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Abstract: Parametric families of multivariate nonnormal distributions have received considerable attenti
in the past few decades. The authors propose a new definition of a selection distribution that encompe
many existing families of multivariate skewed distributions. Their work is motivated by examples th:
involve various forms of selection mechanisms and lead to skewed distributions. They give the main pr
erties of selection distributions and show how various families of multivariate skewed distributions, su
as the skew-normal and skew-elliptical distributions, arise as special cases. The authors further introc
several methods of constructing selection distributions based on linear and nonlinear selection mechani

Une perspective intégrée des lois asymétriques issues de processus de sélection

Résung : Les familles param@triques de lois multivages non gaussiennes ont sustieaucoup d'irdrét
depuis quelqueséatennies. Les auteurs proposent une nouvéfamidon du concept de loi detkection
qui englobe plusieurs familles connues de lois aslyigues multivages. Leurs travaux sont moéis par
diverses situations faisant intervenir deéaanismes deésection et conduisarit des lois asy#triques.

lIs mentionnent les principales propiés des lois de&ection et montrent comment diverses familles de
lois asynétriques multiva@es telles que les lois asgtniques normales ou elliptiquémergent comme cas
particuliers. Les auteurs@sentent en outre plusieur&thodes de construction de lois ddextion fonées
sur des racanismes li@aires ou non ligaires.

1. INTRODUCTION

Since the collection and modelling of data plays a fundamental role in scientific research, m
tivariate distributions are central to statistical analyses. Indeed, multivariate distributions se
to model dependent outcomes of random experiments. Despite the key role of the classical r
tivariate normal distribution in statistics, there has been a sustained interest among statistic
in constructing nonnormal distributions. In recent years, significant progress has been m
toward the construction of so-called multivariate skew-symmetric and skew-elliptical distrib
tions and their successful application to problems in areas such as engineering, environmet
economics, and the biomedical sciences; see the book edited by Genton (2004a) for a first
unigue synthesis of results and applications in this topic.

These multivariate skew-elliptical distributions and other related versions are essential
statistical modelling for two main reasons. Firstly, they provide flexible parametric classes
multivariate distributions for the statistician’s toolkit that allow for modelling key characteristic
such as skewness, heavy tails, and in some cases, surprisingly, multimodality. They also cor
the multivariate normal distribution as a special case, enjoy pleasant theoretical properties,
do not involve the often difficult task of multivariate data transformation. Secondly, they appe
in the natural and important context of selection models, that is, when latent variables influel
the data collected. We start by discussing these aspects in the next two sections.

1.1. Parametric multivariate nonnormal distributions.

In the last few decades, applications from environmental, financial, and the biomedical scien
among other fields, have shown that data sets following a normal law are more often the
ception rather than the rule. Therefore, there has been a growing interest in the constructio
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parametric classes of nonnormal distributions, particularly in models that can account for ske
ness and kurtosis. A popular approach to model departure from normality consists of modify
a symmetric (normal or heavy tailed) probability density function of a random variable/vect
in a multiplicative fashion, thereby introducing skewness. This idea has been in the literat
for a long time (e.g., Birnbaum 1950; Nelson 1964; Weinstein 1964; Roberts 1966; O’Hagan
Leonard 1976). But it was Azzalini (1985, 1986) who thoroughly implemented this idea ft
the univariate normal distribution, yielding the so-called skew-normal distribution. An exter
sion to the multivariate case was then introduced by Azzalini & Dalla Valle (1996). Statistic
applications of the multivariate skew-normal distribution were presented by Azzalini & Cap
tanio (1999), who also briefly discussed an extension to elliptical densities. Arnold, Castillo
Sarabia (1999, 2001) discussed conditionally specified distributions related to the above ¢
struction for skewness.

Since then, many authors have tried to generalize these developments to skewing arbit
symmetric probability density functions with very general forms of multiplicative functions
Some of those proposals even allow for the construction of multimodal distributions. In tl
present article we will provide an overview of existing distributions and novel extensions from
unified point of view.

Besides the appeal of extending the classical multivariate normal theory, the current impe
in this field of research is its potential for new applications. For example, a skewed version
the GARCHmodel (generalized autoregressive conditional heteroscedasticity) in economics,
representation of the shape of a human brain with skewed distributions in image analysis,
skewed Kalman filter for the analysis of climatic time series, are just but a few examples of the
many applications; see Genton (2004a) for those and more.

1.2. Selection mechanisms.

In addition to the attractive features of the above distributions for parametric modelling of mt
tivariate nonnormal distributions (a flexible parametric alternative to multivariate nonparamet
density estimation), there is also a natural and important context where these distributions apy
namely selection models (see Heckman 1979, and more recently Copas & Li 1997). Inde
consider the model where a random ve@re RP is distributed with symmetric probability
density functionf (x; 8), where@ is a vector of unknown parameters. The usual statistical analy
sis assumes that a random sam¥lg . .., X,, from f(x;0) can be observed in order to make
inference abouf. Nevertheless, there are many situations where such a random sample mi
not be available, for instance if it is too difficult or too costly to obtain. If the probability den-
sity function is distorted by some multiplicative nonnegative weight funcii¢x; 6, n7), where

1 denotes some vector of additional unknown parameters, then the observed data is a ran
sample from a weighted distribution (see, e.g., Rao 1985) with probability density function

w(x;6,n)

T 0 (X0, m))

1)

In particular, if the observed data are obtained only from a selected portion of the populati
of interest, then (1) is called a selection model. For example, this can happen if theXeuftor
characteristics of a certain population is measured only for individuals who manifest a cert:
disease due to cost or ethical reasons; see the survey article by Bayarri & DeGroot (1992)
references therein. If the weight function satisfitisv(X; 0,7m)} = 1/2, the resulting proba-
bility density function (1) has a normalizing constant that does not depend on the parafinetel
andn. A weight function with such a property can naturally occur when the selection criterio
is such that a certain variable of interest is larger than its expected value given other variable

A simple example of selection is given by dependent maxima. Consider two random veé
ables with bivariate normal distribution, mean zero, variance one, and corretatidre distri-
bution of the maximum of those two random variables is exactly skew-normal (Roberts 19¢
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Loperfido 2002) with skewness dependingmrNote that wherp = 0, the distribution of the
maximum is still skewed. For instance, imagine students who report only their highest gre
between calculus and geometry, say. The resulting distribution will be skewed due to this
lective reporting, although the joint bivariate distribution of the two grades might be normal
elliptically contoured. The distribution of the minimum of the two random variables above i
also skew-normal, but with a negative sign for the skewness parameter.

Another example of selection arises in situations where observations obey a rather w
behaved law (such as multivariate normal) but have been truncated with respect to some
den covariables; see, e.g., Arnold & Beaver (2000a, 2002, 2004), Capitanio, Azzalini
Stanghellini (2003). A simple univariate illustration is the distribution of waist sizes for uni
forms of airplane crews who are selected only if they meet a specific minimal height requir
ment. A bivariate normal distribution might well be acceptable to model the joint distributio
of height and waist measurements. However, imposition of the height restriction will result
a positively skewed distribution for the waist sizes of the selected individuals. Note that tf
type of truncation might occur without our knowing of its occurrence. In that case, it is called
hidden truncation. Of course, selection mechanisms are not restricted to lower truncations,
can also involve upper truncations or various more complex selection conditions. For instan
airplane crews cannot be too tall because of the restrictive dimensions of the cabin. So the he
requirements for airplane crews effectively involve both lower and upper truncations.

Astronomy is another setting where hidden truncations occur. The impact of observatio
selection effects, known generically in the literature as Malmquist bias (Malmquist 1920), h
been at the centre of much controversy in the last decades. This effect occurs when an astron
observes objects at a distance. Indeed, instruments set a limit on the faintest objects (suc
stars for example) that we can see. In other words, in any observation there is a minimum f
density (measure of how bright objects seem to us from Earth) below which we will not dete
an object. This flux density is proportional to the luminosity (measure of how bright objects a
intrinsically) divided by the square of the distance, so it is possible to see more luminous obje
out to larger distances than intrinsically faint objects. This means that the relative numbers
intrinsically bright and faint objects that we see may be nothing like the relative numbers per u
volume of space. Instead, bright objects are over-represented and the average luminosity o
objects we see inevitably increases with distance. There is not really anything that can be d
about the Malmquist bias at this point in our stage of technology and observation, except mel
to correct for it in the statistical analysis. Neglecting this selection bias will result in skewe
conclusions.

1.3. Objectives and summary.

The main objective of this article is to develop a unified framework for distributions arising fror
selections and to establish links with existing definitions of multivariate skewed distribution
Because many definitions have emerged in recent years, we believe that it is necessary to prc
a crisp overview of this topic from a unified perspective. We hope that this account will serve
a resource of information and future research topics to experts in the field, new researchers,
practitioners.

Statistical inference for those families of multivariate skewed distributions is still mostly ur
resolved and problems have been reported already in the simplest case of the skew-normal
tribution. Itis currently the subject of vigorous research efforts and recent advances on this tc
include work by Azzalini (2005), Azzalini & Capitanio (1999, 2003), DiCiccio & Monti (2004),
Ma, Genton & Tsiatis (2005), Ma & Hart (2006), Pewsey (2000, 2006), and Sartori (2006).
is hence beyond the scope of this article to review inferential aspects. Future research or
ferential issues for skewed distributions arising from selections, both from a frequentist an
Bayesian perspective, will however lead to the ultimate goal of facilitating the development
new applications.

The structure of the present article is the following. In Section 2, a definition of a selectic
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distribution that unifies many existing definitions of multivariate skewed distribution availabl
in the literature is proposed. The main properties of selection distributions are also derived
therefore unify the properties of these existing definitions. In Section 3, we describe in det
the link between selection distributions and multivariate skewed distributions developed in 1
literature, such as skew-symmetric and skew-elliptical distributions, among many others.
Section 4, several methods for constructing selection distributions based on linear and nonlir
selection mechanisms are introduced. A discussion is provided in Section 5.

2. SELECTION DISTRIBUTIONS

We will begin by proposing a definition of a multivariate selection distribution and discuss son
of its main properties.

DErFINITION 1. LetU € R? andV € R? be two random vectors, and denote®y measurable
subset of R. We define a selection distribution as the conditional distributiovi givenU € C,
that is, as the distribution ¢V | U € C). We say that a random vect® € R” has a selection

distribution ifX < (V]U e C). We use the notatioXK ~ SLCT, , with parameters depending
on the characteristics &f, V, andC.

This definition is simply a conditional distribution, but it serves to unify existing definitions
of skewed distribution arising from selection mechanisms, as well as to provide new clas:
of multivariate symmetric and skewed distributions. Of coursé&] i= RY, then there is no
selection and so we assume that P(U € C) < 1 in the sequel. U = V, then the selection
distribution is simply a truncated distribution described\bygivenV € C. Moreover, ifV =
(U, T), then a selection distribution corresponds to the joint distributidd ahdT (marginally)
truncated ofU € C, from which we can obtain by marginalization both the truncated distributior
of (U |U € C) and the selection distribution ¢T' | U € C).

2.1. Main properties.

The main properties of a selection random vedtor: (V|U € C) can be studied easily by
examining the properties of the random vectdsandU. Indeed, ifV in Definition 1 has a
probability density function (pdffy say, thenX has a pdffx given by:

P(U€C|V =x)

Fx(x) = fv(x) P(U < 0)

)

See, for example, Arellano-Valle and del Pino (2004) for this, and see Arellano-Valle, d
Pino & San Marin (2002) for the particular choice @' = {u € R?|u > 0}, where the
inequality between vectors is meant componentwise. As motivated by the selection mec
nisms in Section 1.2, our interest lies in situations where thefRdfs symmetric. In that
case, the resulting pdf (2) is generally skewed, unless the conditional probabilities sati
PU e C|V =x) =P(U € C|V = —x) for all x € RP. For instance, this is the case
if U andV are independent, but this is not a necessary condition.

Further properties of the selection random vedtol (V| U € () can be studied directly
from its definition. For instance, we have:

(P1) When(U, V) has a joint densityfy v say, an alternative expression for the pdt)bfi
(V| U € C)is given by
. fC’ f‘U7v(u7 x) du

where fy denotes the marginal pdf & . Expression (3) is useful to compute the cumula-
tive distribution function (cdf) as well as the moment generating function (mgX).of

®3)
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(P2) For any Borel functiory, we have g(X) 4 (9(V)|U € (). Moreover, since
(9(V)|U € Q) is determined by the transformati¢ty, V) — (U, g(V)), then the pdf
of g(X) can be computed by replacig§ with ¢(X) and'V with g(V) in (2) (or (3)),
respectively. If a family of distributions oV is closed under a set of transformatians
(for instance, all linear transformations) then the corresponding family of selection disti
butions is also closed under this set of transformations. If a family of distributioVs of
is closed under marginalization (for instanceVifis multivariate normal, then subvectors
of V are multivariate normal), then the corresponding family of selection distributions i
also closed under marginalization.

(P3) The conditional selection distribution @X» | X; = x;), where the joint distribution of

(X1,X5) e [(V1,V3)|U € (], can be obtained by noting that it is equivalent to consider
the conditional selection distribution 6V, | V1 = x;, U € C). By (2), it has a pdf given
by
P(U S C|V1 =x1,Vgy = XQ)
5| X1=x = fv,|vi=x . 4
fxz‘xl— 1(X2) fvz‘vl 1(X2) P(UEC‘Vlle) ( )

Consider also the partitiod = (U;,Us) such that(U,,V;) and (Us, V3) are in-
dependent, and assume th@t = C; x Cy is such thatU € C is equivalent to
U, € ¢4y andU,y € (5. Then under these conditions it follows directly from (4) that
X, L (Vi |UeC) L (V,|U € Cy)andX, £ (V4| U e C) <L (Vy| U, € Cy), and
that they are independent. For more details on these properties but considering the pa
ular subseC' = {u € R?|u > 0}, see Arellano-Valle & Genton (2005) and Arellano-
Valle & Azzalini (2006).

Selection distributions depend also on the subsef R?. One of the most important selec-
tion subset is defined by

C(B) ={ueR[u> g}, ®)

whereg is a vector of truncation levels. In particular, the suliSéd) leads to simple selection
distributions. Note however that the difference betwég®) andC'(0) is essentially a change
of location. Another interesting subset consists of upper and lower truncations and is definec

Cla,8)={ueR?|a>u> g} (6)

see the example in Section 1.2 about height requirements for airplane crews with both lower
upper truncations. Arnold, Beaver, Groeneveld & Meeker (1993) considered the cage,@)

with p = ¢ = 1. Many other subsets can be constructed, for instance quadratic-based sub
of the form{u € R?|u’Qu > 3}, whereQ is a matrix and3 € R a truncation level; see
Genton (2005) for more examples.

2.2. Selection elliptical distributions.

Further specific properties of selection distributions can be examined when we know the jc
distribution of U andV. A quite popular family of selection distributions arises wiémand'V
have a joint multivariate elliptically contoured (Adistribution, that is

U ¢y Qu AT
~ = 0= (g+p)
()=l (@) (3 0 ) ) o

where¢ € R? and¢,, € RP are location vectorf)y € R7*?, Qy € RP*P andA € RP*
are dispersion matrices, and, in addition to these paramétérs) is a density generator func-
tion. We denote the selection distribution resulting from (7)98CT-EC,, ,(&,Q, h(7TP) C).
They typically result in skew-elliptical distributions, except for the casesA(a} O, a matrix
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of zeros, anch(?+?) is the normal density generator function; or (o)= O andC = C(&y;) de-
fined according to (5), since in both cases we have in (2)R(Bt € C' |V =x) = P(U € C)
for all x. In fact, conditions in (a) imply thaJ andV are independent, while conditions in (b)
imply thatP(U € C'|V =x) = P(U € C) = 9,(0; 0, Qy) for all x and any density generator
function R(4P), where®,(-;0,Qy) denotes the cdf of théV, (0, Q) distribution. In other
words, the condition thaJ andV be correlated random vectors, i.&,# O, is important in
order to avoid in (2) that the skewing fac®B(U € C' |V = x)/P(U € (') be equal to one for
all x: see also Section 4.

In general, any selection distribution can be constructed hierarchically by specifying a m
ginal distribution forV and then a conditional distribution f¢BJ | V = x). For example, the
distribution SLCT-EC, , (&, Q, h{a+P) C) that follows from(7) according to Definition 1 can
be obtained by specifying

V ~ EC,(&y,Qv,h?) and (8)
(U|V=x) ~ EC(¢y+AT05 (x— &), Qu — AT AR ),

» u(x)

where h{®) (u) = h@*P)(u + v(x))/h® (v(x)) is the induced conditional generator, and

v(x) = (x—&yv) Q' (x—£&y). Itis then straightforward to obtain the pdefg (VU e€0)
by means of (2). In fact, let

Fryi€y, Qv b)) = 19y |72 ((y — &) TOY (v — &)

be the pdf of ar-dimensional elliptically contoured random vectdr ~ EC, (€, Qy, ("),
and denot@® (Y € C) by F,.(C; &, Qy, h(M), ie.,

Then, applying (8) in (2) we have the following generic expression for the deofi
(VU eO):

Fo(C: ATOP (x — €y) + v Qu — ATOY' AR, )

— . Q. AP _ 9
fX(X) fp(X7€V7 V ) Fq(c,£U7QU,h(Q)) ) ( )
which can also be easily rewritten according to (3) as
:€,Q, hlatr)) g
fx(x) _ fc fq+p(uax>£v ) ) ll. (10)

oo fa(w; €y, Qu, @) du

Expression (10) can be helpful to compute the cdf and also the mgf of any selection ellipti
random vectoX ~ SLCT-EC, ,(&,9Q, hlatP) C).

Note finally that depending on the choiceldft#), (9) (or (10)) becomes the pdf of different
selection elliptical distributions. For example, WHeft?) (u) = ¢(q+p, v){1 +u} ~(@tP+1)/2,
wherec(r, v) = T[(r +v)/2]v*/? /(T[v/2]7"/?), (9) becomes the selectiorpdf with v degrees
of freedom given by

F oo ATO=L (x — v+ u(x)
Tq(C; ATy (x = &v) + €u, v +p

Tq(c;gUaQUaV)

[Qu — ATQG'A]L v +p)

fX(X) = tp(x§ £V’ Qv, V)

)

(11)
wheret,.(-;&,,v) denotes the pdf of a Studentandom vectofY ~ Student, (&, 2, v) of
dimensionr, andT,.(C; &,Q,v) = P(Y € C). This produces a heavy tailed selection distri-
bution that is useful for robustness purposes. Due to its importance, the normal case for wi
R (u) = ¢, (vu) = (2m)7"/2 exp{—u/2}, u > 0, is considered next in a separate section.
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2.3. The selection normal distribution.

Within the elliptically contoured class (7), one of the most important cases is undoubtedly wh
U andV are jointly multivariate normal, so that instead of (7), we have

RADY —gUQ—QUAT 12
V”q+p€—€V7—AQV~ (12)

We denote the selection distribution resulting from (12)$%CT-N, ,(&,Q,C). We estab-
lish two important theoretical characteristics of theCT-N,, ,(&, 2, C) distributions, namely
their pdf and their mgf, for any selection subgét= R?. This result unifies the moment prop-
erties of existing definitions of skewed distributions based on the multivariate normal distrib
tion. Specifically, leX have a multivariate selection distribution according to Definition 1 with
U andV jointly normal as in (12), that isX ~ SLCT-N, ,(&,9Q,C). Let ¢,.(-;&y,y)

be the pdf of anr-dimensional normal random vect® ~ N,.(£y,€y), and denote by
®,.(C; ¢y, Qv) = P(Y € O). Itis then straightforward to derive the conditional distribution in
Definition 1, yielding the following pdf based on (2):

(C;ATOG (x — &y) + &y, Qu — ATOY'A)

_ x: éq
fX(X) - ¢p< 7£V7QV) ‘iq(C,ﬁU,Qu) 5

(13)

which obviously follows also from (9) whel(?+?) is chosen as the normal density generator. In
addition, the moment generating functionXfis

(C;ATs + &y, Qu)
(i)q(c§ §us QU)
The proof of this result is provided in the Appendix. From (13) and (14), we can also derive t
following stochastic representation (or transformation) for the normal selection random vec
x 4 (VU € 0),i.e., withU andV jointly normal as in (12). LeX, ~ N, (0, Qy) andX; ~

N, (0, Qv — AQy'AT) be independent normal random vectors. Note by (12) (tatV) 4

€y + Xo, &y + AQG X, + Xy). Thus, considering also a random vecky[C — &y 4
(Xo |Xp € C — &y), which is independent &X, we have

Mx(s) = exp{sTgv + ;STQ\/S} % (14)

X £ £y + AQG'X[C — &y + X, (15)

All these results reduce to similar ones obtained in Arellano-Valle & Azzalini (2006) when
C(0). The stochastic representation (15) is useful for simulations from selection distributio
and for computations of their moments. For instance, the mean vector and covariance matri
X are given by

E(X) = &y +AQGEX[C - &y)),
var(X) Ov + AQG {Qu — var(Xo[C — £u]) 10 AT,

respectively. Note that, in general, it is not easy to obtain closed-form expressions for the “tri
cated” mean vectdi(X,[C — &y]) and covariance matrixar(Xo[C — &y]) for any selection
subsetC. However, for the special case wheig; is diagonal and” = C(«, 3), the com-
ponents of(X, | Xy € C) are independent. Therefore the computation of these moments
equivalent to computing marginal truncated means and variances of th&{dfrha < X < b)
andvar(X |a < X < b), whereX ~ N(u,o?), for which the results of Johnson, Kotz & Balakr-
ishnan (19945 10.1) can be used; see also Arellano-Valle & Genton (2005) and Arellano-Valle
Azzalini (2006) for more details on similar results.
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2.4. Scale mixture of the selection normal distribution.

Another important particular case that follows from the elliptically contoured class (7) is obtaine
when the joint distribution otJ andV is such that

U ‘W— \ . Eu 0- wQu  wAT (16)
\% IS R W R Y Nro Y

for some nonnegative random variahlé with cdf G. This is equivalent to considering in (7)
a density generator function such that*?) (u) = [;*(2rw)~(@*P)/2 exp{—u/2w} dG(w).
For example, ifG is the cdf of the inverted gamma distribution with parametefs andv /2,
1G(v/2,v/2) say, thenh(9P) (u) = ¢(q + p,v){1 + u}~(aTP+)/2 'wherec(r, v) is defined in
Section 2.2, yielding the selectiordistribution withr degrees of freedom and pdf (11).

The properties of any selection random veor: (V| U € C) that follows from (16) can
be studied by noting th&iX | W = w) ~ SLCT-N,, ,(§, w2, C), whereW ~ G. In particular,
for the pdf ofX, we havefx (x) = [ fx|w=w(x) dG(w), Wherefx | w -, (x) is the selection
normal pdf (13) withQ2 replaced byw(, i.e.

B,(C;ATOY (x — &y) + &y, w{u — ATOYA})
éq(C;SUﬂUQU)

Fx(x) = /O " (i € ) 4G ().

Alternatively, from (3) or (10) it follows that the pdf & can also be computed as

_ Jo fooo Ggrp(u, x; &, W) dG(w) du
Jo 5" ¢a(u; €y, wv) dG(w) du -

Similar results for the mgf can be obtained by considering (14). Note, however, that the mean
covariance matrix oK can be computed (provided they exist) by using the well-known facts the
E(X) = E[E(X|W)] andvar(X) = var[E(X |W)] + E[var(X | W)], whereE(X | W = w)
andvar(X |W = w) are the mean and covariance matrix corresponding to the (conditiona
selection normal random vect@K | W = w) ~ SLCT-N,, (&, w2, C); see Section 2.3. Ad-
ditional properties of this subclass of selection elliptical models can be explored for particu
choices ofC. For instance, whe®® = C(&yy), it is easy to show from (15) that

fx(x)

X Ley + VIV Xy, (17)

whereW ~ G andXy ~ SLCT-N, 4(0,, C(£y)), and they are independent. In particular,
if W has finite first moment, then (17) yiel#&X) = &y, + E(VW )E(Xy) andvar(X) =
E(W) var(Xy). More generally, sinc@,(C(8); &y, Qy) = @,(&yv — 3;0,Qy), the cdf of a
N, (0, Qy) distribution evaluated & — 3, then from (17) and (14), we have for the mgfXaf
that

(I)q (ATS; Oa QU)

Mx(s) = E[My w(s)] ,(0:0,00)

(18)
where My |w (s) = exp{s'&y + ws' Qys}, since(V|W = w) ~ Ny(&y,wdy) and

W ~ @G. The proof of this result is provided in the Appendix. From (18) it is clear that the
moment computations reduce substantially when the m&¥jxs diagonal. The special case
of the multivariate skew-tlistribution that follows wherz is theIG(v/2, v/2) distribution is
studied in Arellano-Valle & Azzalini (2006).

3. LINK WITH SKEWED MULTIVARIATE DISTRIBUTIONS

We show how many existing definitions of skew-normal, skew-elliptical, and other related di
tributions from the literature can be viewed as selection distributions in terms of assumptic
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on the joint distribution of(U, V) and onC. We start from the most general class of funda-
mental skewed distributions (Arellano-Valle & Genton 2005) and by successive specializati
steps work down to the very specific skew-normal distribution of Azzalini (1985). We descrit
the links between those various distributions and provide a schematic illustrative summary
selection distributions and other skewed distributions.

3.1. Fundamental skewed distributions.

Fundamental skewed distributions have been introduced by Arellano-Valle & Genton (200
They are selection distributions with the particular selection sub$6) defined in (5), and
therefore the pdf (2) becomes

P(U>0|V =x)

Fx(x) = fv(x) P(U > 0)

(19)

When the pdffy; is symmetric or elliptically contoured, the distributions resulting from (19) are
called fundamental skew-symmetiEUSS and fundamental skew-ellipticagFUSE), respec-
tively. If fv is the multivariate normal pdf, then the distribution resulting from (19) is callec
fundamental skew-norm@rUSN). In this case, note that the joint distributioni@fandV is not
directly specified, and in particular does not need to be normal. The only requirement is to h;
a model forP(U > 0|V = x). Such an example is provided in Section 3.5. FinallyJifind

V are jointly multivariate normal as in (12), then (19) takes the form of (13) @ith- C(0)
and®,.(-;-,-) = ®,.(-;¢,9), the cdf of aN,.(¢,Q) distribution. In particular, if¢y; = 0,

&v =0, Qu = I, andQvy = I,,, then the resulting distribution is callednonical fundamental
skew-norma(CFUSN with the pdf reducing to the form:

fx(x) = 29¢,(x)®,(ATx;0,1, — ATA). (20)

Location and scale can be further reincorporated in (20) by considering the pdf-dt'/2X,
wherep € RP is a location vectory € RP*? is a positive definite scale matrix. This family of
distributions has many interesting properties such as a stochastic representation, a simple for|
for its cdf, characteristics of linear transformations and quadratic forms, among many othe
see Arellano-Valle & Genton (2005) for a detailed account. Fundamental skewed distributic
appear also naturally in the context of linear combinations of order statistics; see Crocettz
Loperfido (2005) and Arellano-Valle & Genton (2006a,b).

3.2. Unified skewed distributions.

Unified skewed distributions have been introduced by Arellano-Valle & Azzalini (2006). The
areFUSN or FUSE distributions with the additional assumption that the joint distributio®Jof
andV is multivariate normal or elliptically contoured as in (12) or (7), respectively. These un|
fied skewed distribution are callenhified skew-normaSUN) andunified skew-elliptica{SUE),
respectively, and they unify (contain or are equivalent under suitable reparameterizations to
the skew-normal or skew-elliptical distributions derived by assuming (12) or (7), respectively.
fact, with some modification of the parameterization used by Arellano-Valle & Azzalini (2006
the SUEpdf is just the selection pdf that follows from (7) wih = C(0) and has the form

Fy(éy + ATOQG (x — £4); 0,20 — ATO'A R )

»u(x)

Fq(€U70aQUah(q)) ’

Fx(x) = fp(x: &y, v, hP) (21)
where (as beforej, (x; &y, Qv, hP) = |Qy|71/20P) (v(x)), v(x) = (x—&yv) T OV (x— &)
and hqu()x)(u) = WPt (y 4+ v(x))/hP) (v(x)), and F,.(z;0,0,¢") denote the cdf of the
EC,(0,0,¢™) distribution, namelyr, (z; 0,0, ¢™) = [, _ 0|72 (vT©~1v)dv. The
SUN pdf follows by taking the normal generatdf?*%) (u) = (2r)~(P+a)/2e=w/2 4 > 0,
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for which b (1) = h((u) = (27)~"/2e=%/2, u,0 > 0, and so (21) takes the form of
(13) with ¢ = C(0) and ®,.(-;-,-) = @,(-;¢,Q). The multivariate skew-{ST) distri-
bution considered in Branco & Dey (2001) and Azzalini & Capitanio (2003) is extended i
Arellano-Valle & Azzalini (2006) by considering in (21) thegenerator withv degrees of
freedom defined by.®*+9 (u) = c(p + q,v){v + u}~P+tat¥)/2 4 > 0, for which h(?) =
c(p,v){v + u}~®P*t)/2 and hiy (u) = c(q,v + p){v + v +uy~Prat)/2 v > 0, where
c(r,w) = T[(r + w)/2)w*/? /Tw/2]7"/?; see also Section 2.4.

3.3. Closed skewed distributions.

The closed skew-norma{CSN distributions introduced by Goafez-Faras, Doninguez-
Molina & Gupta (2004a) is alsEUSN by reparameterization of the covariance matrix of the
normal joint distribution in (12) a®\ = Qv D" andQy = © + DQyvDT. Another closed
skew-normal distribution, which was introduced in Arellano-Valle & Azzalini (2006), follows
also as #FUSNwhenA = AQy andQy = ¥ 4+ AQuAT in (12). An important property of
this last parameterization is that it simplifies the stochastic representation in (15) to a simg

structure of the fornK < &y + AXp[—€y] + X1, whereX[—&y] < (Xo | X > —€&y), with

Xo ~ Ng(0,Qy), and is independent &X; ~ N,(0, ¥), thus generalizing the skew-normal
distribution considered by Sahu, Dey & Branco (2003). As was shown in Arellano-Valle & Az
zalini (2006), all these distributions are equivalent to 3N distribution under some suitable
reparameterizations. The teniosedwas motivated by the fact th&SNdistributions are closed
under marginalizations and also under conditioning wR€W € C) # 279. Moreover, the
CSNdistributions have some particular additive properties, see &enfaras, Doninguez-
Molina & Gupta (2004b).

3.4. Hierarchical skewed distributions.

Liseo & Loperfido (2006) generalized a pioneer result obtained by O’Hagan & Leonard (197
from a Bayesian point of view, who used the selection idea to incorporate constraints on pe
meters in the prior specifications. This is just an interesting example of how Bayesian modell
can be viewed through selection distributions. In fact, supposéMhiat ~ N,(a + Ay, ©),

p ~ Ng(0,I'), where we know also that + ¢ > 0. This is equivalent to considering the
multivariate normal model (see also Arellano-Valle & Azzalini 2006)

I z a r ra’ .
~ , , Wit +c>0.
% “\\o) \4ar 6+ araT #

Thus, the selection model we are considerin@ié (V| + ¢ > 0) which by (19) has pdf

P (c+ AT Y(x—a);0,T — ATEIA)

fX(X) = ¢p(x; avz) & (CO F) ’

(22)

whereA = AT andY = ©+AT'AT. Arandom vector with pdf (22) is said to havaiararchical
skew-norma(HSN) distribution and is also in thBUNfamily (Arellano-Valle & Azzalini 2006).

3.5. Shape mixture of skewed distributions.

The idea ofshape mixture of skew-symmet(®8MS$ distributions is introduced by Arellano-
Valle, Genton, &mez & Iglesias (2006). The starting point is a skewed multivariate distri
bution with pdf of the form2? f,(x) [T_, G(\;z;) or 2f,(x)G(A"x), with a (prior) distrib-
ution for the shape parametdr = (A1,...,),) . The distributions resulting from integra-
tion on A are SMS$ and they are in th&USSfamily. When f, = ¢,, the resulting distri-
bution is called ashape mixture of skew-normgdMSN distribution. Thus, as was shown in
Arellano-Valle, Genton, Gmez & Iglesias (2006), a particul&VISNrandom vectoiX is ob-
tained by Bayesian modelling by considering tB&t| A ~ SN()\;), 7 = 1,...,p, are inde-
pendent, wher& N () denotes the standard univariate skew-normal distribution introduced L
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Azzalini (1985), see also Section 3.8, and adopting the gxier N,(u,X). This is equiv-

alent to considering the selection vectr 4 (VIU € C(0)), with V. ~ N,(0,I,) and
U|V =v ~ Ny(D(p)v, I, + D(v)ED(v)), whereD(p) is thep x p diagonal matrix with
the components of the vectgras the diagonal elements. This example illustrates)&N case
where the marginal distribution & and the conditional distribution dJ given V. = v are
normal but the corresponding joint distribution is not normal. The casepnithl is discussed

in Arellano-Valle, @mez & Quintana (2004b), which is called skew-generalized normal {SGN
distribution and has a pdf given by

/\1m
= 2¢(2)® [ ——x
where); € R and)2 > 0. Note that this family of pdf’s contains both tiN0, 1) pdf when
A1 = 0and theSN()\;) when\; = 0. From a shape mixture point of view it can be obtained by
assuming thak | A ~ SN(A), with A ~ N(\1, A2), and from a selection approach it corresponds

to the pdf ofX < (V' |U > 0), whereV ~ N(0,1) andU | V = z ~ N(A\z, 1 + Apa?).
3.6. Skew-symmetric and generalized skew-elliptical distributions.

For all the skewed distributions considered in this and the next two sections, we have the c
with dimensiong = 1, i.e., selection models considering constraints on one random variab
U only. Skew-symmetric (§Slistributions have been introduced by Wang, Boyer & Gen-
ton (2004a). They are selection distributions with the particular selection stiegtdefined

in (5), the dimensiory = 1, a symmetric random variablé, and a symmetric random vec-
tor V. Therefore, we hav®(U > 0) = 1/2, and the functionr(x) = P(U > 0|V = x),
called askewing function, must satisfy < n(x) < 1 andn(—x) = 1 — w(x). The pdf of a
skew-symmetric distribution based on (2) then takes the form

fx(x) = 2fv(x)m(x), (23)

which is similar to the formulation in Azzalini & Capitanio (2003) except for a different but
equivalent representation ofx).

Generalized skew-elliptical (G$Hlistributions have been introduced by Genton & Loper-
fido (2005). They are skew-symmetric distributions with pdf given by (23) and with the add
tional assumption that the distribution ¥f is elliptically contoured. When the pdf; is mul-
tivariate normal or multivariaté, the resulting distributions are callgéneralized skew-normal
(GSN andgeneralized skew{GST), respectively.

Both skew-symmetric and generalized skew-elliptical distributions have a simple stoch:
tic representation and possess straightforward properties for their linear transformations
quadratic forms. Genton (2004b) provides a detailed overview of skew-symmetric and ger
alized skew-elliptical distributions with an illustrative data fitting example.

3.7. Flexible skewed distributions.

Flexible skewed distributions have been introduced by Ma & Genton (2004). They are ske
symmetric distributions with a particular skewing function. Indeed, any continuous skewir
function can be written as(x) = H(w(x)) whereH: R — [0,1] is the cdf of a continuous
random variable symmetric around zero, andR? — R is a continuous function satisfying

w(—x) = —w(x). By using an odd polynomiaPx of order K to approximate the functiom,
we obtain a flexible skew-symmetric (FS8stribution with pdf of the form
fx(x) =2fv(x)H(Pk(x)). (24)

Under regularity conditions on the pdf;, Ma & Genton (2004) have proved that the class of
FSSdistributions is dense in the class $&distributions under thé.>° norm. This means that
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FSSdistributions can approximateSdistributions arbitrarily well. Moreover, the number of
modes in the pdf (24) increases with the dimendiownf the odd polynomiaPy, whereas only
one mode is possible wheki = 1. When the pdffy is multivariate normal ot, the resulting
distributions are calleflexible skew-normdFSN) andflexible skew-{FST), respectively. Thus,
flexible skewed distributions can capture skewness, heavy tails, and multimodality.

3.8. Skew-elliptical distributions.

Skew-elliptical (SEdistributions have been introduced by Branco & Dey (2001) as an extensic
of the skew-normal distribution defined by Azzalini & Dalla Valle (1996) to the elliptical class
They are selection distributions considering a random variéblge. ¢ = 1) and a random
vectorV, which have a multivariate elliptically contoured joint distribution, as given in (7), with
&y =0, Qu = 1;i.e., they are in th&UEsubclass with dimensiapn= 1. Thus, by (21), th&E

pdf has the form

Fx(x) = 26,6 €. Qv ) Fa(a” (x = €v) b)),

with a = (1 — ATQLA)~1/2Q4 A, andu(x) andhfjl()x) defined in Section 3.2.

The idea of arSEdistribution was also considered by Azzalini & Capitanio (1999), who in-
troduced a different family dbEdistributions than the above class and suggested exploring the
properties as a topic for future research. The relationship between both families is discus
in Azzalini & Capitanio (2003), who have shown that they are equivalent in many importal
cases, like the skew{ST) distribution studied by Branco & Dey (2001) and Azzalini & Capi-
tanio (2003), and extended fgr> 1 in Arellano-Valle & Azzalini (2006) as a member S8UE
distributions. TheST pdf takes the form

1/2
fx(x) = 2tp(x; &y, v, V)T1<(VI—/|—+U(1X)> a'(x—&y)iv+ 1),

wheret, (x; 0, ©,9) is the pdf of thep-dimensional Studentdistribution with locatiorp, scale

©, andy degrees of freedom, arid (x; ) is the cdf of the standard univariate Studenwlistri-
bution with degrees of freedom. Other versions of the skadistribution were proposed by
Branco & Dey (2002) and Sahu, Dey & Branco (2003). Another important case is of course t
multivariate S N, (§+,, Q2v, o) distribution introduced by Azzalini & Dalla Valle (1996), whose
pdf has the form

Ix(x) = 20,(x; &y, Qv) (| (x — &), (25)

and is just a member of tHRUN distributions with dimensiog = 1. If in additionp = 1, then
(25) reduces to the pdf of the seminal univariate skew-normal distribution of Azzalini (198
1986); see also Gupta & Chen (2004) for a slightly different definition of a multivariate skev
normal distribution. In all of the above models, is a p-dimensional vector controlling the
skewness, and = 0 recovers the symmetric parent distribution.

Other particular skew-elliptical distributions include skew-Cauchy (Arnold & Beaver 2000b!
skew-logistic (Wahed & Ali 2001), skew-exponential power (Azzalini 1986), and skew-slas
(Wang & Genton 2006).

A fundamental property of all the selection distributions satisfying/ ¢ C) = 1/2
has been mentioned extensively in the literature, see, e.g., Azzalini (2005), Azzalini & Ca|
tanio (2003), Genton (2005), Genton & Loperfido (2005), Wang, Boyer & Genton (2004b) fc
recent accounts. In brief, the distribution of even functions of a random vector from such a o
tribution does not depend dWU € C'| V), i.e., the skewness. This distributional invariance is
of particular interest with respect to quadratic forms because of their extensive use in Statisti
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FIGURE 1: Schematic illustrative summary of selection distributions.

3.9. A brief summary of skewed distributions.

The field of skew-normal and related distributions has been growing fast in recent years
many new definitions of univariate and multivariate skewed distributions have been propos
We believe that new researchers in this field (as well as experts) can be confused by the nur
of different definitions and their links. In addition to the unified overview described in the prev
ous sections, we propose in Figure 1 a schematic illustrative summary of the main multivari
skewed distributions defined in the literature based on our selection distribution point of view.
The left panel of Figure 1 describes selection distributions based on the selection’s(@set
defined in (5), and essentially contains the definitions of univariate and multivariate skewed ¢
tributions described previously. Note that up to a location shift, this is equivalent to @$ihg
The top part corresponds o> 1 conditioning variables, whereas the bottom part isgfer 1.
The right panel of Figure 1 describes selection distributions based on arbitrary selection sub
C, for example such a€'(a, 3) defined in (6), orfC(c, —cx). Those selection distributions
are mainly unexplored except for some general properties derived in Section 2. In Table 1,
provide also an alphabetical summary of the abbreviations of skewed distributions in order
complement Figure 1, as well as some of their main references. Note that for the sake of cla
in Figure 1 we represent only skewed distributions based on normal, elliptically contoured, &
symmetric probability density functions. Skewed distributions such as slead-skew-Cauchy
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are implicitly included in the skew-elliptical families. Similarly, Table 1 is not meant to be ex-
haustive since so many definitions have appeared in the literature, but it should be useful to t
back some of the main references.

TABLE 1: Alphabetical summary of selection distributions with main references.

ABBREVIATION NAME OF DISTRIBUTION MAIN REFERENCES
CFUSN Canonical fundamental skew-normal Arellano-Valle & Genton (2005)
CSN Closed skew-normal Gonalez-Faras et al. (2004a)

Arellano-Valle & Azzalini (2006)
FSN, FSSFST Flexible skew: -normal, -symmetrict -  Ma & Genton (2004)
FUSE,FUSN, Fundamental skew: -elliptical, -normal, Arellano-Valle & Genton (2005)
FUSS -symmetric
GSE GSN GST Generalized skew: -elliptical, normat, - Genton & Loperfido (2005)
HSN Hierarchical skew-normal Liseo & Loperfido (2006)
SMSNSMSS  Shape mixture skew: -normal, -symmetric  Arellano-Valle et al. (2006)
SE Skew-elliptical Azzalini & Capitanio (1999, 2003)
Arnold & Beaver (2000a, 2002)
Branco & Dey (2001, 2002)
Sahu, Dey & Branco (2003)
SL Skew-logistic Wahed & Ali (2001)
SN Skew-normal Azzalini (1985, 1986)
Azzalini & Dalla Valle (1996)
Arnold & Beaver (2000a, 2002)

Capitanio et al. (2003)
Gupta & Chen (2004)

SS Skew-symmetric Wang, Boyer & Genton (2004a)

SSL Skew-slash Wang & Genton (2006)

ST Skew-t Azzalini & Capitanio (2003)
Branco & Dey (2001, 2002)

SUE SUN Unified skew: -elliptical, -normal Arellano-Valle & Azzalini (2006)

4. CONSTRUCTION OF SELECTION DISTRIBUTIONS

As was discussed in Section 2.2, wHeflU € C'|V = x) = P(U € C) for all x, we have

in (2) that fx = fv, and so the original model is unaffected by the selection mechanism th
we are considering. Whe@@ = (C(0), this fact can occur in many situations whddeand

'V are uncorrelated random vectors, even though they are not independent. In order to as
an explicit association betwedd and 'V, we propose in this section several constructions of
explicit selection mechanisms, from which new classes of multivariate symmetric and skew
distributions can be obtained. We start with a random veterR* and consider two functions
u:RF — RY andv: R* — RP. Denote these byJ = u(Z) and byV = v(Z). We then
investigate various selection distributions according to Definition 1 basdd andV, and a
measurable subsét of RY.
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4.1. Linear selection distributions.

The most important case of selection distributions is undoubtedly the one based on linear fu
tionsw andov, i.e.,u(Z) = AZ + a andv(Z) = BZ + b, whered € R”** andB € RP**

are matricesa € R? andb € RP are vectors, and we assume< k andq < k. Under this
approach, it is natural to assume that the distributiod &f closed under linear transformations,
Z ~ EC(0,I;,h*)) say, implying thatU = AZ + a andV = BZ + b will a have joint
distribution as in (7), witht; = a, &y = b, Qu = AAT, Qy = BB, andA = AB'. It

is then straightforward to establish the connection between (9) and the selection pdf resulting
using the present approach. We now examine the particularfg@s¢ = ¢ ( - ), the multivari-

ate standard normal pdf, for the random vedar R*. We further focus on subsef¥3) of R?
defined in (5), with the associated property that,Yor N,.(&+, Qy) with cdf @,.(y; &y, Qv ):

2, (C(B); €y hy) =P(Y > B) =P(-Y < —=f) = &.(-8; &y, Qy) = . (§v: B, sz)-)
26
Using (5) and (26), the pdf (13) simplifies to:

®,(a+ ABT(BBT)"}(x —b); 3, AAT — ABT(BBT)"1BAT)
(I)q(a;[iAAT)

fx(x) = ¢p(x;b, BBT) :
(27)
Apart from some differences in parameterization, the skew-normal pdfin (27) is analogous to
unified skew-normal (SUNpodf introduced recently by Arellano-Valle & Azzalini (2006). As is
shown by these authors, from tB&N pdf most other existin@N probability density functions
can be obtained by appropriate modifications in the parameterization.

Another interesting application arises when we consider linear functions of an exchangea
random vectoiZ, which can be used to obtain the density of linear combinations of the ord
statistics obtained fror; see Arellano-Valle & Genton (2006a,b).

4.2. Nonlinear selection distributions.

Here we discuss two types of special constructions of a selection distribution by lettiNg=(i)
g(U,T); or (i) U = ¢(V, T) whereg is an appropriate Borel function, possibly nonlinear, and
T € R" is a random vector independent of (or uncorrelated withyr V, depending on the
situation (i) or (ii), respectively. We obtain stochastic representations as a by-product.

Let V = ¢(U,T), whereU, T are independent (or uncorrelated) random vectors. Fo
example, the most important case arises whia linear function, i.eV = AU + BT. In such
situation, the independence assumption implies(fWdtU € C) < A(U|U e C)+ BT which
is a stochastic representation of convolution type. This type of representation, jointly with t
independence assumption, has been used by some authors to define skewed distributions
e.g., Arnold & Beaver 2002), but considering the particular subset of the €&¢ff) given in
(5) only. However, this definition does not include many other families of skewed distribution
such as the class of unified skew-elliptical distributionsSOE, introduced by Arellano-Valle &
Azzalini (2006). The latter class has also a convolution type representation for thé'@se
and does not require the independence assumption. In fact, as was shown by Arellano, del |
& San Marin (2002) (see also Arellano-Valle & del Pino 2004), the independence assumpti
can be relaxed by considering that the random vegdofT) is in theC-class (renamedZ-class
in Arellano-Valle & del Pino 2004). Specificallg, is the class of all symmetric random vectors
Z, with P(Z = 0) = 0 and such thattZ| = (|Z1|,...,|Zn|) " andsign(Z) = (Wy,..., W,,,) T
are independent, ardgn(Z) ~ U,,, whereW, = +1, if Z; > 0andW,; = —1, if Z;, < 0,
i=1,...,m, andU,, is the uniform distribution of—1,1}™. In that case(¢(U, T) | U > 0)

il ¢(UJ0], T), whereUc] 2 (U|U > c¢). As we show in the next section, other families of
asymmetric distributions such as those considered byaRelee & Steel (1998), Mudholkar &
Hutson (2000), and Arellano-Valle,dBnez & Quintana (2005c) can also be viewed as selectior
distributions by using this framework.
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Now let U = ¢(V,T), with similar conditions as above. Linear and nonlinear truncatec
conditions onV can be introduced by this approach. An important example is when we consid
the functionU = w(V) — T, with w: R? — RY, and the independence assumption betvwéen
andT. In that case, (2) witl’ = C'(0) reduces to

_ Fr(w(x))
If U has a symmetric distribution (abo0}, thenP(U > 0) = Fy(0), which holds, e.g., if
w(—x) = —w(x) andV andT are symmetric random vectors. In particulaiifis a random
vector in theC-class, therfy(0) = 277 and (28) yields
fx(x) =27 fv (x) Fr(w(x)), (29)

which is an extension of a similar result given by Azzalini & Capitanio (1999, 2003). Not
that (28) is not altered if the independence condition betvMeand T is replaced by the con-
dition thatV and T are conditionally independent given(V). The result can be extended
however for the case whelé andT are not independent by replacing the marginal Egfby
the conditional cdffr|v—_x. Thus, flexible families of multivariate skewed probability den-
sity functions as described in Section 3.7 can be obtained from (28) or (29). For example
T ~ Ng4(0,1,) is independent oV with a symmetric probability density functiofj,, then
U|V = x ~ Ny(w(x),I,;) and its marginal distribution is symmetric sineg - ) is an odd
function. In that case, (28) reducesko ! f,(x)®,(w(x)), whereK = E[®,(w(V))]. Finally,
we note that this approach was simply the starting point for Azzalini (1985). He introduced t
univariate family of probability density functior®sf (x)G(Ax), x € R, A € R, by considering
the random variabl& = \V — T, with the assumption that andT” are symmetric (abou)
and independent random variables with= f andFr = G. This implies thaly is a symmetric
random variable (abow) and soP(U > 0) = P(T < AV) = [ G(\v)f(v)dv = 1/2 for
any value of).

On the other hand, as we mentioned in the Introduction, symmetric selection models can ¢
be obtained depending on the conditioning constraints. For examMe=fRV is a spherical

random vector, i.e R < IV andVq 4 V/||V] and they are independent, then the selection

random vectofV| || V| € C) 4 (R| R € O)V,. Its distribution is also spherical and reduces to
the original spherical distribution, i.e., the distributioofvhenC' = C(0). Thus, new families

of symmetric distributions can be obtained from the general class of selection distributions,
of course they can be used to obtain many more families of new skewed distributions.

4.3. Other classes of skewed distributions.

As was shown by Arellano-Valle, @nez & Quintana (2005c), another very general family of
univariate skewed distributions is defined by the pdf of a random variglgeren by

xT x

fX(g;):a(a)ib(a)[f(a(a)>1{x>0}+f<b(a)>1{x<0}}, rER,  (30)

where{-} denotes the indicator functiorf(—z) = f(z) for all x € R, « is an asymmetry
parameter (possibly vectorial), arda) andb(«) are known and positive asymmetric func-
tions. The skewed class of Famdez & Steel (1998) can be obtained from (30) by choosing
a(y) = v andb(y) = 1/, for v > 0. In turn, thee-skew-normal pdf considered in Mud-
holkar & Hutson (2000) follows whemn(s) = 1 — ¢ andb(e) = 1 + ¢, with |[¢] < 1. A
particular characteristic of these families is that they all have the same mode as their parent s
metric probability density functions. Moreover, Arellano-Vallebr@ez & Quintana (2005c)
showed that (30) corresponds to the pdfof= W, |Z|, whereZ has pdff and is independent
of W,, which is a discrete random variable wit{\W,, = a(a)) = a(a)/(a(a) + b(a)) and
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P(W, = —b(a)) = b(a)/(a(e) + b()). Thus, sinceZ| < (Z|Z > 0), from a selection point

of view, (30) can be obtained also from (2) sinke (VIU e C),withV =W,Z,U =2Z
andC = C(0). For an arbitrary selection sét, more general and flexible families of proba-
bility density functions can be obtained following this approach. Moreover, their correspondil
location-scale extensions can be derived by considering the usual transforiatioh+ 7.X,
with ¢ € R andr > 0. Multivariate extensions when the above ingredients are replaced
vectorial quantities and the connection with thelass are discussed in Arellano-Vallehi@ez

& Quintana (2005c). Another approach for obtaining multivariate extensions by consideril
nonsingular affine transformations of independent skewed random variables is discussed by
reira & Steel (2004). Finally, a thorough discussion of the connection between the select
framework and the fact that any random variable can be determined by its sign and its abso
value can be found in Arellano-Valle & del Pino (2004).

5. DISCUSSION

In this article, we have proposed a unified framework for selection distributions and have
scribed some of their theoretical properties and applications. However, much more resec
needs to be carried out to investigate unexplored aspects of these distributions, in particula
ference. Indeed, the currently available models and their properties are mainly based on
selection subse€’(3) defined by (5) and summarized in the left panel of Figure 1. Azza.
lini (2005) presents an excellent overview of this particular case of selection mechanisms t
complements our present article nicely. However, multivariate distributions resulting from oth
selection mechanisms remain mostly unexplored, see the right panel of Figure 1. The pre:
article serves as a unification of the theory of many known multivariate skewed distributior
Genton (2005) discusses several possibilities for combining semiparametric and nonparam
techniques with selection distributions. Arellano-Valle & Azzalini (2006) gave a unified trea
ment of most existing multivariate skew-normal distributions and discussed extensions to
skew-elliptical class. They also considered the case of the singular multivariate skew-norr
distribution where the key covariance matfbdoes not have full rank.

Selection distributions provide a useful mechanism for obtaining a joint statistical mod
when we have additional information about the occurrence of some related random events.
have illustrated this point with various examples. There is an unlimited potential for other app
cations necessitating similar models describing selection procedures. For instance, Chen (2
describes applications of multivariate skewed distributions as a link function in discrete select
models, and Bzan, Branco & Bolfarine (2006) propose a new skewed family of models for iter
response theory. We expect to see an important growth of applications of selection distributi
in the near future.

APPENDIX

Moment generating function &fL CT-N,, , distributions. The moment generating function of
X ~ SLCT-N, , follows directly from the form of (13). We have:

Mx(s) = E[QXP{STXH
3 ATOT (x — Qu - ATOL'A
= /exp(sTX)¢p(X§ EVvQV)(I)q(a N (X@ (EC’VLI EQUI;) : . )dx
9\~ SU»
— exp{STﬁv + ;STQVS}@(C';UQU)
A\~ SUy

X /qs,,(x; Ev + Qvs, Qv)D,(C; ATOQG (x — €y) + €y, Qu — ATQGMA) dx

1 1 ~ ~
= expis &y + =s'Q S}EPUEC V =x)|,
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whereU | V = x ~ N, (ATOG (x—&y ) +Ey, Qu—ATOQGIA) andV ~ N, (&y +Qvs, Qv),
and thusU ~ N, (A Ts+ &y, Qu). The resultis then obtained from the relatiofP (U € C |V
=x)]=P(U € 0) = &,(C;ATs + £y, Qu). O

Moment generating function of scale mixtureSd#fCT-N,, , distributions. The moment gener-
ating function ofX such that(X |W = w) ~ SLCT-N,, ,(&,wQ, C(€y)), whereW ~ G,
follows directly from the form of (17) and (14). We have:

Mx(s) = exp{s & }E[Mx, (VIWs)]
15" exp{3ws " Qvs}P, (vw ATs; 0,wy) dG(w)
(Dq(O;O»QU)

o0 Ta.
eXp{sTév}/o exp{g]sTQVS} dG(w)(m
®,(ATs;0,00)

‘I)q(();(]vQU)

eXP{Sva}

E[Mvw (s)]
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