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Estimating uncertainty of streamflow simulation

using Bayesian neural networks
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[1] Recent studies have shown that Bayesian neural networks (BNNs) are powerful tools
for providing reliable hydrologic prediction and quantifying the prediction uncertainty.
The reasonable estimation of the prediction uncertainty, a valuable tool for decision
making to address water resources management and design problems, is influenced by the
techniques used to deal with different uncertainty sources. In this study, four types of
BNNs with different treatments of the uncertainties related to parameters (neural network’s
weights) and model structures were applied for uncertainty estimation of streamflow
simulation in two U.S. Department of Agriculture Agricultural Research Service
watersheds (Little River Experimental Watershed in Georgia and Reynolds Creek
Experimental Watershed in Idaho). An advanced Markov chain Monte Carlo algorithm,
evolutionary Monte Carlo, was used to train the BNNs and to estimate uncertainty limits
of streamflow simulation. The results obtained in these two case study watersheds
show that the 95% uncertainty limits estimated by different types of BNNs are different
from each other. The BNNs that only consider the parameter uncertainty with
noninformative prior knowledge contain the least number of observed streamflow data in
their 95% uncertainty bound. By considering variable model structure and informative
prior knowledge, the BNNs can provide more reasonable quantification of the
uncertainty of streamflow simulation. This study stresses the need for improving
understanding and quantifying methods of different uncertainty sources for effective
estimation of uncertainty of hydrologic simulation using BNNs.

Citation: Zhang, X., F. Liang, R. Srinivasan, and M. Van Liew (2009), Estimating uncertainty of streamflow simulation using
Bayesian neural networks, Water Resour. Res., 45, W02403, doi:10.1029/2008 WR007030.

1. Introduction

[2] With the powerful capacity of capturing nonlinear
relationships between inputs and outputs data without
requiring an in-depth understanding of the underlying
physical processes [Kingston et al., 2005], artificial
neural networks (ANNs) have been successfully applied
in a wide range of hydrologic problems [ASCE Task
Committee on Application of Artificial Neural Networks
in Hydrology, 2000a, 2000b]. For example, ANNs have
been used for predicting flash flood and attendant water
qualities [Sahoo et al., 2006], runoff and sediment yield
modeling [Raghuwanshi et al., 2006], evaporation estima-
tion [Keskin and Terzi, 2006], and ice growth [Seidou et al.,
2006]. Many researchers have also modified ANNs to
improve their ability to more accurately model hydrologic
variables of interest [e.g., Jain and Srinivasulu, 2004,
Chetan and Sudheer, 2006; Parasuraman et al., 2000;
Nayak et al., 2007]. Although ANNs have been widely
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used in hydrologic modeling, one major limitation of ANN's
is that the neural networks are trained by maximizing a
likelihood function of the parameters and hence the uncer-
tainty of the predicted variables are seldom quantified [Maier
and Dandy, 2000; Dawson and Wilby, 2001; Coulibaly et al.,
2001; Kingston et al., 2005; Khan and Coulibaly, 2006]. Not
considering uncertainty of model parameters or the uncer-
tainty about the relationship between input and output
simulated by the networks leads to the failure to evaluate
the predictive uncertainty and limits the usability of ANNs
in real-world hydrologic problem [Kingston et al., 2005;
Khan and Coulibaly, 2006].

[3] Bayesian analysis of the neural networks can yield
predictive distribution of the variables of interest and make
the computation of confident intervals possible [Lampinen
and Vehtari, 2001]. Since the Bayesian evidence framework
proposed by MacKay [1992], Bayesian neural networks
(BNNs) have been widely applied in training, model selec-
tion, and prediction [e.g., Neal, 1996; Bishop, 1995; Miiller
and Rios Insua, 1998; Holmes and Mallick, 1998; de
Freitas et al., 2000; Liang, 2003; Liang and Kuk, 2004;
Liang, 2005a]. Recently, the Bayesian methodology for
quantifying predictive uncertainty of ANNs has been
extended and applied for hydrologic modeling. For example,
Kingston et al. [2005] attributed the prediction uncertainty
of ANNs to the uncertainty in the weights (the connections
and biases) of the neural networks. They combined the
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traditional ANNs with the adaptive Metropolis algorithm
[Haario et al., 2001] to sample a large number of sets of
neural network weights observing the posterior distribu-
tions, which were used to determine predictive limits and
calculate mean prediction. Khan and Coulibaly [2006]
defined the posterior distribution of network weights
through a Gaussian prior distribution and a Gaussian noise
model, and obtained the predictive distribution of the
network outputs by integrating over the posterior distribu-
tion with the assumption that posterior of network weights
is approximated to Gaussian during prediction. In the above
two case studies by Kingston et al. [2005] and Khan and
Coulibaly [2006], it was shown that the BNNs outper-
formed the traditional deterministic ANNs in terms of
prediction accuracy and that the BNNs can also estimate
the predictive confidence intervals that indicate the quality
of the prediction.

[4] The reasonable estimates of predictive uncertainty of
hydrologic prediction are valuable to water resources and
other relevant decision making processes [Liu and Gupta,
2007]. Usually, water management projects are planned and
designed using scenarios that fall at the conservative end of
the range of plausible outcomes. Over estimation of uncer-
tainty can result in over design of mitigation measures,
while under estimation of uncertainty can lead to inadequate
preparation for potential situations. There is a variety of
uncertainty analysis methods differing in philosophy,
assumptions, and sampling strategies, and the understanding
and quantification of different uncertainty sources can
influence the estimation of the predictive uncertainty of
hydrologic modeling [e.g., Beven and Binley, 1992; Beven
and Freer, 2001; Wagener and Gupta, 2005; Beven, 2006;
Vrugt and Robinson, 2007; Kavetski et al., 2006; Ajami et
al., 2007]. Knowledge of the effect of the differences
between various methods is still inadequate [Wagener and
Gupta, 2005]. As a relatively new technique in hydrologic
modeling, BNNs have not been widely applied to uncer-
tainty estimation of hydrologic simulations. In the previous
applications of BNNs in hydrologic modeling, the neural
networks’ weights were usually taken as the major source of
uncertainty of neural networks prediction. But the structural
error inherent in any model cannot be avoided in ensemble
strategies using multiparameter sets [Georgakakos et al.,
2004; Ajami et al., 2007; Duan et al., 2007; Vrugt and
Robinson, 2007]. Many studies in hydrologic modeling
have shown that model structural error can be one signif-
icant component of the overall predictive uncertainty
[Wagener and Gupta, 2005]. Understanding or the prior
knowledge about the error characteristics that describe the
probability distribution of the different uncertainty sources
is important for effective quantification of the predictive
uncertainty [Liu and Gupta, 2007]. In the framework out-
lined by several studies [e.g., Wagener and Gupta, 2005;
Pappenberger and Beven, 2006; Liu and Gupta, 2007] for
uncertainty quantification of hydrologic modeling, the
understanding or prior knowledge of the uncertainty sources
were emphasized.

[5] In this study, the major objective was to evaluate the
effect of different treatments of uncertainties related to
parameters (networks’ weights) and structures on the uncer-
tainty estimation of streamflow simulation using BNNs. To
consider the uncertainties associated with neural networks’
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structures, the neural networks’ connections were allowed
to be variable. Noninformative and informative prior knowl-
edge of neural networks’ weights and structures was also
obtained on the basis of previous studies and incorporated
into the BNNs. The different BNNs (with variable or fixed
model structure, informative or noninformative prior knowl-
edge) were applied in two case study United States Depart-
ment of Agriculture Agricultural Research Service (USDA
ARS) experimental watersheds (Little River, Georgia, and
Reynolds Creek, Idaho) for daily streamflow simulation to
derive results for analysis and discussion. The remainder of
this paper is organized as follows. Section 2 provides a brief
description of the BNNs (including neural networks’ struc-
ture, the methods used to quantify the uncertainties associ-
ated with neural network weights and structures, an
advanced Markov Chain Monte Carlo (MCMC) method,
evolutionary Monte Carlo (EMC)), and study area charac-
teristics. Section 3 presents and discusses the application of
BNNs with different considerations of uncertainties related
to parameters and structures for streamflow simulation in
the two case study watersheds. The generalization ability of
BNNs is compared with deterministic ANNs, and the 95%
uncertainty limits estimated by different BNNs are com-
pared and discussed. Finally, a summary with conclusions is
provided in section 4.

2. Methods and Materials
2.1. Bayesian Neural Networks (BNNs)

2.1.1. Neural Networks Structure

[6] Neural networks are universal approximates that have
been widely used to simulate complex and nonlinear rela-
tionships between input and output data. The input data
vector X, is mapped to the target variable y, in the form of
v, = fix,) + ¢, where f(x,) is neural network function, ¢ is
random noise term with zero mean and constant variance
o®. Figure 1 shows a fully connected three layer feed-
forward neural network with four inputs, four hidden units
and one output. This network can be used to approximate
the variable of interest using a function with the form

P M P
S(x) =0 + inrai + Z By <’on + int’in> (1)
i=1 J i=1

where x, is the input data vector at time ¢, p is the dimension
of x,, x; is the ith component of x,, M is the number of
hidden units, «, denotes the bias of the output unit, «;
denotes the weight that directly connects the ith input unit to
the output unit, (3; is the weight that connects the jth hidden
unit to the output unit, 7o is the bias of the jth hidden unit,
~;: denotes the weight on the connection from the ith input
to the jth hidden unit, and (-) is the activation function of
the hidden units. The biases and connections need to be
optimized to infer an acceptable approximation of the
relationship underlying a system that relates a set of input
variables to the dependent variables of interest. Usually, the
neural network structure is fixed, which means that the
number of connections between the neurons is fixed. A set
of indication functions can be linked with each connection
to represent the validity of a specific connection [Liang and

2 0f 16



W02403

Bias (.
X
L
X2
>
X3 P
>
X4
’.. ==Y
Input
Units

ZHANG ET AL.: UNCERTAINTY OF STREAMFLOW SIMULATION

W02403

@

B

Hidden
Units

Output
Units

Figure 1. A fully connected one-hidden-layer feed-forward neural network with four input units, four

hidden units, and one output unit.

Kuk, 2004]. Then, the above neural network model form can
be transformed to

P M P
f(xf) = 0501(10 + intai[a, + Z ﬁjlﬁ,“/l (’yj()["//o + int’\//[qu,,>
i=1 J i=1
(2)

where /. is the indicator function associated with the
connection (. If /o = 1, then the connection is in effect,
otherwise, /- = 0 and the connection is not effective. The
activation function (y(+)) applied in this study is the hyper-
bolic tangent function. The tanh(-) function ensures that the
output of a hidden unit is 0 if all connections to the hidden
unit from input units have been eliminated. Let A be the
vector consisting of all indicators in equation (2), which
specifies the structure of the network. Let o= (v, vy, - -, ),
B=(Bo> B>+ Bans v = (2/0, Vitse - Uipds ¥ = (V15 Y25 - 5
Yum), and 8 = (ap, Ba, Ya, 0°), Where avp, B, and v, denote
the nonzero subsets of «, (3, and ~, respectively. Thus the
combination of (8, A) completely defines equation (2). In
the following, a neural network model is defined by (6, A),
and f(x,) is represented by f(x,, 6, A). Equation (1) is a
special case of equation (2) with all connection being
effective. The major difference between equation (1) and
equation (2) is that equation (2) is trained by sampling from
the joint posterior of the neural network structures and
weights while equation (1) is trained by sampling from
the posterior of the weights.
2.1.2. Bayesian Training of Neural Networks

[7] In the traditional deterministic training of a neural
network, a single set of optimal (8, A) is identified that is
most likely to reproduce the observed target data. From the
Bayesian viewpoint, the training of neural networks can be
taken as a problem of inference. The key principle of
Bayesian approach is to construct the posterior probability

distribution of (68, A) given the observed input and target
data sets. In the Bayesian training framework, the observed
data and prior knowledge of parameters and model structure
were applied to derive the posterior distribution of models
(6, A) for inference. Given the training data sets D = {(x,
Vi), (X2, ¥2),- - (X, ¥.)}, the posterior distribution of the
weights and model structure (8, A) is defined as

p(D|0, A)m(0,A)

p(0,A|D) = fp(D|07 A)m(6,A)d(6,A)

3)

where p(0, A|D) is the posterior probability distribution of
(0, A) given observed data D, w(€, A) is the prior
probability distribution of (8, A), [ p(D|6, A)m(8, A)d(®,
A) is the normalizing constant, and p(D|#, A) is the
likelihood function of (8, A), which is denoted as L(6, A)
in the following. Through integrating the predictions of the
model with respect to the posterior distribution of the model
(6, A), the posterior predictive distribution of output y,,.,,
for the new input X,,,, is [Lampinen and Vehtari, 2001]

P ronlSaows D) = / D renlnen: 0, A)p(60, AID)A(0.A)  (4)

The expectation of the posterior prediction distribution in
equation (4) is

Srow = E (Yo e D) = / 1 (Suews 0, A)p(6, AID)A(6, A) (5)

One major challenge in the Bayesian analysis of neural
networks is evaluating integrals for posterior distribution
and predictive distribution of network outputs [Khan and
Coulibaly, 2006]. Usually, the posterior distribution of
weights and model structures of neural networks is very
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complex and multimodal [Neal, 1996; Kingston et al., 2005;
Khan and Coulibaly, 2006; Liang, 2005a, 2005b], and it is
difficult to sample from the complex posterior distribution
and generate candidate weights and model structures. In this
case, the MCMC methods are usually used as tools for
sampling the posterior probability of model structures and
parameters of BNNs. In MCMC, the complex integrals in
the marginalization are approximated via drawing samples
from the joint probability distribution of (0, A), and ¥,..,
can be approximated using a sample of the (8, A) drawn from
the posterior probability distribution of (8, A) [Lampinen
and Vehtari, 2001]:

) &
Yiew = ]_( ;f(xnew7 01’7 Az) (6)

where, K denotes the number of all models (6, A) under
consideration.
2.1.3. Posterior Probability Distribution of Neural
Networks

[s] In order to conduct Bayesian analysis of a neural
network, the prior probability distribution 7(6, A) and
likelihood function L(€, A) in equation (3) needs to be
specified. A popular method to specify the likelihood
function is to assume the model residuals are normally
and 1ndependently distributed with zero mean and constant
variance o°. This leads to the following likelihood function:

L(6,A) =p(y|6. A,x) {HW ( : 5 —.f‘(xt))z)}
(7)

Taking logarithm, we have

1 1 2
log(L(0, A)) = constant — 702 ; v —f(x1,0,A))

-3 log(o?) (8)

where 7 is the number of observed target data, and o” is
referred to as hyperparameter Wthh is assumed to observe
inverse gamma (IG) distribution (0% ~ IG(vy, v,)) with v,
and v, are the shape parameter and scale parameter, respec-
tively. As far as the prior distribution of (8, A), a convenient
way is to assume noninformative prior distribution to
represent the vague prior knowledge, which allows the
posterior distributions of (6, A) to be determined by the
observed data [Neal, 1996; Lampinen and Vehtari, 2001;
Kingston et al., 2005]. A wide uniform prior, symmetric
around zero, was used as the noninformative prior. With
the assumption of noninformative prior distribution, the
posterior probability of (8, A) can be formulated as
equation (7) with the log form of equation (8). This form of
posterior probability function can be applied for both fixed
and variable neural network structures.

[v] To some extent, the quantification of uncertainty is
dependent on understanding prior knowledge of uncertainty.
In practical application of neural networks, incorporating
human prior knowledge in neural networks models was
suggested to improve their performance [Wang, 1995;
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Miiller and Rios Insua, 1998; Liang, 2005b]. Usually, the
large weights and bias values and complex model structures
are penalized. In this paper, we follow Liang [2005b] to
assume the following prior dlstrlbutlons for the weights: «;

~ N(O, aa) fori=0,..., p, B; ~ N, Ug) forj=0,... .M, v;
~ N(0, aw) forj=0,...,Mandi=0,..., p, where aﬁ, U%, and

o5 are hyperparameters to be specified by users. By
assuming that the components of @ are a priori independent,
we have

n , 1 &
log P(6|D, A) = Constant — (5 +u + l)logo By Z

=1
1 & a?
0= 0P 3 Y1 10 + )

«

where m = Z I+ Z Iy ® <Z w) + Z Z Iy Iy is the
i=0
total number of effectlve connections, <I>(t) 1s 1 if£>0and 0

otherwise. For fixed model structure, all indicator functions
are equal to 1 and m is a constant.

[10] The prior knowledge of the structure of neural net-
works can also be taken into account. As in work by Miiller
and Rios Insua [1998] and Liang [2005b], the neural net-
work’s structure A is set to be subject to a prior probability
that is proportional to a truncated Poisson:

A"
, m=34....U
p(h)y =1 Zm! (10)
0, otherwise

where A\ is a hyperparameter, U = (M + 1)(p + 1) + M is
the number of connections of the full model in which all
connections are valid, Z= 3 xcq A"/m!, and Q2 is a set of all
possible model structures with m = 3,4,. . .,U. The minimum
number of m is set to be three to limit the network size.
Furthermore, we assume that the prior distributions of 6
and A are independent. Then, the posterior distribution of
(8, A) can be formalized by multiplying the prior distribu-
tions of @ and A and L(0, A). The log form of this posterior
probability can be written as
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