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Abstract

In this paper we propose an efficient Markov chain Monte Carlo (MCMC) method for estimation
of discrete distributions by solving an appropriate system of linear equations. We call the estimator
the equation-solving estimator. Our numerical results show that the new estimator makes significant
improvements over the conventional frequencyMCMCestimator in termsof accuracyof theestimates.
The new estimator can be used in Bayesian model comparison problems.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Let �(x), x ∈ X denote the density/mass function of the target distribution, on which
we will make inference. Suppose that the sample spaceX are partitioned intomsubspaces,
A1, . . . , Am, X=⋃m

i=1Ai , Ai ∩ Aj = ∅ for all i �= j , and we are interested in estimating
the probabilities

�(Ai)=
∫

Ai

�(x) dx, i = 1, . . . , m. (1)

In Bayesian statistics, many problems can be formulated to calculate the probabilities of
the form (1). Here are some examples.
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(a) Bayesian hypothesis testing. Letm=2, andA1 andA2 denote the subspaces correspond-
ing to the null and alternative hypotheses, respectively. The hypothesisH0 : x ∈ A1
can be tested by comparing the posterior probabilities�(A1) and�(A2).

(b) Bayesianmodel selection. LetAi denote the sample spaceof themodelMi . Thus,�(Ai)

is the posterior probability ofMi , and the best model can be selected by comparing the
values of�(Ai)’s.

(c) Change-point identification. Let Ai denote the space of change-point patterns withi
change-points. Thus, argmax1� i �m�(Ai) is the most likely number of change-points.

Suppose that a positive recurrent and aperiodic Markov chain with the stationary distri-
bution�(x) has been constructed and run, and that a sequence of samples,x1, . . . , xn, has
been collected in the simulation. Traditionally, the probability�(Ai) is estimated by

�̂f
n (Ai)= 1

n

n∑
k=1

I (xk ∈ Ai), (2)

whereI (·) is the indicator function. In this article, we call�̂f
n (Ai) the frequency estimator

of �(Ai), since it is the relative frequency of the samples drawn from the subspaceAi . The
ergodicity of the Markov chain (Tierney, 1994) implies that

�̂f
n (Ai)→ �(Ai) almost surely, (3)

as the sample sizen→∞.
We note that the frequency estimator is very general in theory. It can be extended to

estimate any expectationE�h(x) with E�|h(x)|<∞, while keeping the ergodicity property
(3) held. However, it may not be optimal for estimating quantities of form (1) in terms
of accuracy of the estimates. In this paper, we propose a new method for estimating the
distribution�(Ai) by constructing an estimate of a probability transition matrix with�(Ai)

as its stationary distribution and solving the corresponding system of linear equations with
�(Ai) as its solution. The new method leads to more accurate estimates than the frequency
method in all numerical examples of this article.

The remaining part of this paper is organized as follows. In Section 2, we describe the
new estimator and explore its asymptotic property. In Section 3, we give an illustrative
example. In Section 4, we consider the application of the new estimator in estimating
ratios of normalizing constants of a sequence of distributions. In Section 5, we consider the
application of the new estimator in the problem of change-point identification. In Section
6, we conclude the paper with a brief discussion.

2. The equation solving estimator

For a Markov chain with the state space{1, . . . , m}, the standard Markov chain the-
ory (Roberts, 1996) states that if the Markov chain is positive recurrent and aperiodic,
then its stationary distribution�(·) is the unique probability distribution satisfying the
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following equation:

m∑
i=1

�(i)Pij (k)= �(j) (4)

for all j = 1, . . . , m andk > 0, wherePij (k) = P [Xk = j |X0 = i] is thek-step transition
probability forX0= i andXk= j . Therefore, if the transition matrix(Pij (k))m×m is known
for a given value ofk, say,k = 1, �(i) can be obtained by solving Eq. (4). In this case,
the estimator of�(i) has zero variance. If this is not the case, the transition matrix can
still be accurately estimated because we can take advantage of some underlying probability
calculations in MCMC simulation. Hence, we can use the probabilities solving from (4)
instead of the empirical 0/1 MC occurrences for estimation.

Bearing this idea in mind, we propose the following scheme to estimate the transition
matrix and then to solve the equation for�(i)’s. For simplicity, henceforth, we denote
by P = (Pij (1))m×m the one-step transition matrix of the Markov chain. Suppose that the
Metropolis–Hastings algorithm (Metropolis et al., 1953; Hastings, 1970) is used to simulate
a sequence of{xt } from the target distribution�(x). Let P̃ denote a matrix which cumulates
the one-step transition probabilities calculated in the simulation, andx0 denote the initial
state of the Markov chain. Sett=0 andP̃ =0. The algorithm iterates between the following
steps.

(a) Draw a random sample from the proposal distributionT (y|xt ).
(b) Calculate the transition ratio

�(xt , y)= �(y)

�(xt )

T (xt |y)

T (y|xt )
. (5)

Setxt+1= y with the probability min{1, �(xt , y)} and setxt+1= xt with the remaining
probability.

(c) Supposext ∈ Ai andy ∈ Aj , setP̃ij ← P̃ij + �(xt ,y)
1+�(xt ,y)

andP̃ii ← P̃ii + 1
1+�(xt ,y)

.

At the end of iterations, we normalizẽP so that each row of the normalized matrix sums
to 1 and denote the normalized matrix bŷP (B).We note that the estimator̂P (B) corresponds
to the Boltzmann algorithm (Winkler, 1995) of the Markov chain construction. The element
P̂

(B)
ij estimates the transition probability for a sample fromAi to Aj in one transition step,

that is,

P (Ai → Aj )= 1∫
Ai

�(x)dx

∫
Ai

�(x)

[∫
Aj

K(y|x) dy+ r(x)I (x ∈ Aj )

]
dx,

whereK(y|x)= T (y|x)�(x, y) is the transition kernel density, andr(x)= 1− ∫ K(y|x)dy
is the rejection probability of a transition from pointx.
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GivenP̂ (B), �(Ai)’s can then be estimated by solving the system of linear equations,

m∑
i=1

�̂e
n(Ai)P̂

(B)
ij = �̂e

n(Aj ), j = 1, . . . , m

subject to
m∑

i=1

�̂e
n(Ai)= 1, (6)

where the subscriptndenotes the number of iterations performed in the MCMC simulation.
We call�̂e

n(Ai) the equation solving estimator of�(Ai). Solving the constrained Eq. (6) is
equivalent to solving the following unconstrained linear system

(Q− bs′ − I )̂�e
n,−m =−b,

�̂e
n(Am)= 1− s ′̂�e

n,−m, (7)

whereb=(P̂
(B)
1,m, . . . , P̂

(B)
m−1,m)′,sis a(m−1)-vectorof1’s,̂�e

n,−m=(̂�e
n(A1), . . . , �̂e

n(Am−1),

andQ is the left-upper(m− 1)× (m− 1) submatrix ofP̂ (B), that is,

Q=


P̂

(B)
1,1 P̂

(B)
1,2 . . . P̂

(B)
1,m−1

P̂
(B)
2,1 P̂

(B)
2,2 . . . P̂

(B)
2,m−1

...
...

...
...

P̂
(B)
m−1,1 P̂

(B)
m−1,2 . . . P̂

(B)
m−1,m−1

 .

Due to the non-uniqueness of the acceptance rule of the Markov chain (Hastings, 1970),
the transition matrix can be estimated alternatively as follows.

(c)
′

If �(xt , y) > 1, setP̃ij ← P̃ij + 1. Otherwise, set̃Pij ← P̃ij + �(xt , y) andP̃ii ←
P̃ii + 1− �(xt , y).

We denote the resulting transition matrix estimator byP̂ (M). Henceforth, we will denote by
�̂e

n,B and�̂e
n,M the derived estimators resulted from̂P (B) andP̂ (M), respectively. In Section

3, we show that̂�e
n,B is more efficient than̂�e

n,M by a numerical example.
The following theorem states the asymptotic property of the equation solving estimator

�̂e
n(·). The proof is presented in Appendix.

Theorem 2.1. The equation solving estimator̂�e
n(·) converges to�(·) almost surely as the

number of iterations used for estimating the transition matrix tends to infinity, that is,

�̂e
n(Ai)→ �(Ai), almost surely, (8)

asn→∞.

Comparing (3) and (8), we know that both the frequency estimator and the equation
solving estimator are consistent for�(·). However, in practice, the equation solving es-
timator usually converges faster than the frequency estimator. This is because the ran-
domness of selection betweenxt and y has been integrated out when we estimate the
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transition matrix in MCMC simulations. A theoretical justification is the theory about the
Rao–Blackwellisation theorem and the theory of the commonly used�-method in inves-
tigation of asymptotic results. The Rao–Blackwelisation theorem encourages one to do
as much analytical work as possible in Monte Carlo computation based on the following
inequality:

Var(E(W(x|x̃(2)))�Var(W(x)), (9)

wherex̃(2) is a subvector ofx, that is,x= (x̃(1), x̃(2)); W(x) denotes an estimator of a quan-
tity; andE(W(x)|x̃(2)) is the conditional expectation ofW(x) conditioning oñx(2). Note (9)
implies that the estimator1

N

∑N
i=1 EW(x|x̃(2)

i ) has a smaller variance than1
N

∑N
i=1 W(xi ),

wherex1, . . . , xN are iid samples drawn from the target distribution. For more discussions
on the theorem seeCasella and Roberts (1996).

3. An illustrative example

We illustrate the equation solving estimator by a Bayesian hypothesis testing problem,
which is to test if a coefficient of a logistic regression is less than zero or not.

The dataset we considered is taken fromAshford (1959). It concerns the proportion of
coal miners who exhibit symptoms of severe pneumoconiosis and the number of years of
exposure. We follow (Montgomery et al., 2001) to fit a logistic regression model

E(yi)= exp(�0 + �1zi + �2z2
i )

1+ exp(�0 + �1zi + �2z2
i )

, i = 1, . . . , N,

to the data, wherezi is the number of years of exposure of theith miner,yi is the binary
indicator of severe pneumoconiosis, and�i ’s are the regression coefficients, andN is the
number of observations. By assuming that�0,�1 and�2 are independent a priori and follow
a common normal distribution with the mean 0 and variance�2=100, we have the following
log-posterior density (up to an additive constant),

log�(�|D)=
N∑

i=1

yi(�0 + �1zi + �2z2
i )−

n∑
i=1

log(1+ exp(�0 + �1zi + �2z2
i ))

− 1

2�2 (�2
0 + �2

1+ �2
2),

where� = (�0, �1, �2). For this example, testing the hypothesisH0 : �2 < 0 is reduced
to comparing the posterior probabilities�(A1) and�(A2), whereA1 = {� : � < 0} and
A2= {� : �2�0}.

To simulate from the posterior, we applied the Metropolis–Hastings algorithm with the
proposal distribution�t+1 ∼ N3(�t , diag[�2

1, �2
2, �2

3]), where�t is the estimate of� ob-
tained at thet th iteration, and�1 = 1, �2 = 0.1 and�3 = 0.01. Here we choose different
step-sizes for�0,�1 and�2 to accommodate different scales of the corresponding “explana-
tory variables”. The simulation consists of 100 replications. Each run consists of 110000
iterations, where the first 10000 iterations was discarded for the burn-in process, and the
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Table 1
Comparison of the three estimators�̂f

n , �̂e
n,B

and�̂e
n,M

Prob. Frequency Equation solving (schemeB) Equation solving (schemeM)

Estimate SD Estimate SD Saving Estimate SD Saving
(%) (×10−3) (%) (×10−4) (%) (%) (×10−4) (%)

�(A1) 95.62 2.523 95.77 2.120 41.6 95.76 2.178 34.2
�(A2) 4.38 2.523 4.23 2.120 41.6 4.24 2.178 34.2

The “Estimate” was calculated by averaging over 100 runs, SD was the standard deviation of “Estimate”, and

the “Saving” is defined as 1− [SD(̂�e
n,S

)/SD(̂�f
n )]2, whereS ∈ {B, M} denotes the estimation scheme.

remaining 100000 iterations was used for estimation. The following are some numerical
results produced by a typical run. The estimate of� is (−6.7508, 0.2256,−0.0020), which
is rather close to its maximum likelihood estimate (MLE) (−6.7108, 0.2276,−0.0021)
given inMontgomery et al. (2001). This indicates the our implementation is effective for
simulating from the posterior�(�|D). The unnormalized transition matrix produced in the
run is

P̃ (B) =
(

95156.1 10.9152
12.682 4820.32

)
.

NormalizingP̃ (B) and solving Eq. (6), we got the estimate�̂e
n,B = (0.9581, 0.0419). The

visiting frequencies to the subspacesA1 andA2 were also recorded in the run, which are
95167 and 4833, respectively. The resulting frequency estimate is(0.9517, 0.0483). Note
that other than the visiting frequencies to each of the subspaces (the sum of theith row of
P̃ (B) is equal to the visiting frequency to the subspaceAi), P̃ (B) records more information
on the simulation, the number of transitions between the subspaces. We expect that the
use of the extra information will lead to an estimator which outperforms the frequency
estimator.

In addition tô�e
n,B and̂�f

n , �̂e
n,M was also calculated in each run.Table 1summarizes the

results of the 100 runs. The results show that both of the two equation solving estimators
have made significant improvements over the frequency estimator in terms of accuracy. The
savings are more than 30% for this example. Although the improvements are not drastic,
the extra cost for the improvement is almost negligible in terms of CPU time, just solving a
linear system.Table 1shows that the two equation solving estimators have almost the same
performance. Taking a closer look at the table, we may find that�̂e

n,B is slightly better than

�̂e
n,M . This is because each update ofP̃ (B) is more moderate than that ofP̃ M . The values to

add forP̃ (B) are always between 0 and 1, while they may be 1 forP̃ (M). The extremeness
of the modification deteriorates the performance of�̂e

n,M . In the following examples,̂�e
n,M

will be omitted, and onlŷ�e
n,B will be reported.
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4. Estimating ratios of normalizing constants of different distributions

Suppose we are interested in estimating the ratios of the normalizing constants ofm
distributions,

�i (x)= 1

Zi

g(x)�i , i = 1, . . . , m,

where�i is the inverse of the temperature. Here we setm=5, (1/�1, . . . , 1/�5)= (8, 4, 2,

1, 0.5), x= (x1, x2) is a two-dimensional vector, and

g(x)= 1

4�
{e−1

2
∑2

j=1 (xj−5)2 + e−
1
2
∑2

j=1 (xj+5)2}.
This example mimics a Bayesian model selection problem.

To estimate the ratios of these normalizing constants, we construct the following MCMC
scheme, which works in the style of simulated tempering (Marinari and Parisi, 1992; Geyer
and Thompson, 1995) by simulating from the joint distribution

�(x, t)=
m∑

i=1

g(x)�i I (t = i),

whereI (·) is the indicator function andt ∈ {1, . . . , m} indicates the level of the temperature
of x. Letxk denote the state of the Markov chain at thekth iteration, andt (k) ∈ {1, . . . , m}
denote the level of the temperature associated withxk, that is,xk ∼ �t (k)(x). To estimate
the transition matrixP, we performn iterations of the following steps.

(1) Draw a random numberU ∼ Unif(0, 1).
(2) If U<qt(k),t (k)−1, updatet (k)byamove-downprocedure; otherwise, ifU<qt(k),t (k)−1+

qt(k),t (k), updatexk by a sample-update procedure; otherwise, updatet (k) by a move-up
procedure.

In our simulation, we setqi,i−1=qi,i=qi,i+1=1/3 for 2� i �m−1,q1,0=qm,m+1=0,
q1,2=qm,m−1= 1

3, andq1,1=qm,m= 2
3. In the move-down procedure, we accept the change

of the temperature with probability min{1, rd}, where

rd = �t (k)−1(xk)

�t (k)(xk)

qt(k)−1,t (k)

qt (k),t (k)−1
. (10)

If it is accepted, we setxk+1= xk andt (k+ 1)= t (k)− 1, otherwise, we setxk+1= xk and
t (k + 1)= t (k). SetP̃t (k),t (k)−1← P̃t (k),t (k)−1+ rd

1+rd
andP̃t (k),t (k) ← P̃t (k),t (k) + 1

1+rd
.

In the move-up procedure, we accept the change of the temperature with probability
min{1, ru}, where

ru = �t (k)+1(xk)

�t (k)(xk)

qt(k)+1,t (k)

qt (k),t (k)+1
. (11)

If it is accepted, we setxk+1= xk andt (k+ 1)= t (k)+ 1, otherwise, we setxk+1= xk and
t (k + 1)= t (k). SetP̃t (k),t (k)+1← P̃t (k),t (k)+1+ ru

1+ru
andP̃t (k),t (k) ← P̃t (k),t (k) + 1

1+ru
.
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Table 2
Comparison of the frequency estimator and the equation solving estimator for estimating ratios of normalizing
constants of different distributions

Frequency Equation solving

Estimate SD(×10−2) Estimate SD(×10−2) Saving (%)

Z1 67.753 1.870 67.748 1.587 28.0
Z2 24.786 1.235 24.773 1.019 32.0
Z3 6.521 0.881 6.534 0.707 35.7
Z4 0.903 0.323 0.910 0.255 37.7
Z5 0.037 0.062 0.035 0.043 52.6

The frequency estimator is defined asẐi = #{k:t (k)=i}
n × 100 for this example. “Estimate” was calculated by

averaging over 500 runs. “SD” is the standard deviation of “Estimate”. “Saving” was computed as inTable 1.

In the sample-update procedure, we first propose a new sampley= xk + ze, wheree is
a uniform direction in the two-dimensional space andz ∼ N(0, 1/�t (k)). The new sample
is accepted with probabilityrm, where

rm = �t (k)(y)

�t (k)(xk)
.

If it is accepted, we setxk+1 = y and t (k + 1) = t (k), otherwise, we setxk+1 = xk and
t (k + 1)= t (k). SetP̃t (k),t (k) ← P̃t (k),t (k) + 1.

Thealgorithmwas run for 500 times independently.Each runconsists of 100000 iterations
and costs about 0.13s on a 2.8GHZ computer (all computations of this article were done on
the same computer).Table 2shows the relative efficiency of the frequency estimator over
that of the equation solving estimator. It shows again that the equation solving estimator
has made a significant improvement over the frequency estimator.

5. Change point identification

The problem of change-point identification can be stated as follows. Given a sequence
of observationsD = (z1, z2, . . . , zn), which are ordered in time. We assume that thezi ’s
are independent, and there exists a partition on the set{1, 2, . . . , n} into blocks such that
the sequence follows the same distribution within blocks, more specifically, there exists a
binary vectorx= (x1, x2, . . . , xn−1) with xc1=· · ·= xck

=1 and being 0 elsewhere, where

0= c0 < c1 < · · ·< ck < ck+1= n

and

zi ∼ �r (·), cr−1 < i �cr

for r = 1, 2, . . . , k+ 1. For simplicity, we further assume that�r (·) is a density determined
by a set of parameters�r ∈ �. The parameters change at pointsc1 + 1, . . . , ck + 1. The
task is to identify the unknown values ofc1, . . . , ck.
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This problem has been studied recently by several authors using simulation-based meth-
ods, such as the Gibbs sampler (Barry and Hartigan, 1993), jump diffusion (Philips and
Smith, 1996), reversible jump MCMC (Green, 1995) and evolutionary Monte Carlo (Liang
and Wong, 2000). In this article, we followBarry and Hartigan (1993)to consider the
case where�r (·) is a Gaussian density parameterized by�r = (	r , �2

r ). Let x(k) denote
a configuration ofx with k ones, which represents a model withk change points. Let

(k) = (x(k), 	1, �2

1, . . . , 	k+1, �2
k+1), and denote byAk the space of models withk change

points,x(k) ∈ Ak, andX= ∪n
k=0Ak. The log-likelihood of model
(k) is

log�(D|
(k))=−
k+1∑
i=1

ci − ci−1

2
log�2

i +
1

2�2
i

ci∑
j=ci−1+1

(zj − 	i )
2

 . (12)

For a Bayesian analysis, we use the following prior distributions for
(k):

�(x(k))= �k∑n−1
j=0

�j

j !

(n− 1− k)!
(n− 1)! , k = 0, 1, . . . , n− 1.

This is equivalent to assuming thatAk has a truncated Poisson distribution with parameter
�, and each of the(n− 1)!/[k!(n− 1− k)!]models inAk is equally likelya priori. We put
an improper prior on	i ’s and an inverse-GammaIG(�, �) on �2

i ’s. Assuming that all the
priors are independent, we have the log-prior density (up to an additive constant),

log�(
(k))= ak −
k+1∑
i=1

[
(�− 1) log�2

i +
�

�2
i

]
, (13)

whereak = (k+ 1)[� log�− log
(�)] + log(n− 1− k)! + k log�. The�, � and� are fixed
hyperparameters. The log-posterior of
(k) (up to an additive constant) can be obtained
by adding (12) and (13). Integrating out	1, �2

1, . . . , 	k+1, �2
k+1 from the full posterior

distribution and taking a logarithm, we have

log�(x(k)|D)= ak + k + 1

2
log 2�−

k+1∑
i=1

1

2
log(ci − ci−1)

− log

(

ci − ci−1− 1

2
+ �

)
+
(

ci − ci−1− 1

2
+ �

)

× log

�+ 1

2

ci∑
j=ci−1+1

z2
j −

(∑ci

j=ci−1+1zj

)2

2(ci − ci−1)


 . (14)

In addition to identifying the change points, we are often interested in estimating the prob-
abilitiesP (Ak|D) for kmin�k�kmax, wherekmin andkmaxspecify the range of the number
of change-points of interest.

To estimate the transition matrix which comprises the transition probabilities between
different Ak ’s, we have the following algorithm. The algorithm starts withP̃ = 0 and a
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random configurationx(k) with kmin�k�kmax, and then iterates between the following
steps.

(a) Setj = k − 1, k, or k + 1 according to the probabilitiesqk,j , whereqk,k = 1
3 for

kmin�k�kmax,qkmin,kmin+1=qkmax,kmax−1=2
3, andqk,k+1=qk,k−1=1

3 if kmin < k < kmax.
(b) If j=k, updatex(k) with a “simultaneous” move (described below); ifj=k+1, update

x(k) with a “birth” move (described below); and ifj = k−1, updatex(k) with a “death”
move (described below).

The “birth”, “death”, and “simultaneous” moves are similar to that described inGreen
(1995). In the “birth” move, a random number, sayu, is first drawn uniformly from the
set {0, 1, . . . , k}; then another random number, sayv, is drawn uniformly from the set
{cu + 1, . . . , cu+1 − 1}, and it is proposed to setxi,v = 1. The resulting new sample is
denoted byx(k+1)∗ . In the “death” move, a random number, sayu, is drawn uniformly from
the set{1, 2, . . . , k}, and it is proposed to setxi,cu =0. The resulting new sample is denoted

by x(k−1)∗ . In the “simultaneous” move, a random number, sayu, is first randomly drawn
from the set{1, 2, . . . , k}; then another random number, sayv, is uniformly drawn from the
set{cu−1 + 1, . . . , cu − 1, cu + 1, . . . , cu+1 − 1}, and it is proposed to setxi,cu = 0 and

xi,v = 1. The resulting new sample is denoted byx(k)∗ . The acceptance probabilities of the
three types of moves are as follows. For the “birth” move, it is min(1, rb), where

rb = �(x(k+1)∗ |D)

�(x(k)|D)

qk+1,k

qk,k+1

cu+1− cu − 1

1
. (15)

SetP̃k,k+1← P̃k,k+1+ rb

1+rb
andP̃k,k ← P̃k,k+ 1

1+rb
. For the “death” move, it is min(1, rd),

where

rd = �(x(k−1)∗ |D)

�(x(k)|D)

qk−1,k

qk,k−1

1

cu+1− cu−1− 1
. (16)

SetP̃k,k−1← P̃k,k−1+ rd

1+rd
andP̃k,k ← P̃k,k + 1

1+rd
. For the “simultaneous” move, it is

min(1, rs), where

rs = �(x(k)∗ |D)

�(x(k)|D)
. (17)

For this move type, the proposal densities are symmetric in the sense thatT (x(k) → x(k)∗ )=
T (x(k)∗ → x(k))= 1/(cu+1− cu−1− 2). SetP̃k,k ← P̃k,k + 1.

5.1. A simulation study

The simulated dataset consists of 200 observations withz1, . . . , z40 ∼ N(0, 1), z41, . . .,
z70 ∼N(1.5, 1), z71, . . ., z120∼N(−0.5, 2), z121, . . ., z180∼N(1, 1), andz181, . . ., z200∼
N(0, 2). The time series plot of the simulated sequence is shown inFig. 1. In simulation,
we set�= �=0.05,�=1,kmin=3, andkmax=7. The algorithm was then run for 50 times
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Fig. 1. Comparison of the true (horizontal lines) and MAP estimate (vertical lines) of the change points.
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Fig. 2. Time series of the annual volume of the Nile River (discharge at Aswan, 1011m3) from 1871 to 1970. The
dotted line shows the change-point position identified by the simulation.

independently. Each run consists of 106 iterations and costs about 27s. The overall ac-
ceptance rate of the birth and death moves is about 0.15.Fig. 1 compares the true and
MAP estimates of the change points. The MAP estimate of the change-point pattern is
(16,70,120,180). It is quite consistent with the true pattern (40,70,120,180). The discrep-
ancy of the two patterns happens at the first change-point position. A detailed exploration
of the original data gives a strong support to our estimate. The last 24 observations of the
first cluster have a larger mean value than that expected, and they tend to be clustered into
the second cluster. We note that the log-posterior probability of the MAP pattern is of 2.03
higher than that of the true pattern.

For this example, we also compare the efficiency of the frequency estimator and the
equation solving estimator by comparing standard deviations of the estimates of�(Ak)’s.
The saving created by the equation solving estimator is about 20% in terms of CPU time.
The saving is computed as inTable 1.

5.2. Nile discharge

Here we consider a real data problem. The dataset (shown inFig. 2) is on the annual
volume of discharge on the Nile river at Aswan for the years 1871–1970. It has been
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analyzed as a change-point identification problem by a number of authors, includingCobb
(1978), Freeman (1986), andPhillips and Smith (1996). For this dataset we set�=�=0.05
and� = 1, which are the same as that used for the simulated example. In simulation, we
setkmin = 1 andkmax= 2. The algorithm was run for 100 times independently. Each run
consists of 10000 iterations and costs about 0.15 s. The MAP estimate of the change pattern
is shown inFig. 2. For this example, the saving created by the equation solving estimator
is about 40%.

6. Conclusion

We proposed an equation solving MCMC estimator for estimating discrete distributions.
Our numerical results show that the new estimator has made a significant improvement over
theconventional frequencyestimator in termsofaccuracyof theestimates.The improvement
is consistent over all numerical examples we have studied.

The key step of the equation solving estimator is to estimate the transition matrixP̂ ,
which requires that the transition ratio�(x, y) (Eq. (5)) must be calculable for any two
pointsx andy in the spaceX. This is true in general. Even for some MCMC algorithms,
say, simulated tempering (Marinari and Parisi, 1992; Geyer and Thompson, 1995), the
transition ratio associated directly with the simulation is not calculable, the transition matrix
can still be estimated by specifying a virtual proposal distribution. In simulated tempering,
the simulation is made for the joint distribution�(x, �) of x and an auxiliary variable�,
where� usually refers to the inverse of the temperature, the transition proposalT (x→ y)

is not calculable due to that the corresponding path integral (Schulman, 1981) is intractable
analytically.Thepath integral evaluates the transition probability of a particle fromonepoint
to another in a time-evolution process. In this case, the transition matrix can be estimated
by specifying a virtual proposal distributionT ∗(x → y) defined on the spaceX. The
T ∗(x→ y) is called the virtual proposal distribution as it is not really used for simulation
from �(·). Let X = {x1, . . . , xn} denote a pool of existing samples which are collected in
the simulation. TheP̃ can then be calculated as in Section 2 except that the transition ratio
is replaced by

�∗(xi , y∗)= �(y∗)
�(xi )

T ∗(y∗ → xi )

T ∗(xi → y∗)
, i = 1, . . . , n, (18)

wherey∗ denotes a sample resampled from the poolX. In resampling they∗ used in (18),
each samplexj is assigned a weightwj=T ∗(xi → xj )/�(xj ). Hence, the equation solving
estimator can be used with general MCMC algorithms or existing samples to improve the
accuracy of estimation.

The value of the equation solving estimator can be justified as follows. First, it out-
performs the frequency estimator at a negligible cost in terms of CPU time. Second, it
provides a way for model comparison based on existing samples by specifying a virtual
proposal distribution. This point can be explained more precisely as follows. More specif-
ically, let �1(x(1)), . . . , �m(x(m)) denote the posterior distributions ofm different models,
M1, . . . ,Mm, respectively. Note that themmodels may be of different dimensions. Let
x(i)

1 , . . . , x(i)
ni

denote samples drawn from�i (x(i)) for i = 1, . . . , m. The transition matrix
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for different models can be estimated with these existing samples by specifying a virtual
proposal distribution for jumping between models. The transition ratio can be calculated as
in Eq. (18) based on the technique of resampling. The ratios of the normalizing constants
of �i (·)’s can then be estimated by solving Eq. (6). This is beyond the ability of reversible
jump MCMC (Green, 1995) and bridge sampling (Meng and Wong, 1996). The reversible
jump MCMC method estimates the ratios of the normalizing constants of�i (·)’s only in a
simulation process, while bridge sampling only works for the case that�i (·)’s are of the
same dimension and have the same sample space.
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Appendix A.

Proof of Theorem 2.1. Let P̂ denote either of the two estimators,̂P (B) and P̂ (M). Let
� = (�(A1), . . . , �(Am−1))′, b̃ denote the underlying true vector ofb (that is, b̃ = Eb),
R =Q− bs′ − I , andR̃ = ER. Thus, we have�=−R̃−1b̃, and̂�=−R−1b.

The ergodicity of the Markov chain implies that

P̂ → P almost surely (19)

asn→∞, and hence,

R→ R̃ almost surely,

b→ b̃ almost surely, (20)

asn→∞. For simplicity, we assume that

R = R̃ + �cd ′,
b = b̃ + �e, (21)

wherec, d andeare all(m− 1)-vectors of−1’s or+1’s, and� > 0 denotes the size of the
random error of̂Pij . Then we have

�̂− �=−�

(
R̃−1e − R̃−1cd ′�

1+ �d ′R̃−1c

)
+ �2R̃−1cd ′R̃−1e

1+ �d ′R̃−1c
.

Thus,

‖̂�− �‖ ∼ O(�). (22)
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Eqs. (20)–(22) imply that

�̂→ �, almost surely,

asn→∞. �
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