mnamwaqw&qﬂoﬁuxaawnza.mnﬁn.q:.nqE__.va_u.:.ma:.aa.§_h..._. H m
ISSN: 1871-0301

© 2007 Elsevier B.V. All rights reserved

DOL 10.1016/51871-0301(06)01018-3 t

Stochastic Approximation Algorithms for Estimation
of Spatial Mixed Models

Hongtu Zhu, Faming Liang, Minggao Gu and Bradley S. Peterson

. Abstract

A class of spatial mixed models is introduced first. Spatial mixed models include
latent Markov random fields, which make their likelihood fanctions complex, This
complexity in turn makes statistical inferences {(e.g., parameter estimates and pre-
diction of latent figlds) prohibitively difficult. Therefore, two algorithms are also in-
troduce by integrating recent developments in stochastic approximation algorithms
and Monte Carle methods. The first of these algorithms, a stochastic appraximation
expectation-maximization (SAEM)} algorithm, is developed to estimate the strength
of spatial regularization in latent Markov randors fields and other parameters. The
second algorithm, an aunealing stochastic approximation Monte Carlo (ASAMC)
algorithm, is proposed to compute optimal estimates of latent fields, which are the
global maxima of the likelihood functions of complete data. These algorithms are
applied (o data sets of the disttibution of vegetation species and simulated images to
demonstrate their effectiveness. ’

Keywords: Expectation-maximization; Multicanonical algorithm; Spatial mixed
models; Stochastic approximation; Vegetation

1. Introduction

Spatial mixed models (SMM) are natural extensions of generalized linear models
and allow for additional components of variability that account for unobservable la-
tent processes. SMMs have wide applications in image analysis, ecology, psychology,
physics, and biophysics. For instance, a number of fundamental processes in image
analysis, including image restoration, segmentation, and edge-preserving filtering, have
been modeled by using SMMs since the seminal work by Besag (1974) and Geman and
Geman (1984). See, for example, Zhang (1993), Jalobeanu et al. (2002), Saquib et al.
(1998), and Lakshmanan and Derin (1989), among many others. SMMs also include
generalized linear mixed models (GLMM) (Breslow and Clayton, 1993; Zhu and Lee,
2002) and latent variable models (LVM) (Bentler and Dudgeon, 1996), both of which
can be used to accommeodate overdispersion and correlation among outcomes (Zeger et

399




400 H. Zhu et i,

al., 1988) and to predict and interpolate (or smooth) spatial data (Diggie et al., [998;
Zhang, 2002). Thus, these models have applications in biomedical and educational
research, the social sciences, and other fields that investigate complex multivariate, lon-
gitudinal, and family data.

However, SMMs are highly complex because of the latent Markov random fields
they contain, This complexity makes calculating the maximum likelihood estimates and
estimating latent fields prohibitively difficult and therefore poses a major chalfenge in
the applications of SMMs. This challenge can be divided into three distinct issues.

The first issue is that likelihood functions of observed data are often represented
by high-dimensional integrals in order to account for latent variables, and these inte-
grals may become frreducibly complicated. Most of the existing procedures for locat-
ing maxima of likelihood functions include the expectatior-maximization (EM) algo-
rithm (Dempster et al., 1977), the Monte Carlo EM algorithm (Wei and TFanner, 1990;
Booth and Hobert, 1999), Monte Carlo Newton—Raphson algorithm (McCulloch, 1997),
and stochastic approximation algorithm (Gu and Kong, 1998; Delyon et al., 1999).
However, these optimization algorithms only work for some SMMs (such as GLMMs
and LVMs) but not for others, because they strongly depend on a simple likelihood
function of complete data (including both latent variables and observed data).

Second, latent Markov random fields (MRF) also add to the complexity of the like-
lihood functions of SMMs. MRFs have been recently used in a range of fields, such as
ecology and image processing, to model spatial and geographical correlation among ob-
servations (Winkler, 1995; Li, 2001). For example, ecologists use MRFs to describe the
spatially correlated distribution of single or multiple species within a given geographical
area (Huffer and Wu, 1998; He et al., 2003). Unknown parameters of MRFs in SMMs
usually control the granularity of fatent fields, and the corresponding normalizing fac-
tor {or partition function) of MRFs, as a function of these unknown control parameters,
is not known analytically. In practice, the values of these unknown control parameters
are either arbitrarily set or heuristically tuned to particular datasets; maximum likeli-
hood estimates (MLE) of control parameters for MRFs in SMMs are rarely calculated
because of the considerable computational burden that is involved, Moreover, most
existing optimization algorithms for computing MLEs (Geyer and Thompson, 1992;
Gu and Zhu, 2001) are hased on observed MRFs and therefore are inappropriate for
latent MRFs in SMMs. Several approximation methods, such as mean-field approxi-
mation, have been used to find approximate estimates of control parameters for latent
MRFs (Jalobeanu et at., 2002; Qtan and Titterington, 1991; Vasconcelos and Lippman,
2001). Recently, a stochastic approximation EM algorithm has been proposed, and its
convergence has been established under some conditions (Zhu et al., 2005a, 2005b).
However, performance of this SAEM algorithm when applied to many important appli-
cations, such as distributions of vegetation data in ecology and imaging analysis, has
not yet been investigated.

The third issue in the use of SMM:s is how to find optimal estimates of latent fields.
This is the central issue of many research questions in ecology, psychology, and image
analysis that involve the prediction of latent variables within a data set. For instance,
latent field in image segmentation is a set of labels that represents the identities of

individual voxels/pixels. In some cases, estimating latent fields is equivalent to mini-

Stochastic approximation algorithms for estimation of spatial mixed models 4n

mizing/maximizing a complicated energy function with a Iarge number of variables and
is therefore nearly infeasible computationally. Several optimization methods, such as the
iterated conditional modes (ICM), can only give a local optimal solution. Stochastic al-
gorithms, such as the simulating annealing and genetic algorithms, have been proposed
to search for the globally optimal estirnates of latent fields (Kirkpatrick et al., 1983;
Holland, 1975); however, these stochastic algorithms converge very slowly and have a
high probability of missing the global minimum (Liang, 2005¢). Recently, advanced
Monte Carlo algorithms, including annealing stochastic approximation and contour
Monte Carlo, have been proposed that are efficient for complex simulation and opti-
mization (Liang, 2004, 20052, 2005b, 2005c). We will apply the annealing stochastic
approximation Monte Carlo {ASAMC) algorithm to find optimal latent fields by maxi-
mizing the complete-data likelihood functions given MLEs.

In this paper, we formally introduce SMMs and discuss some examples in the fields
of ecalogy. We then propose two advanced stochastic approximation algorithms (SAEM
and ASAMC) for caleulating MLE and optimal estimates of latent fields in SMMs.
Finally, we evaluate the performance of these algorithms using real-world examples,
including distributions of vegetation species and image restoration. Throughout the dis-
cussion, we will address the three compulational issues of SMMs discussed above.

2. Spatial mixed models

We consider stochastic processes f = {f(s): s € 8}, X = {X{s): 5 ¢ S}, and
Y ={Y(s): s € 3}, where § = {5;: i = 1, ..., n} is a known discrete index set in R?.
We define SMMs as follows:

() conditional on (£, x), the components of ¥ are mutually independent, and the con-
ditional density of ¥ (s} given (f, x) is p(y(s)|f, x; &), where « is an unknown
parameter vector;

(i) latent field f = {f(5;): i = 1,...,n} is said to be an MRF with Tespect to a
neighborhood system A = {Nj: i == 1, ..., n}, which is characterized by a Gibbs
distribution:

p(flo) = exp{-U(f, ) — log C(z}}, (1)

where U (f, T) is a potential {or energy) function, which exhibits the interaction
between components of f (Besag, 1974). In addition, the normalizing constant
C{(z) is a partition function having the form

C(t) = \m exp{—U(f, 1) }m(df), 2)
f

where 8y 1s the minimal sample space of £ and m(df) is either the Dirac’s delta
measure or d f according to whether f takes discrete or continuous values, respec-
tively.

The above SMMs include many statistical models as special cases. For instance,
GLMM is a special class of the SMMs (Breslow and Clayton, 1993) in which f are
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random effects. For linear LV models, we have 4 (s) == E[y(s)| [, x] = p+ Af(s) with
J following a multivariate normal distribution (Bentler and Dudgeon, 1996), where A
is a factor loading matrix. SMMs also include more general LV models (Lee and Zhu,
2000, 2002).

Let us study two examples from image analysis: image restoration and segmentation,

EXAMPLE 1 (Image restoration). 1.et s be a pixel-site (or line-site) in a pixelated image,
[ the true scene and y the observed image, which is a noisy version of f. SMMs have
been used to characterize image construction and restoration. A particular example for
image restoration is defined by

y=Hf+e, 3)

where H is the convolution matrix and ¢ ~ N(0, ¢~ I,), in which I, is an identity
matrix. In this case, we have i (s) = E[y(s)| f1 = H (s) f. Furthermore, we will assume
that the true image f foliows a Gaussian random field (GRF) given by

P(f|B) = const x| B|'/2 exp{—0.50 ~*(f — )" B(f — )},

where B = (b(s;, 5;)), the inverse matrix of the covariance matrix of f, controls the
spatial dependence structure of f (Besag, 1974). Therefore, we have

U, 1) =050 2fTRf o ?uTBf + 050 2u By,

where 7 represents all unknown parameters in (B, j. ). In particular, evaluating | B|*/2
is computationally prohibit, because B is an r x n-dimensional matrix (e.g., a 2048 x
2048 matrix corresponding to a 64 x 64 lattice} (Rue, 2001; Gu and Zhu, 2001). For
edge-preserving image recovery, we further consider a generalized GRF (Bouman and
Sauner, 1993) defined as follow:

H H ha

p(fiB) = ex ﬁl b(si o 55)| Flsi) ~ f(s5) “
oNC(B, ) P | poo o h_mq | 2l

where the summation is taken over all nearest-neighbor pairs (s; ~ 5;), po € (1, 2], and

the normatized constant C(B, py) depends on both b(s;, 5;) and po.

EXAMPLE 2 (lmage segmentation). Image segmentation is used to classify an image
into a set of nonoverlapping regions {R;, ..., & }. We consider a special case of SMMs
as follows. The observation at a particular pixel 5 can be written as

K
¥y = M P, Be) fiels) + £(9), @
k=1
where (s} ~ N(0, QLJ, &{(., ) is a parametric model, and B is the parameter vector
for Ry. In addition, £(s) = (fi(s), ..., fx (N fels) € {0, 1}, T 1 fu(s) = 1, and
fels) = Vifand only if s € Ry. Thus, u(s) = EDYO)IS] = ey D (s, f) (). We
further assume that the joint distribution of the label field f = {f(s): s =1,..., 1} is
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p(fl) = BT 3 8 £5)) ~ _omni,

5i~8j

where the summation is taken over all nearest-neighbor pairs (s; ~ s;), §(x, z) is the
Kronecker function equaling to 1 when x = z and 0 otherwise, and t is the parameter
controlling the granularity of the field. In addition, C(%) is obtained by summing over
all possible configurations f (e.g., n¥ terms),

3. Estimation procedure

Much effort has been devoted to developing procedures for estimating the parameters
and latent fields of SMMs. See, for example, Marroquin et al. (2003), Lakshmanan and
Derin (1989), Jalobeanu et al. (2002), Saquib et al. (1998), Qian and Titterington (1991),
Zhu et al. (2005a}, and Younes (1989). An approach proposed by Lakshmanan and De-
rin {1989) is based on jointly maximizing the unknown parameters and the latent fields,
but the estimates of parameters under this approach may not be consistent statistically
{Neyman and Scott, 1948). For instance, for GLMM, specific conditions are required
for validity of this approach (Jiang et al., 2001). To avoid such a pitfall, we take an alter-
nafive approach by calculating MLE of £ = (z, &) first and then computing a maximum
a posteriori (MAFP) estimate of Iatent field f. In pagticular, MLE of £ is a consistent es-
timate under certain conditions (Guyon, 1995). Thus, our estimation procedure consists
of two key steps as follows:

Stage 1. compute MLE of £, denated by m. by using the SAEM algorithm;
Stage 2: given £ obtained in Stage 1, we calculate the MAP estimate of £ by using the
ASAMC algorithm.

3.1. Stochastic approximation expectation-maximization algorithm

The MLE m = (%, mo_ is defined by
L 3, = max L(E; ¥, , (3)

where y, denotes the observed data, and the likelihood function of observed-data
L(§; y,)is given by

L& yo) = \ [12(r6oif.x a) |exp{-U(F, T) — log C() }m(d f).

i=1
(6)
The integration above is usually of very high dimension, making direct numerical eval-
vation difficult even for today’s computers. In addition, C(z) may involve a large matrix
as in Example 1, a huge summation as in Example 2, and so on. In order to obtain m
we assurne throughout the paper that L{£; y,) is sufficiently siooth and £ always exists
and is unique throughout the paper.
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To calculate MLE, we approximate the first-order and second-order derivatives of
the Jog-likelihood function of observed data. From the missing information principle, it
follows that the first-order derivative of log-likelihood function can be written as

55481 ¥o) = 85 log L(§; ¥o) = B[St (&; F)lye, £], M

where 9 = /3¢, E[-ly,, £] denotes the expectation taken with respect to the con-
ditional distribution f given the observed data, and Sg(&; f) is the first derivative of
camplete-data log-likelihood function. Here, the complete-data log-likelihood function
Ic(&; f.¥0) is given by

2 logp(y)If, %, @) = U(f, ) ~ log C(z). (8)

sES

To calculate the second-order derivative of the log-likelihood function, we apply Louis’s
(1982) formula and obtain

—0Z1og L(E; ¥o) = E[lee (85 £) — S35 N)®N¥or €] + & ¥ (9)

where for vector a, a®Z = aa?, and Ieg & ) = imm,.n (&; £, ¥o) denotes the complete
data information matrix.

For SMMs, we need to approximate the first-order and second-order derivatives of
the complex C'(t). Following Gu and Zhu (2001), we can show that

3:log C(r) = —E. [0, U (f, 7)), (10)
82 log C() = —Ex[J (z; £)] - {3 log C()} %%,

where J(z; f) = 2U(f, 7) — (8. U(f, ©)1®? and E, is taken with respect to MRF (1),
Based on (10, we approximate 9, log C(z) and 82 log C(z) by using certain Markov
chain Monte Carlo (MCMC) methods, such as the hybrid Markov chain, the birth-
and-death process, and the Metropolis—Hastings (MH) algorithm. See, for example,
Metropolis et al. (1953), Hastings (1970), Liu (2001), M&ller {1999), and Robert and
Casella (1999), among others. An alterriative approach is to use numerical integration,
but it usually gives unstable estimates except in some special cases.

We can approximate the first-order and second-order derivatives of the likelihood
functions of observed data by using Eqgs. (7), (8}, and (10). The 9 log L(§; ¥,) can be
approximated by ([Sz,1 — Sr21", So(&; £)DT, where S, = 8, log C(z) and S, =
—E: (8. U(f, ©)lyo]- We define

2
L& = Amﬂqwﬁ i ?N%“ bv

and

_ ®2
b p=-( el
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The information matrjx lmm. log L(; y,) can be approximated by

— . — ®2
Be[1(6 Plyo] + A LI A - 8x2) mv +E¢[ 285 Dlyo]
— ®2 T T
+ A A%ﬂ.mu + ..m..n_Om ,m.ﬂ.m =+ r.w.n‘m.w.n.m NV :_vr,.m Amu u@.u@&. (an

3.1.1. Basic steps of the SAEM algorithm
‘We introduce the SAEM algorithm for SMMs as follows. We adaptively update seven
estimates: £, the current estimate of ; %w. 1 the current estimate of mm [—8:U(Ff, T)¥ol;

h_wu“ the current estimate of —3, log C(£): h*, the current estimate of 5 €, ¥0); T¥, the
current estimate of mmg ﬁm“ Dlyel; T w the current estimate of mmimﬁ.m ; DI¥.]; and

%, the current estimate of E:[J(%; f)]. Let I1, (-, -) denote the Markov transition prob-
ability of the MH algorithm for simulating f from MRF (1), and let My, z(-,-) denote
the transition probability of the MH algorithm for simulating f conditional on y,.

Step 1. At the kth iteration, set fr o = fy_q .y, , and Fyro = Fyrim_, For
i=1,..., N, generate f; ; and f, . ; from the transition probability IT - (Frio1:)
and My g1 (f, -1, ), Tespectively.

Step 2. Update the seven estimates as follows:

£ =L PV H(ERY £, i),

rw = —,—.mI~ + v\kmm m;.«l—“ .\,__ﬁ .wq?»v _ m.—klpv“

Y= (T F, ) - TEY),

1 T8 =T (a6 £yu) - FETY), , {12)
Fi=ri (I % £) -5,

SE =S b (<0 T (f o 1) sEh,

SEa =St + (8T (£, 1) - 845,

where hT = (0éT BAT), f, = e Fendamd fo o =(Fyet- o Fyamd)

Ny

LE fon) = 9 11E £/ N,
i=1
o

B Fy) =D L& £y N,

i=1

N
T@ fi) =) J(; fr.0/Ne,

i=1
ko ok k%2 ,IH»IQW y®2 0
r“=r}+m4 +A Y B
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Ny
— 1
T (fyan ) = 3 D RUSypn ),
i=l
- JRAL
GU(fr, T} = mﬂQA.\.?Tﬂv,
Ny m
mmmw.\,?%?»v
T

Ni
_ ~ 1
= [-80(f0 0 +3:T(F L] o 2o Sl Fy )"
i=1

3.1.2. Gain constants
Gain constants play an essential role in ensuring the convergence of stochastic approx-
imation algorithms. For fixed Ny, the gain constants sequence {y;} must satisfy the
following conditions:

o . [e0]
0< p < Lforallk, ) y=oc0, and D vk <o (13)
' k=1 k=1

In practice, gain constants are usually defined by 1 = by / (k" +-61—1), k=1, ..., K3,
where integer &) and real number @y € (1/2, 1] are preassigned and K is determined
by some random criteria (Gu and Zhu, 2001; Zhu et al., 2005a). For a given sequence
Y&, the SAEM algorithm iterates Steps 1 and 2 as described above. At the beginning of
the SAEM algorithm, we suggest to choosing a small a; so that the SAEM algorithm
will move quickly towards to the feasible region. When the algorithm starts to stabilize
near the neighborhood of MLE, we set a1 to be close to |, and a small integer is chosen
for by, say, a1 = 0.8 and by = 2. At the same time, an averaging procedure is used,

with §0 = £0, B0 =00, 50, = 80, and FY, = 10,
m_.n — m#\— + ﬁ.mk _ WWIHV\\«_ m_w — mle + Aﬁ.& .Im_.ﬂl_.v\\ﬁu
= e ~h— ~k ~k—1 ~k—1
Mw_:n = ,m_w.im + AM,ME - .ww.aapv\w, and ~..S\ = H.S\ + Q..W. - H.a\ u\w.
form = 1,2 and m’ = 1,2,3. Theoretically, this averaging procedure automat-

ically leads to an optimal convergence without estimating the information matrix
(Polyak, 1990; Polyak and Juditski, 1992). Under some conditions, the off-line average
X1, 0%y converges to (£, sz (£, ¥,)) almost surely, as K| — oo (Zhu et al., 2005a).
Finally, we can substitute ww. w (m = 1,2) and T M,_ (m' = 1,2,3} into Eq. (11) to

estimate Immu log L(E; y,).

3.2. Annealing stochastic approximation Monte Carlo algorithms

The annealing stochastic approximation Monte Carlo (ASAMC) algorithm originates
from the multicanonical algorithm (Berg and Neuhaus, 1991). In the past decade,
the multicanonical algorithm has been studied extensively. See, for instance, (1/4)-
ensemble sampling in Hessefbo and Stinchcombe (1995), the Wang—Landau algorithm
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in Wang and Landau (2001), the generalized Wang—Landau (GWL) algorithm in Liang
(2004, 2005a, 2005b), and the stochastic approximation Monte Carlo (SAMC) in Liang
et al. (2005) and Liang (2005c), among others, In particular, the GWL and SAMC
algorithms improve the multicanonical algorithm and its variants by introducing the
concept of partitioning the sample space and further extending the multicanonical al-
gorithm from discrete system to continuum system. Computational advances, including
the GWL and SAMC algorithms, led to possible solutions to many complex statistical
problems, such as model selection, highest posterior density region/finterval construc-
tion, and the Monte Carlo optimization, among others.

3.2.1. Multicanonical algorithm
We use the Ising model as an example to the explicate multicanonical algorithm. The
Gibbs distribution of the Ising model on an L x L lattice space can be written as

p(fl0) wexp{-U(fY/z}, feSy, (14)

whete U(f) = — Y., 8(si»5;) and Sf = {—1, 1}**. We are interested in estimat-
ing £2(u) = #{f: U(f) = u)}, called the density of states (or spectral density) of the
system. We may directly use MCMC algorithms (e.g., the MH algorithm or the Gibbs
sampler) to draw samples from p(f|t) and then use the simulated samples to esti-
mate §2(u). However, conventional MCMC algorithms can become trapped into 2 local
energy minimum indefinitely, rendering the simulation ineffective. The multicanonical
algorithm provides an attractive solution to this difficalty. The multicanonical algorithm
seeks to draw samples from a modified distribution given by

Pr(f) xexpl—log 2(U(f))}. (15)

If samples can be exactly drawn from (15), then the resulting distribution for I/ should
be uniform distribution, that is, pyy(4) o 1. Thus, the algorithm will not become trapped
into a local energy minimum, because sampling from p,, () leads to a “free” random
walk in the space of energy. However, £2 («) is unknown prior to the simulation.

The key idea of the multicanonical algorithm is to iteratively update the approxima-
tion of £2(u), denoted as 2 {u), then producing Monte Carlo samples from an approxi-
mated version of py, ( f). The statistical quantities related to p(f} can then be estimated
based on the Monte Carlo samples with the technique of importance sampling. In ad-
dition, the multicanonical algorithm is useful for optimization. For instance, a study on
protein folding problems (Hansmann and Okamoto, 1997) shows that the multicanon-
ical algorithm is much more efficient than the temperature rescaling-based algorithms,
including simulated tempering and simulated annealing (Marinari and Parisi, 1992;
Geyer and Thompson, 1995; Kirkpatrick et al., 1983).

3.2.2. Basic steps of the ASAMC algorithm

Let U f) be the negative of the complete-data log-likelihood function of SMMs,
Imnmm“ f:¥o). Given m in Stage 1, the ASAMC algorithm is then applied to find an
optimal configuration of f, denoted by f, which minimizes &7 (£). The ASAMC algo-
rithm comprises four steps as follows:
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Step 1. Partition the sample mﬁpnn 8¢ into M disjoint subregions, E|, ..., Ey, and
set an arbitrary configuration fy, no = {go1,--., mo M) ={0,...,0), a pre-specified
parameter A, Q%Wz and the search space mme |_ E;;

Step 2. At the kth iteration, use the MH algorithm with a global proposal distribution
to simulate a sample f; from the distribution

%)

mn %Au\-v
pelH o 30 SRS e By,

i=l
where ¢ (f) = meImCJ\H& ty is a preassigned number, §(f € E;) is the Kro-
necker function equaling to 1 when f € E; and O otherwise, qu.nn " is the minimum
energy value obtained until the (k — 1)th iteration, and [ (z) denotes the index of sub-
region where a sample f with energy U (f) = z belongs to (e.g., T (¢ N = jfor
FeE));

Step 3. Update the working parameter g in the following manner:

gei=ge-1i +n[d(fr e EN—-m], i=1,...,M,

where m; € (0, 1) and M -1 7 = 1, and nonincreasing sequence ¥ (k = 1,...}
satisfies
oo o0
>0, Mus_n =00, and MSW < 00, (16)
= k=1

where ¢ € (1, 2). Throughout the paper, we set y = Tﬁo\ max(kg, k)1*? for some
specified value kg > 1, where az € (0.5, 13;
Step 4. Increase k to k + 1 and update U

Qc :.H:—u
~Q+b
C.M—EE um_h.

We have to impose several conditions on the sample space § g in the ASAMC al-
gorithm. In Step 1, the sample space is usnally partitioned into M disjoint subregions
as follows: By = {f: QCJ smhEy={f u < QQJ < Mab, ... By =
{(f: wp—2 < U(f) € upa), and Ege = {f: upgg > T(f) > um—1), where u;,
-o.s Upy are specified real numbers such that #; < --- < 1. For SMMs, Wi{f) =
expf— QCJ\N,& and wy; = .\E Y (f)m(d f) is the partition function of the truncated
distribution of f in the subregion E;. Furthermore, we assume that the sample space Sy
is compact. This condition is trivial for some discrete systems, msow as the Ising model.
However, for continuous systems, we restrict § Srtoaset{f: g (< Qawm where
Q:E 15 a fixed large value so that the set { f: i (f) = Qsmi is not of interest.

Two other important features of the ASAMC algorithm are approximately sampling
from pr (f) as in the multicanonical algorithm and updating working estimates gis. For
simplicity, we temporarily assume that Ui e_a Y is fixed and 7 U in =10 4 A) = M (Liang
et al., 2005). At the kth jteration, we cma mn MCMC &modEB 8 draw a sample from
the &mﬁasﬁou

M, and the sample space to Mﬂa =

P (f) M Hmu 5(f € Ep, (17)
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where gr = (gr,i,--.. ge,M) € G is an estimate of (log wy 1. ..., log wy ar) until the
kth iteration. In practice, for continuum system, we set G = [— B, B]" with B = 10108,
Because adding to or subtracting from gy a constant will not change pg, (f), g can be
kept in the compact set in simulations by adjusting with an additive constant. Under
appropriate conditions,

?i ﬁ o+ amqm_.ibsaéLomala, Ei 7.0 :@

where 1 = 3} ;ciig,=p i/ (M — Mg) and Mp is the number of empty subregions,
as k — oo (Liang et al., 2005). In addition, ¢ is a constant which can be determined
by imposing a constraint on gx. For instance, } i+ ; e® is equal to a fixed number.
Since the sample space is partitioned blindly in the ASAMC algorithun, some of the
subregions may be empty, that is, | E W F)df = 0. The working distribution pg, (f}
is obtained by a piecewise modification of p(f|r), where each subregion is associated
with a different weight ¢#%/ (Liang et al., 2003).

The above stochastic approximation algorithm is an annealing algorithm, because the
sample space S % shrinks during each iteration. Theoretically, the ASAMC algorithm
can find the global energy minimum if the algorithm is run long enough, but the process
of locating the global energy minimum may be very stow due to the breadth of the
sample space. To accelerate the process, Liang (2004, 2005¢) proposed to restrict the
sample space of the ASAMC algorithm to a small region during each iteration. Suppose

that the subregions Eq, ..., Ey have been arranged in ascending order by energy; that
is,if i < j, then QQJ < Qq,umoh.mb%.\. € E;and f' € E ;. The ASAMC algorithm
starfs with .m.wuv = H E;, and then iteratively sets

Hultipn)
sW="|J E. : (19)
i=l1
Remarkably, the ASAMC algorithm preserves the convergence (18) on the limiting

sample space limy.qo ,wﬁssv provided that the proposal distribution used at each itera-

tion is global, that is, a proposal distribution ¢(f, £ is global if g(f, f') > 0 for all
[ Fesy.

As known by many researchers, the state of the art algorithm for stochastic opti-
mization is the simulated annealing algorithm (Kirkpatrick et al., 1983). For instance,
we consider the problem of minimizing the function I7{(f). Simulated annealing works
by simulating from a sequence of distributions scaled by the temperature as follows,

P () cexpl=U(f)/n), k=12,

where #;’s are called the temperatures forming a decreasing ladder £| > --- > f; >

-z 0. Gbn_ﬂ. some conditions, simulated annealing will converge to the set of global
minima of J( F) in probability 1 when the temperature decreases sufficiently slowly,
ie, ty > 1/log{Lly), where Ly = N| + --- + Ny (Geman and Geman, 1984). In ad-
dition, Ny is the number of iterations generated from the MH algorithm in simulating
from. the distribution p,, (f). In practice, such a slow cooling scheme is impractical.



410 H. Zhu et al,

Instead, people use a linearly or geometrically decreasing cooling scheme, but such
scheme cannot guarantee that the global minima will be reached. The ASAMC algo-
rithm does not suffer from such a pitfall. If the proposal distribution is global and the
gain constants satisfy the condition (16), the ASAMC algorithm will converge to the
set of global minima as the number of iterations is large. The ASAMC algorithm will
result in a “free” random walk in the subspace of the subregions. Its self-adjusting abil-
ity for the acceptance of a new proposal guarantees that it will not become stuck into
a local energy minimum. Hence, as a stochastic optimization algorithm, the ASAMC
algorithm is potentially much more powerful than the simulated annealing algorithm
(Liang, 2005c).

3.2.3. Practical issues
For an effective implementation of the ASAMC algorithm, several issues need to be
considered.

(i) Partitioning the sample space: For optimization problems, the partition can be
done according to the energy function. The maximum energy difference in each sub-
region should be bounded by a reasonable number, gay, 2, to ensures that a reasonable
acceptance rate is achieved for the local MH moves within the same subregion. Note that
within the same subregion, sampling from the working density (17) reduces to sampling
from ¥ {f).

(ii) Choice of A: The performance of the ASAMC algorithm depends on the value
of A to some extent. If A is too large, the ASAMC algorithm may take a long time to
locate the global minimum due to the breadth of the sample space. If A is too small,
the ASAMC algorithm may also take a long time to locate the global minimum. In
this case, the sample space may contain only a few isclated regions, and most of the
proposed transitions will be rejected. Allowing a sampler to jump to intermediate states
of high energy will increase the probability of transition from one local energy minimum
to others. To compensate for the negative effect of the sampie space restriction, the
proposal distribution used in the ASAMC algorithm should be spread out.

(iii) Choice of kg and the number of iterations: The y;, controls the moving ability of
the ASAMC algorithm across subregions, and kg controls the speed of y, converging to
zero, In practice, ko can be chosen accerding to the complexity of the problem. The more
complex the problem, the larger value of ky. A large value of ky will force the sampler to
reach all subregions quickly, even in the presence of multiple local energy minima. The
appropriateness of the choice of kg and the number of iterations can be diagnosed by
examining the convergence of the run, which can be further diagnosed by examining the
equality of the realized sampling frequencies of limiting subregions. As suggested by
Wang and Landau (2001), a run can be regarded as converged if the sampling frequency
for each of the subregtons is not less than 80% of the average sampling frequency;
that is, :

awn“ml.: h.n_::_:qaie_mh. #i wmo@. @9
£

where ¢; denotes the realized sampling frequency of the sabregion E;, and ¢ is the
average sampling frequency of the subregions included in the above set. If a run does
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not converge, the ASAMC algorithm should be re-run with more iterations or a larger
value of kp.

(iv) Choosing the proposal function: In the ASAMC algorithm, the global proposal
distribution ensures the ergadicity of the algorithm. In practice, a global proposal dis-
tribution can be designed easily for both discrete and continuum systems. For example,
in simulations from an Ising model of linear size L, a new configuration can be gener-
ated with the following steps: draw an integer T with probability & (¢ = 1,..., L?),
0<g < land Muwuﬂmh = 1; choose T spins fromtheset S = {(i, j): i,j=1,..., L}
at random and with replacement; reset the value of each of the T spins to +1 or
—1 with equal probability. We will call this Sampling Method (I). For a particular
configuration generated with the above procedure, the transition probability is then
q(f, f =er/27. A typical choice for the g,’s is £y = 0.9 and &, = (1 —e1)/ (L2 — 1)
for i =_2,..., L2 For a continum system, g(f, f) can be set to the random walk
Gaussian proposal f/ ~ N(f, ¢2), with % being calibrated to have a desired accep-
tance rate, such as 0.25.

4. Applications

In this section, we analyzed two real data sets from imaging studies from ecology. They
will be discussed to illustrate the behavior of the SAEM algorithm, the ASAMC algo-
rithin, and their combination. All computations were done in C++ on a Dell laptop. All
computer codes and executable files can be downloaded from Dr. Zhu’s website:

http:/ferww.bios, unc.edu/~hzhy/SMM/smm. tar,

4.1 Distributions of vegetation species

We consider an automulticategorical model to analyze the dataset of vegetation species
in Alberta, Canada. The primary goal of this data analysis is to demonstrate the effi-
ciency of the stochastic approximation algorithm in locating MLE in complex spatial
models. In particular, through this example, we want to show the feasibility of roughly
approximating the first-order and second-order derivatives of the partition function dur-
ing each iteration and controlling amount of noises by using stechastic approximation
(Robbins and Monro, 1951). The secondary goal is to illustrate the wide application of
spatial models.

Vegetation species is in the form of an atlas map with resolution pixel equaling 0.5 °C
latitude x 0.5°C longitude; see Figure 1(a). With the aid of remote sensing and aer-
ial photogrammetric technologies, information on four species occwrrence in Alberta,
Canada is documented by this format (Little, 1971; Arneld, 1993, 1995; Mitchell-Jones
et al., 1999). There are total of 375 grid cells. At each site (%, [), there are a categorical
response Y (&, [) and 2 interesting climate covariates: X;(k, 1) (absolute minimum tem-
perature); and Xa2(k, ) (annual degree-days). Five major types of vegetation in Alberta
are: VO —Background, V1 — subarctic evergreen forest, V2 — boreal evergreen forest, V3
— boreal summergreen woodland, and V4 — grass prairie. Two covariates are expected to
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o 500 1000 15G0 2000 2500

Fig. 1. Distribution of four vegetation types in Alberta, Canada: 0 = background, 1 = subarctic evergreen

forest, 2 = boreal evergreen forest, 3 = boreal summergreen woodland, and 4 = grass prairie. There are

four panels: (a) the observed distcibution; (b) the fitted distribution; (c) the predicted distribution with annual
degree-days {Xo (%, )} being increased 350; and (d} £(1)* at each iteration of the SAEM algorithm.

be among those determining the distributions of vegetation at geographical scales and
having significant changes in global warming.

Following Zhu et al. (20035b), the second-order automulticategorical regression
model is assumed for ¥ = {¥(k,1), (k,{) € 5}, where the conditional probability at
site (k, ) € S given all the other values ¥ (m, n) ((m, n) # (&, I)) is given as follows

RGOl g 4
4 explgea10))

Pr(¥r,; = i | all other sites) =

In addition, gr (i|6) = Xk, DTHG) + @)y, (@) for i = 0,...,4, where U\MHS
1s the number of eight sites {(k,! — 1), (k,{ + C,. k-1, (k+1,D,k-1,1-1),
(kt1,041), (k—1,14+1), (k+1,I—1)} colored {. To avoid redundancy, we assume that
B(0) =0 and v(0) = 0. The SAEM algorithm with {a;, ;) = (0.8, 4) and Ny = 5060
was used to find the maximum likelihood estimates. The algorithm converged in 2231
iterations. The initial value for the vector & was set to be £9 = @.
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Table |
Maxirum likelihood estimates of the automulticategorical model to the distribution of vegetation species data
in Alberta, Canada

Cluster 1 Cluster 2 Cluster 3 Cluster 4
EST sD EST SD EST 5D EST sD
A1) B2 B3 B4)
Intercept 202t 8.765 —5.269 9.003 —T7.887 9.993 —18.112 15.700
Xk D) 0129 0.184 0.041 0.188 0.151 0.201 0.428 (3.309
Xalk, ) 0.003* 0.001 0.005* 0.001 0.609* 0.002 0.018* 0.005
(1) T(2) T(3) T(4)
0.624* 0161 0.526* 0111 o.mmu* 0.138 0.779* 0.308

¥ represents that parameters are different from zero at the significance level o« = 0.03.

The obtained results are summarized in Table 1. The distribution of the vegetation
species is related to the annual degree-days. The autocorrelation coefficient 7(i) (i =
1,2, 3, 4) are significantly different from zero. The fitted map Y of the distribution of
four vegetation types in Alberta is shown in Figure 1(b). Figure 1(d) shows the estimate
T(1)* at each iteration of the stochastic approximation algorithm. We obsetve that our
stochastic approximation algorithm js robust to the initial value of £ and can find MLE.

An important scientific issue is to predict the redistribution of vegetation species
under various global warming scenarios. For instance, an enhanced greenhouse effect
(e.g., the doubling of atmospheric concentration of COy) would increase the global
mean temperature from 1.5 to 4.5 °C in the Tuture 30 to 50 years. One advantage of the
automuliicategorical model is that the climate change effect can be quantified through
odds ratio of the conditional probabilities. For example, if the annual degree-days X3
increases by 350 (approximately equivalent to I °C increase in daily temperature) while
other variables remain constant, then the odds ratio of the conditional probabilities of
the jth vegetation presence is supposed to increase by a factor ¢3%%20U), This result
suggests that subarctic evergreen forest, boreal evergreen forest, boreal swmmergreen
woodland, and grass prairie will be increased by global warming. The impact of climate
change on the distributions of four vegetation types is shown in Figure §(c). .

4.2. Simulation study

Consider a degraded pixel image on a finite grid § of pixels, placing a binary random
variable Y'(i, j) at each site (i, j) on , a subset of a regular My x Ny lattice. Let the
true image be f = {f(k,1): (k,[) € S}, where f(k,{) = O represents a white pixel
and f(k,[} = 1 represents a black pixel. Because § is usually a irregular lattice in
most applications, we consider the joint distribution of the internal site responses f! =
[fk, 1) (k1) & §°} conditional upon fixed boundary values 2 = {f(k, D: (k.D) &
@5}, where 85 and 57 denote the set of all sites forming the boundary of S and the set
of all internal sites of S, respectively. Following Besag (1974), the probability function



414 H. Zhu et al.

of the first-order autologistic regression of f7 given f7 can be written in a Gibbsian
form as follow:

p{f' 1w, £8) = exp{cTT(HH)}/ C (), (22)

whete T(f) = Y g pese FU DXk, ) and X sk, 1) = Xk, DT, Fk,D/DT, in
which &nQﬁ ) is the number of sites in {(k, ! — 1), (k,I + 1),k — 1,1}, (k + 1, 1)}
colored 1. Also, X (%,1) is a p x 1 vector of covariates at site (k,[), T = BT, )T e
RPFL g € R?, and 7; € R. Given the true image f, the true observed image Y =
{Y(k, D: (k, 1} € S} is assumed to be conditionally mutually independent and

Y (k,D|f(k, 1) ~ Binomial(1, p(f(k, D)), (23)

where p(() = 0 and p(l) = QNEIQSVMV € (0,1]. Thatis, if f(k, ) =0, Yk, 1) =
(0 with probability 1, while Y (k,I) = 1 with probability p(1) and Y(k,{) = 0 with
probability 1 — p(1) under f(k, ) = 1. Thus, we obtain an SMM. In practice, scientists
may consider the first-order, second-order and even higher correlation structures; see,
for example, the first-order structure in Huffer and Wu (1998) and the second-order
structure in Besag (1974, 1986) and He et al. (2003).

In order to check the usefulness of the proposed algorithm, we consider the follow-
ing simulation study, in which the autologistic regression model is set on a 30 x 30
lattice and Xk, ) = (2.5 x sin{0.1 x (k + 1))). In our simulation, 8 = 1, 11 €
{0.2,0.4,0.6,0.8}, and «(1) = 0.85(p(1) = 0.325). Therefore, there are three un-
known parameters. To simulate the process f = {f(k,[J: (k,[) ¢ §°} from (22), we
use the standard Gibbs sampler. The initial state of the process is taken at random such
that X (k, I) is independently taken to be 1 or O with 1/2 probability and the Gibbs sam-
pler is repeated 10 000 times {10000 Monte Carlo steps) to ensure that the equilibrium
state is achieved. Afterwards, the binomial noise is added according to (23).

For each parameter vector £ = (11, §, p(1)7T, we generated N = 500 datasets.
For each pseudo-observed dataset, the SAEM algorithm with (a1, 1) = (0.8, 5) was
applied to get the MLE of the unknown parameters. The initial value of £ was set at
{0, 0,0.5). In each iteration of the algorithm, the standard Gibbs sampler was used to
generate f from p(f|r); therefore, we can estimate d; log C(r) and mm log C(1). To
simulate the process Y given f, we used the following algorithm, If f(k, D) =1, Y (&, D)
must be equal to 1; however, given Y (k, I) = 0 and other f(u, v)s, we have

m.CwQﬁ D= 1|Y(k, [} =0, all other 4&%&
_ (1= p))exp(X k. DT + fik, )
1+ (1 — p(1)exp(X &, YT + fk, D)
The standard Gibbs sampler is also used. The number N; was set at 30.

In this simulation study, § = 1 represents relatively strong covariate effect and
ranges in four different cases. We calculated the bias, the mean of the standard deviation
estimates, and the root mean-square error obtained from the 500 estimates. The results
obtained are summarized in Table 2. It can be seen that all the relative efficiencies

are close to 1.0. This demonstrates that the SAEM algorithm is a useful method for
optimizing SMMs.
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Table 2
Bias, RMS, SD, and EFF of the maximum likelihood estimators of the noisy autologistic regression model

True  Bias RMS SD EFE Tme  Bias RMS 5D EFF
A L0 —0.008 0081 0.081 1.005 3 1.0 —0.004 (080 0079 1.017
71 0.2 0.003 0082 0081 1007 1 0.4 0.004 G073 0077 0945
p(l) 0325 0.009 0064 0064 0997 p(l) 0325 0.007 0.043 0.044 0978
B 1.0 ~(.010 0.081 0076 1066 8 1.0 —0.002 0.083 0083 0951
7] 0.6 —-0.027 0078 0074 LOOS® 1 0.8 0.002 0083 0.087 0935

p{1) 0325 0006 0033 (034 0962 p(1) 0325 0003 0.028 0027 1011

True denotes the true value of parameters; Bias denotes the bias of the mean of estimates; RMS denotes the
root-mean-square error; SD denotes the mean of standard deviation estimates; and EFF denotes the ratio of
5D and RMS.

4.3. Noisy vegetation data

We analyzed a real data on the distribution of subarctic evergreen woodland vegetation
in terms of climate variables in the province of British Columbia, Canada. The subarctic
evergreen woodland is in the form of an atlas map with resolution pixel equaling 0.5°C
latitude x 0.5°C longitude. The observed map Y of the subarctic evergreen woodland
is shown in Figure 2(a). There are total of 707 grid cells. At each site (%, [}, there are a
binary Y (%, {) and 5 climate covariates of interest: Xy (k, I) (absolute minimum tempera-
turey; Xo(k, [} (annual degree-days); X(k, {) (total actual evapotranspiration); X4(k, I}
(annual scil moisture deficit); and Xs(k, !} (annual snowpack). These covariates are
expected to be among those determining the distribution of vegetation at geograph-
ical scales, and they are also the variables likely to change significantly because of
global warming. Here, ¥ (k,1) == 1 indicates that at least one subarctic evergreen wood-
land vegetation has been observed and Y(k,[) == 0 indicates that subarctic evergreen
woodland are either not inhabited or the subarctic evergreen woodland have not been
observed. Itis an obvious idea to interpret the observed map in Figure 2(a) as a degraded
pixel image, in which a part of the originally black squares are white in the observed
map. .

We fitted the dataset by the noisy autologistic regression model (22) and (23), The
stochastic approximation algorithm with {a;, b;) = (0.8, 4) and Nx = 30 was used to
find the MLE. The initial value of £ = (z1, 8, p(1)} was sct to be g% = (0,0,0.5).
The obtained results are summarized in Table 3. The distribution of subarctic evergreen
woodland vegetation is related to the absolute minimum temperature and the anmual
degree-days. The autocorrelation coefficient 77 is as high as a value at 1.52. Figure 2(c)
shows the trace of ?% , m“J and (p(1)*, B(1)*) at each iterations of the SAEM algorithm.

We compared ICM with the simulated anncaling and ASAMC algorithms, which
search for the MAP f by minimizing T (f) = —£(f|Y; &) (except for a constant)
given by

—£TT(f) - M _omZHImCAFSdTw?stQr35_3“

(k.hes?
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Fig. 2. Subarctic a<o~.w._.@nu woodland data: (a} observed map; (b) restored map by the ASAMC aigorithm;
© (), T v and {er(1)¥, G{1)¥) at each iteration of the SAEM algorithm.

where T(f) = Ygpese S DX, D. The T(f) contains Ng = 496 variables
{fk,D: Yk, I} = 0}, because if ¥(k,I) = 1, f(k, ) must be one. Thus, the sam-
ple space has 2% = 2%6 confisurations and direct searching for global minima is
therefore nearly infeasible computationally. The ICM method (Besag, 1986) converzed
in only three iterations and leads to a local minimum 322.935, The simulated annealing
and the ASAMC algorithms were run for 2 x 109 iterations. The simulated annealing
located a local minimum cloge to 312.638, while the ASAMC algorithm located a en-
ergy minimum at 311.8. This demonsirates that the simulated annealing and ASAMC
algorithms require much more computational cost, but they are able to locate the global
energy minima with high probability. We include MAP w estimated from the ASAMC
algorithm in Figure 2(b).

For the simulated annealing algorithim, we considered a linear cooling scheme. We
set the highest temperature T} = 10, the total number of temperatre levels K = 400,
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Table 3
Maodel fits to the subarctic evergreen woodland data

Iter/time MCMC-SA algorithm (@ = 0)
[ T p{l)
const X Xa Xq X4 Xs

5391 EBST -—0.7608 0.0371* —0.0012* 0.0091* 00024 —0.0004 15190 0.6534*
650s  SD 0.9639 0.0154 0.0004 0.0046 0.0016 0.0003  0.1493 0.0695

* represents that parameters are different from zero at the significance level o = 0.05.

and the lowest temperature Tao9 = 0.01. At the T; temperature level, we set & =
0.5+ (10 — T)/25 and &, = (1.0 — 1)/ (Np — 1) in Sampling Method (I) and run
this procedure for 5000 iterations. The temperature decreased linearly such that T, =
Ti-1 — p, where p = (T1 — Tago)/(K — 1) 2 2.504 x 1072, The initial configuration
of {F(k, 1): Yk, 1) =0} wassetas {f(k,[)=0: Y(k,[) =0}.

We presented in Figure 3(a) the index plot of the minimum values of U f ) at each
temperature level and included in Figure 3(b) the index plots of the values of o f)in
the first and last 15000 iterations. We observed that the simulated annealing algorithm
led to a random walk in the sample space at high temperature. However, the simulated
annealing algorithm became trapped in a local minimum 312.877 at low temperature,
even though it located a minimum value at 312.638 across all temperature levels.

We applied the ASAMC algorithm to search for the minimum energy value of 0 H
by using the following settings. The sample space was partitioned into M = 1998
subregions «SE an equal energy bandwidth: E; = {f: U(f} < 310. 599}, Ex = {f:
310.599 < QA.D < 310.849), ..., and Eyges = {f: QCJ < 810.059}. We set
U{f) = exp(=U(f)/10), 7y = --» = 7y = /M, Upax = 810.059, a2 = 0.6,
ko = 2500, and A = 5. The total number of iterations of the ASAMC algorithm was
set at 2 x 109, which is the same as that of the simulated annealing algorithm. We chose
the proposal distribution of Sampling Method (1), in which & = (1 — &1)/(No — I} for
t=2,...,Noand eg; was setas 0.9 for 0 < £ <5 x 10%, 07 for5 x 10° < k < < 108,
and 0.5 for k = 10°. The initial configuration of {f(k,[). Y{(k.!) = 0} was set as
{fl,D=0: Yk, 1) =0} :

The ASAMC algorithm outperforms the simulated annealing algorithm in this com-
plex noisy vegetation data. In Figure 3{(c), we presented the index plots of the values of
QA F) at the 5000kth iteration and the minimum values of QA £ until the 5000kth itera-
tion from the ASAMC algorithm, where k = 0, ..., 400. ﬁww observed that the ASAMC
algorithm converges very quickly to a global minimum of 1§ (f) at 311.8; in contrast,
the simulated annealing algorithm wondered around in the sample space at the high
temperature and became trapped in local minima at the low temperature (Figure 3(b)).
Figure 3(d) shows the sampling frequency of cach of the subregions of the ASAMC
run. The 10 subregions with the lowest 7] ( f) values are sampled approximately evenly.
This indicates that the run has converged. Recall the diagnostic criterion given in (20}
for the convergence of the ASAMC runs.



418 H. Zhy et al.

0
ool
(7
01
2 z
i :
g B
s g
H H
45 4 &
aal
400
0
am " " s L E)
a 1 2 3 4 & ] 7 B 9 10 00 18000 15000
temperaiure leval ilsration
c (d)
Eo) ﬂ v , me._n... . i
ﬁ aumont
- —— ménimum { |
2 4
360 4
350 i = 15 ]
a
3
240 g &
1 4
<) 4
[\ 4
Eril E
30 I ¥ ;i % : i £ L 7 g
02 64 926 D8 1 12 14 18 8 310 AN0E 31 JE 31F 3426 33 FJIE 34 3148
-

subregane

Fig. 3. Subarctic evergreen woodland data: comparison of the simulated annealing and ASAMC algorithms.
U{f) is the negative value of the log-likelihood function of complete data, —£-(§, f; ¥o). There are four
panels: {2} the index plot of the minimum energy values of £ ( £) at each temperature level from the simulated
annealing algorithm; (b) the index plots of the energy values of &7 (£} in the first (red line) and last {(green
line) 15000 iterations from the simulated annealing algorithm; (c) the index. plots of the energy values of
U{(f) (red line) at each of the 5000kth iterations and the minimum energy values of Qﬁ F} (blue line) wntil
the 5000kth iteration from the ASAMC algorithm, where k =0, .. ., 400; (d) the sampling frequency in last
ten subregions from the ASAMC algorithm. (For interpretation of the references to color in this figure legend,
the reader ir referred to the web version of this chapter.}
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