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Abstract

A new class of multivariate skew-normal distributions, fundamental skew-normal distributions and
their canonical version, is developed. It contains the product of independent univariate skew-normal
distributions as a special case. Stochastic representations and other main properties of the associated
distribution theory of linear and quadratic forms are considered. A unified procedure for extending this
class to other families of skew distributions such as the fundamental skew-symmetric, fundamental
skew-elliptical, and fundamental skew-spherical class of distributions is also discussed.
© 2004 Published by Elsevier Inc.
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1. Introduction

During the last decade, there has been an increasing interest in finding more flexible
methods to represent features of the data as adequately as possible and to reduce unrealistic
assumptions. The motivation originates from data sets that often do not satisfy some standard
assumptions such as independence and normality; see the book edited by[G4}fama
collection of applications in areas such as economics, émarceanography, climatology,
environmetrics, engineering, image processing, astronomy, and biomedical sciences.
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One approach for data modeling consists in constructing flexible parametric classes of
multivariate distributions that exhibit kurtosis which is different from the normal distribu-
tion. The class of elliptical distributions, firstly introduced by Kelg2] and systematically
discussed by Cambanis et |HI2], is probably the most popular example of this approach;
se€[13] for a comprehensive review. Itincludes a vast set of known distributions, for exam-
ple, normal, compound normal, Studenpower exponential and Pearson type I, among
others. Its main advantage is that it represents a natural extension of the concept of symme-
try in the multivariate setting. Although elliptical models provide alternatives to the normal
model, these can only be applied in practical situations where the symmetry seems reason-
able. Therefore, the construction of parametric families of asymmetric distributions which
are analytically tractable, can accommodate practical values of skewness and kurtosis, and
strictly include the normal distribution, can be useful for data modeling, statistical analysis,
and robustness studies of normal theory methods. This work is focused on the study of mul-
tivariate skew distributions from a unified approach, and also examines the main properties
of such models.

Although the idea of modeling skewness by means of the construction of a mathematically
tractable family including the normal distribution was proposed early by other authors (see,
for example[25]), the formal definition of the univariate skew-norm@N hereafter) family
is due to Azzalin[5]. He said that a random varialddnas arSNdistribution with skewness
parameter, which is denoted by ~SN (1), if its density is

f@ZlAd) = 2¢@)P(Az), zeR, LleR, (1.2)

where¢ and® are theN (0, 1) probability density function (pdf) and cumulative distribution
function (cdf), respectively. The cage= 0 reduces (1.1) to th&/(0, 1) density. Further
properties are studied by Azzalif,6] and Henzg19]. They show, in particular, that if
Z~SN(J), thenZ2~y2 and
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1
V1422 V1422

whereX andY are iid N (0, 1) random variables and the notatiéh 2 ¥y means thak
andY have the same distribution. Later, Azzalini and Dalla V§8g use the stochastic
representation (1.2) to extend (1.1) to the multivartadéfamily of densities, which are
given by

| X+

f(Zlh) = 2¢,(2P1(AT2), zeR:, AeRE, (1.3)

where¢, and @, are the pdf and cdf of thke-dimensional normal distributiotv, (0, Ix),
respectively. Again, the case with= 0, reduces (1.3) to th&/, (0, I;) density, so thai
is interpreted as a shape vector of parameters. Extensions to multivariate locaticBMscale
distributions are also considered®j. Further properties of the multivaris&distribution
are studied irf7]. Subsequently, Genton et §l5] derive the moments of random vectors
with multivariateSNdistributions and their quadratic forms (see d4]).

Generalizations of these ideas have been proposed by many authors. For instance, multi-
variate distributions such as skew-Cau¢Bly skewt [8,11,21,26] skew-logistid27], and
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other skew-elliptical onef8,11,4] Sahu et al[26] provided a more general way to obtain
a family of multivariate skew-elliptical distributions, from which a multivariate version of
the univariateSN distribution with independerfN marginals can be obtained. Recently,
Genton and Loperfid§16] introduced a class of generalized skew-spherical (elliptical)
distributions defined by densities of the form

f@0) =2f(20(2), zeR, (1.4)

where f; is the density corresponding tdkadimensional spherical (elliptical) distribution
(se€[13]) andQ s a skewing function, which is such th@i{z) >0 andQ(-z) = 1— Q(2),
forall z € R*. They show that many of tr@Nproperties can be extended to any distribution
in this class. Strictly speaking, we must note in (1.4) &) = v(«(2)), for some function
u : R¥ - R and some non-negative functien: R — R, which are such that(—z) =
—u(z), forallz € R*, andv(—u) = 1— v(u), for allu € R. This alternative representation
is used by Azzalini and Capitan[8] but it is not unique.

More recently, Wang et a28] extended (1.4) to any symmetric densfyin R¥, that is,
assuming thaf; satisfies the conditiorf,(—z) = fx(2) forall z € RX. Further properties
and characterizations of these distributions are also discussed in their work. For example,
it is shown that under (1.4) the associated distribution theory of linear and quadratic forms
remains largely valid. Thus, many multivariate extensions of the univadidtéstribution
of Azzalini can be obtained as special cases of (1.4), for example, the multiaNatie-
tribution defined in (1.1) by Azzalini and Dalla Val[®] and that introduced by Azzalini
and Capitani¢7]. Moreover, (1.4) generalizes the class of skew-spherical (elliptical) distri-
butions considered in Branco and D&yt ]. However, from (1.4) it is not possible to obtain
neither the multivariate family of the skew-spherical (elliptical) distributions considered by
Sahu et al[26], nor the class of multivariat®@Ndistributions considered by Gupta et[ai]
and fully discussed by Gonzalez-Farias ef®1] (see als¢23]), whose canonical version
is defined from its density by

¢ (29, (D2)
®,,(0|1,, + DDT)’

f(Z|(Dm, D) = S Rk, (15)
where¢p(~|y, 2) and®,(-|u, 2) are, respectively, the pdf and cdf of the,(u, 2) dis-
tribution, ¢p(-|2) and®,(-|X) denote these functions when= 0, andD is a matrix of
dimensionn x k. Note that (1.5) contains also the multivari&idfamily defined by (1.3)
whenm = 1 and reduces to the product of univari&edistributions whenn = k andD
is diagonal.

Important additional results are given in Arellano-Valle ef2], where a general class of
skew-symmetric distributions is introduced starting from the definition of a sgécialss of
symmetric distributions (or random vectors), defined in terms of independence conditions on
signs and absolute values. Specificdllis the class of all symmetric random vect&ravith

P(X = 0) = 0 and such thatX| = (|X1/,..., X7 and signX) = (W1, ..., W,)T
are independent, and sigh)~U,,, whereW; = +1,if X; > 0 andW; = —1,if X; <O,
i =1,...,m, andU,, is the uniform distribution of—1, 1}'*. Two equivalent stochastic

representations, the conditional and marginal representations, are given by Arellano-Valle
et al.[2] for any skew random vector obtained from tatlass. Following the results of
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these authors, we consider here the following general procedure to obtain the density of an
arbitrary skew distribution:

f@Z0w) = K fil@0m(2), ze R, (1.6)
where
K,=PX>0 and 0,2 =PX>0Z=2 a.7)

for some random vectops andZ with dimensionsr x 1 andk x 1, respectively, and with
joint distribution such thaZ has marginal density;. Note that (1.6) corresponds to the
conditional density ofZ|X > 0], which describes a selection model; see Bayarri and De
Groot[10] for a survey. As was noted by Arellano-Valle et[2l, if X is aC-random vector,
thenkK,, = P(X > 0) = 27, so that (1.6) reduces to

f@Z0w) = 2" (2 0n(2), zeR- (1.8)

If f; is a symmetric density of*, then Q,, can be interpreted as a skewing function,
which in general does not satisfy the condition given by Genton and Lopdif&]dor
the family defined by (1.4). In fact, these conditions are satisfieehfes 1 only, and in
this particular case (1.8) is contained in (1.4). koe 1, (1.8) is more general than (1.4).
We note that (1.5) may be obtained from (1.6)—(1.7) by takitg = z~N,,(Dz, I,,) and
Z~N(0, It), so thatX~N,, (0, I,, + DDT) andCov(X, Z) = D. Thus, f;(2) = ¢,(2),
Om(@ = P(X > 01Z = 2) = &,,(Dz) andK,, = P(X > 0) = &,,(0/1,, + DDT).
Note thatk,, = 2~ if DD is a diagonal matrix. Similarly, if we suppose théalZ =
z~N, (DT (Q+ DD") 1z 1, — DT(Q+ DDT)"1D) andZ~N,(0, @ + DDT), so that
X~N,,(0, I,) andCov(Z, X) = D, then from (1.8) we have that

f@®,, Q. D) = 2"¢, 2|2+ DD")D, (DT (Q+ DD") 21,
-pT"@Q+DD") D), (1.9)

which generalizes the Sahu et[@6] SNdistribution with null location vector. In fact, these
authors consider (1.9) withh = k£ and assume th#& andD are diagonal matrices. Note in
(1.6)—(1.8) thap,, (2) = v(u(2)), for some functior : R¥ — R™, and some non-negative
functionv : R" — R.

The main objective of this work is to study the family of skew distributions that follows
from (1.6) when in (1.7) the random vectérhas a particular symmetric distribution. We
start by assuming that is normally distributed. Thus, for any conditional distribution of
X givenZ = z, we introduce first in Section 2 the so-called multivariate fundamental
skew-normal distributions (“fundamental” because it generalizes all existing definitions of
SNdistributions). Then, we consider a canonical version of that class, which is a special
case of the form given in (1.8) with normalizing constadq = 27. We derive for
this canonical class several results associated with the distributional theory of linear and
quadratic forms, marginals, and conditionals. A marginal stochastic representation for a
canonical fundamental skew-normal random vector is also considered. Such representation
is used to obtain the moments of these skew-normal random vectors, and may be used also to
develop simulation studies related to inferential aspects for these models. Some extensions
of these ideas are considered in Section 3, where we show that the general family of skew
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density defined by (1.6)—(1.7) is closed under marginalization and conditioning. We explore
also the special case when the random veztts assumed to be the linear combination

AX + BY, whereX andY are uncorrelated and symmetrically distributed random vectors.
Finally, in Section 4 we apply the results obtained in Section 3 to the case XrardY

are spherically distributed, thus defining the class of canonical fundamental skew-spherical
distributions.

2. Fundamental skew-normal distributions

In this section, we introduce first a very general clasSNdlistributions defined in terms
of its density by (1.6)—(1.7), called fundamental skew-normal distributibbsQN. Then,
we consider a canonical version of this class and we study its main properties.

Definition 2.1. LetZ* = [Z|X > 0], whereZ~N;(u, 2) andX is am x 1 random vector.
We say thaZ* has ak-variate fundamental skew-norm&WSN distribution, which will
be denoted by *~FU SNy ,» (u, 2, Qm), if its density is given by

f2:(2) = K, " (@lp, 2) 0 (2), 2.1)
whereQ,,(z2) = P(X > 0|Z = z) andK,, = E[Q0,,(Z)] = P(X > 0).

Note thatK,, is a normalizing constant and that the te@y, may be interpreted as a
skewing function. Thus, as was mentioned in Section 1, from (2.1) we can obtain different
families of skew-normal distributions. For instance, if we assumeXthat= z~N,, (—v +
D(z — p), Q), implying thatX~N,,(—v, @ + DXDT) andCov(Z, X) = XDT, then the
SNdistribution introduced by Gonzalez-Farias et[al[] follows from (2.1), which re-
duces to (1.5) whem = 0 and> = Q = I;. Special cases of (2.1) are obtained when
K, = 27, which is satisfied by any random vec¥re C. In this case, we have, for exam-
ple, a generalization of (1.9) by assuming thgt = z~Nm(DTZ(*Zl_m, In — DT X7 1D), with
Y =Q+ DDT, sothatX~N,,(0, I,,) andCov(Z, X) = D, obtaining from (2.1) that

fz+(2) = 2" ¢ (zlu,  + DDTY®,,(DT(Q + DDz — w1,
-pT(@+ DD") D),

which is a location-generalization of (1.9). Note that to obtair&Ndistribution introduced
by Sahu et a[26], we need to assunwe = k and that both matrice® andD, are diagonal.

2.1. The canonical fundamental skew-normal distribution

In this section, we introduce the canonical fundamental skew-no@f&JEN distribu-
tion, for which we consider first the univariate family ®Ndistributions defined by means
of its pdf in (1.1). Letd = 2/v/1 + A2. Since the relation betweene R ands € (-1, 1)
is one to one, we have thf2¢(x)®P(1x), x € R; 2 € R} and{2¢(x)P(dx|1 — 52), X €
R; 10| < 1} are equivalent families oBNpdfs. Here, the first parameterization will be
denoted by{SN(1); 4 € R} and the second byC FUSN (9); |9] < 1}.



98 R.B. Arellano-Valle, M.G. Genton / Journal of Multivariate Analysis 96 (2005) 93—-116

Let Z* be ak x 1 random vector and lel be ak x m correlation matrix (which is a
symmetric matrix whemn = k) such thatl,, — A7 4 is a positive definite matrice, i.e.,
l|[d4al| < 1 for any unitary vectoa € R™, where|| - || denotes the norm of a vector.

Definition 2.2. We say thatZ* has ak-variate canonical fundamental skew-normal
(CFUSN distribution with ak x m skewness matrix4, which will be denoted by
Z*~CFUSNj n(A) and byZ*~C FU SNy (4) whenm=k, if its density is given by

f2+@) = 2" @ P (AT 2|1, — AT A), z € R, (2.2)

where4 is such that|Aa|| < 1, for all unitary vectora € R™.

Remark 2.1. Note that the matrixd can be constructed as = A(1,, + AT A)~Y2, for
somek x m real matrixA with finite entries. In such case, the matrix identitigs- 47 4 =
(In + AT A" andl, — 447 = (I, + AAT)~Limply that (2.2) can be rewritten as

f2+@) = 2" ¢ @ P (I + AT A)7V2AT 2| (1, + AT 7Y, ze RE
Notice the analogy with the univaria@\case.

The following lemma will be used frequently.

Lemma 2.1. LetZ~N (0, I). Then for any fixed vectou € R™ and matrixA € Rk,

E[¢,, U+ AZ|D)] = ¢,,(u|Q+ AAT) and
E[®, U+ AZ|Q)] = &,,(u|Q + AAT).

Proof. Infact, E[¢,,(U+AZ|Q)]= [ g ¢, (Ul — AZ, Q)¢ (2) dz= [ fuiz=2(V) fz(2)dz
=fu(u), whereU|Z = 2z~N,(—Az Q) and Z~N;(0, I;) implying that U~N,, (0,
Q4+ AAT). O

Note that Lemma 2.1 guarantees in particular that (2.2) is just a density functi@h, on
since [ gk ¢ (2P (A7 2|1,y — AT A) dz = E[@,, (A" Z|1,, — AT )] = B,,(0) = 27,
As it is shown in the next result, the cdf of tkE-USNdistribution has a simple form.

Proposition 2.1. If Z*~CFU SN, (4), then its cdf is given by

Fz:(2) = 2" P (27, 00)71Q), ze R* where Q:( IjT ;4').
- m

Proof. By (2.2),

Fz+(2) = 2m/ / b Uu+2)¢,, v+ AT (U4 2|1, — AT A)dvdu
u<oJ v<o
= 2"PU<0,V<0),
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whereV|U = u~N,,(—47 (u+2), I,, — AT A) andU~Ny(—z, I;). Thus, the proof follows
from the fact that

(V) () (L 3) o

2.2. Special cases of the CFUSN distribution

Some important special cases of EUSNfamily defined by (2.2) are the following:
1. Ifm =1, with4 = (61,..., )7, then (2.2) reduces to the Azzalini and Dalla Valle
[9] SNdensity in (1.3), with
T
01 Ok

RSN Y-

2. If m = k andA = Diag(d, ..., o), then (2.2) reduces to the productlofinivariate
SNmarginals, that is,

A

k
0;
fze@ = [ 201 P1Cizi)  with 4 = :
i=1 Jv1-— 5,2

Thus, for any univariat&Nrandom sampl&Z*~SN (), i = 1,...,n, we have that
Z* = (Z%, ..., Z5T~CFUSN,(81,), with § = //v/1+ 1?;
3. Ifthe matrix4A” 4 is diagonal, i.e.4% 4 ; = 0, foralli # j, whered j, j =1,...,m,
are the columns ofl, then (2.2) reduces to
f2:@) = 2" P (ATz) with A= AL, — AT 4)~Y2,

Thus, by lettingD = A" = (1,, — AT A)~Y247 in (1.5), it follows that a necessary
and sufficient condition to obtain (2.2) as special case of (1.5) isatixt = 47 4 be a
diagonal matrix. Since this condition is not required by Definition 2.2, then we have in
general that (1.5) and (2.2) define different familiesSdfdistributions. Note however
that (1.5) is a special case of (2.1).

2.3. The CFUSN stochastic representations

The following proposition presents conditional and marginal stochastic representations
for the CFUSNrandom vectoZ* introduced in Definition 2.2.

Proposition 2.2. LetZ*~C FU S Ni i (4), where|47b|| < 1, for any unitary vectob e
RF. Let alsoZ = AX + (I — 447)Y2Y, whereX~N,, (0, I,,) andY ~N (0, I), which
are independent. Then

272 zix > 0),
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which is called conditional representation. Moreoyer
2 L AX| + (I — AATYY2Y where  |X| = (IXal, ... 1XmDT

which is called marginal representation

Proof. Theorem 5.1 in Arellano-Valle et g)2] establishes that the conditional random
vector[Z|X > 0] has a density as in (1.6), whefg(z) is the marginal density o and,
as is indicated in (1.7)K,, = P(X > 0) andQ,,(2) = P(X > 0]Z = 2). Here, by the
assumptions it is clear that~Ny (0, I;), so that the joint distribution oX andZ is

(2) = ((6)-(5 5)

and soX|Z = z]~N,, (47 z, I, — AT A). Thus,K,, = 27", fi(2) = ¢, (2) and Q,,(2) =
®,,(A" 2|1, — AT 4), from where the conditional representation follows. The marginal
representation comes from its equivalence with the conditional representation, which is
established in Theorem 3.1 of Arellano-Valle et[a]. O

Remark 2.2. Sinced = A(I,, + AT A)~Y/2, for some reak x m matrix 4, it follows
from the matrix identity(/y + AAT)™Y = I, — AL, + AT A)IAT = I, — AAT that
Z = ALy + AT A)7V2X 4 (I + A4T)~1/2Y. Note also thatCov(Z, X) = A. Thus,
sinceV(Z) = I andV(X) = I,, we have for any givert x m real matrix A that
A = A(I, + AT A)~Y2 s a correlation matrix.

Corollary 2.1. If Z*~C FU SNk i (4), then

[2 2
E@Z*)=.,= 41, and VZ* =1 — = A47,
Y T

wherel,, is an x 1 vector of ones

Proof. Using thatE[|X]|] = \/%1,” andV[|X|] = (1—2/n)1,, whereX~N,,(0, I,,,), the
proof is direct from the marginal stochastic representatidn.

Note from Corollary 2.1 that iZ* = (Z7, ..., Z;‘)TNCFUSNk,m(A), then

2 2 &
Cov(Z}. Z}) = —;AZT_A,-_ =—= > 6ipdip. i # .
p=1

whereAZ = (0i1,...,0im), i = 1,...,k, are the rows ofd. Similarly, if Z* and 4 are
partitioned in the form of

* __ Z?[ _ A1
Z _<Z§> and A_<A2>’ (2.3)
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whereZ} and4; have dimensiong; x 1 andk; xm,i = 1, 2, respectively, ankh +kz = k,
then

2
Cov(Z%,Z%) = —=MA].
Y
2.4. The CFUSN moment generating function

In the next result, we derive the moment generating function (mgf) aCeSNdistri-
bution. Additional properties of this distribution are obtained from its mgf.

Proposition 2.3. If Z*~C FU S Ni i, (4), then its mgf is given by

Mzs(t) = 2meMUt g (ATY),  t e RE.

Proof. Note first thate!’ Z¢, (z) = /2"t ¢, (z — t). Hence, using the variable change
y = z —t after applying (2.2), we have that

Mz(t) = E[e T = 2me WU g1, (ATt + ATY|I,, — AT )],

where Y~Ny(0, Iy). Thus, the proof follows from the second equation in
Lemma2.1. O

An important byproduct of Proposition 2.3 is the following additive property of the
CFUSN(distribution.

Corollary 2.2. Let Z;~CFUSNy m;(4;), i = 1,...,n, which arek x 1 independent
random vectors. Then
_ 1 n B n
" = - ;Z?NCFUSNk,m(A) where m = Ximi
1= 1=

-1
and A= —(44,...,4,).
n

Proof. Since[[/_; @m, ((1/n)A7t) = @, (A t), wherem = S miandA = (1/n)
(41, ..., 4,), the proof follows from Proposition 2.3.(]

Now, we characterize the distribution of an arbitrary linear transformatiéh + b by
means of its mgf and also by means of its pdf wideis a non-singular matrix. The proof
of such results is direct from Proposition 2.3 by noting théz«p(t) = et Mz« (ATt)
and from (2.2) by using thatsz«.p(y) = |det(A)| 1 fz«(A~1(y — b)).

Proposition 2.4. If Z*~C FU SNk (4), then for anyn x k matrix A,

Muzeip(t) = 2met DHUDTAAT G (AT ATy ¢ e RE (2.4)
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Moreover if for n = k the matrix A is nonsingulathen

Fazesb(y) = 2"|dettA)| L (A7 — 0) D (AT ATy — D)1, — AT A),
y € RE. (2.5)

By using (2.4) withb = 0, we have the following additional properties of t6&USN
distribution.

Corollary 2.3. LetZ*~CFU SN (4). Then
(i) —Z*~CFUSN; . (—4);
(i) a’'Zz*~FUSNy,(a’ A), for any unitary vectoa € RF;
(iiiy AZ*~CFUSNy n(AA),for anyk x k orthogonal matrixA.

To end this section, we characterize next the distribution of quadratic formSBUSN
random vector by means of their mgf’s.

Proposition 2.5. If Z*~CFU SNy »(4) and A is a givert x kK symmetric matrixthen the
mgf of ¥ = Z2*T AZ* is

My(t) = 2" Iy — 2t A|7Y20,, (0|1, + 2t AT (I — 2t A) LA A),
t e R,

which for A = I; reduces to

My(t) = 2" (1 — 2t) % 2@, 0|, + 211 —20)" 24T 4), teR.

Proof. Note first thate'? A2, (2) = I — 2tA|~Y2¢, (z|(Ix — 2¢tA)~1). Now, consider
the random vectoZ ~Ny (0, (I — 2t A)~1). The proof follows by using (2.2) and the fact
that the second equation in Lemma 2.1 implies #i@b,, (47 Z|1,, — A" A)] = &,,(0|1,, —
ATA+ AT (I —2eA)714). O

Note the simplification in Proposition 2.5 whetd = O. From Proposition 2.5, we
can obtain the moments of the quadratic fo¥m= Z*T AZ* by differentiating its mgf,
following Genton et al[15]. For instance, from Corollary 2.1,

2
E(W) =tr(AV(Z") + EZ*T)AEZ*) =tr(A) + =[1] AT AA1,, — tr(AT AA)).
Y
Alternatively, sincéA is ak x k symmetric matrix with eigenvalueg,i = 1, ..., k, then

we can use thatt = PT AP, whereA = Diag(/1, ..., ) andP is ak x k orthogonal
matrix, so that

k
v =27 PTAPZ* YT AV =3 v,
i=1

where, from part (iii) of Corollary 2.3Y* = PZ*~CFU SN, (P 4), and from part (i)
of the same corollary* = PTZ*~CFUSNy,,(PT 4),i =1,...,k, wherePa, ..., Py
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are the columns oP (i.e., P; is the eigenvector oh corresponding to the eigenvalug
i =1,...,k). Thus, the results given in Section 4 of Arellano-Valle e{2].can be used
to obtain the moments dF.
Another important byproduct of Proposition 2.5 is the following characterization for the
distribution of the squared length ofGFUSNrandom vector.

Corollary 2.4. If Z*~CFUSNy ,,(4), with 4 # O, then [|Z*||2~»2 if and only if the
matrix A7 A is diagonal

2.5. The CFUSN marginal distributions and independence

Denote by(Z?, i = 1, 2) and by(4;, i = 1, 2) the partition of the random vectdr* and
the induced row-partition of the matrix described in (2.3), respectively. Considering this
notation, the next result shows that tAEUSNdistribution is closed under marginalization.

Proposition 2.6. Assume tha* = (Z},i = 1,2)~CFUSN . (4). Then we have
Zi~CFUSNy, m(4)),i.e,

f2: (@) = 2"y, @) P (A] Zil Ly — AT Ai), 7 € RS, i =1,2 (2.6)

Proof. It is direct from (2.4) by takingA = [[,, O] fori = 1 andA = [O, Iy,] for

i = 2. Alternatively, sincel,, — A" A = I,, — A1 A1 — A} A5, we have from (2.2) that
f2:(21) = 2"y (Z)E[@p (A} 21 + A3 Z|1,, — AT A)], whereZa~Ny, (0, It,), which
yields (2.6) withi = 1 by using the second equation in Lemma 2.1. In a similar way, we
obtain (2.6) fori =2. O

Remark 2.3. If 4 = A(I,,+A4)~Y2 thend; = A;(I,,+AT A)~Y/2, where(A;, i = 1, 2)
is the corresponding partition on the matrix

Suppose now that > 1 and let us partition the matricels, i = 1, 2, indicated in (2.3)
asd; = (4;1, 4;2), whered;; has dimensioi; x m;, j = 1,2, andmy + mp = m.

Proposition 2.7. Assume thaZ* = (Z},i = 1,2)~CFUSN u(4), withm > 1 and
A # O.Then under each of the following conditions on the shape mattithe random
vectorsZ3 andZ3 are independent

() 412=0and4z1 = O.Inthis caseZ;~CFUSNy, m;(4ii),i =1,2; or

(i) 4;; =0,i =1,2.InthiscaseZ]~CFUSNiym,(412) andZ5~C FU SNyy,my (421).

Proof. The proof follows by noting that (2.2) implies

fz1.25(21, 22) = 2"y (20) iy (22) Py 1 (A1 21 + A5 22l Dy om
—A] 41— A5 A7), (2.7)
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where from the partitionl; = (4;1, 4;2),i = 1, 2,

A{Zl + AgZZ = (

and

Ly tmy — A{Al — AEAZ
_ <lm1 — (U A+ A3 A1) —(Afy A1z + A3, 422) )
— (A A1+ A%A21) Ly — (AlpA12 + A35422) )

Thus, the last term in (2.7) factorizes into @), (41121 L, — A11411) @y (A3 520| 1, —
A%,429),if A1 = Oanddzy = O, and into (ii)®,, (A1 ,z4| L, — AT A12) @y (4D 1201 1 —
AL Az1), if A1 = O and4,; = O, thus concluding the proof.[]

Now, denote byl the (6;;i = 1,...,k,j = 1,...,m) and byA] = (51, ..., Sim),
i =1,...,k, the rows of the shape matrik Let alsog; = (0,...,0,1,0,...,0) be the
k x 1 vector with 1 at theth position,i =1, ..., m.

Proposition 2.8. LetZ* = (Z}, ..., Z{)T ~CFUSN u(4). Then

() Z:~CFUSNyw(4]),i=1,....k

(i) Zj,...,Z{ are independent if and only it = k and 4; = 9;;,e;,, for somej; =
1,..., k,withj; # jiforalli #i’,i = 1,..., k.Moreovetinsuchcas&;~CFUSN;
Gij)i=1,... k.

Proof. Note first thae! Z* = z* ande! 4 = 4!, where|le;| = 1,i = 1, ..., k. Thus, by
the part (ii) of Corollary 2.3Mz: (1;) = 21eWDEP, (A1), i = 1, ...,k which proves
the part (i). To prove (i), note first thdl;_; Mz: (;) = 2t /2 St T, @ ().

.....

(Zf‘zl A;.t;)). Thus, we have thawzi« zr (t, ..., 1) = ]’[le Mz (i), forall (zq, ..., %),

,,,,,

if and only if @,,(X%_, A1) = 2%~V [T5_, @,,(4;.1;), for all (11, ... ., 1), which holds
if and only if m = k and4; = J;j.e;,, forsomej; = 1, ..., k, with j; # ji foralli #i’,
i=1...,k O

Note that form = 1, it is not possible to obtain independence of all the variables for the
components of €FUSNrandom vectoZ* unless only one variable is skewed.

2.6. The CFUSN conditional distributions

As is shown in the following result, theFUSNdistributions are not closed under condi-
tioning. However, their conditional distributions have the form of the more general family
of FUSN(distributions defined by (2.1).
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Proposition 2.9. If Z* = (Z},i = 1, 2)~C FU SNy, (4), then the conditional density of
Z7givenZ; =z is

f23125=2,@1) = (K (22)) 7, @20 @ (A] 21| — A3 22, 1y — AT A),

wherek ,,(z2) = @, (A3 2|1, — A% A2).

Proof. Since®,, (47 z|l,, — AT A) = G (AT 21 + A32|0, I,y — AT A) = &,,(4] 21| —
A%z, 1, — AT A), the proof follows from the fact that (2.6) and (2.7) imply
hr,20) P (A] 21| — A5 20, Iy — AT 4

T O
D,, (43 2211, —AF > 42)

Jz3123=2,(21) =

In order to obtain the conditional moments4if givenZ’; = z,, we need the following
preliminary result. LeZ1~Ny, (0, It,) and letg be a real function such tha[|g(Z1)|] <
oo. Let alsoX be am x 1 random vector with density (x) and let

(X

f«(X|X0) = m X <Xo} (2.8)

be the conditional density of given{X <xg} for some fixed vectoxg € R", wherel, is
the indicator ofA.

Proposition 2.10. LetZ* = (Z},i = 1, 2)~CFU SNy, (4). Then for any integrable real
functiong, it follows that

E[g(ZD)|Z5 = 22] = E[R(X)|X<A322] with h(X) = E[g(Z1)|X]

where [Z1|X = X|~Niy (=A1(Iy — A5 A2)7%, Iy — A1(L, — A5 42)714T) and
X~Npy (0, I, — AF A).

Proof. Using tha1g is an integrable real function and considering the factdh,a(tAl 71—
A zp, Iy — AT A) = @,,(AY 25| — Al 23, I, — AT A), we have from Proposition 2.9 that

E[g(Z])|Z5 = 23]

1
) z 21) Py (A3 22] — A1 20, Iy — AT A) dz

ol
= 8(Z1) Py, (21)
gpm(AgZZHm _AgAZ) Rk !

xf b (X| — AT 21, 1, — AT A) dx dzy
X<A§Zz
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1
@, (A3 221, — AT A2)

x f / 82D, (21) ¢, (X| — A 21, Iy — AT A) dzy dx
x<ATzp J RA

1
djm(AgZZ”m - AgAZ)

where fz,(z1) = ¢y, (z1) and fxz,—z,(X) = ¢, (X| — 4121, Iy — A" 4), i.e., Z1~Ny,
(0, Ity) and[X|Z1 = z1]~ Ny (=47 21, I,— A" A). Using thatfz, (1) fx|z,=z, (X) = fx(X)
f24x=x(Z1), WhereX~N,, (0, I,, — A% A2) and soP (X < 43 2p) = &, (AL 25| 1, — A5 A5),
and thaiZ;|X = X]~Ni, (= A1(Ly — AL A2)7x, I, — AL, — A5 A2)714]), we have
that

/ / 8(21) f7,(21) fX)24=2, (X) dzy dX,
x<4¥z, J RM

1
@, (A5 251, — AT A2)

X/ fx(X)/  8(21) fz,x=x(21) dzy dX,
x< 4%z, RF1

E[g(ZDIZ5 =125] =

(x)
= /Rm —P(XfiATzz) Ly < 45 25) /[Rkl 8(21) fz,x=x(z1) dzy dX,
S4

= /R (X143 22) E[g(Z1)|X = x] dx,

where, as was defined in (2.8),(x| 41 z,) is the conditional density of given{X < 41 z,},
which concludes the proof.[]

Corollary 2.5. If Z* = (Z},i = 1, 2)~CFU SNy m(4), then
E[Z%1Z5 = 2] = —A1(Im — AT A2)TLE[X|X < 4L 23], (2.9)
VIZ31Z5 = 23] = Iy, — A1l — A5 A) 71 AT
+A1(Ly — AY A)TVIXIX < AT 201(1y — AT A2) 71 AT,
(2.10)
whereX~N,, (0, I, — A} A).

Proof. By applying Proposition 2.10 to the functigiiZ}) = a’'z*, whereais an arbitrary

vector one R¥1, we obtain after using some basic properties of the conditional expectation
the following identity:

a' E[Z}|Z5 = z2] = @' E[E(Z1]X)IX < 45 2],
which implies that

E[Z}1Z5 = 2] = E[E(Z1]X)IX < 45 25].
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Thus, the proof of (2.9) follows by noting the fact th@;|X = X]~Ni, (—=41(In —
AT A2)7IX, Iy — A1 (L, — AL A2)72 ATy implies E(Z1|X) = —A1(L, — A5 A2) 71X, where
X~Nyu (0, I, — A% A2). Applying again Proposition 2.10 but now to the functigi@ ;) =
(a’'z%)2, we have the identity given by

al E[z5zH"1z25 = nla=al E[EZ12T X)X <4 z;]a
for alla € R, that is,
E[Z1Z)"|Z5 = z2] = E[EZ1Z{ X)X <A 22].
Thus, since
E[ZAZT|X] = Iy — A1(Ly — A5 A2) 44T
+A1(Iy — A% A2) XX (1 — A5 A9) 7447,
we have that
E[Z{@ZD"1Z5 = 22] = Iy — M1l — A5 A2) 14T
A1y — A5 A2) FEIXXT X< AT 25](1y — A5 A2) 7 A7
= It, — A1(L,, — AF Ap)71AT
A1y — A5 42) VXX AT 25) (1 — A5 A2) 71 AT
A1y — A5 42) T EIXIX < AT 2] EIXT X <47 25)
X(Iy — AL A9) 72T
and the proof of (2.10) follows by using (2.9)[]
Note thatin general, in (2.9) and (2.10), itis not easy to obtain closed-form expressions for
E[X|X <xplandV[X|X < Xp] for any giverxg. However, as we show next, for the particular
case wherel} 4, = Diag(é7, . . . , 62 ) we have closed-form solutions for these conditional

moments. In fact, sinc¥ = (X1, ..., X,»)'~N,, (0, I, — A%Az), thenX;~N (0, 1— 5i2),
i=1,...,m,and are independent, so that

E[X|X <Xol = (E[X1|X1<x01], - - E[ X |Xm <x0mDT
and
VIX|X<Xo] = Diag(V[X1|X1<x01ls - - -» VX0 X <x0m1)-

Now, we may use the following lemnja0].

Lemma 2.2. If X~N(u, ¢2), then for any givem, it follows that
P
P55

<L — a—p
VIX|X<a] = 1_¢(z) a 'u+¢)(z) o2
IS AN TE=

E[X|X<al = u and
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In particular, ifm = 1, thenX;~N (0, 1 — 62), so that
ATZZ
1
@ AZZZ
J1-62

Az, Az,

2 Sy r A Sy
1 (31 Azzz + 1 51

ALz, 1/:I_—52 ATz,
@<Jf—52> 1 qj(ﬁ—az)
1 1

The above results simplify also wheld z; = 0. Infact, letU = (1,, — 4% A2) "X ~N,,
O, I,,), whereA%Az is a diagonal matrix. Then,

E[X1|X1< 45 25] =

and

VIX1|X1<4522] = {1 - (1-06%.

E[X|X<0] = (I, — 43 4)'/?E[U|U<0]
— (I — AF 4)Y2EU]

/2
=y =Um — AgAZ)l/Zlm
Y

VIXIX KOl = (I — AY 4)Y2V (U1, — AT 42)Y?
= (1—2/m)y — A3 47).

and

In such case, it follows from (2.9) and (2.10) that

2
E[Z}1Z5 =0] = \/;Al(lm — A¥ A)7Y?1,, and

2 _
V[Z3|1Z5=0] = I, — ;Al(lm —AX A)~tal,

2.7. A location-scale extension of the CFUSN distribution

From the above results, further properties of@tdJSNdistribution defined by (2.2) can
be studied. For instance, if we denote®y U SNy (1, 2; A) its corresponding location-
scale extension, whegpeis ak x 1 vector and® is ak x k positive definite matrix, then it
can easily be introduced by considering the linear transform&or= u + >/?z*, with
Z*~CFUSN n(A), whose density and moment generating functions are given by

Swe(w) = 2" 72 (272w — )
X®p (AT XYW — |1, — AT 1), w e R, (2.11)
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and
My (t) = 2metT[l+(1/2)tTZt(pm (ATzl/Zt)’ te [Rk’

respectively (see (2.5) and (2.4)). In such case, w&$&y C FU S Ny, (1, 25 A). Thus, it
follows from Corollary 2.1 that:

[2 2
EW*) =pu+./= 2?41, and V(W*) =2 — = zV244T 312,
T T

where the matrixi can be constructed as= A(1,, + A* A)~Y/2 for some reak x m matrix
A with finite entries. Note also that a convenient reparametrization is givein-by- /% 4.
An important special case follows when= k, with

Y =Diag(d?,...,02) and 4 =Diag(dy,..., ),

since under this situation we have thiét~C FU SN1(y;, o*iz; 0;),i=1,...,k,andarein-
dependent. Note finally that ifin (2.11) we take= Q+ DD’ and4 = (Q+DD7)~Y?D,
then we obtain (1.9), which generalizes the Sahu et al. $2&istribution.

3. Fundamental skew-symmetric distributions

In this section, we consider the most general class of skew distributions defined in terms
of its density by (1.6) and (1.7), called fundamental skew-symmetric distributidhS
for each symmetric multivariate distribution with pdf We start with the study of some
general properties of this class of distributions, considering the following definition based
on (1.6) and (1.7).

Definition 3.1. LetZ* = [Z|X > 0], whereZ is ak x 1 random vector with densitiyand

X is am x 1 random vector. If is a symmetric density of®*, we say that the random
vectorZ* has &k-variate fundamental skew-symmetric distribution, which will be denoted
by Z*~FUS Sk (f, Om, Kn), if its density is given by

f2+(@) = K, f (2 O (). (3.1)
whereQ,,(z) = P(X > 0|Z = z) andK,, = E[Q,(Z)] = P(X > 0).

As in the previous sectionss,, is a normalizing constant and the ter@), may be
interpreted as a skewing function. Thus, as was mentioned in Section 1, from (3.1) we can
obtain different families of skew distributions by specifying a symmetricfddf Z and
conditional distribution foliX|Z = z. For instance, if we assume th&at Ny (g, 2), then the
FUSNCclass of distributions introduced in (2.1) follows. A class of canonical fundamental
skew-symmetricCFUSS distributions is obtained if we assume tixat C, so thatk,,, =
27", If m = 1, then we obtain the class of skew-symmet8&(distributions introduced
by Wang et al[28].
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3.1. Marginal and conditional distributions of FUSS distributions

In the next result, we characterize the marginal and conditional densities originated by
(3.1), for which we consider the partitiach= (Z;,i = 1, 2) and the induced partition on
Z* = (Z7,i =1,2),whereZ; andZ? arek; x 1 random vectors,= 1, 2, withky +k2 = k.

Proposition 3.1. LetZ*~FU SSk.m (f, Om, Kin) and let f; be the marginal density &f;,
i =1, 2. Then the marginal density o is

f2:@) = KM fi(2) Qim(2),  with K, =P(X>0) and
Qim(z) = P(X>0|Z; = z),

Ie1 ZTNFUSSk,,m(ﬁv Qi,m» Km)1 i = ls 2

Proof. We give the proof foi = 1. The proof fori = 2 is analogous. By (3.1),
fz:(z1) = Kn:l/sz f(21,22) Om (21, 22) dz2

= K,,Zlfl(zl)/ f211(22) Q1 (21, 22) dzp,
Rk2

where f;; is the conditional density of; givenZ; = z; and, by the properties of the
conditional expectation,

/sz f211(22) O (21, 22) dZo = E(Qu(Z1, Z2)1Z1 = 71)

= E(PX>0/Z1=21,22)|Z1=1271)
PX > 0|Z1=12z7)
01.m(Z1). O

Corollary 3.1. The conditional density &} givenZ; = z; is

(21, 22) O (21, 22)

= (K -1 m ,
F2(22) Q2.m(22) (K (22)) ™" f112(21) Om (21122)

Jz3123=2,(21) =

where
K (z2) = QZ,m(ZZ) and Q0 (21|122) = Om (21, 22)
SO that[zflzﬁ = 22|~ FUS Sky m(f1125 Om> Q2.m)-

Corollary 3.2. Consider the partitiorX = (X;,i = 1, 2), whereX; is am; x 1 random
vector i = 1,2, withmy +mo = m > 1.1f (X1, Z1) and (X2, Z») are independenthen
Z7 andZj are also independepand their marginal densities are

f2:@) = K, ' fi(Z) Oy (),
with 0., (z;) = P(X; > 0|1Z; = z;) and K, = E[Qn;(Zi)] = P(X; > 0),i =1, 2.
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Proof. In fact, the independence assumption impligs = P(X1 > O)P(X2 > 0) =
KKy, OQ1m(z1) = P(X2 > 0O)P(Xy > 0|21 = z1) = K, Om,(z1) and, similarly,
02.m(22) = Ky Omy(22), and 0, (21,22) = P(Xy > 0|21 = z1)P(X2 > 0|22 =

22) = Qm,(Z1) Om,(22). Thus, considering the result in Proposition 3.1, we have the above
marginal densities. The independence result is obtained from Corollary 311.

3.2. Obtaining skew distributions from symmetric linear combinations

We consider now the case whefgis the density of a linear combinatigh= AX + BY,
for any given random vectaX, Y) € R”" with symmetric density functiorfx y, and
where it is assumed (without loss of generality) that k and thatB is a non-singular
matrix. Thus, the skew random vect = [Z|X > 0] has a density function as in (3.1),
which can be obtained in terms of the joint dengfiyy by using the following result.

Proposition 3.2. Let(X, Y) be arandom vector with symmetric densfgyy and such that
Z = AX + BY has a densityfz. Then Z* = [Z|X > 0] has density as i3.1) with:

fz(2) = i/ Ix.v (X, B~z — B71Ax) dx
[B| J grm

and
f[r‘g'ﬁ fx.y (x, B~z — B~1Ax) dx
On(@) = [ oy (%, B-1z — B=1Ax) dx’
that is,
Kfl
Jz+(2) = ﬁ /R’f fx.y(x, B~z — B71Ax) dx.

Proof. LetV = <)Z() andU = (é) Note that

(o) =(5 )G -

where, sinc& = n and|B| # 0, the matrix

_(In O . . . -1 Iy, 0]
C_<A B> implies |C|=|B|] and C _(—B—lA B‘1>'

Thus,

oy In 0 X\ X
u=c¢ V_<—B‘1A B‘1><Z)_(B‘1Z—B‘1AX>'
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By the Jacobian methogh, (v) = %fU(C‘lv), that is,

1 1 -1
fxzX,2) = ﬁfX’Y(X’ B 'z — BT1AX)

from where the proof follows. [J

Note that if we assume the random vect&randY are uncorrelated with zero mean
vector and finite covariance matrices, then we have

V(Z) = AVX)AT + BV(Y)BT, Cov(Z,X) = AV(X) and
Cov(Z,Y)=BV(Y).

Hence, ifwe consider the canonical situationwhé(X) = 1,,, V(Y) = I, andV(Z) = I,
then we can choose the matrideandB so that

A= Corr(Z,X), B=Corr(Z,Y) and AAT + BBT = I,.

Thus, for any giverk x m correlation matrixA, we haveBBT = I, — AAT. Moreover,
since we are assuming thtis ak x k matrix with rankB) = k, we can choos& =
(I, — AAT)Y/2, Note finally that the matriA may be constructed as= A(1,, + A7 A)~1/2,
sothatB = (I + AAT)~Y/2 for any givenk x m matrix A. Alternatively, by taking1 =
B~1A, we haveA = (Iy + AAT) Y24 andB = (I + AAT)71/2,

The assumptions considered above are satisfied, for example(Wh¥nis aC-random
vector. In such case, as was shown in Arellano-Valle ¢2hlwe have that the normalizing
constant isK,, = 2~ and we have the following marginal stochastic representation for
any skew random vecta@™* considered in the previous proposition.

Proposition 3.3. LetZ* = [Z|X > 0], whereZ = AX + BY, with (X, Y) € C. Then
z* L A1X| + BY.
Moreover if we assume the existence of the necessary montiegits
E(Z*) = AE(IX]) and V(Z*) = AV(XDAT + BV(Y)BT.
We can use here the notati@fi~FU S Sk, (fz, 4, K,n), wherefz is the density of the
symmetric random vectat = AX 4+ BY and4 is a skewnesg x m matrix depending on
A andB and such thatAa|| < 1, for any unitaryk x 1 vectora.
4. The canonical fundamental skew-spherical distribution
In this section, we consider the special case where the density of the skew random vector

Z* is obtained from the density of a symmeticandom vecto(X, Y), which is spherically
distributed. That is, we assume that

X
U= <Y> '\’Sm+n(hm+n)
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for some density generatat'+. Thus, fx.y (X, y) = A" (x| + ly[?). LetZ = AX +
BY and letM = AAT 4+ BBT. Assume also that raiik/) = k. Then, the properties of
spherical (elliptical) distributions (sé&3]) imply Z~El (0, M: h*) and has density

f2@) = M2 q@) with ¢ =2"M 'z,
where
[ee) n(m+n—k)/2
hk(u) :/ —v(m+n—k)/2—lhm+n(u + U) dU
o I'(lm+n)/2)

is a marginal generator. Moreover,

v=(%)=cu~g ©,ccT; %y, where ccT = In AT
- Z - m+k ’ ’ L) - A M )

which implies

[X|Z = Z]~El, (AT M~ Y%z, 1,, — AT A: )

whose conditional density is
fxiz=200) = [y — AT 27207, (x — A" M~ Y2)"
x(Iy — ATM2A)"Y(x — AT M~12z)),
whered = M~12A, ¢(z) = 2" M~1z, and

hm+k(u +a)

ha 0 = "

(4.1)

is the conditional generator. Thus, considering the canonical formMith I, we get
[XIZ = 2~ Eln(47 2, 1y — A" 4 1 ),

whereg(z) = ||z||2 andZ~ Sk (h*). Now, denote b ,;’fz)(XUm — AT 4), x € R™, the cdf

of [X — 472|Z = z]~EIl, (0, I,, — A" 4; h?",)) and consider the random vector defined
by Z* = [Z|X > 0]. Note thatQ,,(z) = P(X > 01Z = 2) = H(;'EZ)(ATZH,,, — AT Ay and
Ky, = P(X > 0) = 27, sinceX~S,,(h™). Thus, considering this result, it follows from
(3.1) that

f2:(2) = 2" (q(@) ]y (A" 2|1, — AT 4)  where ¢(2) = |z]%. (4.2)

In such case, we will say that* has a canonical fundamental skew-spherical distribution
with generatoh andk x m shape matrixd, which will be denoted by *~C FU SS P H.
(A, mtky,

Remark 4.1. Note from (4.1) that, for any > 0,
1

H IO =

|Q|_1/2f hm+k(q(V) +a) dV, where C](V) — VTQ—J-V,
V<X
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so that (4.2) can be rewritten as

fzr@ = 2"l — ATArl/Z/ Wy — AT )T (12 dv,

v<Aaiz

which reduces to

foe(2) = 2" / U 4 121 du

UL Un—AT H)=124T 2

when the matrix4” 4 is diagonal.

Example 4.1. Let 2N (1) = (21)~N/? exp{—u/2} be theN-dimensional normal generator,
whereN = m + k. Then,h* (1) = (2m)~*/? exp{—u/2} andh! (u) = h" (u) for alla > 0.
Thus (4.2) is reduced to (2.2), i.&i~C FU SNi i (4).

Example 4.2. Let i™ (u) = c¢(N, v)o"/?{o.+ u}~N+/2 with ¢(N, v) = anz’
be the generator of ax-dimensional (generalized) Studdrdistribution (seegli), wherey
are the degrees of freedom ané a scale parameter. Denote this distributior g, v),
and byry (u, X; «, v) its respective location-scale extension, whare= m + k. Then,
R*(u) = clk, v)a'?{o 4+ u}~* /2 and k" (u) = c(m, v(m))oc2<'">/ 2oy + u)= o m)/2,
wherevg,) = v+ N —m = v+ k ando, = « +a,a > 0, Hence, from (4.2) we have a
canonical fundamental skeidistribution defined by the following density:

fz+(@) = 2"c(k, {0+ (@)~ 2T, (AT 21y — AT A3 00+ q(2), v+ K,

whereq(z) = |z||%2 and T;,, (-| I, — AT A; o + a, v + k) denotes the cdf of 8, (0, I,, —
AT A; w+ a, v + k) distribution. We denote this canonical fundamental skeligtribution
by Z*~CFUSTy (4, o, v).

The nextresult extends the normal marginal stochastic representation given in Propaosition
2.2. Its proof is analogous to the normal case, which is a direct consequence of Proposition
3.3, since this proposition establishes that undeCtgotass, the marginal and conditional
stochastic representations&f are equivalent.

Proposition 4.1. LetZ*~CFU SSP Hy ,» (4, h™+ky the fundamental skew-spherical dis-
tribution defined by4.2),and letZ = AX + (Iy — A47)1/2y, where< é ) ~ Sk (™K.
Then

d

22 z1X > 01 2 AIX| + (I, — 44THV/?Y.

Moreover using that for any spherical random vecté = (Wx, ..., Wy)T ~Sy (k) such
that E[|W1|2] < oo, it follows thatE[W] = 0, V(W) = To.nlN,

EIW|I =t1sly  and VW[ = 125 (1 - 2/m)Iy + (2/m)t2 — 15,0 In 1k,

wherer, , = E(|W1]"),r = 1, 2, (t1., = +/(2/m) andty, = 1forthe normal distributiof,
then
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E(Z%)
V(Z%)

Tl,hAlm and
T2l — (2/m)AAT) + (2/m)ton — 15 ;) AL, 1 AT

As inthe particular normal case, the extension for a canonical fundamental skew-elliptical
distributionC FU SElj , (u, 2; A, h™*k) can be obtained by considering the random vector
W* = u+ XY27* with Z*~CFSSP Hy (4, " +%), whose density is

fws (W) = 27| 217 2Rk (g wy) HY (AT 72w — |1, — AT ),

whereg(w) = (W — )" 271w — p).

Another special case of thé-class, is obtained by assuming that-S,, (k7)) and
Y ~S,(h%) and are independent. Thug v (x, y) = A7 (Ix[I2)h5(llyl|?), so that, by Propo-
sition 3.2,

2}11
fr@ =5 / o 1 XIP3(1 B2 — BT AX|) dx.
+

This case is in general more complicated. Howevekifand 2, are normal generators,
then this case yields also t¥=USNdistribution considered in Section 2.
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