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Convergence of stochastic approximation
algorithms under irregular conditions
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We consider a class of stochastic approximation (SA) algorithms for
solving a system of estimating equations. The standard condition for
the convergence of the SA algorithms is that the estimating functions
are locally Lipschitz continuous. Here, we show that this condition can
be relaxed to the extent that the estimating functions are bounded
and continuous almost everywhere. As a consequence, the use of the
SA algorithm can be extended to some problems with irregular esti-
mating functions. Our theoretical results are illustrated by solving an
estimation problem for exponential power mixture models.
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1 Introduction

Suppose that we have p-dimensional observations (Xi,..., Xy) from a parametric
or semiparametric model, which depends on an unknown parameter 0 € ® C R?.
Inference about 6, e.g. finding its M-estimate and empirical likelihood confidence
intervals, often involves a search for roots of the simultaneous equations

N

%ZH,(H,X[)ZO, j=1,....d, (1)

i=1

for given estimating functions H;(-,-): R!x R?—R, j=1,...,d (See HUBER 1981;
NEWEY, 1993; TIAN et al., 2004). As the partial derivative of an objective function
for optimization, H = (H;); <j<d is usually non-additive with respect to X;. When H
is smooth and OH/J0 is of full rank, the equations can be solved directly by the
standard Newton—Raphson iteration. However, when H is not smooth or OH/00 is
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not of full rank, the stochastic approximation (SA) algorithm is found to be more
appropriate for solving (1).

The subject of stochastic approximation was founded by RoBBins and MonNRrO
(1951). After five decades of continual development, this method has been widely
used in adaptive control, system identification and optimization problems. See LAl
(2003) for a review. The standard convergence analysis of the SA algorithm is based
on the condition that H is locally Lipschitz continuous, although the weaker assump-
tions are found as well (Tapi¢, 1997; CHEN, 2002; KusHNER and YiIN, 2003). Among
those conditions, KUusHNER (1981) required that E[H(x, Z,)] or E[H(x,Z,)| Z,_1,...]
is a smooth function of x. HE, Fu and MaRrcus (2003) required a convexity condi-
tion for the objective function. These conditions turn out to be either invalid or hard
to verify. In this note, we show that for the convergence of the SA algorithm, the
condition of local Lipschitz continuity can be relaxed to the extent that H is bound
and continuous almost everywhere. As a consequence, the use of the SA algorithm
can be extended to some problems with irregular estimating functions.

The remainder of this paper is organized as follows. In section 2, a general form
for the SA algorithm with non-additive noise is introduced. In section 3, two sets
of conditions are presented for proving the convergence of the SA algorithm. The
application to estimating exponential power mixture models is described in section 4.
A real data application is presented in section 5. The conclusions are made in
section 6. Some basic lemmas are given in the last section.

2 A stochastic approximation algorithm with non-additive noise

Let H(-,-) be an RY x R? — R? measurable function as defined before, and P be a
probability measure for a random variable Z drawn from R”. The problem is to seek
the roots of the following system of equations,

hi(0) = / Hi(0,2)P(dz)=0, i=1,...,d. )

In what follows, we denote H(0,2)=(H(0,Z),...,H,(0,2))" and h(0)=(h(0),...,
ha(0))". Assuming that solutions to (2) exist, we investigate when these roots can be
found by the iterative algorithm:

6n+1 :911+VnH(0naZn+l)s (3)

where 0, denotes the estimate obtained at iteration #, y, is the gain factor, H(0,, 2,1 1)
is a non-additive function of Z,, ; and {Z,} is a random process defined on (Q, F, P)
and is referred to as noise. Here, H(0,, 7, 1) is non-additive if for any two deter-
ministic functions H; and H,, it cannot be written in the form of

H(04, Zy+1)=H(0,)+ Hx(Z, 11).

As H(0,,Z,+1) is a non-additive function of Z, ., algorithm (3) is referred to
as a SA algorithm with non-additive noise. The SA algorithm circumvents the
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differentiability requirement of the Newton—Raphson method by taking advantages
of the bootstrap and the SA (EFRON AND TIBSHINARI, 1993).

3 A new convergence theorem for the SA algorithm

In some situations, the objective function (or the associated Lyapunov function)
v(0) of problem (2) may not be differentiable but have the bounded directional par-
tial derivatives at some points. Even when v(0) is differentiable, its derivative Vu(0)
may not be Holder continuous. The question is whether the SA algorithm converges
under such irregular settings. The answer is partially positive as shown in the remain-
der of this section.
To facilitate presentation, we define a few more notations as follows. For any
up € Rd, letting
. 0G(u;) 0G(uy)
A=41 :

{‘in ou " ou
we define the generalized gradient 0G(u)=col A as a convex closure of 4 (CLARK,
1983). When G(u) is differentiable at u, we simply set 0G(u)={0G(w)/0u} as a
singleton. Similarly, the generalized directional derivative is defined as

. G tw)—G
G°(u;v)= limsup M

y—u,t—0% !

exists and is ﬁnite},

G is called regular if for all u: (1) G has the usual one-sided directional derivative;
(i1) this derivative is equal to the corresponding generalized directional derivative.

Let Z; be drawn from the finite set {Xj,..., Xy} randomly with replacement,
{Z,,...,Z,} can be regarded as a random sample of Py, where Py is an empiri-
cal distribution defined on the set {X1,..., Xx}. Hence, A(6) can be written as

| X
h(O0)= > H(0, Xp). &

k=1
In the following, we let R™ denote the set of non-negative reals, || - | denote the

Euclidian norm in R and the Frobenius norm in R**? and d(-,-) denote the dis-
tance induced by the Euclidian norm. Assume that there is an objective function
v(0) with the set of stationary points E, ={0€®:0=h(0)}. Set

®y={0:h(-) is not continuous at 0, or v(0) is not differentiable at 0}.

E={{0,,n>0}: thereis a closed subset D of ® — @ such that 0, € D,n>0}.

Let b, 1=H(0,,Z,+1)—N(6,) and Oy be any point in @. Then the SA algorithm
has the form

6n+ 1=0,+ Vn(h(en) + bn+ 1)‘

We analyze the SA algorithm under the following conditions:
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Bl. 0<lim 3,=0, Y y,=o0, Y 72<00, supEllb,l|*<+oo.
n—0oo n=1 n=1 n>0

B2. v(0) is continuous with finite generalized gradient Jv(f). For 8 € ®, —h(0) €
0v(0). For any compact subset Q C® — E,,

sup — | ()] <0.
(Y]

THEOREM 1. Assume that the conditions Bi—B> hold. Then, as n— oo, we have
lim d(0,, E.)=0 almost surely on E,
n—o0

where d(0,, E,)=infycg,

0,—0].

Proof. Let tp=0, t;, = Zf‘;(l) y; and m(¢) be the k such that t €[t, t; ). For te R*,
define

m(t+t;)—1 m(t+t;)—1

FO=0+ Y 2hO)+ D pibisr.

i=k i=k
Then

0k(1)=0; + / t W0 (s))ds + B*(t) + p*(1)
0

with
m(t+1;)—1

Bo= Y. b so= MO e)ds.

i=k

By conditions B1 and B2, as k — oo,

sup |P 0] < sup V(e + 1) 1 Om(e 1 1) || — 0.

0<t<o0 <t<oo

Note that {y;b;11,F;:i >k} is a martingale sequence and

12
Zyl i+1 EZV 1+1]

i=1 i=1

sup £

m>1

< sup

m 12
2
< Zv?] Sup(E || bus1 || 7)1 <o0.
n>

i=1

It follows from Doob’s theorem (SHIRYAYEV, 1984, Theorem 1, p. 476) that

m

Zyibi+1

i=k

lim sup

=0, almost surely,
k—0o0 m>k

which yields
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m

Z%’biﬂ

i=k

sup [|B"(2)|| <sup -0

0<t<oo m>

almost surely as k — oc.
If we define V¥(¢)= [, h(0%(s))ds, then

sup [|0%(t) — 05(0) — VE(1) || =o(1),

0<t<oo

and

|VEO=VE) | < sup K@) 1],

397

®)

which implies that 0X(¢) is also equicontinuous on any finite interval in R* provided
{0,} is contained in a compact subset D of ®. By the Arzela—Ascoli theorem, there

exist a subsequence, say {k;}, and a R?-valued function 0(¢) on R* such that

0" ()= 0(),

where 0(-) is also equicontinuous on any finite interval in R™.

By conditions B2, /(-) is bounded on any closed subset of ® — ®, and h(6(s)) —
h(0(s)) when 0(s) € ®y. And the set {0<s<7:0(s)€®g} has the Lebesgue measure

tending to 0. Using the dominated convergence theorem, we have

k(s — ' k N '
Vi = /0 (0" (s))ds /0 h(0(s))ds.

This together with (5) yields

0()= 0(0) + /0 t h(0(s))ds.

Thus, the limit 6(s) of any convergent subsequence of {0,:n>0} in E satisfies the

differential equation:

0(s)=h(0(s)), scR'.

Invoking the chain rule of derivatives and condition B2, we have

#(0(s)) = —h(0(s)) O(s)=— | h(O(s)) || *.

Therefore,

o(0(1) — v(0(0) = — /0 1(0(s)|2ds.

—

Note that v(0) is continuous. On E, for any convergent subsequence {0():j=

1,2,...} of {0(r),t € R"}, with 0(z;)— 0., we have that v(0(z;)) — v(0,) and
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o(0.) — (0(0)) = — /0 1 hO(s)) | 2ds > —oc,

which implies that for any 6 >0, as #; — oo,

I/'+(3/2 5
[ ey as—o. ©)
1;—0/2
Note that A(0) is continuous at 0, and 0(¢) is equicontinuous. Thus, for any >0,
there existsa 0 >0 such that

| h(0(2)) — h(0.) || <e,
when |7 —t;| <¢. This together with (6) yields that
([1A0.) || =)0 <0.

Therefore 4(0.) =0, meaning that 0, € {0:0=/(0)}. Now using the same technique
in CHEN (2002, p. 15), we can easily prove the desired result. O

4 Exponential power mixture model estimation

Suppose that (X1,..., Xx) is a sample from a mixture of exponential power distri-
butions,
m
S10=>" oep(x | e, Ze B @)
k=1
where 0=(u1, X1, B1;- .5 > Zms Py @1, .., 0p—1) contains all parameters of the

model; m is the total number of components; wy is the weight of the kth compo-
nent, 0<wy <1, and Y ;'_, wx =1; and @(x | uk, ¢, Pr) is the Kotz-type distribution,
which has the density

BiX'(p/2)
22| 2| Tl (b))
e ER, ZpeS,  |[Pr| <co,

exp{— [0y — ) 2 O — )l 23,

O(X | e, 2, Pr) =

where S is the set of all p x p positive definite matrices and ¢ is a sufficiently large
constant (see FaNG, Kotz and Ng, 1990, p. 76). The location parameter yy stands for
the centre of the distribution, the matrix X; for the dispersion and the shape para-
meter f3; for the rate of exponential decay. For f; =2, the distribution is N (u, X;/2),
a multivariate normal distribution; for 0 < f; <1, the distributed is heavy tailed; and
for B >1, the distribution is light tailed. To reduce the technical burden, we focus
on the case where X; =471, with 2, >0 and I, being a p x p unit matrix. Then

L(pl2 — B
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Here A, is used to show the volume of the kth component and f; is employed to
describe the shape of the kth component. We re-parameterize them by A} =10g(} )

and f; =log(fx). In addition, we re-parameterize wy,...,w,_1 by wj,...,@;_, by
setting !, =0 and
ewf(
Ok =———> k=1,....m—1
> 1€
For uniformity of notations, we define yj = p;. With the above notations, model (7)
can be reparametrized by O0=(uj, A}, Bl sty A Brso],. .. 0f, ). In what

follows, for simplicity, we still use (x| 0) to denote the mixture density with 0 € R?
and d =(p+3)m— 1. Note that when f; <0, log f(z|0) is not differential at y = X}
and [0 log f(Xi|0)/ 0wy || tends to infinity as u; — Xj. Removing these singular
points from RY, we define

R.={0€ R?: there exist i, k such that p; € {X1,..., Xy} and f; <0},
O=R'\R..
If there exists k such that ; =0, then the corresponding log(f (X} | 0) is not differen-
tiable at py = X} but has a generalized gradient. For other 0 € ©, the corresponding

log f(x]0) is continuously differentiable.
For a given value of m, model (7) can be estimated by maximizing the function

N
In(0)=_log f(Xi|0),

k=1

which is asymptotically equivalent to minimize the Kullback-Leibler distance
between f(-|6) and the underlying density of X. Differentiating /y(6) with respect
to 0, we have

51N(9)

ZP(kIX) 12X — g | 1720 — ), (8)
i=1
Ay (0) _ B 5
o7 =;P(k|x,-) [”_;,,/jk” | ] ©
Aly(0) _+
= Pk|X;
o8 Zl (k| X))
"(p/ L Bre
{1+[§’k£g)’/§k; g (L) log<||)c—uk||)}, (10)
Aly(0) _+
P =;[P(k|)c)—wk]. (1D
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where the index k ranges from 1 to m in (8)—(10) and ranges from 1 to m—1 in

(11);
Pk | %)= 0rg(x | s 2. B)lf (x| 0)

is the posterior probability that x is from the k-component; and

I'(x)/T(x)=—1/x—v+ Y [k —1/(k +x)].
k=1
Here, v~0.577216 is called Euler’s constant. Note that if ;=0 (i.e. fr=1) and
Wi =X, i #F X;, i), then 0ly(0)/0p; in (8) does not exist. However, under this
setting, [y (0) is regular and has the generalized gradient

(X — )

Ay (0)= ZP(kIX) Tx

i#j
where S, ={a € R:|jal| <1}. Define

1
P X)),
k

Bre

Hk(g x) _P(k“x) ||x ,L(k _2(X_,le), kzls"'sm, (12)

k

k

Hi;(H,x)zP(k|x)[ m - uk||/ﬁ], k=1,....m, (13)

Hy, (0,)=—P(k | x)

y . Bre
x {1+”r(”/ﬁ") — B ( ”x)vk“k”> log(llx—ﬂkll)}»kzl’---’m

Bl (0! i)
(14)
Hy (0.x)=P(i|x)— o, k=1,....m—1, (15)
where we set
Mza with |[a|| =1 when x=py.
[l — e |

Applying the stochastic approximation method defined in section 2 to solve the
system of equations,

fHN;(G,Z)dFN(Z):O, k=1,...,m,

fH/zz(O,z)dFN(z)=O, k=1,...,m, (16)
fH/;z(O,Z)dFN(Z)ZO, k=1,...,m,

J He:(0,2)dFy(2)=0, k=1,....m—1,

where Fy is the empirical distribution introduced by (X7,..., Xy). Let
0, =(uf(’), /IT(I)’ m(t);~ o (t) «*I(I) i (t) T(t)’_ Lo (t))

m—1
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denote the estimate of § obtained at iteration ¢ and Z, denotes a sample randomly

drawn from the set {Xj,..., Xy} at iteration ¢. In practice, we set the gain factor
sequence
gm0y (17)
max(tg, t)

for some values of 7y>1 and y¢>0. Our default setting for them is #p)=10,000 and
10 =0.02. If other values were used, the values would be specified in the context. We
also set a default value for the total number of iterations. It is 500 x N, where N is
the sample size. See LiaNG and ZHANG (2008) for details.

To show the convergence of the algorithm, we first verify conditions B1-B2 under
the restriction fx;>0,1 <k <m. This can be performed as follows.

By construction of the gain factor sequence, condition BI is satisfied.
Define v(0) =—Iy(0)/N. Clearly, v(6) is bounded below, because the exponen-
tial power density function and thus its mixture are bounded above. Accord-
ing to the order of the components of 0, we define H;(0,x) to be the
respective functions HﬂZ(Q,x), H“;((), X), Hﬁ;(G, X) or HU};(O, x) defined in (16).
By definition,

Vu(0)=— /H(H, 2)dP(z)=—-h(0) and o(0)=—|h0O)| 2 <0.

When f; >0, 1<k<m, condition B, is satisfied by defining E, = {0:/(0)=0}.

5 Applications

In microarray data analysis, one often needs to test a large number of hypotheses
simultaneously. To control the probability of erroneously rejecting true null hypoth-
eses, we need to control the false discovery rate (FDR), the expected proportion
of false-positive findings among all the rejected hypotheses. The main difficulty in
calculating the FDR comes from modelling the observed test scores (EFrRoN, 2004).

To set up notations, let Hy,..., Hy denote the collection of N null hypotheses,
Py,...,Py denote the corresponding P-values of the N tests, and Z;=®'(P;) or
Z;=®7!(1 — P;) denote the corresponding test scores, where ® is the cumulative
distribution function (CDF) of the standard normal distribution. LIANG and ZHANG
(2008) proposed the following model for these test scores:

f(2)=mnafo(2) + (1 — mo)f1(2), (18)

where 7 is the prior probability that a null hypothesis is true, f; is the empirical null
distribution and f] is the alternative one. fy and f; are modelled by two exponential
power mixture models. The unknown parameters in f; and f; are then estimated by
the SA algorithm introduced in the previous section.
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Histogram and estimated null-density

[ T T T T T 1
-6 -4 -2 0 2 4 6
z

Fig. 1. z-scores of avian pineal gland gene expression data under the DD condition. The solid line
is the estimated fy by the SA.

5.1 A real data analysis

The avian pineal gland contains both circadian oscillators and photoreceptors to
produce rhythms in biosynthesis of the hormone melatonin in vivo and in vitro. It is
of great interest to understand the genetic mechanism driving the rhythms. For this
purpose, Dr V. Cassone’s laboratory at Texas A&M University measured the expres-
sion levels of pineal gland genes under light-dark (LD) and constant darkness (DD)
conditions. Under LD, the birds were killed at 2, 6, 10, 14, 18, 22 hours Zeitgeber
time (ZT) to obtain mRNA to produce adequate cDNA libraries. Four microarray
chips per time point were produced, and there were two replicates for each gene in
each chip. The experiment was then repeated under DD. Each chip produced gene
expressions for 7400+ genes. Throughout the experiment, samples from LD ZT18
were used as controls. Relative gene expression levels to the controls were recorded
and processed. Our goal was to identify genes that are differentially expressed at
different time points. Mixed effect analysis with the fixed effect being the different
time points and the random effects corresponding to chips and biological batches
were applied to the relative gene expression levels in log scale. Normalization
procedures have been adopted but will not be listed here as they are not the focus
of the paper. Under both LD and DD conditions, P-values, P;s, for testing the
existence of different time effects were produced and transformed to test scores using
®~!(1 - P;). Figure 1 shows the histogram of the test scores under the DD condi-
tion and the corresponding estimated density curve of fy. It suggests that f; can
be well estimated by the SA method.

6 Discussion

In this paper, we have introduced a stochastic approximation method for finding
the roots of multiple estimating equations. One important problem is whether the
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proposed algorithm converges. The classical convergence analysis is often based on
the regular condition that the estimating functions are locally Lipschitz continuous.
Here, we have shown that these conditions can be relaxed to the extent that the
estimating functions are bounded and continuous almost everywhere.

The SA algorithm has been found a number of applications such as model-based
clustering and semiparametric estimating. Here, we applied the SA algorithm to esti-
mate the null density of the test scores in multiple testing problem. A real data appli-
cation has been presented.
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