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Abstract

In this paper we propose an efficient Markov chain Monte Carlo (MCMC) method for estimation
of discrete distributions by solving an appropriate system of linear equations. We call the estimator
the equation-solving estimator. Our numerical results show that the new estimator makes significant
improvements over the conventional frequency MCMC estimator in terms of accuracy of the estimates.
The new estimator can be used in Bayesian model comparison problems.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Let n(x), X € Z denote the density/mass function of the target distribution, on which
we will make inference. Suppose that the sample spaaee partitioned inton subspaces,
At .. A, X =UL1Ai, AinAj =¢foralli # j, and we are interested in estimating
the probabilities

n(Ai)=/ r)dx, i=1,....m. (1)

Aj
In Bayesian statistics, many problems can be formulated to calculate the probabilities of
the form (1). Here are some examples.
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(a) Bayesian hypothesistestirigetm=2, andA1 andA, denote the subspaces correspond-
ing to the null and alternative hypotheses, respectively. The hypothgsisx € A;
can be tested by comparing the posterior probabilitiet;) andn(A2).

(b) Bayesian model selectionet A; denote the sample space of the madgl Thus,z(A;)
is the posterior probability of#Z;, and the best model can be selected by comparing the
values ofr(A;)’s.

(c) Change-point identificatian_Let A; denote the space of change-point patterns with
change-points. Thus, argmax; < ,,m(A;) is the most likely number of change-points.

Suppose that a positive recurrent and aperiodic Markov chain with the stationary distri-
butionz(x) has been constructed and run, and that a sequence of sarjples, x,,, has
been collected in the simulation. Traditionally, the probabitity; ) is estimated by

n

. 1
T (A== 10 € A, 2)

k=1

wherel (+) is the indicator function. In this article, we c@;f(Ai) the frequency estimator
of n(A;), since it is the relative frequency of the samples drawn from the subgatle
ergodicity of the Markov chainT{erney, 1994 implies that

7l (A)) — m(A;) almost surely (3)

as the sample size — oc.

We note that the frequency estimator is very general in theory. It can be extended to
estimate any expectatidn, 4 (X) with E;|h(X)| < co, while keeping the ergodicity property
(3) held. However, it may not be optimal for estimating quantities of form (1) in terms
of accuracy of the estimates. In this paper, we propose a new method for estimating the
distributionn(A;) by constructing an estimate of a probability transition matrix witA; )
as its stationary distribution and solving the corresponding system of linear equations with
n(A;) as its solution. The new method leads to more accurate estimates than the frequency
method in all numerical examples of this article.

The remaining part of this paper is organized as follows. In Section 2, we describe the
new estimator and explore its asymptotic property. In Section 3, we give an illustrative
example. In Section 4, we consider the application of the new estimator in estimating
ratios of normalizing constants of a sequence of distributions. In Section 5, we consider the
application of the new estimator in the problem of change-point identification. In Section
6, we conclude the paper with a brief discussion.

2. The equation solving estimator

For a Markov chain with the state spafk ..., m}, the standard Markov chain the-
ory (Roberts, 1996 states that if the Markov chain is positive recurrent and aperiodic,
then its stationary distributiom(-) is the unique probability distribution satisfying the
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following equation:

m

> w@)Pij k) = n(j) 4

i=1

forall j =1,...,m andk > 0, whereP;; (k) = P[X} = j|Xo =i] is thek-step transition
probability for Xo =i andX; = j. Therefore, if the transition matrie@;; (k)),, ., is known
for a given value ok, say,k = 1, n(i) can be obtained by solving Eq. (4). In this case,
the estimator oft(i) has zero variance. If this is not the case, the transition matrix can
still be accurately estimated because we can take advantage of some underlying probability
calculations in MCMC simulation. Hence, we can use the probabilities solving from (4)
instead of the empirical 0/1 MC occurrences for estimation.

Bearing this idea in mind, we propose the following scheme to estimate the transition
matrix and then to solve the equation fo¢)’s. For simplicity, henceforth, we denote
by P = (P;j(1),,xm the one-step transition matrix of the Markov chain. Suppose that the
Metropolis—Hastings algorithnMetropolis et al., 1953; Hastings, 1948 used to simulate
a sequence dk;} from the target distribution(x). Let P denote a matrix which cumulates
the one-step transition probabilities calculated in the simulationxamt&note the initial
state of the Markov chain. Set0 andP =0. The algorithm iterates between the following
steps.

(a) Draw a random sample from the proposal distribufi@g|x;).
(b) Calculate the transition ratio

n(y) TXly)

oaXe, Y) = —— ————. 5

OV =20 Ty ©

Setx,+1 =Yy with the probability mif1, a.(X,, y)} and sek, ;1 = X, with the remaining
probability.

(c) Suppose; € A; andy € A, setP;; < Pij + 12XV and B < Py

1
TR T Thx oy

At the end of iterations, we normaliz@so that each row of the normalized matrix sums
to 1 and denote the normalized matrix B{#). We note that the estimat#‘? corresponds
to the Boltzmann algorithnm\inkler, 1995 of the Markov chain construction. The element
13;(].3) estimates the transition probability for a sample fragto A ; in one transition step,
that is,

1
P(A; — Aj) = W /Ai 7(X) [/A KX dy+r(xX)I(x € Aj)} dx,

J

wherek (y|x) = T (y|x)x(X, y) is the transition kernel density, antk) = 1 — [ K (y|x)dy
is the rejection probability of a transition from poixt
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Given P®, n(A;)’s can then be estimated by solving the system of linear equations,
m
S RANPD =R @A), j=1....m
i=1

subjectto Y 7 (A) =1, (6)
i—1

where the subscriptdenotes the number of iterations performed in the MCMC simulation.
We call; (A;) the equation solving estimator of A;). Solving the constrained Eq. (6) is
equivalent to solving the following unconstrained linear system

(Q —bs'—Dm;, _,, =—b,
ﬁ,‘;(Am) =1- s/?ffl,_m, @)
Wherebz(ﬁl(fn), e I?ngB_)l,m)’,sis a(m—1)-vectorof I'syt;, _, =(7; (A1), ..., 7 (An-1),
andQ is the left-uppelm — 1) x (m — 1) submatrix ofP(®, that is,
p(B) p(B) p(B)
Pry Pig oo P,y
(B) (B) p(B)
0= Py Py o Py
5(B) BB Cosw)
Pm—l,l Pm—l,Z te Pm—l,m—l

Due to the non-uniqueness of the acceptance rule of the Markov dhastifigs, 1970
the transition matrix can be estimated alternatively as follows.

(C), If aXs, ) > 1, Set13,-j <~ ﬁij + 1. Otherwise, selS,-j <~ ﬁij + a(Xs, Y) and ﬁii <~
Pi;i + 1 — (X, y).

We denote the resulting transition matrix estimatoﬁ%ﬁi’). Henceforth, we will denote by
7% and#’ ,, the derived estimators resulted frah®) and P, respectively. In Section
3, we show thafr, 5 is more efficient thari, ,, by a numerical example.

The following theorem states the asymptotic property of the equation solving estimator
7% (-). The proof is presented in Appendix.
Theorem 2.1. The equation solving estimataf, (-) converges ta(-) almost surely as the
number of iterations used for estimating the transition matrix tends to infihigy is,

T (A;) — n(A;), almost surely, (8)

asn — oQ.

Comparing (3) and (8), we know that both the frequency estimator and the equation
solving estimator are consistent faf-). However, in practice, the equation solving es-
timator usually converges faster than the frequency estimator. This is because the ran-
domness of selection betweap andy has been integrated out when we estimate the
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transition matrix in MCMC simulations. A theoretical justification is the theory about the
Rao—Blackwellisation theorem and the theory of the commonly dsedthod in inves-
tigation of asymptotic results. The Rao-Blackwelisation theorem encourages one to do
as much analytical work as possible in Monte Carlo computation based on the following
inequality:

Var(E (W (x|x?)) <Var(W (x)), (9)

wherex® is a subvector of, thatis x = (X, X?)): W (x) denotes an estimator of a quan-
tity; and E (W (x) |>“((2)) is the conditional expectation &f (x) conditioning ork® ., Note (9)
implies that the estimatq% Z,N:l EW(x|)~<§2)) has a smaller variance th%]ZfV:l W(X;),
wherexi, ..., Xy are iid samples drawn from the target distribution. For more discussions
on the theorem se@asella and Roberts (1996)

3. An illustrative example

We illustrate the equation solving estimator by a Bayesian hypothesis testing problem,
which is to test if a coefficient of a logistic regression is less than zero or not.

The dataset we considered is taken frAshford (1959) It concerns the proportion of
coal miners who exhibit symptoms of severe pneumoconiosis and the number of years of
exposure. We followNlontgomery et al., 2001o fit a logistic regression model

exp(Bo + P1zi + Boz?)
E(y) = -
1+ exp(fo + B1zi + Pazf)

to the data, wherg; is the number of years of exposure of ttile miner,y; is the binary
indicator of severe pneumoconiosis, gt are the regression coefficients, aNds the
number of observations. By assuming tfgt; andf, are independent a priori and follow
a common normal distribution with the mean 0 and variadee100, we have the following
log-posterior density (up to an additive constant),

i=1...,N,

N n
logm(BID) = D " yi(Bo + Brzi + az?) — D _10g(L + exp(Bo + Brzi + P2z?))

i=1 i=1
1
— 5z Bo+ AL+ 5D,

wherep = (B, f1, f»). For this example, testing the hypothesls : i, <0 is reduced
to comparing the posterior probabilitie$A1) andz(A2), whereA1 = {f : <0} and
Az={B: p,>0}.

To simulate from the posterior, we applied the Metropolis—Hastings algorithm with the
proposal distributiorB,+1 ~ N3(B;, diada?, 63, a3]), wherep, is the estimate of ob-
tained at theth iteration, andr; = 1, 62 = 0.1 ando3 = 0.01. Here we choose different
step-sizes fof, 1 andf, to accommodate different scales of the corresponding “explana-
tory variables”. The simulation consists of 100 replications. Each run consists of 110000
iterations, where the first 10000 iterations was discarded for the burn-in process, and the
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Table 1
Comparison of the three estlmatmé W.B and

Prob. Frequency Equation solving (scheB)e Equation solving (schemd)
Estimate SD Estimate SD Saving Estimate SD Saving
(%) (x1073) (%) (x107%) (%) (%) (x107%) (%)

n(A1) 95.62 2.523 95.77 2.120 41.6 95.76 2.178 34.2

T(A2) 4.38 2.523 4.23 2.120 41.6 4.24 2.178 34.2

The “Estimate” was calculated by averaging over 100 runs, SD was the standard deviation of “Estimate”, and
the “Saving” is defined as [SD(ﬁf; S)/SDG%,],C)]Z, whereS € {B, M} denotes the estimation scheme.

remaining 100000 iterations was used for estimation. The following are some numerical
results produced by a typical run. The estimat@ &f (—6.7508 0.2256 —0.0020), which

is rather close to its maximum likelihood estimate (MLE)6(7108 0.2276 —0.0021)

given inMontgomery et al. (2001)This indicates the our implementation is effective for
simulating from the posteriat($| D). The unnormalized transition matrix produced in the
runis

55 _ (951561 109152
12682 482082

Normalizing P(#) and solving Eq. (6), we got the estimai¢ , = (0.9581 0.0419. The

visiting frequencies to the subspacésand A, were also recorded in the run, which are
95167 and 4833, respectively. The resulting frequency estim&0e9517, 0.0483. Note

that other than the visiting frequencies to each of the subspaces (the sunitbfribe of

P is equal to the visiting frequency to the subspagk P(®) records more information

on the simulation, the number of transitions between the subspaces. We expect that the
use of the extra information will lead to an estimator which outperforms the frequency
estimator.

In addition tor;, , andz; , @ 7,y Was also calculated in each riiable Isummarizes the
results of the 100 runs. The results show that both of the two equation solving estimators
have made significant improvements over the frequency estimator in terms of accuracy. The
savings are more than 30% for this example. Although the improvements are not drastic,
the extra cost for the improvement is almost negligible in terms of CPU time, just solving a
linear systemTable 1shows that the two equation solving estimators have almost the same
performance Taking a closer look at the table, we may finmgtis slightly better than

- This is because each update®Sf) is more moderate than that 8. The values to

add forP(B) are always between 0 and 1, while they may be 1#8f). The extremeness
of the modification deteriorates the performancép, . In the following exampleg; ,,
will be omitted, and onlyz;, ; will be reported.
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4. Estimating ratios of normalizing constants of different distributions

Suppose we are interested in estimating the ratios of the normalizing constants of
distributions,

1
i (X) = Z_g(x)ﬂi, i=1,....m,

wheref; is the inverse of the temperature. Here weset 5, (1/4, ..., 1/85) = (8, 4, 2,
1, 0.5), X = (x1, x2) is a two-dimensional vector, and

1 l 2 52 71_ 2 v )
g(Xx) = o {e 2 2j=1(xj=5) +e 2 Y2 (xj+5) Y

This example mimics a Bayesian model selection problem.

To estimate the ratios of these normalizing constants, we construct the following MCMC
scheme, which works in the style of simulated temperMgrinari and Parisi, 199Zeyer
and Thompson, 199%y simulating from the joint distribution

m

n(x, 1) =y g00fire =1,

i=1

wherel (-) is the indicator function ande {1, ..., m} indicates the level of the temperature
of X. Letx; denote the state of the Markov chain at ttie iteration, and (k) € {1, ..., m}
denote the level of the temperature associated witlthat is,X; ~ ;) (X). To estimate
the transition matriP, we performn iterations of the following steps.

(1) Draw a random numbéy ~ Unif(0, 1).

(2) 1 U<qi @), (x)—1, update (k) by amove-down procedure; otherwisd/ikq; ), (k)—1+
q1k),1 (k) Updatex; by a sample-update procedure; otherwise, updaddy a move-up
procedure.

In our simulation, we sef; ;_1=g¢; i =qi.i+1=1/3for2<i<m—1,91,0=9m m+1=0,
QL2=Gmm-1= % andg11=qm.m = % In the move-down procedure, we accept the change
of the temperature with probability mjib, r;}, where

T (k)—1(Xk) G (k)— 1,1 (k)

rg = . (20)
Ty (Xk) ek (k) —1

Ifitis accepted, we Seb+1= Xk andt(k +1)= t(k) 1, otherwise, we S8l 1 = xk and
t(k+1) =1(k). SetPu) 11 < Proy.eo—1+ e and Py 10y < Proy.ray + 1 =y

In the move-up procedure, we accept the change of the temperature with probability
min{1, r,}, where

 Tg+1(X) Grik) 1600
Ty (Xk)  Gr(ky.r (k) +1

(11)

Ifitis accepted, we Seb+1= Xk andt(k +1)= t(k) + 1, otherwise, we > SO +1 = xk and
t(k+ 1) =t(k). SetPry s t)+1 < Prikyhy+1 + 1+r,, and P11y < Prooy.eo) + l—H’u
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Table 2
Comparison of the frequency estimator and the equation solving estimator for estimating ratios of normalizing

constants of different distributions

Frequency Equation solving
Estimate SDk1072) Estimate SDk1072) Saving (%)
Z1 67.753 1.870 67.748 1.587 28.0
Zo 24.786 1.235 24.773 1.019 32.0
Z3 6.521 0.881 6.534 0.707 35.7
Z4 0.903 0.323 0.910 0.255 37.7
Zs 0.037 0.062 0.035 0.043 52.6

The frequency estimator is definedﬁﬁ: W x 100 for this example. “Estimate” was calculated by

averaging over 500 runs. “SD” is the standard deviation of “Estimate”. “Saving” was computedatsenl

In the sample-update procedure, we first propose a new sample + ze, whereeis
a uniform direction in the two-dimensional space and N (0, 1/f,,). The new sample
is accepted with probability,,, where

_ T v
" ) (X))

If it is accepted, we sety+1 =y andz(k + 1) = t(k), otherwise, we set;+1 = X; and
ttk+1) =t(k). SetPiuy, )y < Pry.cy + 1.

The algorithmwas run for 500 times independently. Each run consists of 100000 iterations
and costs about 0.13s on a 2.8 GHZ computer (all computations of this article were done on
the same computerJable 2shows the relative efficiency of the frequency estimator over
that of the equation solving estimator. It shows again that the equation solving estimator
has made a significant improvement over the frequency estimator.

5. Change point identification

The problem of change-point identification can be stated as follows. Given a sequence
of observation® = (z1, z2, . .., z»), Which are ordered in time. We assume thatiHie
are independent, and there exists a partition on th¢lsét . .., n} into blocks such that
the sequence follows the same distribution within blocks, more specifically, there exists a
binary vectolx = (x1, x2, . .., x,—1) With x.,, =- - - = x, = 1 and being 0 elsewhere, where

O=co<ci<-"<cp<cCp41=n
and
Zi ~ (), o1<i<c

forr=1,2,..., k+ 1. For simplicity, we further assume that(-) is a density determined
by a set of parametefs € @. The parameters change at poiaist+ 1,...,c¢x + 1. The
task is to identify the unknown values of, . . ., .
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This problem has been studied recently by several authors using simulation-based meth-
ods, such as the Gibbs sampl8afry and Hartigan, 1993jump diffusion (Philips and
Smith, 1996), reversible jump MCM@feen, 199band evolutionary Monte Carld.{ang
and Wong, 200D In this article, we followBarry and Hartigan (1993p consider the
case wherer,(-) is a Gaussian density parameterizedthy= (u,, ¢2). Let x® denote
a configuration ofx with k ones, which represents a model wkithange points. Let
n® =x®, uy, 6%, ... 4. 02,4), and denote by the space of models withchange
points x®) € Ay, andZ’ = U;_,Ax. The log-likelihood of modeh® is

k+1 ci
ci —Ci_1 1
logn(DIn™) =-> % logs? + 552 > G-y (12)
i—1 O/ 1+l

For a Bayesian analysis, we use the following prior distributiong for

Koo m=—1—k)
anl /V (I’l — 1)' ’

j=07j1

n(X(k)) —

This is equivalent to assuming that has a truncated Poisson distribution with parameter
A, and each of thén — 1)!/[k!(n — 1 — k)!] models inA; is equally likelya priori. We put

an improper prior on;’s and an inverse-GammiaG (y, 4) on o-,.z’s. Assuming that all the
priors are independent, we have the log-prior density (up to an additive constant),

© k+1 5 S
logn(n™) =ar - (7 =Dlogaf + = | (13)
i=1 i

wherea; = (k + D)[ylogd —log I'(y)] +log(n — 1 — k)! + klog A. They, § and/ are fixed
hyperparameters. The log-posteriorigf (up to an additive constant) can be obtained
by adding (12) and (13). Integrating opt, o2, ..., sy, 1. o7, , from the full posterior
distribution and taking a logarithm, we have

k41 k+1
logn(x®|D) = a; + — log 27 — X; 5 log(c; — ci—1)
=

Ci—Ci_l—l Cl'—C,'_]_—l
—logl [ —=—= 4, U b S
or (=P )+ ()

2
) (o
1 o <Z/:Ci—1+lzj)
log| o+ = 2a_ N = /0 . 14
gl ot 2 Z < 2(ci —c¢i—1) (14)
Jj=ci—1+1

In addition to identifying the change points, we are often interested in estimating the prob-
abilities P (A | D) for kmin <k < kmax, Wherekmin andkmax specify the range of the number
of change-points of interest.

To estimate the transition matrix which comprises the transition probabilities between
different A;’s, we have the following algorithm. The algorithm starts with= 0 and a
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random configuratiox® with kmin <k <kmax, and then iterates between the following
steps.

(a) Setj =k — 1,k ork + 1 according to the probabilitieg ;, whereg; , = % for
kinin < k < Kmass Tkmin. min-+1=Tkmasckmax—1= 5+ ANk k+1=G.k—1=3 if kmin <k < kmax.

(b) If j =k, updatex® with a “simultaneous” move (described below); ik + 1, update
x® with a “birth” move (described below); and jif=k — 1, updatex® with a “death”
move (described below).

The “birth”, “death”, and “simultaneous” moves are similar to that describe@raen
(1995) In the “birth” move, a random number, sayis first drawn uniformly from the
set{0, 1, ..., k}; then another random number, sayis drawn uniformly from the set

fcu +1,...,cus1 — 1}, and it is proposed to sat , = 1. The resulting new sample is
denoted by(ik”). In the “death” move, a random number, says drawn uniformly from
thesefl, 2, ..., k}, and itis proposed to set ., =0. The resulting new sample is denoted
by xik_l). In the “simultaneous” move, a random number, sais first randomly drawn
fromthe sefl, 2, ..., k}; then another random number, sgys uniformly drawn from the
set{c,~1+ 1 ...,cp. —Lc,+1,...,cuy1 — 1}, and it is proposed to set ., = 0 and

xi» = 1. The resulting new sample is denotedxfﬁ). The acceptance probabilities of the
three types of moves are as follows. For the “birth” move, it is (hin,), where

k+1
_ TC(Xi )|D) qk+1,k Cy+1 — Cy — 1

ry— 15
n(X®|D) g 41 1 (19)

SetPy ji1 < ﬁk,k+1+#",_h andpPy ; < f’k,k+ﬁ. For the “death” move, itis mifi, r4),
where

-1
YD) gronk 1

rg = . (16)
T(X®|D)  Grr-1 cur1 —cu—1—1

SetP_1 <« Pri_1+ T and Py < Py + ﬁ For the “simultaneous” move, it is
min(1, r,), where

k
_ Y1) a”

P ax®™| Dy’
For this move type, the proposal densities are symmetric in the senggx¥at— xik)) =

TP = x®) = 1/(cyp1 — cu—1 — 2). SetPy i « Py + 1.
5.1. A simulation study

The simulated dataset consists of 200 observationsawjth ., z40 ~ N(0, 1), z41, . . .,
z70 ~N(1.5,1), z71, ..., 2120~ N(=0.5, 2), z121, . .., z180~N (1, 1), and zigy, . . ., 2200~
N(0, 2). The time series plot of the simulated sequence is shoviiginl In simulation,
we sety =0 =0.05,4=1, kmin = 3, andkmax= 7. The algorithm was then run for 50 times
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Fig. 1. Comparison of the true (horizontal lines) and MAP estimate (vertical lines) of the change points.
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Fig. 2. Time series of the annual volume of the Nile River (discharge atAswéiHnﬁ) from 1871 to 1970. The
dotted line shows the change-point position identified by the simulation.

independently. Each run consists ofli€erations and costs about 27s. The overall ac-
ceptance rate of the birth and death moves is about Gi5.1 compares the true and
MAP estimates of the change points. The MAP estimate of the change-point pattern is
(16,70,120,180). It is quite consistent with the true pattern (40,70,120,180). The discrep-
ancy of the two patterns happens at the first change-point position. A detailed exploration
of the original data gives a strong support to our estimate. The last 24 observations of the
first cluster have a larger mean value than that expected, and they tend to be clustered into
the second cluster. We note that the log-posterior probability of the MAP pattern is of 2.03
higher than that of the true pattern.

For this example, we also compare the efficiency of the frequency estimator and the
equation solving estimator by comparing standard deviations of the estimatés;ofs.
The saving created by the equation solving estimator is about 20% in terms of CPU time.
The saving is computed asTable 1

5.2. Nile discharge

Here we consider a real data problem. The dataset (showigir?) is on the annual
volume of discharge on the Nile river at Aswan for the years 1871-1970. It has been
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analyzed as a change-point identification problem by a number of authors, incCaliry

(1978) Freeman (1986rndPhillips and Smith (1996 or this dataset we set= 6 =0.05

and /A = 1, which are the same as that used for the simulated example. In simulation, we
Setkmin = 1 andkmax = 2. The algorithm was run for 100 times independently. Each run
consists of 10000 iterations and costs about 0.15 s. The MAP estimate of the change pattern
is shown inFig. 2 For this example, the saving created by the equation solving estimator
is about 40%.

6. Conclusion

We proposed an equation solving MCMC estimator for estimating discrete distributions.
Our numerical results show that the new estimator has made a significant improvement over
the conventional frequency estimator interms of accuracy of the estimates. The improvement
is consistent over all numerical examples we have studied.

The key step of the equation solving estimator is to estimate the transition nifatrix
which requires that the transition ratigx, y) (Eg. (5)) must be calculable for any two
pointsx andy in the space?’. This is true in general. Even for some MCMC algorithms,
say, simulated temperindvi@rinari and Parisi, 1992; Geyer and Thompson, 19%%
transition ratio associated directly with the simulation is not calculable, the transition matrix
can still be estimated by specifying a virtual proposal distribution. In simulated tempering,
the simulation is made for the joint distributiorgx, ) of X and an auxiliary variablé,
wheref usually refers to the inverse of the temperature, the transition propgsah> y)
is not calculable due to that the corresponding path inte§aifiman, 198)lis intractable
analytically. The path integral evaluates the transition probability of a particle from one point
to another in a time-evolution process. In this case, the transition matrix can be estimated
by specifying a virtual proposal distributiofi*(x — y) defined on the spac&’. The
T*(X — ) is called the virtual proposal distribution as it is not really used for simulation
from z(-). Let X = {Xq, ..., X, } denote a pool of existing samples which are collected in
the simulation. The® can then be calculated as in Section 2 except that the transition ratio
is replaced by

n(y*) T*(y" — X;)
(X)) T*(Xi = y*)’

o (X, ) = =1...,n, (18)
wherey* denotes a sample resampled from the p6adin resampling the* used in (18),

each samplg; is assigned aweight; =7 (X; — X;)/n(X;). Hence, the equation solving
estimator can be used with general MCMC algorithms or existing samples to improve the
accuracy of estimation.

The value of the equation solving estimator can be justified as follows. First, it out-
performs the frequency estimator at a negligible cost in terms of CPU time. Second, it
provides a way for model comparison based on existing samples by specifying a virtual
proposal distribution. This point can be explained more precisely as follows. More specif-
ically, let my(x™), ..., m,,(xX"™)) denote the posterior distributions wfdifferent models,

M, ..., My, respectively. Note that the models may be of different dimensions. Let

x(li), e xﬁfi) denote samples drawn from(x®) for i = 1, ..., m. The transition matrix
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for different models can be estimated with these existing samples by specifying a virtual
proposal distribution for jumping between models. The transition ratio can be calculated as
in Eq. (18) based on the technique of resampling. The ratios of the normalizing constants
of 7; (-)'s can then be estimated by solving Eq. (6). This is beyond the ability of reversible
jump MCMC (Green, 199pand bridge samplingeng and Wong, 1996 The reversible

jump MCMC method estimates the ratios of the normalizing constants(9fs only in a
simulation process, while bridge sampling only works for the casertf{ats are of the

same dimension and have the same sample space.
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Appendix A.

Proof of Theorem 2.1. Let I? denote either of the two estimatorB® and [Ai(’”). Let
¢ = (n(Ar), --~,7T(Am:1))/a b denote the underlying true vector bf(that is,b = Eb),
R=Q —bs' — I,andR = ER. Thus, we havé = —R~1), andé = —R1b.

The ergodicity of the Markov chain implies that
P — P almost surely (29)
asn — oo, and hence,

R — R almost surely
b — b almost surely (20)

asn — oo. For simplicity, we assume that

R=R+ecd,
b=b + ¢e, (21)

wherec, d ande are all(m — 1)-vectors of—1's or +1's, ande > 0 denotes the size of the
random error of?;;. Then we have

T (R_l R Yed'¢ ) N 2R 1cd' R e
—¢=—¢ e— .

1+ ed’R-1c 1+ ed’R-1c
Thus,

IE— ¢l ~ O(e). (22)
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Egs. (20)—(22) imply that

¢ — &, almost surely

asn — oco. [
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