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ON A TIME DEFORMATION REDUCING
NONSTATIONARY STOCHASTIC
PROCESSES TO LOCAL STATIONARITY
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Abstract

A stochastic process is locally stationary if its covariance function can be expressed
as the product of a positive function multiplied by a stationary covariance. In this
paper, we characterize nonstationary stochastic processes that can be reduced to local
stationarity via a bijective deformation of the time index, and we give the form of
this deformation under smoothness assumptions. This is an extension of the notion
of stationary reducibility. We present several examples of nonstationary covariances
that can be reduced to local stationarity. We also investigate the particular situation of
exponentially convex reducibility, which can always be achieved for a certain class of
separable nonstationary covariances.
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1. Introduction

In the last few decades, applications have shown that stationary phenomena are more often
the exception rather than the rule. A classical approach to the modelling of a nonstationary
stochastic process Z = {Z(x), x € T C R} consists in defining

Z(x) = p(x) +o(x)e(x),

where u(x) = E(Z(x)), o2(x) = var(Z(x)), and e(x) is a weakly stationary process with
expectation zero and unit variance. Usually, the nonstationarity of Z is a consequence of the
nonstationarity of both the expectation 1 (x) and the variance o2(x). Stock (1988) and Sampson
and Guttorp (1992) introduced further nonstationarity by modelling e(x) as e(x) = §(f(x)),
where ¢ is a weakly stationary process and f is a bijective deformation. This is also equivalent
to modelling the nonstationary covariance function p(x, y) of the process ¢ as

p(x,y) =R(f(x)— f(»), ()

where R is a stationary covariance function. Sampson and Guttorp (1992), as well as Meiring
(1995) and Perrin (1997), further developed this model in the case of spatial random fields.

Received 9 April 2003; revision received 29 August 2003.

* Postal address: Department of Statistics, North Carolina State University, Box 8203, Raleigh, NC 27695-8203, USA.
Email address: genton@stat.ncsu.edu

** Postal address: GREMAQ, Université des Sciences Sociales, 21 Allée de Brienne, 31000 Toulouse, France.

Email address: perrin@cict.fr

236



Reducing nonstationary stochastic processes to local stationarity 237

The model (1) allows us to take into account second-order nonstationarities and thus provides
a rich class of nonstationary processes.

A covariance function p satisfying (1) is said to be stationary reducible (SR). Perrin and
Senoussi (1999) characterized stationary reducibility under smoothness assumptions on p and
f. In particular, they showed that a covariance function p satisfies (1) if and only if, for some
arbitrarily chosen point xg € T,
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where x # y almost everywhere and p™™) (x, y) denotes the (m, m’)-partial derivative of p
with respect to x and y. Moreover, the pair (f, R) in (1) is uniquely determined by

x A(1,0)
fo)y=— / Wdy and R(u) = p(xo, £~ ().
X0 ’

For example, the correlation function of any H-self-similar process with index H € 10, 1],
such as nondegenerate fractional Brownian motion, satisfies (2), and is therefore SR with
f(x) = Inx. Nevertheless, not all nonstationary processes can be reduced to stationarity
through a deformation f of the time axis. For example, the nonstationary covariance

r(x,y) = exp(—x> — y°) ?3)

is not SR since it does not satisfy (2). Moreover, reducibility to stationarity means implicitly
that the variance of the original process is constant, otherwise its standardized version must
be computed and we need to check whether the correlation of the process satisfies (2). Our
motivation in this paper is to extend the model (1) of Sampson and Guttorp (1992) to processes
with a variance which is not necessarily constant and thus to propose a wider family of
nonstationary models which includes Sampson and Guttorp’s model as a subfamily. For this
purpose, we consider a class of nonstationary processes, first introduced by Silverman (1957),
called locally stationary (LS) processes. They were introduced to describe physical systems
for which statistical characteristics change slowly in time. Specifically, a stochastic process Y
is said to be LS, in the weak sense, if its covariance function ¢ can be written in the form

c(x,y) = Ry (%)Rzu _— @)

where R; is a stationary covariance function. The property c(x, x) > 0 forces the function
R) to be nonnegative. A general example of such a process Y = {Y(x), x € T C R}
can be given by taking Y as the product of two independent and centred processes n and v:
Y (x) = n(x)v(x), where n has covariance r1(x, y) = Ri((x + y)/2) and v is stationary with
covariance rp(x, y) = Ra(x — y). Indeed, in this example,

c(x,y) = cov(Y (x), Y(y))
= cov(n(x)v(x), n(y)v(y))
= E®mx)n(y)) E@(x)v(y))

= Rl(x ;y)Rz(x =y
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The variable (x + y)/2 has been chosen because of its suggestive meaning of the average or
centroid of the time points x and y. Indeed, when R is smooth enough, c(x, y) >~ Ry(x — y)
when y € [x — &, /2, x + &, /2] for &, small enough. This justifies the LS structure of Y. Note
that, if Ry is a positive constant, then (4) reduces to a stationary covariance. Thus, the class of
LS covariance functions has the desirable property of including stationarity as a special case. If
the covariance function ¢ can be written as in (4) but R; is not a stationary covariance function,
then we call it pseudo-locally stationary (PLS). Note that the product of a positive function R;
by a stationary covariance function R, as in (4) does not necessarily yield a positive-definite
covariance c(x, y). However, R; and R; can be simultaneously modified in order to make
c(x, y) positive definite; see the matching theorem in Silverman (1959).

We generalize Sampson and Guttorp’s model by defining locally stationary reducible (LSR)
processes. A process Z = {Z(x), x € T C R} is said to be LSR if Z(x) = Y (g(x)), where Y
is an LS process and g a bijective deformation of the time index 7'. This is also equivalent to
modelling the nonstationary covariance function r of the process Z as

gx)+g(y)

r(x7y)=Rl( )

)Rz(g(x) — &), 5)
where R is a nonnegative function and R, is a stationary covariance function. Note that, if
R is a positive constant, then (5) reduces to the model (1) of Sampson and Guttorp (1992).
Here again, if R; is not a stationary covariance, we say that Z is only pseudo-locally stationary
reducible (PLSR).

Notice that local stationarity is a general concept for which different definitions exist.
Berman (1974) defined it in terms of Holder conditions. Priestley (1965), and further Dahlhaus
(1997), considered a process with continuously time-changing spectral representation. Re-
cently, a different and less restrictive notion of local stationarity has been introduced by means
of orthogonal wavelets (see e.g. Mallat er al. (1998)). However, we restrict ourselves to the
definition of Silverman (1957), which is more tractable in the context of continuous-time
deformation. With additional smoothness assumptions on Ry and R;, Silverman’s definition
of local stationarity can be viewed as a particular case of the later versions.

The remainder of the paper is set up as follows. In Section 2, we discuss the properties of
LS processes and give a characterization of such processes. The characterization of locally
stationary reducibility is given in Section 3 and two examples of LSR processes are presented
in Section 4. In Section 5, we treat the particular case when R; is a constant, and we conclude
the paper with a discussion in Section 6.

2. Locally stationary processes

2.1. Properties

Because the product of R; and R; in (4) is defined only up to a multiplicative positive
constant, we further impose without loss of generality the condition that R,(0) = 1. Moreover,
we can always impose the condition that ¢(xp, xo) = 1 for some xo € 7. Indeed, it is always
possible to deal with the covariance c(x, y)/c(xop, xo) instead. From now on we always assume
that the following condition is satisfied.

Condition 1. For some arbitrarily chosen point xo € T, c(xg, xo) = 1 and Ry(0) = 1.

From Condition 1, we get directly that R;(xo) = 1 and that the variance of Y (x) is

var(Y (x)) = c(x, x) = Ri(x)R2(0) = R;(x), (6)
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thus justifying the name of power schedule for R, which describes the global structure of Y,
while R, describes the local stationarity of Y, as already mentioned in Section 1. Using this
property, we can also define R; directly from ¢ by considering

c(x0 + 3%, %0 — 3%) = Ri(x0)R2(x) = Ra(x). (7)
Equations (6) and (7) imply that the covariance function c(x, y) defined by (4) is completely
determined by its values on the diagonal x = y and the antidiagonal y = —x + 2xp in the
plane, for
c(x,y) :c(x+y x+y>c(x0+x—y xo_x—y).
’ 2 72 2 7 2

Note that Ry ((x + y)/2) is invariant with respect to shifts parallel to the antidiagonal, whereas
Ry(x — y) is invariant with respect to shifts parallel to the diagonal.

2.2. Characterization

We make the following assumptions.
Assumption 1. There is at most a countable set of points (x, y) in T? such that ¢(x, y) = 0.

Assumption 2. The function ¢ is continuous in T? and has second derivatives which are
uniformly bounded for x # y.

First let us characterize the separable covariance functions, i.e. the covariance functions of
the form
y(u,v) = c(u+ 3v,u — 5v) = R (u)Ry(v) (8)

for all (u, v).

Lemma 1. Assume that y is twice differentiable for u # v. Then y is separable if and only if
the following holds for u # v up to a countable set of points such that y (u, v) # 0:

y D, v)y @, v) =y, v)y @D, v). ®)

Proof. The necessity is obvious. Conversely, assume that (9) holds. Then the derivative of
y 8O (u, v)/y (u, v) with respect to v is equal to 0. Therefore, we may define

y'Ow, v)

@) ki (u).

By integration with respect to u we obtain that In |y (4, v)| = K(u) + K2(v) everywhere for
u # v such that y(u, v) # 0, with K being a primitive function of k. To conclude, we set
exp(K1(u)) = R (u) and exp(K2(v)) = |R2(v)|.

Considering u # v allows us to include wide classes of covariance functions which are not
necessarily differentiable on the diagonal and which characterize the so-called nugget-effect
phenomenon in geostatistics. Here is a necessary and sufficient condition for a covariance to
have the representation (4) with R; a possibly nonstationary covariance function.

Theorem 1. Let Assumptions 1 and 2 hold. A covariance c is PLS, i.e. of the form (4), if and
only if the following holds for x # y up to a countable set of points in T? such that c(x, y) # 0:

D x, y) = cO2(x, y)ex, y) = (MO, y) = OV (x, )V (x, y) + OV (x, y)).
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Proof. Wesety (u,v) = c(u+v/2, u—v/2). Thus csatisfies (4) if and only if y satisfies (8).
It follows from Lemma 1 that ¢ satisfies (4) if and only if (9) holds with

(1,0) _ (10 v. v 0,1) v _E)
y (u,v)y =c (u+2,u 2>+c <u+2,u 5 )

1
y(o‘l)(u, V) = E(c(l’0)<u + %’ u— g) —C(O’l)(u + %’ u— g))

1 )
o o) (et

To conclude, wesetx =u +v/2andy = u — v/2.

Corollary 1. Let Assumptions 1 and 2 hold. A covariance c is PLS if and only if l(x, y) =
In|c(x, y)| satisfies the following wave equation up to a countable set of points in T? such that
c(x,y) #0:

(20, y) =12 (x, y).

Proof. This is obvious by the definition of /(x, y) since

I(x,y) = ln(R1 (#)) +In|Ra(x — y)I.

Note that a covariance function is locally stationary if and only if it is PLS and R; is a
stationary covariance function.

2.3. Examples

A large class of LS covariances can be constructed by multiplying two covariances
Ri((x +y)/2) and Ra(x — y). Covariances of the form R;((x + y)/2) were studied by
Loeve (1946) who called them exponentially convex covariances. However, the product
Ri((x + y)/2)R2(x — y) can be a covariance without R{((x + y)/2) being a covariance
function. The following two examples given by Silverman (1957) are LS covariances which
are not the product of two covariances. The first example is

2, .2 x+y\° (x — y)?
c(x,y) =exp[—a(x” + y“)] = exp| —2a > exp —a—2— , a > 0,

where the first factor in the right-hand side is a positive function without being a covariance,
and the second factor is a covariance. Secondly, with the positive-definite delta covariance
8(x — y), which is equal to 1 if x = y and 0 otherwise, the product

+y

X
c(x,y) =R1( )6(x—.v)
is an LS covariance provided that R; is any nonnegative function, not necessarily a covariance.
A process with such a covariance is called a locally stationary white noise.
If R, reduces to the constant 1, (4) reduces to the exponentially convex covariance

c(x.y) = R1<x ;y) (10)

From (10) we get that R;((x + ¥)/2) = c((x + y)/2, (x + y)/2) > 0. Actually, as noted by
Loeve, any two-sided Laplace transform of a nonnegative function is an exponentially convex






























