988 BREAKDOWN AND GROUPS

‘t HOOFT, G. (1997).In Search of the Ultimate Building BlockSambridge Univ. Press.

TERBECK, W. and DnviEs, P. L. (1998). Interactions and outliers in the two-way ss@&l of
variance Ann. Statist26 1279-1305.

TYLER, D. E. (1994). Finite sample breakdown points of projecbased multivariate location and
scatter statisticAnn. Statist22 1024—1044.

FACHBEREICH 06—MATHEMATIK FACHBEREICH STATISTIK
UND INFORMATIK UNIVERSITAT DORTMUND
UNIVERSITAT DUISBURG-ESSEN 44221 DORTMUND
45117 ESSEN GERMANY
GERMANY E-MAIL : gather@statistik.uni-dortmund.de

E-MAIL : davies@stat-math.uni-essen.de

DISCUSSION

BY MARC G. GENTON! AND ANDRE LUCAS

Texas A&M University and Vrije Universiteit

1. Introduction. In their interesting paper Davies and Gather draw our
attention to what they call the “small print” in definition$ lareakdown. Working
from a formal group structure and a notion of equivarianoey show by a number
of examples that a definition of breakdown may be void if natomepanied by
a reasonable and precise group structure. This leads thesnaiowe would label
their key remark in Section 6: “We know of no situation notdéden equivariance
considerations where it can be shown that the highest bogakgdoint for a class
of reasonable functionals is less than 1.”

Though we agree with their general point that one has to take ot to come
up with void definitions, or put differently, to make the shpaint explicit, we want
to draw attention to the relation of their results to an algive definition of
breakdown. In particular, we claim that a different perspecon the notion of
breakdown may resolve some of the small print issues.

The definition used by Davies and Gather in their equatio#) (8.a standard
one and has its roots in the domain of location and scale astim As we argued
in Genton and Lucas (2003), it is less useful in a setting wighethdent data. For
example, in a simple autoregression (AR) of order 1,

@ Y, =0Y,_1+e, 0 e(—1,1),e ~N(0,1),
the ordinary least squares (OLS) estimator dois driven to zero by replacing
one of theY;’s by an arbitrarily large number. Note that the OLS estim#tois
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tends to the center rather than the edge of the parametez.spiat; most people
would agree that the estimator has lost its usefulness yf oné extreme outlier
is added. The reason is that the estimator no longer congafalunformation on
the uncontaminated data. It is this latter notion that wetw@put to the fore.

2. Breakdown point for (in)dependent observations. First, we would like
to acknowledge that the breakdown definition as introdung@énton and Lucas
(2003) is subject to criticism raised by Davies and Gatherggnal communica-
tion). One can easily construct an example of an estimatibr veakdown point
of 1 that would lose its information content on the uncontaated process upon
the addition of only one outlier. This is mainly due to thekad a limiting opera-
tion in our original definition. Therefore, for the sake asthomment we introduce
the following slightly adapted and simplified version of ttefinition in Genton
and Lucas (2003).

Let Y denote a vector containing the sample of observations, etrif dlenote
the set of allowable samples. For example, in the asymptatieY might be
a specific AR1) process, whiley is the set of all stationary AR) processes. In
a finite sampleY might be a specific vector iR”, while ¥ is equal toR”. Let
Z,f be an additive outlier process consistingcafutliers of magnitude, such that

we observey 4 Z; rather thany . To formalize the notion of information content
on the uncontaminated process, we introduce the concepidoidss set, which in
this case we define as

@) R*(Z{,Y) ={0(Y + Z})|Y € Y},

whered (-) denotes the Fisher consistent estimator functional./Letenote an
appropriate measure for the badness set. In most cases tksduebmeasure
suffices. Then we define the breakdown point of an estimator as

bdp= 1 min{k — 1‘for all compacty’ c Y :

(3) !

inf w(R*(Z{, Y)NR*(0, ¥)) = o}.

Z;
An extension to the asymptotic case is straightforward. @e bBow the de-
finition works, consider the regression example in Sectionf@avies and
Gather. We havé/ = R"*? and R*(0, Y) = [—n, n]. The estimator is given by
6(Y) = max(—n, min(n, #°LS(Y))), with 6°LS(Y) the standard OLS estimator.
We setu to the standard Lebesgue measure. By takiagl and letting the size of
the outlier ¢) diverge, the intersection of the two badness sets in thaitefi be-
comes{n} or {—n}, which is a singleton with Lebesgue measure zero. Therefore
the estimator has broken according to our new definitions @ppears reasonable
as the estimator no longer conveys information about plyssiicontaminated
samples.
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3. Time series. The advantages of a different perspective on breakdown
become even more apparent in the time series setting. Agaisider our
AR(1) example from (1). In the asymptotic case, define the i.i.ditag outlier

processz;, , with P[Z5,, = ¢1 = P[Z},, = —¢] = p/2, andZ,, ; = O otherwise.

Figure 1 presents plots of the badness B&tZS, Y) associated with three
estimators o® as a function of¢ for p = 5%, 25% 50%. Herey is the set of
all stationary AR1) processes; see the comment in the discussion below. Wie set
to the standard Lebesgue measure.

The first estimator is the OLS estimator which in the abovérggyields the
badness set (2) based on the explicit expression

0

14+ p(1—62)¢2
Letting the size of the outliers¢} diverge, we see that unless = 0, the
estimatordp s tends to zero and the corresponding badness set bedOnese
the first row of Figure 1. Therefore, the asymptotic breakdpeimt of the OLS
estimator for the ARL) paramete# is 0 in the setting described above.

The second estimator is the least median of squares (LMBpast of 0. It
yields a badness set (2) based on the expressjgs(Y + Zf,) =arg mirbe[_l’ 3¢

4) foLs(Y + Z5) =

_ p=5%

_ p=25%

 p=50%
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Fic. 1. Plots of the badness st“(Zf,, Y) associated with three estimatorsfn the AR(1) as
a function ofg for p = 5%, 25%, 50%0OLS(top); LMS (middle); DR (bottom).
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under the constraint
1 c c 1 c 62
> 1-px 2 +pA—-p)|x =2 28 ) T\ 26

p? c (1—6)32 c (146)2
I C e R Ty
where 12 = 1 + (0 — 6)2/(1 — 6% and x2(x; 5% denotes the cumulative
distribution function evaluated at of a chi-square random variable with
noncentrality parameteéf. The second row of Figure 1 indicates that the badness
set for p = 5% still takes a continuum of values, whereas it tends to #te s
{—1,0,+1} for p = 25%. Forp = 50%, the badness set collapses{® as ¢
diverges. Therefore, letting the size of the outlier$ diverge, the asymptotic
breakdown point of the LMS estimator for the AB parameteé can be computed
from (5) to be 221% in the setting described above.
The third estimator is the deepest regression (DR) estinwité defined by
median(Y;/Y;_1). Under the additive outlier process described above, we tee

consider the distribution aft; + Zf,,,)/(Y,_l + Zf,’t_l). It yields a badness set (2)
based on the expressiépr(Y + Zf,) given by the value satisfying

®)

=600

1_
®) + %[G(a £.0)+ G(c:0,2) + G(c; ¢, 0) + G(c: 0, —0)]
2

+%[G(C;C,é“)JrG(C;C,—§)+G(C; —,8)+G(c; —¢, =),

where G(x; a, b) is the cumulative distribution function evaluatedabf the
ratio of two correlated normal random variables with mearend b, variances
1/(1 — 62) and correlatiord [see Hinkley (1969)]. The third row of Figure 1
indicates that the badness set still takes a continuum ofegalor p = 5% and
p = 25%, whereas it collapses t®} for p = 50% as¢ diverges. Thus, the
asymptotic breakdown point of the DR estimator for the(ARparametep can
be computed from (6) to be 50% in the setting described above.

It is interesting to note that the breakdown points of the L& DR
estimators are markedly different for the AR process above, whereas they
are the same (50%) in the setting of simple regression. Thikates that our
definition of breakdown allows us to distinguish betweeriowzs robust estimators
in the time series setting.

4. Discussion. The definition in (3) appears less dependent on a group
structure than the definition used by Davies and Gather. @fsep also the
definition in (3) has its limitations. For example, the ddfon cannot be used if
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one wants to assess the breakdown of an estimator at a sysesifjale, that is,
if Y is a singleton. The main drawback of conditioning on the danmp that
one has to be very explicit about the region toward which wtarator breaks
down, for example, to the edge of the parameter space. Thysnoiabe trivial
for dependent data, as was shown in the(BRexample for LMS. Moreover,
conditioning the breakdown behavior on a specific sample ralte more to
properties of the sample rather than of the estimator. Thakb@vn notion
in (3) based on information revelation about the possibEoantaminated samples
resolves this issue. That notion, however, can most easilpgerationalized if
there is a continuum of possible samples, which suffices fistroases studied in
the literature.

A second possible limitation of (3) is that the user has toxX@iat about the
setY of possible samples (or process&s)or example, if we consider stationary
AR(1) processes in the asymptotic setting, the (asymptotic)kidieen point of
the OLS estimator is 0. If, however, we consider ARprocesses characterized
by 6 € [-1, 1], the breakdown point is 1: the OLS estimator retains infdioma
about the distinction between stationary processes amggses witld arbitrarily
close to 1. In that sense the estimator does not break dowife ivhas broken
down if one only wants to distinguish between alternatiaishary processes;
see Figure 1.

Finally, the definition in (3) is not very explicit about theeasure u.
As mentioned, the Lebesgue measure suffices in most caseaabicpl interest.
Despite the fact that empirical data have finite precisiore can work under the
assumption that’ lies in a continuum to derive the breakdown properties of the
estimator. The properties derived are usually also retdeara setting with finite
precision data. We do not exclude, however, that examplesbeaconstructed
where the Lebesgue measure is inappropriate. For exampl@arameter space
may be discrete and finite. In such cases, alternative mesgumust be used.
Additionally, the restriction that the measure of the iatmtion of badness sets is
zero may have to be replaced by something more complicakedat infimum of
inf ¢ 1W(R*(Z;, ¥) N R*(0, Y')) overk.

The ideas and cautionary remarks in the paper of Davies artleGare
important and relevant. Effectively, they promote thataidown is only a useful
notion for “sensible” estimators and argue that equivangais the crucial notion
here. We argued that they mainly build on a restricted natibloreakdown. The
focus of future research should be put on developing altemalefinitions of
breakdown that are less susceptible to the criticismsddigeDavies and Gather.
The definition in (3) is such an attempt and tries to formatize phenomena
illustrated in Figure 1. In finite samples it is still susdbf# to counterexamples,
for example,8(Y) = max(—n, min(n, 0°5(Y))) + 2(frac(Y1) — 1)/n, where
frac(x) denotes the fractional part of, for Davies and Gather's example in
Section 6, but the examples become increasingly contritfateover, in the
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asymptotic setting the small print issue appears to becosresamaller, especially
if we limit ourselves to estimators that are consistent aatibfy some form of
continuity in the observations. Further developments @ltrese lines appear
promising.

REFERENCES

GENTON, M. G. and Lucas, A. (2003). Comprehensive definitions of breakdown-poiftts
independent and dependent observatidnB. Stat. Soc. Ser. B Stat. Method& 81-94.
HINKLEY, D. V. (1969). On the ratio of two correlated normal randomiafales. Biometrika56

635—-639.
DEPARTMENT OFSTATISTICS DEPARTMENT OFFINANCE
TEXAS A&M U NIVERSITY ECO/FIN, VRIJEUNIVERSITEIT
COLLEGE STATION, TEXAS 77843-3143 DE BOELELAAN 1105
USA 1081HV AMSTERDAM
E-MAIL : genton@stat.tamu.edu THE NETHERLANDS

E-MAIL : alucas@feweb.vu.nl

DISCUSSION

By FRANK HAMPEL
ETH Zirich

1. Introductory remarks. It is a great pleasure for me to be invited to
comment upon the nice and elegant and in parts thought-kiraygaper by
Davies and Gather. The authors also asked me specificallgronent upon the
historical roots of the breakdown point (BP), and my thoggitiout it. | shall try
to do so, stressing in particular aspects and work that arpuigished.

2. Some thoughts with the definition of the breakdown point. In my thesis
[Hampel (1968)] | developed what was later also called thérfitesimal approach
to robustness,” based on one-step Taylor expansions dbtetmtviewed as
functionals (the “influence curves” or “influence functiéns technology which
for ordinary functions has long been indispensable in ezgging and the physical
sciences, and also for much theoretical work. However, & atavays clear to
me that this technology needed to be supplemented by araiimticup to what
distance (from the model distribution around which the egian takes place) the
linear expansions would be numerically, or at least sermitjigdively, useful. The
simplest idea that came to my mind (simplicity being a virtakso in view of
Ockham'’s razor) was the distance of the nearest pole of thetiinal (if it was
unbounded); see the graphs in Hampel, Ronchetti, Roussaedistahel [(1986),



