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Abstract

In this paper, we propose to estimate the normalizing constants for simulated tempering by

a modified histogram algorithm, the so-called contour Monte Carlo algorithm, and compare

the efficiency of simulated tempering and parallel tempering. Our analysis reveals that

simulated tempering tends to mix faster than parallel tempering at low temperature levels for

simulating from complex systems. The reason why simulated tempering is better than parallel

tempering is discussed at length.
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1. Introduction

Suppose that we are interested in sampling from the following Boltzmann
distribution:

pðxÞ ¼
1

Z
expf�HðxÞ=tg; x 2 X , (1)

where Z ¼
R
X expf�HðxÞ=tgdx is the normalizing constant (or the partition

function), t the temperature, X the phase space, and HðxÞ the energy function.
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In this article, we assume that the distribution pðxÞ has a rough energy landscape,
where there are many local energy minima separated by high-energy barriers. Many
systems have such a kind of Boltzmann distribution, such as spin glasses [1], cluster
melting [2], and protein [3]. As known by many researchers, in simulation from such
a kind of distribution, canonical Monte Carlo algorithms, such as the Metropolis
algorithm [4] and the Gibbs sampler [5], tend to get trapped in one local minimum
indefinitely, rendering the simulation ineffective. To alleviate this difficulty,
generalized ensemble algorithms have been proposed in the literature, including
simulated tempering [6,7], parallel tempering [8,9], and the histogram-based
algorithms [10–16].
1.1. Simulated tempering

Simulated tempering is a single-chain MCMC algorithm. It works by simulating
from the joint distribution

pðx; tÞ ¼ pðxjtÞhðtÞ ¼
1

Zt

expf�HðxÞ=tg
1

m
; t 2 ft1; . . . ; tmg , (2)

where t is the temperature and Zt ¼
R
X expf�HðxÞ=tgdx is the normalizing

constant. The temperatures form a ladder with t1Xt2X 	 	 	Xtm 
 t. The distribu-
tions with high temperatures are often called hot distributions, and those with low
temperatures are called cold distributions. In this paper, we follow Ref. [6] to specify
a uniform distribution for t, hðtiÞ ¼ 1=m for i ¼ 1; . . . ;m. In theory, this is not
necessary. We can specify a particular distribution for t according to the problem
under consideration to maximize the efficiency of the algorithm.
Although the idea, accelerating the ergodicity of simulations by simulating from

distributions with flatter energy landscapes, behind the algorithm is very attractive,
simulated tempering suffers from a severe difficulty in practice. The normalizing
constants, Z1; . . . ;Zm, are unknown and need to be estimated prior to simulations,
where Zi denotes the normalizing constant of the distribution pðx; tiÞ.
To estimate these normalizing constants, several methods have been proposed in

the literature [17], including stochastic approximation, reverse logistic regression,
and trial and error. The trial and error method is the promising one for hard
problems. It starts with a few hot distributions, running and tuning the normalizing
constants of these distributions such that each distribution is visited with an
approximately equal frequency; and then a few more distributions are added to the
distribution sequence, and running and tuning the normalizing constants of all
distributions in the current distribution sequence such that each distribution is
visited with an approximately equal frequency. This process is repeated till all
distributions have been added to the sequence. This method is non-automatic and
time consuming. The resulting estimates are often not accurate. The complexity of
the normalizing constant determination procedure has limited the use of simulated
tempering. We note that some other methods [18] have been prescribed to estimate
the ratios of normalizing constants of different distributions by using samples from
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each of the distributions. However, these methods are not applicable here, as there is
no sample available for cold distributions before a run of simulated tempering.

1.2. Parallel tempering

Similar to simulated tempering, parallel tempering also works by simulating along
a sequence of distributions. The difference is that parallel tempering is a multiple-
chain MCMC algorithm, and it simulates from the joint distribution

pðx1; t1; . . . ; xm; tmÞ ¼
Ym

i¼1

pðxi; tiÞ ¼
1Qm

i¼1 Zi

exp �
Xm

i¼1

HðxiÞ=ti

( )
. (3)

Thus, it avoids the problem of normalizing constant estimation which has bothered
simulated tempering. Parallel tempering has been applied successfully to a variety of
problems, such as spin glasses [9,19] and polymer simulations [20,21].

1.3. Histogram-based algorithms

Currently, this is an active research area in computational physics. These
algorithms are usually designed for a discrete system, and aim at estimating some
physical quantities, say, the density of states, of the system instead of generating
equally weighted MCMC samples. A re-sampling procedure has to be applied in
order to get equally weighted samples.
In this paper, we propose to estimate the normalizing constants involved in simu-

lated tempering by a modified histogram algorithm, the so-called contour Monte
Carlo (CMC) [16], and compare the efficiency of simulated tempering and parallel
tempering. Our analysis reveals that simulated tempering tends to mix faster than
parallel tempering at low temperature levels for simulating from complex systems.
The remaining part of this paper is organized as follows. In Section 1.1, we give a brief

review for the CMC algorithm. In Section 2, we apply CMC to estimate the normalizing
constants to simulate tempering and compare the efficiency of simulated tempering and
parallel tempering. In Section 3, we conclude the paper with a brief discussion.
2. Contour Monte Carlo

The CMC algorithm can be briefly described as follows. Suppose that our target
distribution is as given in (1). Furthermore, suppose that the phase space has been
partitioned according to a chosen parameterization into m non-disjoint subregions.
For example, the partition is made according to the energy, and the m non-disjoint
subregions are as follows: E1 ¼ fx : HðxÞpu1g, E2 ¼ fx : u1oHðxÞpu2g; . . . ;
Em�1 ¼ fx : um�2oHðxÞpum�1g, and Em ¼ fx : HðxÞ4um�1g, where u1; . . . ; um�1

are m� 1 specified real numbers. Let cðxÞ be a positive function defined on the phase
space with

R
X cðxÞdxo1, and gi ¼

R
Ei
cðxÞdx. If cðxÞ 
 1 and X is finite, then gi is

the number of configurations contained in the subregion Ei. The algorithm consists
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of several stages. Let ĝ
ðs;kÞ
i denote the working estimate of gi at the kth iteration of

the sth stage of the simulation, and let

p̂ðs;kÞðxÞ ¼
1

Zs;k

Xm

i¼1

cðxÞ

ĝ
ðs;kÞ
i

Iðx 2 EiÞ (4)

denote the working density to be simulated from, where Zs;k is the partition function
of the working density and Ið	Þ is the indicator function. Let xðs;kÞ denote a sample
drawn from p̂ðs;kÞðxÞ. Starting with s ¼ k ¼ 0 and g

ð0;0Þ
1 ¼ 	 	 	 ¼ gð0;0Þm ¼ 1, the algo-

rithm iterates between the following two steps.
(a)
 (Sampling). Draw sample xðs;kÞ from

p̂ðs;kÞðxÞ ¼
1

Zs;k

Xm

i¼1

cðxÞ

ĝ
ðs;kÞ
i

Iðx 2 EiÞ . (5)
(b)
 (Weight updating). Set

ĝ
ðs;kþ1Þ
i ¼ ĝ

ðs;kÞ
i ð1þ dsÞIðx

ðs;kÞ 2 EiÞ (6)
for i ¼ 1; . . . ;m, where ds is called the weight modification factor.
The algorithm iterates till a flat histogram has been produced in the space of

subregions. Then we will reset the histogram, reduce ds to a smaller value, set
s sþ 1, and proceed to the next stage simulation. The estimates of gi’s will be
passed on as initial values to the next stage; i.e., setting ĝ

ðsþ1;0Þ
i ¼ ĝ

ðs;KsÞ

i for
i ¼ 1; . . . ;m, where Ks denotes the total number of iterations performed at stage s.
The weight modification factor d1 is usually set to a large number, e.g., 1 or 2, which
allows the sampler to reach all subregions very quickly even for a large system. In the
following stages, it will decrease in a function like dsþ1 ¼ gds with go1, or
dsþ1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ds

p
� 1. The algorithm will run till dsodend , where dend is usually a very

small number, say, a number less than 10�8. The sample xðs;kÞ can be drawn from
p̂ðs;tÞðxÞ with a number of Metropolis–Hastings (MH) [4] steps starting with xðs;k�1Þ.
Let k denote the number of MH steps performed for drawing xðs;kÞ. The choice of k
should not affect the convergence of the algorithm. However, a good choice of kmay
make the algorithm perform more stably and save computation time.
When k is large, we have the following theorem [16] for the convergence of the

algorithm.

Theorem 2.1. As ds ! 0 and Ks !1, for any positive function cðxÞ withR
X cðxÞdxo1, we have

ĝðs;kÞðEiÞ�!gðEiÞ ¼ c

Z
Ei

cðxÞdx in probability (7)

for i ¼ 1; . . . ;m, where c is a constant which can be determined by an additional

constraint on gðEiÞ’s, for example, one of gðEiÞ’s or
Pm

i¼1 gðEiÞ is equal to a known

number.
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Theorem 2.1 implies that as ds ! 0 and Ks !1, ĝðs;kÞðEiÞ=ĝðs;kÞðEjÞ forms a
consistent estimator of gðEiÞ=gðEjÞ for all iaj.
CMC can be viewed as a generalization of the Wang–Landau algorithm [15]. If

cðxÞ 
 1, X is finite, and the sample xðs;kÞ is drawn with a single MH step, then CMC
is reduced to the Wang–Landau algorithm. In this case, ĝi’s form an estimate of the
density of states of the system. Since the Wang–Landau algorithm can be viewed as a
special case of CMC, the above theorems should approximately hold for the
Wang–Landau algorithm.
3. Estimating normalizing constants for simulated tempering

Suppose that we are interested in simulating from the distribution (1), and a
sequence of distributions have been constructed as in (2). Partition the sample space
of the distribution (2) according to the temperature values into the following m

subregions, E1 ¼ fðx; t1Þ : pðx; t1Þ40g; . . . ;Em ¼ fðx; tmÞ : pðx; tmÞ40g. Let cð	Þ ¼
expf�HðxÞ=tg and k ¼ 1. A run of CMC for the distribution (2) can be summarized
as follows.

CMC-simulated tempering algorithm. Let ĝðs;kÞðEiÞ denote the estimate of Zi

obtained at the kth iteration of the sth stage of the simulation, and let ðx; tiÞ denote
the current state of the iteration process. Each iteration consists of the following
steps:
(a)
 Set j ¼ i � 1, i, or i þ 1 according to probabilities qi;j , where qi;i ¼
1
3
for 1pipm,

q1;2 ¼ qm;m�1 ¼
2
3, and qi;iþ1 ¼ qi;i�1 ¼

1
3 for 1oiom.
(b)
 If j ¼ i, update x for pðxjtiÞ using the Metropolis algorithm or the Gibbs
sampler, and set ĝðs;kþ1ÞðEiÞ ¼ ĝðs;kÞðEiÞð1þ dsÞ.
(c)
 If jai, accept the temperature transition with probability

min
ĝðs;kÞðEiÞ

ĝðs;kÞðEjÞ
exp �HðxÞ

1

tj

�
1

ti


 �� 

qj;i

qi;j

; 1

( )
. (8)

If it is accepted, set i ¼ j, and ĝðs;kþ1ÞðEjÞ ¼ ĝðs;kÞðEjÞð1þ dsÞ. If it is rejected, set
ĝðs;kþ1ÞðEiÞ ¼ ĝðs;kÞðEiÞð1þ dsÞ.
It follows from Theorem 2.1 that as ds ! 0 and Ks !1,

ĝðs;kÞðEiÞ

ĝðs;kÞðEjÞ
�!

Zi

Zj

in probability

for all iaj.
In practice, the normalizing constants are not required to be estimated very

accurately. So a rough estimate of Zi’s can be obtained very quickly with the above
algorithm, and then the simulation can jump to the stage of ds ¼ 0 for a conventional
run of simulated tempering.
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Now we use a simplified witch’s hat distribution [17] to illustrate the above
algorithm. The simplified witch’s hat distribution is defined on a unit hypercube in d

dimensions ½0; 1�d . The unnormalized density is equal to 1þ b on the small
hypercube ½0; a�d and 1 elsewhere in ½0; 1�d . We follow Ref. [17] to set d ¼ 30, a ¼ 1

3,
and b � 1014 so that the probability of the peak is exactly 1

3
. The small hypercube is

called the ‘‘peak’’ and the rest the ‘‘brim’’. The Gibbs sampler or the Metropolis
algorithm has a very hard time for this distribution. The difficulty can be understood
intuitively as follows. The peak is like an atom, while the distribution in the brim is
uniform. If the simulation starts in the brim, it will approximately make a random
walk in the brim and, on average, it will take 2:06� 1014 ð� a�dÞ steps to reach the
peak. Once it reaches the peak, it will get stuck in the peak and, on average, it will
take 1014 ð� 1þ bÞ steps to leave the peak.
Some form of heating is necessary for simulating from this distribution efficiently.

We follow Ref. [17] to heat the distribution by increasing the value of a gradually,
meanwhile adjusting the value of b so that the probability of the peak is a exactly.
Totally, 22 a values (or temperatures) were used as shown in Table 2. These
values form a geometric sequence with a constant decreasing rate. The CMC-
simulated tempering algorithm was run for three stages with d1 ¼ 10�5 and
ds ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ds�1

p
� 1. As di is small, ds �

1
2
ds�1. Each stage consists of about 107

iterations. It costs a total of 78 s CPU time on a 2.8GHz workstation. Fig. 1(a)
shows the estimates and the true values of the normalizing constants of the 22
distributions. It indicates that the estimates are rather accurate. Simulated tempering
was then run for 5� 107 iterations with ds ¼ 0:0. Fig. 1(b) shows the histogram of
the temperatures sampled in the run. The plot indicates that the initial idea of Ref. [6]
has been successfully implemented: simulated tempering has made approximately a
random walk along the temperature ladder with the estimates of the normalizing
constants produced by CMC. Fig. 1 shows that there is a precise correspondence
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Fig. 1. Computational results for the simplified witch’s hat example. Panel (a) shows the estimated (+)

and true (�) values of the normalizing constants. Panel (b) shows the histogram of temperatures sampled in

a run of simulated tempering with the normalizing constants estimated by CMC.
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between the estimates and the sampling frequencies. For example, Z15, Z16, and Z18

are overestimated as shown in Fig. 1(a), and the corresponding sampling frequencies
are lower than the others as shown in Fig. 1(b). We note that the above method is
general for estimating ratios of normalizing constants. It will work well even for the
distributions of different dimensions. In this case, a proposal distribution can be
designed as in Ref. [22] to accommodate the dimension difference between
neighboring levels.
The following experiments compare the efficiency of simulated tempering and

parallel tempering. These two algorithms are implemented as follows:
Simulated tempering.
(a)
 (Local updating). Try to update x once by the Metropolis algorithm.

(b)
 (Temperature transition). Set j ¼ i � 1, or i þ 1 according to probabilities qi;j ,

where q1;2 ¼ qm;m�1 ¼ 1, and qi;iþ1 ¼ qi;i�1 ¼
1
2
for 1oiom. Accept the transition

with probability

min 1;
ĝðEiÞ

ĝðEjÞ

pðx; tjÞ

pðx; tiÞ

qj;i

qi;j

( )
. (9)
Parallel tempering. Let x1; . . . ;xm denote the samples at the respective temperature
levels.
(a)
 (Local updating). Try to update each xi once by the Metropolis algorithm.

(b)
 (Exchange operation). Try to exchange each xi with its neighbors: set j ¼ i � 1,

or i þ 1 according to probabilities qi;j, where q1;2 ¼ qm;m�1 ¼ 1, and qi;iþ1 ¼

qi;i�1 ¼
1
2
for 1oiom; and accept the exchange operation with probability

min 1;
pðxi; tjÞpðxj ; tiÞ

pðxi; tiÞpðxj ; tjÞ

� �
. (10)
The above implementations are fair to each of the two algorithms: a local
updating step is followed by a temperature transition step. The local updating steps
of the two algorithms are also the same: 25% components of the current state of the
Markov chain are proposed to be replaced by random numbers generated from
Unif(0,1), and the proposed replacement is then accepted or rejected according to the
Metropolis rule.
To compare the efficiency of these two algorithms, we consider four different

temperature schemes as shown in Fig. 2. Each of the schemes is controlled by a single
parameter r. In all the four schemes, we set a ¼ 1 and a22 ¼ 1

3
. In the linear scheme,

the temperatures are equally spaced between a1 and a22, i.e., ai � aiþ1 ¼ r for
i ¼ 1; . . . ; 21. In the geometric scheme, the temperature decreases geometrically in a
constant rate, i.e., aiþ1 ¼ rai for i ¼ 1; . . . ; 21. In the harmonic scheme, the
temperatures form an equally spaced harmonic sequence, i.e., 1=ðaiþ1Þ � 1=ai ¼ r
for i ¼ 1; . . . ; 21. In the damped exponential scheme, we set aiþ1 ¼ air�0:85

i

for



ARTICLE IN PRESS

Level
5 10 15 20

Level
5 10 15 20

Level
5 10 15 20

Level
5 10 15 20

• • • • • • • • • • • • • • • • • • • • • •

• • • • • • • • • • • • • • • • • • • • • •

•
•

•
•

•
•

•
•

• • • • • • • • • • • • • •

• • • • • • • • • • • • • • • • • • • • • •

•

•
•

•
•

•
•

• • • • • • • • • • • • • • •

•
•

•
•

• • • • • • • • • • • • • • • • • •

•

•

•
•

•
•

• • • • • • • • • • • • • • • •

•

•
•

•
• • • • • • • • • • • • • • • • • •

T
em

pe
ra

tu
re

0.4

0.6

0.8

1.0

T
em

pe
ra

tu
re

0.4

0.6

0.8

1.0

T
em

pe
ra

tu
re

0.4

0.6

0.8

1.0

T
em

pe
ra

tu
re

0.4

0.6

0.8

1.0

(a) (b)

(d)(c)

Fig. 2. Temperature decreasing schemes. The points in the graph denote different temperature values.

(a) Linear scheme. (b) Geometric scheme. (c) Harmonic scheme. (d) Damped exponential scheme.
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i ¼ 1; . . . ; 21. In the latter three temperature schemes, the spacing between the low
temperatures is smaller than that between the high temperatures. Note that we often
use this kind of temperature schemes in practice.
For each of the four temperature schemes, each of the two algorithms was run for

10 times independently. Totally we had 80 runs. Each run of simulated tempering
consists of 2:5� 108 iterations, and each run of parallel tempering consists of
1:135� 107 iterations. They cost about the same CPU time. Samples were collected
every 100 iterations at the temperature levels 8, 15 and 22. In each run of parallel
tempering, 1.135 �105 samples were collected at each of the three temperature levels.
This is about the same for simulated tempering. Table 1 compares the integrated
autocorrelation time (IAT) of the two algorithms. IAT is often used to compare the
efficiency of Monte Carlo algorithms. The shorter the IAT, the larger the number of
independent samples produced per CPU time unit, and the higher the efficiency of
the algorithm. IAT can be estimated by l as follows:

l ¼ 1þ 2
XL

k¼1

cðkÞ , (11)

where cðkÞ ¼ corrðX i;X iþkÞ is the autocorrelation of X i and X iþk, and L can be
determined by the self-consistent windowing approach [23] as follows:
(a)
 Determine the value of L1 ¼ minfk : cðkÞo0g and set L ¼ 2L1.

(b)
 Calculate the current estimate of l in Eq. (11).

(c)
 If L45l, stop; otherwise, set L ¼ 5l and return to step (b).
In step (a), another reasonable choice for L is L ¼ L1, but it often leads to the value
of L being too small. For example, if cðkÞ decays slowly, then cðLÞ could be small,
but

P
k4L cðkÞ could be large. Or, chance could give a negative value of one cðkÞ even

though cðjÞ is not very close to 0 for j4k. In this paper, we set L ¼ 2L1 in all
computations.
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Fig. 3. Illustrative graph for the temperature jumping moves of simulated tempering (plot (a)) and parallel

tempering (plot (b)).

Table 1

Integrated autocorrelation time (IAT) of simulated tempering and parallel tempering for different

temperature schemes

Temperature scheme Simulated tempering Parallel tempering

8 15 22 8 15 22

Linear 1.020 2.692 73.401 1.018 3.255 105.425

(0.005) (0.029) (4.201) (0.006) (0.079) (6.070)

Geometric 1.172 6.197 44.080 1.257 7.305 58.982

(0.007) (0.092) (2.778) (0.016) (0.293) (2.826)

Harmonic 2.111 11.585 34.840 2.599 13.119 43.819

(0.023) (0.359) (1.013) (0.048) (0.818) (2.244)

Damped exponential 13.861 31.603 38.001 16.311 37.384 47.020

(0.382) (1.115) (2.056) (1.477) (2.753) (2.281)

The IAT and the standard deviation (the number given below in parenthesis) were calculated at the 8, 15,

and 22 levels.

F. Liang / Physica A 356 (2005) 468–480476
Table 1 shows that simulated tempering produces shorter IATs than parallel
tempering for all the four temperature schemes, and this advantage increases as the
temperature decreases. This implies that simulated tempering is more efficient than
parallel tempering for simulating from complex distributions. Here, we call a
distribution complex if it has a hard time to mix in a simulation with canonical
Monte Carlo algorithms. The reason why simulated tempering is more efficient than
parallel tempering is illustrated by Fig. 3 and further explained as follows. First, we
note that the exchange operation (operated by Eq. (10)) of parallel tempering works
as a sample similarity checking mechanism. The higher the similarity of two samples,
the higher the acceptance rate of the exchange operation, regardless of the
temperature scheme used. In parallel tempering, when a sample moves from a high
temperature level to a low one, the similarity of this sample with other samples will
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be checked many times. Hence, only those samples which share a fair similarity
with the low-temperature samples can survive the multiple checking and move
eventually to the low temperature. (Of course, in the process that the sample
moves from a high temperature level to a low one, it itself may be updated.) Hence,
in parallel tempering, the Markov chain at a low temperature level will mix slowly,
in other words, the sample autocorrelation will decay slowly at a low tempera-
ture level. In contrast, simulated tempering is a single-chain MCMC algorithm. It
avoids the similarity checking when a sample moves from one temperature to
another. At a low temperature level, all samples which come from high temperature
levels are essentially independent of each other, and the sample autocorrelation
decays much faster than that of parallel tempering. Note that the consecutive
samples of simulated tempering should be more strongly correlated than that of
parallel tempering, as the samples in simulated tempering can only be self-updated,
while the samples in parallel tempering can be replaced by the samples at
neighboring levels.
Fig. 4 compares the autocorrelation time of simulated tempering and parallel

tempering at the 8, 15, and 22 levels. The temperature scheme used is the harmonic
one, which corresponds to the best performance of these two algorithms. As
analyzed above, the autocorrelation of simulated tempering samples decays much
faster than that of parallel tempering samples, but the short-term autocorrelation of
simulated tempering samples tends to be stronger than that of parallel tempering.
Fig. 4 also shows that the relative advantage of simulated tempering increases as the
temperature decreases. As the temperature decreases, it is more and more difficult for
Lag

A
C

F

0 200 400 600 800 1000
0.0

0.2

0.4

0.6

0.8

1.0

A
C

F

0.0

0.2

0.4

0.6

0.8

1.0

A
C

F

0.0

0.2

0.4

0.6

0.8

1.0

A
C

F

0.0

0.2

0.4

0.6

0.8

1.0

 Series : ST8

Lag
0 200 400 600 800 1000

 Series : ST15

Lag
0 200 400 600 800 1000

 Series : ST22

A
C

F

0.0

0.2

0.4

0.6

0.8

1.0

A
C

F

0.0

0.2

0.4

0.6

0.8

1.0

 Series : PT8  Series : PT15  Series : PT22

Lag
0 200 400 600 800 1000

Lag
0 200 400 600 800 1000

Lag
0 200 400 600 800 1000

Fig. 4. Autocorrelation time of simulated tempering (upper panel) and parallel tempering (lower panel).

The three graphs (from left to right) in each panel correspond to the 8, 15, and 22 levels, respectively.
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Table 2

Comparison of simulated tempering and parallel tempering for the simplified witch’s hat example

i ai Simulated tempering Parallel tempering Saving

¯̂ai SD (�10�3) ¯̂ai SD (�10�3)

1 1.000 1.000 0.000 1.000 0.000 1.000

2 0.949 0.949 0.041 0.949 0.068 2.778

3 0.901 0.902 0.115 0.901 0.147 1.627

4 0.855 0.857 0.212 0.855 0.289 1.858

5 0.811 0.813 0.297 0.811 0.480 2.613

6 0.770 0.772 0.435 0.769 0.674 2.397

7 0.731 0.732 0.608 0.729 0.979 2.589

8 0.693 0.693 0.710 0.692 1.124 2.508

9 0.658 0.656 0.980 0.656 1.196 1.490

10 0.624 0.623 1.155 0.622 1.582 1.877

11 0.593 0.591 1.438 0.590 1.971 1.880

12 0.562 0.559 1.788 0.559 2.190 1.501

13 0.534 0.530 1.897 0.531 2.767 2.129

14 0.507 0.503 2.139 0.505 2.918 1.861

15 0.481 0.479 2.260 0.475 3.069 1.844

16 0.456 0.454 2.866 0.449 3.341 1.358

17 0.433 0.431 3.651 0.429 4.074 1.245

18 0.411 0.410 4.456 0.403 5.071 1.295

19 0.390 0.393 5.067 0.381 5.923 1.366

20 0.370 0.370 5.619 0.367 6.160 1.202

21 0.351 0.355 5.881 0.346 7.125 1.468

22 0.333 0.328 6.457 0.331 7.670 1.411

The ¯̂ai is the estimate of ai obtained by averaging over 50 runs, and SD is its standard error. The ‘‘Saving’’

is calculated in the formula ½SDðPTÞ=SDðSTÞ�2, which measures the saving in terms of CPU time.

F. Liang / Physica A 356 (2005) 468–480478
the local updating moves to generate independent samples and, thus, independent
samples have to be transmitted from high temperature levels.
In the second experiment, each algorithm was run with the geometric scheme

50 times independently. Each run of simulated tempering consists of 2:5� 107

iterations. Each run of parallel tempering consists of 1:135� 106 iterations. They
cost about the same CPU time. Table 2 compares the estimates of ai’s produced by
the two algorithms. It shows that simulated tempering is significantly better than
parallel tempering, and the saving is about 40% in terms of CPU time.
The above experiments show that simulated tempering tends to mix faster than

parallel tempering at low temperature levels for simulating from complex systems.
We note that tuning is delicate in each of the two algorithms. For example, to
maximize the efficiency of parallel tempering, we can put different strength on
different chains; to maximize the efficiency of simulated tempering, we can specify
some particular distribution for the temperatures in Eq. (2) to control the visiting
frequency to each of the temperature levels. However, it is intrinsic that in simulating
from a complex distribution, the samples of parallel tempering tend to have longer
autocorrelation time than that of simulated tempering at low temperature levels.
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This makes simulated tempering more attractive than parallel tempering potentially,
provided that accurate estimates for the normalizing constants of simulated
tempering are available.
4. Discussion

In this paper, we proposed to estimate the normalizing constants for simulated
tempering using the CMC algorithm, and compared the efficiency of simulated
tempering and parallel tempering. Our analysis reveals that simulated tempering
tends to mix faster than parallel tempering at low temperature levels for simulating
from complex systems.
In addition to estimating the normalizing constants for simulated tempering,

CMC can be applied to many other problems, for example, function optimization
and model selection. In function optimization, the phase space can be partitioned
according to the energy function. In this case, CMC will lead to a random walk in
the space of energy. Thus, it is capable of overcoming any energy barriers on the
energy landscape and locating the global energy minimum eventually.
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