental problem. For normally distributed data
with common covariance matrix, Hotelling’s T 2 test is the
method of choice provided sample sizes are sufficiently large
(Hotelling, 1931; Muirhead, 1982; Anderson, 1984). Robust
variants of Hotelling’s T 2 have been studied and the null dis-
tribution of T 2 for nonnormal data has been investigated
(Kano, 1995; Fujikoshi, 1997; Mudholkar and Srivastava,
2000).

Our interest lies in testing the hypotheses (1) in cases in
which the sample sizes n1 and n2 of the two groups are small,
or the dimension p of the data is large, or the data are compro-
mised by componentwise missing values. When missing val-
ues are numerous or when p is larger than n1 + n2 − 2, the
pooled, complete-case covariance matrix is singular and thus
calculation of Hotelling’s T 2 statistic is not possible. In cases
with p ≤ n1 + n2 − 2 with some, but not extensive, miss-
ing data, the pooled, complete-case covariance matrix can be
nonsingular, and thus T 2 can be calculated and Hotelling’s
test carried out in the usual fashion using only the complete-
case data. However, ignoring incomplete-case data entails a
loss of information that can render Hotelling’s T 2 test nearly
powerless.

Although not considered here, one possible approach to
dealing with the large p, small sample size, and missing data
problems is to construct a covariance matrix estimate com-
ponentwise thus using all of the available data, and force
it to be positive definite using methods such as those in

Rousseeuw and Molenberghs (1993). The covariance matrix
so constructed could then be used to calculate an approx-
imate T 2 statistic. Srivastava (2004) recently proposed and
studied a test of (1) for the case of large p and small sample
size based on using a generalized inverse of the singular covari-
ance matrix in the construction of a Hotelling T 2-like statistic.
Srivastava derived an approximation to the null distribution
of the new statistic, thus providing an elegant solution to the
testing problem with large p and small n. Srivastava also sug-
gested an imputation method (Srivastava and Carter, 1986)
to deal with missing data.

In this article, we propose and study an alternative solution
to the testing problem with large p, small n, or missing data.
We do not generalize Hotelling’s T 2 statistic, but rather we
construct a new statistic obtained by summing squared com-
ponentwise t-statistics. The pooled component test (PCT) so
obtained uses all of the available data and does not require
inverting a covariance matrix. We derive the first two mo-
ments of the PCT statistic under the null hypothesis and use
the moment formulae to approximate the null distribution of
the statistic by matching estimated moments to a scaled chi-
squared distribution. Simulation results indicate that the null
distribution is well approximated in this fashion, and that
our test compares favorably to Srivastava’s generalized in-
verse T 2 test, and the complete-case Hotelling T 2 test when
it is available.

Our interest in this problem relates to applications in
drug discovery in which the relationship between molecu-
lar structure and biological activity of chemical compounds
is of interest and is used to identify active compounds.
Tree-structured approaches are often used to model the
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structure-activity relationship (Hawkins, 1982; Hawkins,
Young, and Rusinko, 1997). Activities are measured on dif-
ferent proteins-resulting in correlated multivariate continuous
responses, and the molecular structure is expressed by a large
number of binary covariates indicating presence or absence
of specific atom-pairs in the compounds. Thus node split-
ting rules are based on comparisons of multivariate responses
from two populations. One such algorithm, Multivariate Sta-
tistical Classification of Activities of Molecules (MultiSCAM)
(Keefer, 2001), uses two-sample Hotelling’s T 2 tests to judge
potential splits, deciding to split on the atom-pair with the
most significant test statistic, provided one exists after Bon-
ferroni adjustment. The problem of p > n is inevitable in tree
building because node size decreases with increasing tree size,
and is compounded by the fact that missing values are com-
mon, further limiting the number of complete multivariate
responses.

The pooled component test is introduced in Section 2, and
its first two moments, used in the chi-squared approximation
to its null distribution, are derived in Section 3. Monte Carlo
studies of the pooled component test, and comparisons with
Hotelling’s T 2 and Srivastava’s tests, appear in Section 4. Sec-
tion 5 illustrates the pooled component test in a drug discov-
ery application. Summary comments are given in Section 6,
and mathematical details are presented in the Appendix.

2. The Pooled Component Test
Suppose we have independent samples from two multivariate
populations

Population 1 : Y11, Y12, . . . , Y1n1 , and

Population 2 : Y21, Y22, . . . , Y2n2 ,

where Yki = (Yki1, Yki2, . . . ,Ykip)
T , i = 1, . . . , nk , k = 1, 2,

with Ykij being the observation for variable j on subject i
from population k, j = 1, . . . , p, and nk is the sample size of
population k. We use the matrix Mk (nk × p) to record the
pattern of missingness in the sample data from population k.
Its (i, j)th element is defined as Mkij = 1, if Ykij is not missing,
and = 0 otherwise. Define the componentwise sample mean for
variable j in population k as Ȳkj = (

∑nk

l=1 YkljMklj )/nkj , where
nkj =

∑nk

l=1 Mklj is the number of nonmissing observations for
variable j in population k. The pooled componentwise sample
variance for variable j and covariance for any two variables i
and j are, respectively, defined as

S2
j =

2∑
k=1

nk∑
l=1

(Yklj − Ȳkj )
2Mklj

n1j + n2j − 2
(2)

and

Sij =

2∑
k=1

nk∑
l=1

(
Ykli − Ȳ

(i)
kij

)(
Yklj − Ȳ

(j)
kij

)
MkliMklj

2∑
k=1

nk∑
l=1

MkliMklj − 2

, (3)

where Ȳ
(b)
kij = (

∑nk

l=1 YklbMkliMklj )/(
∑nk

l=1 M1liM1lj), b = i, j.
For the testing problem (1), we propose a new test statistic

by taking the average of squares of the univariate two-sample

t-statistics for each individual variable based on component-
wise statistics. The test statistic is defined as

Q =
1

p

p∑
j=1

ajQj , (4)

where the jth component is Qj = (Ȳ1j − Ȳ2j)
2/S2

j , and aj =
(n1jn2j)/(n1j + n2j). We call the statistic in (4) a pooled com-
ponent test statistic and the test based on it a pooled com-
ponent test (PCT). Because the pooled component test uses
only diagonal components of the sample covariance matrix,
invertibility of the matrix is not an issue. Dudoit, Fridlyand,
and Speed (2002) used a similar idea to construct a classi-
fier based on only diagonal elements of the sample covariance
matrix in their classification procedures, but they assumed
a common diagonal population covariance matrix while we
consider more general conditions with correlations.

In order to decide the rejection region for the hypothesis
test (1), we need to determine the null distribution of Q. The
exact distribution is complicated, so we approximate it in-
stead. In light of the quadratic-form structure of Q, a scaled
chi-squared distribution is a natural candidate to use as an ap-
proximation. Figure 1 shows a histogram of 5000 Q-statistics
computed under the null hypothesis.

To determine the scale factor and the degrees of freedom
of the chi-squared distribution, our strategy is to match mo-
ments using approximations to the first two moments of Q un-
der the null hypothesis. Specifically, equating the mean and
variance of a scaled chi-squared random variable, cχ2

d, with
the mean and variance of Q results in the equations E(Q) =
cd and Var(Q) = 2c2d, with solutions

c =
Var(Q)

2E(Q)
and d =

2{E(Q)}2

Var(Q)
, (5)

where c is the scale factor and d is the degrees of freedom of
the chi-squared distribution. We can get ĉ and d̂ by replacing
E(Q) and Var(Q) with the estimators described in the next
section. We do not round d̂ to an integer, using the Gamma
distribution with mean d̂ and variance 2d̂ instead of a chi-
squared as the approximating distribution.

3. Estimation of the Mean and Variance of Q

The mean and variance of Q play a critical role in determin-
ing the two parameters of the scaled chi-squared distribution.
First, we derive expressions for the mean and variance of Q.
The exact variance is very complicated due to the possible
correlations among the variables and we derive a simpler ap-
proximation. Finally, we derive estimates of the mean and
approximate variance expressions and use these to calibrate
the approximating scaled chi-squared distribution. Lemma 1
and Theorem 1 are key results used in the derivation of E(Q)
and Var(Q).

Lemma 1: Suppose that population k has an Np(μk, Σ) dis-
tribution, k = 1, 2, with the common covariance matrix Σ hav-
ing diagonal elements σ2

i and off-diagonal elements σij . Assum-
ing that missingness is completely random,

E
{
(Ȳ1i − Ȳ2i)

2(Ȳ1j − Ȳ2j)
2
}

=

(
1

n1i
+

1

n2i

)(
1

n1j
+

1

n2j

)
σ2
iσ

2
j + 2τ 2

ij ,
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Figure 1. The histogram of 5000 statistics Q under the null hypothesis.

where

τij =
σij

n1in1j

n1∑
l=1

M1liM1lj +
σij

n2in2j

n2∑
l=1

M2liM2lj . (6)

Theorem 1: Under the assumptions of Lemma 1 the mean
and variance of the test statistic Q defined in (4) are

E(Q) =
1

p

p∑
j=1

(
n1j + n2j − 2

n1j + n2j − 4

)
, (7)

and

Var(Q)

=
2
p2

p∑
j=1

{(
n1j + n2j − 2
n1j + n2j − 4

)2 (
n1j + n2j − 3
n1j + n2j − 6

)}

+
2
p2

∑
1≤i<j≤p

⎡⎢⎢⎣
⎧⎪⎪⎨⎪⎪⎩σ2

iσ
2
j +

2τ 2
ij(

1
n1i

+
1
n2i

)(
1
n1j

+
1
n2j

)
⎫⎪⎪⎬⎪⎪⎭E

(
1

S2
iS

2
j

)

−
(

n1i +n2i − 2
n1i +n2i − 4

)(
n1j +n2j − 2
n1j +n2j − 4

)⎤⎥⎥⎦ , (8)

where τ ij is defined in (6) and n1j + n2j > 6 for any j =
1, . . . , p.

The proofs of the lemma and theorem are given in the
Appendix.

Note that the mean depends only on the sample sizes and
p, whereas the variance depends on the unknown population
variances and covariances. We need an estimate of Var(Q)
to obtain the desired approximating distribution. A natu-
ral estimation strategy is to replace the unknown popula-
tion variances and covariances with the corresponding sam-
ple componentwise moments, and replace E{(S2

iS
2
j)

−1} by the
unbiased estimator (S2

iS
2
j)

−1. However, this has the effect
of replacing all of the terms σ2

iσ
2
jE{(S2

iS
2
j)

−1} in the vari-
ance expression by 1, when they differ from 1 in general.
In fact, under independence, Jensen’s Inequality shows that
σ2
iσ

2
jE{(S2

iS
2
j)

−1} > 1, thus replacing all such terms by 1 sys-
tematically underestimates them. We addressed this problem
by replacing E{(S2

iS
2
j)

−1} in the expression for Var(Q) by the
approximation

E

(
1

S2
iS

2
j

)
≈ 1

E
(
S2
iS

2
j

) +
σ4
iσ

4
j{

E
(
S2
iS

2
j

)}3 (wiwj − 1), (9)

where wt = (n1t + n2t)/(n1t + n2t − 2), t = 1, . . . , p. The ap-
proximation in (9) is based on a Taylor series expansion and
an independence assumption. Although the independence as-
sumption used here is at odds with our model assumptions,
it is important to note that we invoke independence here
only to derive an approximation to E{(S2

iS
2
j)

−1}, the utility
of which is confirmed in our simulation studies. It should also
be noted that, when min{n1j , n2j , j = 1, . . . , p} goes to infin-
ity, both sides in the approximation (9) converge to the same
value, (σ2

iσ
2
j)

−1, with the independence assumption unneces-
sary. Details of the approximation are given in the Appendix.
Substituting the right-hand side of (9) for E{(S2

iS
2
j)

−1} in
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expression (8) for Var(Q) results in the approximate variance
formula,

Var(Q)

≈ 2
p2

p∑
j=1

{(
n1j + n2j − 2
n1j + n2j − 4

)2 (
n1j + n2j − 3
n1j + n2j − 6

)}

+
2
p2

∑
1≤i<j≤p

⎡⎢⎢⎣
⎧⎪⎪⎨⎪⎪⎩σ2

iσ
2
j +

2τ 2
ij(

1
n1i

+
1
n2i

)(
1
n1j

+
1
n2j

)
⎫⎪⎪⎬⎪⎪⎭

× 1

E
(
S2
iS

2
j

) +
σ6
iσ

6
j{

E
(
S2
iS

2
j

)}3 (wiwj − 1)

+

⎧⎪⎪⎨⎪⎪⎩
2τ 2

ij(
1
n1i

+
1
n2i

)(
1
n1j

+
1
n2j

)
⎫⎪⎪⎬⎪⎪⎭

×
σ4
iσ

4
j{

E
(
S2
iS

2
j

)}3 (wiwj − 1)

−
(

n1i + n2i − 2
n1i + n2i − 4

)(
n1j + n2j − 2
n1j + n2j − 4

)⎤⎥⎥⎦ ,

(10)

where τ ij is defined in (6).
Our estimate of Var(Q) is obtained by replacing the popu-

lation variances and covariances in the right-hand side of (10)
with sample estimates. We estimate the population variances
σ2
i by the pooled componentwise sample variances S2

i defined
in (2). Although Sij defined in (3) is the natural estimator of
σij , the fact that the number of covariances to be estimated
can be large suggests that some form of shrinking would be ad-
vantageous in this setting, and we found that to be the case.
Threshold shrinkage worked well in preliminary simulations
not reported here, and is attractive because of its simplic-
ity. We estimate σij with σ̂ij = SijΔij , where Δij = I(pij <
0.05), and pij is the P-value of the usual regression test for
zero correlation. Using threshold estimators in the estimator
of Var(Q) reduces both variability and bias and substantially
improves its performance as measured in simulations. We es-
timate E(S2

iS
2
j) by S2

iS
2
j . The resulting estimator of Var(Q)

is

V̂ar(Q)

≈ 2
p2

p∑
j=1

{(
n1j + n2j − 2
n1j + n2j − 4

)2 (
n1j + n2j − 3
n1j + n2j − 6

)}

+
2
p2

∑
1≤i<j≤p

⎡⎢⎢⎣
⎧⎪⎪⎨⎪⎪⎩1 +

2τ̂ 2
ij(

1
n1i

+
1
n2i

)(
1
n1j

+
1
n2j

)
S2
iS

2
j

⎫⎪⎪⎬⎪⎪⎭wiwj

−
(

n1i + n2i − 2
n1i + n2i − 4

)(
n1j + n2j − 2
n1j + n2j − 4

)⎤⎥⎥⎦ , (11)

where

τ̂ij =
σ̂ij

n1in1j

n1∑
l=1

M1liM1lj +
σ̂ij

n2in2j

n2∑
l=1

M2liM2lj .

4. Simulation Studies
Monte Carlo simulations were carried out in order to as-
sess the quality of the null distribution approximation by the
scaled chi-squared distribution for the PCT statistic Q defined
by equation (4). For comparison, we also studied the behavior
of the exact null distribution of Hotelling’s T 2 statistic and
the approximate null distribution of Srivastava’s test statis-
tic. Furthermore, we studied the power functions of PCT, and
compared it with Hotelling’s T 2 or Srivastava’s tests in dif-
ferent situations. All these studies were conducted for both
complete and incomplete data.

4.1 Simulation Design
We considered both the cases p < n and p > n. When p <
n, we compared the pooled component test with Hotelling’s
T 2 test. When p > n, we compared it with the test proposed
by Srivastava (2004). The data were generated as multivari-
ate normal with common covariance Σ, and mean vectors
μk(k = 1, 2). We considered both a null case (μ1 = μ2) and
an alternative case (μ1 �= μ2),� Null case: μ1 = μ2 = (0, 0, . . . , 0)Tp×1,� Alternative case: μ1 = (0, 0, . . . , 0)Tp×1; μ2 = (0.3,

0.3, . . . , 0.3)Tp×1.

For both null and alternative cases the covariance matrix Σ
had three different structures. In the first, Σ is the p × p
identity matrix. In the second, Σ is the matrix with autore-
gressive structure, Σij = ρ|i−j|. In the third, Σii = 1, and
Σij = r for all i �= j. The three covariance structures are
identified as independence (Indep), autoregressive (AR), and
equal correlation (EC), respectively. For the EC model r =
0.35 was chosen to match approximately the average correla-
tion in the drug discovery data analyzed in the next section.
For the AR model ρ was chosen so that the average correlation
in the AR correlation matrix equaled r = 0.35.

The total sample sizes were taken to be n = 30 and n =
80, and each group’s sample has size n/2. In the situation
p < n, we took p = 6 and have ρ = 0.6 in the AR structure,
whereas, in the situation p > n, we let p = 100 and have
ρ = 0.955. For each combination of n and p, we generated and
analyzed 5000 replicated data sets. For each test we computed
the proportions of rejections with the significance levels α =
0.1, 0.05, and 0.01. These proportions estimate the size of
the tests under the null and the power of the tests under the
alternative.

As for the generation of missing data, based on the com-
plete data generated, we randomly made 20% of them missing.
In this situation, Hotelling’s T 2 and Srivastava’s tests are com-
puted using only complete-case data. To ensure enough infor-
mation for computation and comparison, we consider only
data sets with sample size 80.

4.2 Simulation Results
Table 1 exhibits the results in the null case. The Monte Carlo
estimated test sizes have standard errors approximately equal
to 0.004, 0.003, and 0.001 for the given levels 0.1, 0.05, and
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Table 1
The estimated test sizes for complete data under the null case

p n Covariance Methods 0.1∗ 0.05∗ 0.01∗

6 30 Indep Hotelling 0.097 0.052 0.011
PCT 0.101 0.049 0.010

AR Hotelling 0.103 0.047 0.007
PCT 0.096 0.053 0.014

EC Hotelling 0.096 0.046 0.012
PCT 0.095 0.055 0.019

6 80 Indep Hotelling 0.102 0.052 0.011
PCT 0.102 0.052 0.010

AR Hotelling 0.101 0.053 0.012
PCT 0.088 0.045 0.012

EC Hotelling 0.091 0.045 0.009
PCT 0.093 0.050 0.013

100 30 Indep Srivastava 0.081 0.041 0.009
PCT 0.064 0.026 0.005

AR Srivastava 0.000 0.000 0.000
PCT 0.103 0.06 0.019

EC Srivastava 0.000 0.000 0.000
PCT 0.097 0.069 0.030

100 80 Indep Srivastava 0.093 0.049 0.011
PCT 0.078 0.035 0.004

AR Srivastava 0.000 0.000 0.000
PCT 0.097 0.052 0.013

EC Srivastava 0.000 0.000 0.000
PCT 0.086 0.057 0.026

∗The nominal significance level.

0.01, respectively. If the distribution is derived correctly for
the test statistic, then we would anticipate that the estimated
test sizes should be close to their nominal significance levels.
Clearly, in the case where p < n, the table shows that, for
the pooled component test, as well as for Hotelling’s T 2 test,
the estimated test sizes are satisfactory. When p > n, because
Hotelling’s T 2 test is not available, we use Srivastava’s test.
As seen in the table, when the covariance has Indep struc-
ture, Srivastava’s test performs well, and the PCT tends to
be conservative (has smaller sizes). However, in the other two
cases of covariance structure, AR and EC, the chi-squared dis-
tribution produces good results in the approximation, while
Srivastava’s test rejects too often, with all estimated test sizes
equal to 0. In fairness, we note that we are using Srivastava’s
test with covariance matrices (EC) not covered by the sup-
porting asymptotic theory. However, it should also be noted
that verifying conditions on the covariance matrix in practice
is problematic.

A further study of the chi-squared distribution under
the null for the PCT has been conducted in a more ex-
tensive simulation with an additional n = 200, p = 30,
and four more significance levels, 0.2, 0.15, 0.07, and 0.03,
and the results of estimated test sizes based on 5000
replications are summarized in the Appendix, available at
http://www.tibs.org/biometrics. The results reveal an
overall satisfactory performance of the scaled chi-squared dis-
tribution. It turns out that, when the estimated sizes differ
significantly from the nominal sizes, they are usually on the
conservative side (too small) rather than too large. For ex-
ample, at the nominal significance levels 0.1 and 0.05, the
percentages of cases in which the estimated sizes are signif-
icantly too small are 48% and 22%, respectively, while the

Table 2
The estimated powers for complete data under

the alternative case

p n Covariance Methods 0.1∗ 0.05∗ 0.01∗

6 30 Indep Hotelling 0.332 0.212 0.072
PCT 0.358 0.243 0.098

AR Hotelling 0.179 0.096 0.025
PCT 0.282 0.194 0.089

EC Hotelling 0.182 0.105 0.022
PCT 0.299 0.220 0.107

6 80 Indep Hotelling 0.758 0.638 0.384
PCT 0.778 0.670 0.421

AR Hotelling 0.371 0.255 0.095
PCT 0.558 0.455 0.267

EC Hotelling 0.361 0.244 0.087
PCT 0.589 0.486 0.295

100 30 Indep Srivastava 0.605 0.468 0.235
PCT 0.979 0.953 0.832

AR Srivastava — — —
PCT 0.365 0.271 0.149

EC Srivastava — — —
PCT 0.385 0.315 0.210

100 80 Indep Srivastava 0.966 0.912 0.695
PCT 1.000 1.000 1.000

AR Srivastava — — —
PCT 0.719 0.628 0.440

EC Srivastava — — —
PCT 0.708 0.626 0.473

∗The nominal significance level.

percentages of cases with significantly too large estimates are
0% and 19%, respectively.

Table 2 shows the results under the alternative. In terms of
the estimated powers, in the case where p < n, the PCT pro-
duces competitive results to Hotelling’s T 2 test in the Indep
case and performs better in the AR and EC cases. When p >
n, in the AR and EC cases, because we could not get a reason-
able size under the null for Srivastava’s test (we got sizes =
0), we did not calculate power. These cases appear as missing
values in the table. However, in the Indep case where we got
nonzero sizes for Srivastava’s test, the PCT has smaller sizes
(more conservative) than Srivastava’s test as seen in Table 1,
yet is seen to be more powerful in Table 2.

Table 3 shows the results when the data have 20% miss-
ing values. In this situation, Hotelling’s T 2 and Srivastava’s
tests are based on only complete-case data, and we estimated
their test powers conditionally. Specifically, the powers were
estimated by using the proportions of rejected samples in the
replications for which there are enough complete-case data
for computation. Because, when p = 100 and n = 80, none
of the 5000 replications has complete-case data, Srivastava’s
test statistic is not computed, and we do not list the results
in the tables. Examination of the table reveals that the chi-
squared distribution approximation still performs satisfacto-
rily. In terms of power, the results show that the pooled com-
ponent test is consistently superior to Hotelling’s T 2 test.

5. Application to Drug Discovery Data
We illustrate the new procedure with quantitative structure-
activity data from a drug discovery application. The data
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Table 3
The estimated test sizes and powers for incomplete data with

20% missing values

Case p n Covariance Methods 0.1∗ 0.05∗ 0.01∗

μ1 =μ2 6 80 Indep Hotelling 0.101 0.050 0.015
PCT 0.099 0.053 0.011

AR Hotelling 0.093 0.046 0.008
PCT 0.092 0.047 0.013

EC Hotelling 0.098 0.049 0.012
PCT 0.094 0.050 0.011

μ1 =μ2 100 80 Indep PCT 0.081 0.035 0.004
AR PCT 0.097 0.051 0.016
EC PCT 0.090 0.062 0.028

μ1 �=μ2 6 80 Indep Hotelling 0.237 0.135 0.037
PCT 0.674 0.548 0.314

AR Hotelling 0.181 0.103 0.031
PCT 0.523 0.421 0.240

EC Hotelling 0.175 0.098 0.025
PCT 0.552 0.455 0.264

μ1 �=μ2 100 80 Indep PCT 1.000 1.000 1.000
AR PCT 0.712 0.627 0.451
EC PCT 0.704 0.627 0.478

∗The nominal significance level.

Hotelling’s T^2, complete data PCT, complete data

Hotelling’s T^2, incomplete data PCT, incomplete data

Figure 2. The tree dendrograms built by Hotelling’s T 2 and PCT for both the complete and incomplete (15% missing) drug
discovery data.

contain 576 chemical compounds, whose chemical structural
features are represented by 1024 binary descriptors according
to the presence or absence of certain atom-pairs. The biolog-
ical activity of each compound was measured on 10 target
proteins, resulting in a 10-dimensional activity response vec-
tor. No missing values exist in this data set. Tree-structured
approaches are desired to explore relationships between struc-
ture of the compounds and activity and accordingly to iden-
tify those aspects of molecular structure that are relevant to
a particular biological activity.

Classification trees were built using the MultiSCAM
(Keefer, 2001) algorithm, once using Hotelling’s T 2 to de-
termine significance of splits, and a second time using the
new PCT test. We use 0.05 as a threshold for the Bonferroni-
adjusted P-values to judge significance of the splits, that is, if
the minimum-adjusted P-value is less than 0.05, the node is
split into two subnodes; otherwise, splitting will stop at this
node and we call this node a terminal node. In the tree built
based on PCT, 69 descriptors are selected and there are 75
terminal nodes, whereas the tree based on Hotelling’s T 2 iden-
tifies 30 descriptors and produced 31 terminal nodes. Clearly,
PCT has greater power to detect significant splits compared
to Hotelling’s T 2 test and hence lower probability of missing
important descriptors.
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To assess the performance of PCT for missing data, we
randomly deleted 15% of the activity data and rebuilt the
trees with the two tests again (Hotelling’s T 2 test is using the
complete-case data). The tree by PCT selects 58 descriptors
and has 64 terminal nodes, whereas the tree by Hotelling’s
T 2 test identifies only 6 descriptors and has 7 terminal nodes.
Thus with missing values, Hotelling’s T 2 test becomes almost
powerless. The resulting dendrograms based on Hotelling’s
T 2 test and PCT for both complete and incomplete data are
presented in Figure 2. A striking feature of the figure is the
similarity of the trees built by PCT for the complete and
incomplete data, compared to the relative dissimilarity of the
trees built using Hotelling’s T 2. The figure also illustrates the
greater power of PCT for splitting nodes with smaller sample
sizes.

6. Conclusions
The pooled component test statistic is built on component-
wise statistics, and hence avoids the problems of p > n and
missing data, which is an advantage over the well-known
Hotelling’s T 2 test. Furthermore, our simulations indicate that
the null distribution of the pooled component test statistic
is well approximated by the scaled chi-squared distribution,
making it easy to apply.

The simulation results show that for missing data, the
pooled component test is significantly better than Hotelling’s
T 2 test in terms of power. Even for complete data, the pooled
component test performs comparably to Hotelling’s T 2.
Srivastava’s test is designed to address the problem of p >
n, and is justified asymptotically under certain conditions on
the covariance matrix. However, in our simulation studies its
finite-sample performance was lacking in some cases; also, its
application with missing data is problematic as is calculating
the generalized inverse when p is very large.
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Appendix

A.1 Proof of Lemma 1

Based on the multivariate normality assumption, under the
null hypothesis H0 : μ1 = μ2, we have(

Ȳ1i − Ȳ2i

Ȳ1j − Ȳ2j

)
∼ N2

((
0

0

)
,

(
τ 2
i τij

τij τ 2
j

))
,

where

τ 2
i = Var(Ȳ1i − Ȳ2i) =

(
1

n1i
+

1

n2i

)
σ2
i ,

τ 2
j = Var(Ȳ1j − Ȳ2j) =

(
1

n1j
+

1

n2j

)
σ2
j ,

and

τij = Cov{(Ȳ1i − Ȳ2i), (Ȳ1j − Ȳ2j)}
= Cov(Ȳ1i, Ȳ1j) + Cov(Ȳ2i, Ȳ2j)

=
σij

n1in1j

n1∑
l=1

M1liM1lj +
σij

n2in2j

n2∑
l=1

M2liM2lj .

For simplicity of notation, let us use Vi to denote (Ȳ1i − Ȳ2i)
and Vj to denote (Ȳ1j − Ȳ2j). Then the expectation of the
product can be written as



884 Biometrics, September 2006

E
{
(Ȳ1i − Ȳ2i)

2(Ȳ1j − Ȳ2j)
2
}

= E
(
V 2
i V

2
j

)
= E

{
V 2
j E

(
V 2
i

∣∣Vj

)}
= E

(
V 2
j [{E(Vi |Vj)}2 + Var(Vi |Vj)]

)
= E

[
V 2
j {E(Vi |Vj)}2

]
+ E

{
V 2
j Var(Vi |Vj)

}
.

Simple computations yield

E
[
V 2
j {E(Vi |Vj)}2

]
= E

{(
τij
τ 2
j

)2

V 4
j

}
= 3τ 2

ij ,

and E{V 2
jVar(Vi |Vj )} = τ 2

iτ
2
j − τ 2

ij . Therefore, we have

E
{
(Ȳ1i − Ȳ2i)

2(Ȳ1j − Ȳ2j)
2
}

= 3τ 2
ij + τ 2

i τ
2
j − τ 2

ij

= τ 2
i τ

2
j + 2τ 2

ij

=

(
1

n1i
+

1

n2i

)(
1

n1j
+

1

n2j

)
σ2
iσ

2
j + 2τ 2

ij .

A.2 Proof of Theorem 1

(1) It is straightforward to see that ajQj ∼ F1,n1j+n2j−2.
Hence, we have

E(Q) =
1

p

p∑
j=1

E(ajQj) =
1

p

p∑
j=1

(
n1j + n2j − 2

n1j + n2j − 4

)
.

(2) According to the formula of variance, we have

Var(Q)=
1

p2

p∑
j=1

Var(ajQj)+
2

p2

∑
1≤i<j≤p

Cov(aiQi, ajQj).

Here

Var(ajQj) = 2

(
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)2 (
n1j + n2j − 3

n1j + n2j − 6

)
,

and
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= aiajE(QiQj) −E(aiQi)E(ajQj)
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2
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Therefore,

Var(Q)

=
2
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A.3 Approximating E{(S2
iS

2
j)

−1}
According to a Taylor expansion, we have
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which yields that
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. (A.1)

The computation of Var(S2
iS

2
j) is very challenging due to the

possible correlation between S2
i and S2

j . However, under the
simple assumption of independence between S2

i and S2
j , we

have the following theorem.

Theorem 2: If Y kl1, . . . ,Y klp are independent, k = 1, 2, and
l = 1, . . . ,nk , then

Var
(
S2
iS

2
j

)
= (wiwj − 1)σ4

iσ
4
j ,

where wt = (n1t + n2t)/(n1t + n2t − 2), t = 1, . . . , p.

See next section for its proof. Although the derivation of
Var(S2

iS
2
j) in Theorem 2 requires independence among vari-

ables Y ki1, . . . ,Y kip , we may still use this result in the usual
nonindependent cases. Thus, approximately,

E

(
1

S2
iS

2
j

)
≈ 1

E
(
S2
iS

2
j

) +
σ4
iσ

4
j{

E
(
S2
iS

2
j

)}3 (wiwj − 1). (A.2)

A.4 Proof of Theorem 2

By definition and according to the independence assump-
tion, Var(S2

iS
2
j) = E(S2

iS
2
j)

2 − {E(S2
iS

2
j)}2 = E(S4

i)E(S4
j) −

{E(S2
i)E(S2

j)}2. On the other hand, we have

(n1i + n2i − 2)

σ2
i

S2
i ∼ χ2

n1i+n2i−2.

Thus,

E
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(n1i + n2i − 2)

σ2
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S2
i

}
= n1i + n2i − 2,

and

Var

{
(n1i + n2i − 2)

σ2
i

S2
i

}
= 2(n1i + n2i − 2).
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Then, it is easy to obtain E(S2
i) = σ2

i , and

E (S4
i ) =

{
E

(
S2
i

)}2
+ Var

(
S2
i

)
= σ4

i +

{
σ2
i

(n1i + n2i − 2)

}2

Var

{
(n1i + n2i − 2)

σ2
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= σ4
i +

2σ4
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(n1i + n2i − 2)

=
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4
i

(n1i + n2i − 2)
.

The estimated test sizes for PCT under the null case in a more extensive investigation

p n Covariance 0.2� 0.15� 0.1� 0.07� 0.05� 0.03� 0.01�

6 30 Indep 0.195 0.146 0.101 0.071 0.049 0.031 0.010
AR 0.185 0.136 0.096 0.069 0.053 0.036 0.014
EC 0.182 0.135 0.095 0.072 0.055 0.038 0.019

80 Indep 0.203 0.154 0.102 0.071 0.052 0.031 0.010
AR 0.179 0.133 0.088 0.063 0.044 0.030 0.012
EC 0.180 0.135 0.093 0.069 0.050 0.035 0.013

200 Indep 0.188 0.141 0.091 0.063 0.047 0.030 0.010
AR 0.182 0.131 0.088 0.062 0.045 0.028 0.013
EC 0.185 0.138 0.090 0.061 0.046 0.032 0.013

30 30 Indep 0.192 0.141 0.093 0.065 0.043 0.022 0.007
AR 0.184 0.138 0.101 0.078 0.062 0.042 0.018
EC 0.162 0.129 0.099 0.075 0.063 0.046 0.025

80 Indep 0.194 0.142 0.089 0.062 0.043 0.025 0.008
AR 0.174 0.136 0.091 0.067 0.051 0.035 0.014
EC 0.157 0.128 0.093 0.070 0.055 0.043 0.020

200 Indep 0.189 0.141 0.092 0.064 0.043 0.024 0.007
AR 0.170 0.126 0.082 0.061 0.048 0.032 0.014
EC 0.148 0.113 0.089 0.068 0.050 0.034 0.018

100 30 Indep 0.170 0.116 0.064 0.043 0.026 0.014 0.005
AR 0.191 0.142 0.103 0.076 0.060 0.041 0.019
EC 0.157 0.127 0.097 0.081 0.070 0.053 0.030

80 Indep 0.167 0.116 0.078 0.049 0.035 0.018 0.004
AR 0.183 0.142 0.097 0.070 0.052 0.033 0.013
EC 0.149 0.118 0.086 0.070 0.057 0.043 0.026

200 Indep 0.185 0.135 0.090 0.061 0.041 0.023 0.007
AR 0.181 0.142 0.099 0.070 0.051 0.034 0.016
EC 0.145 0.120 0.089 0.072 0.056 0.043 0.025

�The nominal significance level.

By the same argument, we have
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